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1 Introduction

The end of year 2019 was shocking for the world, especially for Chinese people in Wuhan
city where a novel corona virus (COVID-19) was identified with rapid transmission rate.
Later this virus spread in almost all parts of the globe at pandemic level and caused 111
million infections with 2.6 million deaths. According to Johns Hopkins University, the
biggest amount of cases were reported in the United States of America with a tally of 28.1
M infections and 497 K deaths. Initially, it was considered that this virus came from the
local fish market in Wuhan city; however, the transmission was identified from people to
people with a huge ratio. This transmission happened through water, food, air droplets,
and through physical contact with an infected person. The symptoms of COVID-19 infec-
tion last for 14 days, and to overcome or to resist the spread of this infection, 20 seconds of
hands wash, avoidance of social gathering, and wearing face masks was suggested by the
World Health Organization (WHO). Many countries banned traveling of people from one
place to another to minimize the spreading ratio and also defined policies which can uplift
the balance between country economy and health sector [1]. The scientists analyzed and
made different experiments to find the cure or any medicinal treatment of the COVID-19
infection. Different countries have endorsed various mitigation strategies; however, the
world still awaits the arrival of vaccine which is the only tool to fight against this infec-
tion. Approximately, 100 vaccines are under development, and some of these are in Phase
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3 stage of clinical trials [2]. The number of vaccines has been identified in this regard
with different recovery percentage. Currently, three vaccines are authorized and recom-
mended to prevent COVID-19 i.e. Pfizer-BioNTech, Moderna’s, and China’s Sinopharm
COVID-19 vaccine. As of December 28, 2020, large-scale (Phase 3) clinical trials have been
in progress or being planned for three COVID-19 vaccines in the United States, namely
AstraZeneca’s COVID-19 vaccine, Janssen’s COVID-19 vaccine, and Novavax’s COVID-
19 vaccine [3]. Recently, scientists from the field of medical engineering acknowledged
the importance of mathematical modeling of any pandemic disease. Many of such math-
ematical modeling examples have already contributed to the control of infections [4-7].
These models also can be used for the prediction of expected patients in the future and can
define well the control strategies. The mathematical models are usually developed in ordi-
nary (ODEs) or in partial differential equations (PDEs) having equations of integration of
natural order (IDEs). Such types of equations are well utilized in various fields of science
i.e. medicine, economic, business, engineering, and analysis of different infections [8—16].
Recently, the implementation and application of fractional calculus for different models
got attention from researchers [17—20]. Fractional calculus is defined as various kinds of
possibilities of defining real or complex number powers [21-23]. Fractional calculus of any
disease model plays a vital role in making decisions and helping to control the spread of in-
fections. The fractional calculus was first communicated between Leibnitz and L'Hospital
for the nth derivative of y. Fractional derivative was first introduced by Lacroix [24]. After-
ward, many of the researchers introduced fractional derivatives in different forms, among
which the most valuable are Caputo fractional derivative [25], Riemann-Liouville frac-
tional derivative [26], and Atangana—Baleanu derivative [27]. Recently, various models
have been solved by using fractional differential equations in many fields such as dynam-
ics, control theory, and biology. The existence, uniqueness, and stability of models have
been studied deeply [28-33]. In recent research a new idea of differentiation i.e. that the
operator has fractional order as well as fractal dimension if the operator is of order two was
proposed [34]. Usually, nonlinear models need specific parameters which are not available
from experiments. The possible solution of these problems has been addressed by using
fractal fractional derivatives. The fractal fractional derivatives models have advantage over
the standard integer order derivatives [35, 36].

We use fractal fractional deactivate for the following formulation of SE(Is)(Ih)AR epi-
demic model with the help of [37]:

FEoDi28(1) = by — [by + BUs + Burly + BarA) + K, 1S + 1R,
FEoDv 2 E(t) = =(by + ¥ )E + B(L + Bl + Bar)A)S,
FEaD*12 ] (1) = —(by + T0)Ls + Yy PSE,

FEoD“2 [, (1) = —(by + o« + T + K1), + Y P4E,

FE,DM2 A(T) = —(by + T)A + (1 = Ps — P})E,
FE,D"2R(1) = —(by + N)R + 1ol + I + A) + K7l + K,,S,

1)

where ¢ > 0 with the initial conditions S(0) = Sy, E(0) = Ey, I;(0) = I;(0), I,(0) = ,(0), A(0) =
Ap,and R(0) = Ry subject to min(So, Eo, Lsy> Ing5 Ao, Ro) = 0. It is clear that the dimensions
of both sides of the model are equivalent. In this model, b; is the recruitment rate, b, is
the natural average death rate, (t), Biu-B(t), BarB(t) are the rates of transmission to the
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susceptible, % is the average time of transition from the recovered to the susceptibles, y
is the rate of transition from the exposed class to the infectious group, « is the average
mortality of the symptomatic infectious population, 7y is the natural immune response
rate for the infected people, ps, pn, p. = 1 — ps — py are the fractions of the exposed that
become slightly symptomatic, seriously symptomatic, and asymptomatic infected people,
respectively.

We highlight some more related articles used for the definitions and applications of the

following notions [38-51].

Definition 1.1 Suppose that 17 is a continuous function and fractal differentiable in the
interval (a, b) of order u,, then the fractal fractional derivative of ¥t of order u; € (0,1)

in the Caputo sense is given by

AB(MI) td

FF ui,u
D24 (1) = —
oDy (1) 1 —w, ), dee

E., (—L(T - s)"l)ws) ds, @)
1- u;

where AB(u1) =1 —uq + l"u

Definition 1.2 Suppose that () is a continuous function in the interval (a, b), then the
fractal fractional integral of ¥(7) of order u; having a Mittag-Leffler type kernel is given
by

. uz—1
i / s N (s) (v — )1 L ds + MW(7)~ 3)

FF yui,u
L2 (t) = ———
oLV ) = R T U, AB(u,)

2 Existence criteria
With the help of fixed point procedure we check the existence of fractal fractional to
SE(Is)(Ih)AR epidemic model (1). We have

S(t) — S(0)
= 2B Jo 5271t = 5)171(by = [ba + BU + Burln + ParA) + K]S + nR) ds
+ U2 (b, by + (U, + Bl + Bard) + KIS + 1),
E(t) - E(0)
= s [0527 (e = )" (=(by + Y)E + B + Burl + PurA)S) dis
+ A by 4 )E + BU + Bl + BarA)S),
L(8) = 15(0) = it fo s“271(t — )1~ Y(=(by + T9)I; + Y P,E) ds
+ %( (by + 19)L; + Y P,E), (4)
1)~ 14(0) = 5224 [* 5271 (¢ = )17 (~(by + o + 0 + Kp)lj + y PyE) ds
+ %( (by + a + 19 + K7)I}, + Yy PLE),
A(t) - A(0) = 305 Jo 527t = )7L (~(by + T0)A + ¥ (1 - Py — P,)E) ds
+ %( (by + 10)A + y(1 — P — Py)E),
R(t) - R(0)
= AB”ull”%ul fo s27(t = s)17 Y (—(by + n)R + To(I; + I, + A) + KrI, + K,S) ds
+ %(—(bz + MR+ to(Ls + I + A) + Krl, + K,,S).
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Now, we define some functions Q; and some constants 7;, ieN? as follows:

Qi(8,8) = b1 = [ba + BUs + Burln + BarA) + KIS + 1R,
Q2(t,E) = =(by + ¥)E + BUs + Burln + BarA)S,
Qs(t, L) = —(b2 + T0)Ls + y PSE,

Qu(t, Iy) == —(by + @ + ©9 + K7)I), + Yy PLE,

Qs(t,A) = —(ba + 10)A + y(1 - Ps = P)E,

Qs(t,R) = —(by + N)R + to(I; + I + A) + K7l + K, S.

(G*): For proving our results, we assume the following assumptions: The continuous
functions S(¢), E(¢), I(¢), 15(t), A(£), R(t) and S*(¢), E*(¢), I} (¢), I;;(£), A*(t), R*(¢)
all belong to L[0, 1] such that || || < 1, [l In]l < ¥, |All < v3 for ¥1, ¢a, Y3 > 0 and

constants.

Theorem 2.1 The kernels Q; fori=1,2,3,...,6 satisfy Lipschitz conditions if the assump-
tion (G*) holds and satisfies ¢; < 1 for i € N?.

Proof First, we prove that Q;(t,S) satisfies the Lipschitz condition. Using S(¢), S*(¢), we
have

Qi) - Qi(5,5*)|| = || (b1 = [b2 + BUs + Burln + BarA) + K|S + nR)
— (b1 — [b2+ BUs + Bl + BurA) + K, ]S + 1R |
= ||(B2 + BLs + Burln + BarA + K,)(S* = S) ||
< (b2 + BILN + Bl Inll + Bar ALl + K) || (S* = S) |
< (b + BV + Burts) + Barrs + K, | (S = S9)]
=i (s-57)|-

Hence Q; satisfies the Lipschitz condition and ¢; < 1. Next we prove that Q,(¢, E) satisfies
the Lipschitz condition. Now, using E(¢), E*(¢), we have

|Q2(6:E) = Qa(t, E*) || = | (=2 + Y)E + BUs + Burln + BarA)S)
= (=& + Y)E* + BU + Burn + BurA)S) |
= [[@2 + M(E" - E)|
< (b + 0| (E* - B)|
<oiE-E°.

Hence Q, satisfies the Lipschitz condition and ¢, < 1. Next we prove that Qs(¢, I;) satisfies
the Lipschitz condition. Using I(¢), I (£), we have

1Qs(t. 1) - Qs(6. ) || = || (=2 + 1)Ly + Y P,E) = (=(b2 + To)I; + Y PE) |
= B2+ w)(I - 1) |

Page 4 of 31
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= b+ )5 - £)]

= ¢slL - L]

Hence Qj satisfies the Lipschitz condition and ¢3 < 1. Next we prove that Q4(Z, I;,) satisfies
the Lipschitz condition. Using I;,(¢), I};(t), we have

| Qut 1) - Qu(e. )|
= ||(=(b2 + & + 7o + K7)I, + y P4E)
—(=(ba + & + 1o + Kp)I; + yP4E) |
= [[((by + & + 7o + K1) (I = In)
<((by+a+ 1+ Kp)||(I; - 1) |

=<u| =15 -

Hence Qq satisfies the Lipschitz condition and ¢4 < 1. Next we prove that Qs(£, A) satisfies
the Lipschitz condition. Using A(£), A*(¢), we have

| Qs(t,4) - Qs(£,47) |
= | (=(&2 + 10)A + y (1 - P — Py)E)
— (=B + ©)A* + y (1 - P; - P)E) |
= b+ (4" - )|
< 11(b2 + ]| (A" - A)|

=¢s|a-47.

Hence Qs satisfies the Lipschitz condition and ¢s < 1. Next we prove that Qg(t, R) satisfies
the Lipschitz condition. Using R(t), R*(¢), we have

[ Qs(e:Exe) - Qo2 87 |
= | (BSulI — vEw — 1aEnt) = (BSml — VE}; — imEjy) |
=2+ (R -B)|
< b2+ [ (R -B)|

< goR-'].

Hence Qg satisfies the Lipschitz condition and ¢ < 1. Ultimately all the functions satisfy
Lipschitz conditions and are contractions with ¢; < 1 for i € N?. Hence this completes the

proof. d
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We rewrite the system of equations (4) in the following form by using the kernels Q;,
i € N? and the initial conditions S(0) = E(0) = I;(0) = I,(0) = A(0) = R(0) = 0, we have

S(E) = gt [i527 (£ — 5171 Qu (s, S(s)) s + 2 Q (1,5(1)),
E(0) = gt fy 27— 9171 Qals, E(s)) ds + 252 Qu (2, E(),
1(8) = 5[5 (£ — 5171 Qa(s, L(s)) s + X2 Qu (1, 1(1),
Ii(t) = 75 [ 5271 (6 — )17 Qus, Iy(s)) ds + 22 Qu 2, 1, (1)),
A(f) = g 15271 (t - )17 Qs 5, A(s)) ds + U2 Qs (1, A1),
R(t) = g Jo 57 (€ =17 Qs <)>ds+"2<;g—”“2<26<t R(£).

Now we define the following recursive formulas:

Su(t) = /ﬁ Ots"rl(t —971Qu (5, S,1(9)) dis
WTLZKW@(LS"N)),

B0 = g fo 1 Qs By () ds
%Qz(t@_l(t)),

0= e [ gl Qs (9) ds
%Qs(msnl(t)),

B0 = g /0 gl Qs () ds
%Qzl(trlhnl(t)),

Adt) = e /0 g1 Q55 Ayr(9) ds

up(1 —up)e2!

ABw) Qs(t, A1 (1)),

Uiy

_ ! up—ley  u1-1
Ro(0) = e [ 9 Qufs Ry 9) s

(1 — up )2

AB(uy) Qs (£, Ry-1(2)).

Now we consider the following differences:

DSn+1(t) = Sn+1 - Sn

2 Uy (1 =y )21

=" " ! up=1lce  up—1 o\l —ut =
_AB(ul)Fm/oS (t-s) Ql(s,S,,(s))ds+ B Q1(t,Sy,(t))

- (e [0 910,05110) s
AB(u1)Tu; Jo D

Page 6 of 31
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us(1 - u1)t”2_1

Ql (tr Sn—l (t)))

AB(uy)
—% ' up-1¢y  u1-1 B
_AB(ul)FulfoS (t =) (Q1(s,Su(s)) — Qu (s, Su-1(5))) ds
(1 —uy)t!
% (Qu(&:Su(®)) = Qi (£, Sua (1)),

DEVI+1(t) = En+1 - En

Uiy u2(1 —Ml)tuz_l

T /0 (= oy Qy (5, Ex() ds + o Q)
} (f% /0 (=97 Qo By (6)
%Qz(t,l?n_l(t)))
- f% /OtS““(f =) (Qa($ En®)) - Qi (5,Ena(s))) ds
MZ(IA_TL%W (Qa(6E(0) = Qu(t: Ena (1)),

D15n+1 (t) = Isml - IHn

- /0 #7057 a1, (9) ds + 2 Qu 0 1,0)
Uria tuZ—l u;-1
i (m fo =9 Qs 9) ds

U (1 — )2

ABw) ('f'fs»«-1<t>))

= % /0 suz—l(t - S)M1—1 (Q3 (S,[sn (S)) - Q3 (S, ]Sﬂ_1 (S))) ds
1 — uz—1
e (it 1, (0) - Qs(t.1,, ),

DIh’“l (t) = Ihn+l - Ih

n

Uiy uz(l _ Ml)tu271

J i R ! ur—-1¢y _ u1-1
_AB(MI)Ful/(; s"27H(t =) 7 Qs I, (5)) s + YTIoN Qult 11, (1))
i ‘ up=1ee  ui-1
B (M/O s27H(E =) Qa5 4, (9)) ds

Uy (1 — uyg)27

AB(u1) Q{6 (t)))

= f% /0 s427(f S)MI—I(QAL(S,[hn (5)) = Qa(s, 1, (9))) ds
— uy—1
%(Q‘*(tflhn(t)) - Qa(t:11,,(0)),

DAnH(t) = An+1 —An

Page 7 of 31
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' 1- uy—1
= Iﬁ v/0 5”2—1(t - S)ul_lQS (S,An(S)) ds + %Q5 (t,An(t))
% ' up—ley  up-1
B (AB(ul)rul /0 S (=) Qs (5, Auoa (s) ds
1- uy—1
%Qs (t,An_l(t))>
Uiy ¢ sp—1 it
" AB(u)Tuy /(; s27H (£ - 9)" 7 (Qs (5, An(s)) — Qs (s, Aur(s))) ds
1- uy—1
% (Qs(6A44(0) = Qs (£, An1 (1)),

DR,1(t) = Rys1 — Ry

(1 — )2

_ ,ﬁ /0 tsuz—l(t—S)ul—lQe(s,Rn(s)) ds + M0 0u 12, 0)
} (,ﬁ /0 #7101 Qy s Rya(9) ds
%Qt@(mn_l(ﬂ))
) f% /0 71— 17 Q5 RlS) - Qa5 R () s
%(Qs (6, Ru(0)) = Qo (£ Rur (1))).

Taking norm of the above differences, we have

||DSVI+1(t) ”
= ||Sn+1 _Sn”
Uity ! tp-1 ur-1 U (1 — )2
= H m </0 S (t - S) Ql (S, Sn(S)) ds + le (t, Sn(t))
- (ﬁ fo $27 (¢ = 517 Qu (5, S () s
1- uz—1
ol 2 )i AB?;K Ql(t,sn_l(t))) H
Ui ‘ uz—1 u1—1
- /0 27— 17 Qu (s 54(9)) — Qi (5, Spa(5)) | ds
1- uz—1
% 1Qi(6:5,) - Qu(6:5,1®)
||DEn+1(t) ||
= ”EVHI _En”
Uiy ! tp-1 ur-1 U (1 — )t
= H m '/0\ S (t - S) Q2 (S,En(S)) ds + WQz(t,En(t))

i ! up—1lce  up—-1
‘(m /0 $27HE =9 Qa5 Era(9)) dis

Page 8 of 31
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u2(1 - I/ll)tuz_l

ol En_lor))) H

AB(u1)
- AiBZizzFul /Ots”ﬂ(t =817 (Qa(s, En(s) = Qu(s,En-1(5))) | ds
‘”“A‘TL‘;KI 1(Qa (8 En(®)) = Qa(t: Es-a (),
| D, )]
= WMsyr =L, |l
B <ABZZ;2FM1 /ot S =97 Qs (5,1, (9)) ds

up (1 — uy)t2!

AB(ar) Qs(t,lsn_l(t))>H

- f% /OtS”“@ =) (Qa (5,45, (5)) — Q3 (5, ks, (5)) 1) s
MZ(IA_TM;KM Qs (8L, (1)) — Qs (8 L, (1)) ||»
| DI, (8]
= U,y = I,
- (ﬁ fo ts”z‘l(t—s)”1‘1Q4(s,1hn,l(s)) ds

u2(1 . Ml)tuz_l

AB(ur) Q‘*(t’lh“(”))H

- Iﬁ /0 5271 = 5171 Qa (5, iy (5)) — Qa5 Ty, (5)) | s
1- uz—-1
% | Qa(t 1, (8)) = Qu(t: 1, )|
| DA (2)|

= At — Ayl

| mue [ -1 up(1— )2

- H AB(u1)Tuy '/0 8 (t-s) Qs (S,An(s)) ds + 2B Qs (t,An(t))

t
_ <% /(.) suz—l(t _ S)u1—1 QS (S,An_l(s)) ds

uy(1 — up)t*2 1

ABw) Qs (txAn—l(t))> “

[l 4n6) - Qs(5Ara9) s

_ Uiy
" AB(uy)Tuy

Page 9 of 31
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U (1 — )t
AB(Ml)

|DR,(0)]

|| QS (t’An(t)) - QS (trAn—l(t)) H ’

= ||Rn+1 - Rn ”

Mz(l - I/ll)tM271

AB(a,) Qs (8, Ru(t))

_ Uity ‘ up=1lee _ u1-1
_HAiB(Ml)Fm/o s“27H(t —s) Q6(S,Ry,(s))ds+

(e [ -9 Quls R s9) s
AB(u1)Tu; Jo R

leg(l - Ml)tuz_l

AB(a) Q(,(t,Rn_l(t)))H

DBt ], # - IO R) ~Qulo R 9)]
(1 —uy)t2!
% || Q6 (t’ Rn(t)) - Q6 (t) Rn—l(t)) “ .

Theorem 2.2 The fractal fractional of diffusion model SE(Is)(Ih)AR epidemic has a solu-
tion if the following holds true:

o =max{g, ¢,...,P6} < 1.

Proof Let us define the following functions:

Gin(t) = Sy (t) — S(2),
Gan(t) = Epia(8) - E(2),
Gsn(t) = Isml (8) = L(2),

(7)
G4Vl(t) = Ih,Hl (t) - Ih(t)v
Gsn(t) = A1 (£) — A(2),
Gon(t) = Rys1 (£) — R(2).
Taking norm of the above system, we have
|Gunto)]
= ||Sn+1(t) - S(t) H
B 737 ‘ g1 -1 (1 — uy )27
= ” ABG T /0 s 27— 9)" 71 Qu (s, Suls)) ds + ~ABG) Q1 (2, Su(®))
Uity ! -1 u;-1 up(1 - Ml)tu271 H

- <A73(u1)1"u1 fo ) Ql(s,S)(S)> ds + T ABGy) Qu(,5)(1)))

- [ e 9 55,6) - Qi 910 ds
1 —uet
by l@es.0) - awsw]

Uiy t _1 1 M2(1 _ Ml)tu271
<| — U t— u1 A YA S _S
- <AB(M1)FM1 /0 s ( S) + AB(Ml) ¢1 ” n ||
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r 1-
< (el wdmm)y, e g
AB(ull"(ul + l/lz)) AB(l/tl)
r 1- "
< Uizl Uy + 7 up) oISy = S|,
AB(ull"(ul + l/lz)) AB(l/tl)

where ¢ < 1 and as # — 00 50 S, — S, and using the formula B(u,v) = (b — a)™#+"*! f:(s -
a)* Y (b-s)'dsandaste[0,1] sot 171+ <1 and 2 <1,

|Gan(@)| = [Eni(6) - E@®)|

= Hﬁ/‘o Suz_l(t—S)MI_IQz(S,En(s)) ds
— uy—1
%Qz(tfﬂ(n)
i ‘ uz—1 up-1
B (m /0 s (E=s) Qz(s,E)(s)) ds
— uy—1
e E0))
= fﬁfo s 27Nt — )71 Qo (s, En(s)) — Qas, E)(s)) || ds
— uy—1
% | Qa(5,Ex(9)) ~ Qult, E))) |
Uiy L - w1l uy(1 - Ml)tuz—l
: (W/ ST W)%H@—EH
w1tz Nty uy(1 - uy)
= (AB(MIF(Ml + 1)) ¥ AB(u) >¢2”En —E|
urus Uiy w(1-um)\" ,
= (AB(ulF(u1+u2)) T TAB(w) ) o"|Ex — Ell,

where o0 <1 and as n — oo so Eyy, — E.

IGonto)]
= ||15n+1 (t) - IS(t) ”

_ Uiy
| AB(u1)Tuy
up (1 — uy)t27!
AB(u1)

/ st =) Qs (s, 4, (5)) ds
0

QB (t’ Is,, (t))

up(1 — uy)"2™!

[, gun (1= )t~
_<AB(u1)Fu1/(; st - )17 Qs (s, Is(s)) ds + AB(a,) Qg(t,[s(t)))”

= zﬁfo s (g — gyt || Q3 (s, I, (s)) - Q3 (s,js(s)) || ds
(1 _ )tu271
% Qs (6,45, (8) - Qs (8 L(1)) |

UL ¢ Uy(1 — uq )21
<(——2— / g (g _ gyt 2L 2T o3I, — Il
AB(ul)Ful 0 AB(ul)



Khan et al. Advances in Difference Equations (2021) 2021:293 Page 12 of 31

sy us(1—uy)
< + @3llLs, — Ll
AB(ull"(ul + l/lz)) AB(l/tl)
sy ur(1—uy)\"
= + ‘7””131 _IS”»
AB(ull"(ul + l/lz)) AB(l/tl)

where o <1 and as n — oo so I;, = I;.

|Gunto)]

= ||Ihn+1 (t) - Ih(t) ”

[ ot et
1001, 0) - Qe 0|
< (g [stmgpnt« 2L N, -
= <AB(:1IIL‘{(2L1;1M+2- w) ujclea(;:t)l)>¢4|”h” ~ o
< ( A B(:;;‘(i”j ot ”ﬁ;(;:‘)l))na"nzhl ~ Il
where o <1 and as n — o0 so Ij,, — I,
| Gsn(®)]
= [Anna () =A@
|t [ syt Ao s+ U o 4,0

Uiy ! uy—1 u1-1 u2(1 - Ml)tuz_l
- <m/0 st - ) QS(S»A)(S)) ds + WQS(M‘UU)))“

= % ‘ up—1¢e  up—1 _
_AB(m)Fm/o 27N =) 17 Qs(5,An(s)) — Qs(s,A)(s)) | dis
(1 — uy)t2t LA EAE)
ARG | & (HA0) - Qs A
= <AB(141)F141 /0 #-3) " AB(up) )¢5”A” -4l
ZUANE us(1 - uy)
S<AB<u1r(ul+uz)>+ AB(u)) >¢’5"A"—A'|
BN ur(1-u1)\" ,
: <AB(M1F(M1+MZ)) T AB(u) ) oliAL - Al
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where o <1andasn — 00 so A, — A.

|Gonto)]
= ”Rn+1(t) - R(t) H

lxlz(l - l/ll)tuz_l

- H ﬁ /0 tsurl(t_s)“rlQé(s,Rn(s)) ds+ —— TON) Qs(t, Ru(2))
_ Q% /0 ts”2‘1(t—s)“1‘1Q6(s,R)(s)) ds + %Qa(u R)(t)))H
- | 27— 1 Qg(5, Ruls)) - Qols RS ds
“Z“A‘TM;KI Qo6 Ra(0) - Qut, DO
p <f% /Otsuz‘l(t—s)’“‘l . %)%nm ~RI
= <,«1B(:1111f(2;1u+2 ) uix(zla(_l,:)l)>¢6"R” K
< ( - B(:lll’ff;”j —k ”;(; (‘uf‘;))"a"an _RI,

where o <1 and as # — 00 so R, — R. Thus we find that G;n(t) — 0as n — oo for i € Nf

AND o < 1. Hence this completes the proof. O

2.1 Uniqueness of the solution
Theorem 2.3 The fractal fractional model (1) has a unique solution if the following in-
equalities hold true:

us(1 —uy)
AB(uy)

( ui s Ly

: : 6
AB(ur T (u; + up)) * >¢l <1, ieNj). )

Proof Let us consider the contradiction that there exists another solution of fractal frac-
tional model (1) such that §*, E*%, I}, I}, A*, R* satisfying the given model. We have

y4go

uy(1 — uy )21
ds s a( 1)

0= T3 /0 (e 10y (5,576) By QES@),
E0- o [ (e 5yl s, B°(9) ds + %Qz(tf*(ﬂ),
50 = st [(st g ere) s LI o)
50 = ot /0 ey s, 1) ds + %@(uﬂﬂ),
A0 =t [ 97y A7(9) ds 4 ”“A‘T”;KWQS (LA%(0),
RO - | e 5y Qg5 R¥(9) ds + L‘Q“A‘T”;xmeé (LR (®).
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Now, taking norm of the difference of S(¢), S*(£), we have

|S@) - s*@]
it ' uy— ur- uy(1 — uy )27
H (m /(; s 1( s) lQl (S, (S)) WQI (t, S(t)))

1 thy ¢ - o1 . s (1 — up) 271 i H
- <m/0 st -5)"171 Qi (s, S*(s)) ds + WQ(LS (t)))

t
= ,ﬁ /0 st = 9)"17M|Qu (s, S(s) - Qu (5, S*(s)) || ds
1- uy—1
% Q& S() - Q (t, S*(t)) || ds
Uiy t 1 -1 Ltg(l _ ul)tuz—l .
= (m/o ST e W)«plns—s I

urus iy ur(1 = uy) )
* |:1 - (AB(ull_'(lh +Uy)) * AB(u;) >¢1]HS S “ <0.

The above inequality is true if ||S — $*|| = 0, which implies S = §*. Similarly, taking norm
of the difference of E(t), E*(t), we have

|E@ -E* @)
Uiy t -1 -1 uy(1 - Ml)tuz—l
- (Agtugi, [ ¢ e uto) o+ 0N 0ute ) )

M2(1 — Ml)tu271

R P P P wl-w)te
_<AB(u1)Fu1./(; s27H(E -5 Qa(s, E¥ () ds + ABGar) Q:(tE (t)))”

_ Iﬁfo s“271(t - )71 Qals, E(s) — Qz(S»E*(S))‘ ds

I/lg(l — Ml)tuz_l

Qa(t, E(t) — Qa(t, EX(2)) || ds

AB(l/ll)
¢ 1—uy)te2!
- Uity /' s2-1( _ gyl 4 (1 —u1) 6| E—E|
AB(ul)Ful 0 AB(ul)

uius Ny ur(1 - uy) )
* |:1_ (AB(u1F(u1 + Uy)) * AB(uy) >¢2] ||E E || <0.

The above inequality is true if ||E — E*|| = 0, which implies E = E*. Similarly, taking norm
of the difference of I(¢), I}(t), we have

|L(8) - I (0)||

u2(1 — Ix[l)tM271

Uity t g1y _ gl a1 = )
H <AB(M1)FM1 (t S) QB(S,IS(S))dS+ AB(u) Qg(t,]s(t)))

_<AB(M1)Fu1fO N (t_s) QB(S,IS(S))dS+ AB(Ml) Qs(t,ls(t)))

t
-t [ e Qa9 - Qg(s,ls*(s))‘ ds
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u2(1 - I/ll)tuz_l

Qs(t, I(t) - Qs (&, 11 (1)) | ds

AB(u1)
t 1—uy)pel
< (A / st —s)l 4 e G2 Vi b3 | L -1
AB(ul)Ful 0 AB(”I)

uius Ny ur(1 = uy) )
X |:1 - (AB(uIF(ul + u2)) + AB(MI) >¢3] ”Is _Is H < 0.

The above inequality is true if ||I; — || = 0, which implies I, = I;’. Similarly, taking norm
of the difference of I;,(¢), I} (£), we have

MACRAG]

up(1 —uy )27

(e [ g (1= )
_H<AB(L¢1)I‘u1 fos (=" Quls Iuls)) ds + =0 Q4(t,1h(t)))

t 1— uy—1
- (% /0 s 27Nt - "7 Qa(s, I (s)) ds + %sz (t 1;@))) H
_ Uy
~ AB(u1)Tuy
U (1 — uy)t27!
AB(uy)

t uy—1
Uiy w1 w1 Ua(l— )t N
<|——— 27t —s)" - I, -1
= <AB(u1)l"u1 /0 S-S AB(uy) ol =1

uius Ny ur(1 = uy) )
X |:1 - (AB(ull“(ul +13)) + ABG) >¢4] th -1 H <0.

[ s e 9T1uts 1569 - Qulo 1) ‘ “

Qu(t, In(t) - Qu(t, I; (1)) | ds

The above inequality is true if || — I;'|| = 0, which implies Ij, = I}}. Similarly, taking norm
of the difference of A(t), A*(¢), we have

la®-4%0)

le(l - I/ll)tuz_l

N R T (1 - )t
_H<AB(M1)FM1A st —s) Q5(S,A(s))ds+ 2B Qs(t,A(t))>

Uiy ¢ ot - *
_<m/(; 271t — 5)171 Qs (5, A% (5)) dis

up (1 — uy)t27!

ABu) & (t’A*(t))) H

__ms Y i *
_AB(MI)FMI/O S (t—s) ||Q5(S,A(s) QS(S,A (S)) ds
Uy (1 — uy)t*21 )
T ABy | EAD - Q(HAT0)] ds
< <AB(u1)I‘u1/O s E—-s) 7 + TN )¢5”A—A ”

urus Uiy uy(1—uy) N
x [l‘ (AB(ulr(ul vu) T ABGw) >¢5] [a-a] <o

Page 15 of 31



Khan et al. Advances in Difference Equations (2021) 2021:293

The above inequality is true if ||A — A*|| = 0, which implies A = A*. Similarly, taking norm
of the difference of R(t), R*(t), we have

|R@) - R @]
t _ uz-1
|t [ st S )
t _ uy—1

t
iﬁ /0 $271 (- )7 Qo (s, R(s) — Qa (s, R*(s)) | ds

u2(1 - Ml)tuz_l
AB(ul)

t
(e [
T \AB(u)Tu;1 Jo

1 ) .
+ MZB(MM)I >¢6] ||R R || <0.

Qs(t, R(2) — Qo (£, R*(2)) Il ds

M2(1 - I/tl)tu271 "
W)% |R-R"|

1 umﬂ‘uz
X —
AB(er(Ml + M2))

The above inequality is true if ||R — R*|| = 0, which implies R(¢), R*(t). Hence we see that
S=S“E=E" I =I},rl, =I,A = A%, R = R*, so our supposition is wrong and the theorem

has a unique solution. O
Hyers—Ulam stability

Definition 2.4 The fractal fractional integrals (6) are said to be Hyers—Ulam stable if there

exist constants o; > 0, i € N? satisfying, for every B; > 0, i € N?, the following:

Uiy t ty-1 w1 up(1 — )27t ’
S(t) bl m \/0‘ S (t - S) Ql (S, S(S)) dS WQI (t, S(t)) < ﬂl,
Uiy t Hp—1 -1 (1 — up)e2 ™
E(t) - AB(uy) T, /0 st - )71 Qu(s, Els)) ds WQ2(’«‘»EU))‘ < B2
Uty ! tp-1 -1 U (1 — )2
I5(t) - AB(u)Tu, /(; st -5 Qs (5, Is(S)) ds + WQs (t,]s(t))’
< Bs,
Uil ! tp-1 uy-1 U (1 — uy )2~
In(t) - AB(u)Ti; ./o st = $)"1 7 Qu(s, In(s)) ds + T AB) Q4(t»1h(t))‘
< B,
Uiy ! uy-1 up-1 (1 — ug)t2™!
A(t) — m /(; S (t - S) Q5 (S,A(S)) dS WQS (t,A(t))‘
<Bs,
Uiy ¢ Hp-1 -1 (1 — uy)p2™!
R(t) - AB(uy) T, _/(; 271t —9)"171 Qe (s, R(s)) ds WQG&:R(’«‘)) < Be-
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There exists an approximate solution of model (1) S*(¢), E*(¢), I} (¢), I;;(£), A*(£), R*(¢) that
satisfies the given model, such that

|S(8) - S$*(8)]

I/lz(l - Ml)tuz_l

(e [ ey gant (1= )
_‘<AB(M1)FL£1/O s (t-s) Ql(S,S(S))dS+ AB(w,) Ql(t,S(t))>

M2(1 - Ltl)tuz_l

Uil ! up-1ry  yui-1 * A e YA *
- (m/() s 27Nt - 571 Qy (s, S™(s)) ds + AB(wy) Q(6S (ﬂ))‘

T / $271(E - 5171 Qu (s, S() = Qi (5 5(5)) | ds
uz—1
%M(t 8(6) - Qu(6:57(0)| ds

t 1—uy)pe!
< (2 f s 27 (g —s) 1t 4 L= )i ¢S~ 57|
AB(ul)Ful 0 AB(ul)

urusuy us(1—uy) "
= <AB(u1F(u1 T ) | AB(w) )¢1 Is=s°].

Let &1 = (43 sirig ey 5+ (1 ”1 MIS=S*|I, n1 = ¢1,50 the above inequality becomes |S - S*| <

@ T +u2) T ABGa)
ISUIE
|E(®) - E*(8)|
= ‘ (ﬁ /Otsuz‘l(t —s)171Q, (s,E(s)) ds + MZ(IA_TM;KWQZ (t,E(t)))
(e [[sta-9 s p) ds e 2L o) )|
- % / ts”Z_l(t—s)“1_1|Q2(s,E(s) ~ Qu(s, EX(s))| ds
L”(ITWVQZ LE(t) - Qa(t, E*(2))| ds
(5t Ay 1=
Let & = (AB(Z%Z(E?EM)) + ”jBl u’:l))IIE E*||, ny = ¢a,50 the above inequality becomes |E —
E*| < {omp.

|I(6) = I (0)]

R e
_’(AB(ul)Ful/(; st —9)"171 Qs (s, Li(s)) ds + ABGay) Qg(t,js(t))>

_<AB(u1)Fu1 [ st Q) ds 2 Qg(t,ls(t))>

_miy T, un Confe 1t
T /O 27— 5171 Qals, L(s) — Qs (5,14(9)) | ds
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us(1 - Ml)f
AB(u;

r 1-
< Uizl Uy + 7 up) ¢3||Is _Is* ”
AB(ull"(ul + uz)) AB(ul)

|Q3(t1 Qg(t I* )|dS

Let &3 = (53 Z%Z(Zf’fuz)) + ”/2431 ,Zl))”I —I*|l, n3 = ¢3, so the above inequality becomes |I; -

IF] < &3ms.

IAGEFAG]

Uy (1 —uy )27

(e [ g (1= )¢
“|(Rgtgra [ 9 i) s+ “CEIE 0o

Uy (1 — uy )27

Uil ! up-1(y  yui-1 * AR TR *
- (astara = e i) S o))

- / 71— 51| Quls als) - Qs 115 ds
LQ(ITW |Qu(t, 1(t) - Qu(t,I; (1)) | ds
< (g [ <o+ g )=
(Bt * )bl

r 1 . .
Let ¢4 = (AB(Z%Z(“I'?W)) + ”ﬁ;(u':l My — I}, na = ¢a, so the above inequality becomes |1, —

I| < Lana.

|A() - A* (1))

(1 — uy )2

N me [, g (1= )
_KAB(ul)rul/OS (=57 Qs(5,A) ds + =2 Qs(t,A(t))>

u2(1 - Ml)tuz_l

Uity ! up—lee  u1-1 * A S e *
- <m/0 s 27N (£ — )71 Qs (s, A%(s)) ds + ABGL) Qs(t,A (ﬂ))‘

17287 ¢
= m[ suz—l(t—s)u1fl|Q5(S,A(s) —Q5<S,A*(S))‘ds
M2(1 Ml t u-1 .
Tms(t JA(8) - Qs (6A*(1)) | ds
urs 'ty uy (1 —uy)
A—-A*|.
<AB(u1F(u1 ) T AB) >¢5 H I
Let &5 = (43 ZiLr{‘Z(;’?uz)) + u,igl ul))||A A*||, 15 = ¢s, so the above inequality becomes |A —
A*| < Zsms.
|R(t) - R*(2)|
Uiy t sl -1 Mz(l _ ul)tug—l
“\ZBwra - R(s))ds+ LT 6 (4R
‘(AB(MI)FMI /0 s"271 (= 9)"171 Qg (s, R(s)) ds + AB(y) Qs (2, R(1))

up (1 — uy)t2™!

Uit ! up=1¢y  ui-1 * Al Vo *
- <m/(; s 271 (£ — )71 Qe (s, R*(s)) ds + B Qs(t,R (ﬂ))‘
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_ Uiy
~ AB(u1)Tuz Jo

up (1 — uy)t27!

Qs(t, R(t) - Qs(t, R*(1)) | ds

AB(u1)
uiusu ur(1 —uy)
142 2 + 2 1 ¢6||R—R*||
AB(u T (1 + uy)) AB(uy)
Let ( uiusluy + u(1-uq)
et {6 = AB(u1 T (u1+up)) AB(u1)

R*| < Leme-

Theorem 2.5 With assumption (
ble.

/ s"271(t = 5)"17|Qe(s, R(s) — Qo (s, R*(s)) | ds

IR — R*||, ne = ¢, so the above inequality becomes |R —

G¥), the fractal fractional model (1) is Hyers—Ulam sta-

Proof We know that the fractal fractional model (1) has a unique solution. Let there exist

an approximate solution of model (1) $*(¢), E*(¢), I

given model, such that

S(1), I;(t), A*(t), R*(t) that satisfies the

NOENO]
|Gt [ #resrmatssona 2 o)
iﬁg%zf?ﬂuﬂWH@@wwowﬁka
”Z(ITL“WIIQl(t S(£) - Qu(t,S* (1)) | ds
s(zggg%%lﬂﬁwla-swl1+54%é%%fj)¢ms_sw
(At s * s o151
Let a1 = (ke + A ;1’1 )IS = S*|I, Ay = ¢, so the above inequality becomes |S —
S*| < a1 Aq.
|E(t) - E*()|

_ ‘ Uy
- (AB(MI)FMI 0
Uiy
- <AB(M1)FM1 0
uz—1
M2(1_ul)t 2 Qz(t,E*(t))>‘

AB(Ml)

_ Uiy
~ AB(u1)Tui Jo

Uy (1 — up)t*21

2B} |Qa(t, E(t) — Qu(t, E*(1)) | ds

/ts"zl(t —8)“171Qy (s, E(s)) ds +

Uy (1 —uy )27
AB(uy)

Qz(t,E(t))>

/t s — )7L Q, (S, E* (s)) ds

/ﬂﬂaﬂW4Mm£@—@@F®H“
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Uiy

(AB(MI)Ful

IA

t
[ g
0

u1u2Fu2
+
AB(ur T (1 + uy))

AB(Ml)
up(1 - uy)
AB(Ml)

IA

JoullE-£1.

( uiualuy
AB(u1 T (u1+u3))

E*| < apA,.

up(l-uy

Let oy = YN

’Is(t) - Is*(t)}

23825

— Rt b ¢ u271 _ Ltl—l
_KAB(ul)rul /OS (£ =)™ Qa(s, Li(s)) s +

Uiy
AB(ul)Fu1
U (1 — )2

AB(ul)

Qs(t Ij(t))) ‘

Uy (1 —uy )27

‘/.ts’”"l(t —s)1Q, (S, IS*(S)) ds
0

1
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Joulle-£]

N|E - E*|, Ay = ¢2, so the above inequality becomes |E —

Uy (1 —uy )2
AB(u1)

Qs (t,Is(t)))

Joalt- 1]

- /ﬁ /OtS”ﬂ(t—s>“1‘1|Qs(s,1s(s> —Qs(s,12(s))| ds
% |Qs(t,45(8) - Qs(t, I (1) | ds
= <AB(:11;{(2;M+2 ) Mix(;(_u:t)l)>¢3 |- 17

uiusl'uy

4+ %2 1-ug
u1 T (ug +uz))

Let o3 = (AB(

]:| < 0(3A3.

() - 1)

it ' uz—1 u1-1
i ‘<IW/O "7t = )17 Qu(s,In(s)) dis +
t
- (ﬁ /0 27t - )17 Qu (s, I (9)) ds
1- us—1
%sz(a Izu)))‘
1Z302%)

= AB(u)Tu,

(1 — uy)p2!

Qu(t, In(t) — Qu(t,I;(0)) | ds

AB(uy)
t -1
(. / garl(p_gpa-1, 20— u)l
AB(u1)T'uy Jo AB(up)

ulugFuz

< N uy(1 —uy)
AB(uiT (41 + u3))

AB(u1)

IA

Joulin-i3]

(1 — g )t

/ st = )" Qals, In(s) ~ Qs I (5)
0

A(B(ul)))Hls —I*|l, As = ¢3, so the above inequality becomes | —

ABGar) Q4(trlh(t))>

ds

Joull- 131
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Let oy = (AB(Zil’?(;f’fuz)) "jBl u’:l )i = If|l, Aa = ¢a, so the above inequality becomes |1, —
IZ| g ZVAVR
[A®) - A*(1)|
t uy—1
Ul g1 w1 uy (1 — up)t"?
= —— t—s)" VA d ——— t,A(t
‘(ABWﬂFull;s (t—9)"7"Qs(s,Als)) ds + ABGay) Qs(6,A(t))
t
Uit uy—1 -1 *
- —— t- A d
<AanruLAS (¢ - 971 Qs(5,4"() ds
Mz(l - Ml)tu271 %
WQS(LA (t))
t
uu
=m%%%;/sW%mMWH@@A@—@@Awmm
Dl uy
Uy (1 — up) 2! y
i]aL——mwAm Qs (A" ()| ds
t -1
Uiy w1 w1 Ua(l— )t «
<2 gerlpgmt 22 U VA A
—<A3wnruLAS Ny PR R AL
uluzf’uz + M2(1 Ltl) ¢ ||A A* ||
AB(urT (11 + uy)) AB(uy) >
Let a5 = (AB(Z%%E;?MZ)) + ”2 (1= ”‘))IIA A*||, As = ¢s, so the above inequality becomes |A —
A*| < asAs.
|R(£) - R*(t)]|

— & tu271 _ u1-1
_KAB(ul)rul /OS (£=)"17' Qs (s, R(s)) ds

u2(1 - l/tl)tuz_l

AB(w)) %@Mm)

Uiy t uy—1 up-1 y
_(m./o s27H(t - )71 Qe (s, R*(s)) ds

u2(1 . Ml)tuz_l

AB(w) @@mmﬂ‘

t
Uity uy—1 ui—1 *
= t— 1 ;R - ’R d
AMmﬁm/? (£ - 17| Qols, R(5) — Qo (5, R*(5)) | ds
u2(1_ul)t”21|Q (t,R(¢) - Q (t R*(tm
ABGn 6 3
t 1—uy)pe!
o f 5”2’1(t—s)’”’1+—u2( ) ¢s|R-R"|
AB(ul)Ful 0 AB(”I)
uruTu ur(1 - uq) "
walis s}y ooy
AB(uiI'(u1 + up))  AB(u1)
Let ag = (AB(Zil’fz(;"fuz)) + ”fwl ulS JIR — R*||, Ag = ¢6, so the above inequality becomes |R —

R*| < agAg. Consequently, by definition the fractal fractional model (1) is Hyers—Ulam
stable. This completes the proof. g
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3 Numerical scheme

Numerical scheme for the fractal fractional order SE(Is)(Ih)AR epidemic model.

Definition 3.1 Suppose that ¥ () is continuous and fractal differentiable on the interval
(u,v) with order Yy, then the fractal fractional derivative of v (¢) with order Y; in the

Riemann-Liouville sense having power law type kernel is given by

1 d ¢
FEP 1,7 1
oD;! ZW(t):mm/o (t =)~ 17 (s) ds,

d

4 i, L0

tYa_gT2 *

where p— 1< Yy, Ty <peN,and

Definition 3.2 Suppose that v/ (¢) is continuous on the interval (u, v), then the fractal frac-

tional integral of v/ (¢) with order T; having Mittag-Leffler type kernel is given by

FEM ;Y1,T2 _ 111, ! Yo-1 Y11
oI E) = /0 STl (s) (2 - )1 di
Yo(1 -1ty 1)
AB(Yy) v @

Let us consider FFM D 2y(¢) = 1(¢, n(¢))R, where 1(0) = 1o The above equation can be
written in fractal fractional derivative as follows:

FR,D M n(8) = 1ot 1L (8 1(0)) = H (L 0(8)).

With the help of integral, we get

1-1,;
AB(T,

n(t) = n(0) + H(t,n(0)

b ‘ T2-1 -1
+m/0 ¢ e =) TH(E () de .

Replacing (¢) with t,,1, we have

1-1
+
AB(Y1)

U"+1 =1(0) H(tm n(tn))

i+l

Tl Tr-1 _ T1-1
BT, E e 0T ) o

By applying two-step Lagrange polynomial, we obtain

_ -t )H@ () (¢ — G)H (-1, n(tx-1))

0(y,n(y)) =
(y n(y)) Lk — b1 Ik — tk1
_ H(tio () — i) H(tx1, n(6-1)) (v — )
tr — tg_1 Ly — tg-1

_ Hond)y - tia) — Hton, me) — )
h h ’
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Applying Lagrange polynomial to equation (9), we get

n"! = n(0) +

1
AB(Tl)H(t"’ n(tn))

th+l

Ty " [ H(t,n(t:) .
+AB(T1)FQIZ|: I /[ (& -ttty =) d¢

i=1 k

H(tio1,n(tio1))
_ & /t

k

t”+l

({ - ti)(tn+1 - ;)T171 d;:|

Now, solving the integral, we get

1-1

U"+1 =n(0) + AB(Tl)H(tm n(tn))

+T17}m2n:[7-{,(t @) ((n+ 1= (n—i+2+ ")
(Y, +2) b ' 1

i=1

—~(m—i)f (n—i+2+27y))

- H(ti-1, m_l)((n +1-) -+ 1+ Y- i)Tl)].

Replacing the value of H (¢, 5(t)), we have

1-71
n™t = 1n(0) + TZtTZ_IAB(Tll)I(tmn(tn))
TZth ; AT ,
_ o e 1
F(T1+2)Z[I(t n(&))((n+1=0)) (n—i+2+71)

i=1

—(n—-i){ (n—i+2+27y))

+ thTz_l

Tt ) (4 1= )" —(n—i+ 1+ Y1) - )]

Now the system of equations with kernels H;, i € NP with initial conditions S(0) = E(0)
1,(0) = I,(0) = A(0) = R(0) = 0O:

117, ¢ Ty-1 -1
AB(Y)TY, /0 s27N (e —s) " Hy (s, S(s)) dis
AB(T)
1T t
E(t) = E(O) + AB(’Y{—l)lz_‘Tl /0 STz—l(t _S)Tl_lHQ(S,E(s)) s

_ Tp-1
%HQ (t,E@),

S(2) = S(0) +

Hl (ty S(t)),

117, ! Yo-1 Ti-1
_— t—s) " Hs(s, I d
TR o e e 1)

To(1 - 1y)ET2!
+ %Hg(t,ls(t)),

Is(t) = IS(O) +

T 7Y t
I,(t) = I,(0) + m /0 st (¢ - s)Tl_lHAL(s,Ih(s)) ds
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To(1—1y)e"2!
YT
TiYs
AB(Y)T' Ty
Yol = Yy)e 2!
AB(Ty)
11712
AB(T)T Ty
Yo(1—Yy)et2!
AB(Yy)

Hy(6,14(2)),
A(t) = A(0) + /O tsYz_l(t —5) 1" Hy (s, A(s)) ds
H;s(,A(2)),

R(t) = R(0) + fo tst’l(t — )17 Hy (s, R(s)) ds

He(t,R(1)).

Now from the numerical scheme for fractal-fractional order model (1), we have

eY/A
(Y +2)

1-1,;

Syi1 = 0(0) + Yot T2t
1=1(0) + 1y AB(TY)

Fy(tn S(tn)) + Yot ™27

x Y [Fu(ty SE)) ((n+ 1= i) (=i +2+ 1)

i=1
—(m=i) (n—i+2+27Y7))
~Fi(tin,Sc)((n+ 1= —(n—i+ 1+ T)(m—-0)™)],

0 ey/AL
C(Y;+2)

1-1,;

AB(y)

Epe1 =n0(0) + Yot 27 Fy (6w, E(ty)) + Yot 27

< Y (Bt E@)) ((n+ 1= i) (n—i+2+7Ty)
i=1

—(m—-i){ (n—i+2+27Yy))
Bt Ec)((n+ 1= —(n—i+ 1+ Y1) (n - i),

0eY/AL

I—Tl
Fs(t,, L(t + tY2 =
3(;1 s( n)) 2 F(Tl 2)

=1(0) + Yot 2t
n(0) + T2 AB(TY)

I

Sn+1

< Y [Fs(to L) ((n+ 1= i) (m—i+ 24 1) = (n =) (n— i +2+277))
i=1

~F3(tin, Iy )+ 1= —(n—i+ 1+ T)(m—-0)")],

ey/AL
(Y +2)

I =n(0) + Yot 2! !
hyi1 77( )+ 2 AB(TI)

Fy(tus In(tn)) + Yot 27"

< Y [Fa(to In(®)) (1 + 1= ) (n =i+ 2+ Y1) = (m = i)} (m — i + 2+ 271))
i=1

~Fultin, i—D)((n+ 1= — (n—i+ 1+ Y1) (n - )],

TyhTt
r'(Y;+2)

1-7
An+1 = 77(0) + YZtTZ_l—l

Fs(t,, A(t,)) + Yot 27!
AB(Ty) 5 (60, A(tn)) + T2

$ Y [Fs(to AW)) ((n+ 1= )Y =i+ 2+ 1) = (n = i){ (n—i +2+277))
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Figure 2 Joint solution of COVID 19 model (1) for the order 0.99
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Figure 1 Joint solution of COVID 19 model (1) for the order 1.0
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3.1 Computational results
Here, we present the computational results based on the literature. The initial values for

the population are: S(0) = 6,778,382, E(0) = 1, I,(0) = 0, I;,(0) = 0, A(0) = 0, R(0) = 0, and the
parametric values are: b, = 57,554, b, = 1/85, N = 6,778,383, 8 = 1/N, B,r =1, Byr = 1/80,
y =1/55,7=0,a =0.12, 1y = 1/10, p; = 0.55, p;, = 0.20, k, = 0.001, k7 = 0.004 [37].

The computational results are given via ten graphs. In the Fig. 1, we have given the nu-
merical solution of the suggested model for order 1 which is compared with the numerical
solution of the model for orders 0.99, 0.98, 0.97 in Figs. 2, 3 and 4, respectively. Figure 5 is
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Figure 3 Joint solution of COVID 19 model (1) for the order 0.98
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Figure 4 Joint solution of COVID 19 model (1) for the order 0.97
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Figure 6 A comparative analysis of £(¢) for the fractional orders 1.0, 0.99, 0.98, 0.97

for the comparative study of S(¢) for the different orders. Similarly, E(¢), I;(¢), I;,(¢), A(t) and
R(2) are analysed for different fractional orders in the Figs. 6, 7, 8, 9, and 10 respectively.

4 Conclusion

In current manuscript, we have established a detailed analysis related to the results about
existence and uniqueness results with Ulam stability. The subjective problem is non-
local multipoint BVPs involving delay term of FDEs. The respective analysis has been
established via using classical fixed point theory and some results of nonlinear func-
tional analysis. The whole analysis has been demonstrated via computational results based
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on the literature. The initial values for the population are: S(0) = 6,778,382, E(0) = 1,
L(0) =0, I,(0) = 0, A(0) = 0, R(0) = 0, and the parametric values are: by = 57,554, b, = 1/85,
N =6,778,383, 8 =1/N, B,r =1, B,r=1/80, y =1/5.5, 1 =0, ¢ = 0.12, 7y = 1/10, ps = 0.55,
pr =0.20, k, = 0.001, k; = 0.004 [37]. The results are more realistic and of the same behav-

ior as the classical ones. Our results are getting more similar to the integer order ones for

the orders closer to 1.0.
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