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1 Introduction

Pandemics can cause sudden and drastic increases in mortality and morbidity rates as well
as social, political, and economic disruptions. Humanity can defend itself against these
types of problems with advances in science and with professionals in medicine, immunol-
ogy, genetics, epidemiology, and statisticians. Finding the necessary measures to guaran-
tee people’s access to medical centers is a topic of great interest; controlling the sources and
vectors of contagion is the most efficient way to slow down a pandemic. Reducing infec-
tion rates guarantees not only well-being but also a reduction in mortality rates. Knowing
the mechanisms of spread, infection, and death, modeling them mathematically, and mak-
ing predictions of populations at risk are the most advantageous state tools to guarantee
the right to life. Epidemic models are widely used to analyze the dynamics of populations
under infectious diseases. They are crucial for studying the epidemic development and
transmission dynamics of a disease. Mathematical models play an important role in pre-
dicting, assessing, and controlling potential outbreaks. One of the first epidemic models
developed was the SIR model proposed in 1927 by Kermack and McKendrick (see [14])
based on the ordinary differential system given by equation (1.1). The SIR model is a com-
partmental model where the population is divided into different types of individuals: the
susceptible (S(z)), the infected (I(¢)), and the recovered (R(¢)) individuals, respectively, at
time ¢. The transmission-dynamic epidemic models help us understand that the risk of
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infection among susceptible individuals depends on the prevalence of infectious individ-
uals. An infected individual becomes recovered after receiving treatment. We now give

the system of differential equations:

ase)

ek -B1(2)S(2),

dl(t)

ke BI()S(t) - v1(¢), (1.1)
dR(t)

7 vI(t),

where B represents the rate of infection, the infection recovery rate is y, and N is the total
population size such that S(¢) + I(t) + R(t) = N for all £. However, these previous models
do not assume the possibility of immigrants and emigrants. We consider a model with
demography, for which p is considered as the emigration rate and 7 is the immigration
rate. Sometimes the rate u is considered as the mortality rate and n is the birth rate in

standard branching processes.

@ = N - BI(OS() - nS(2),

t

% = BI(8)S(t) — yI(¢) — pnl(2), 2
dRr()

7 =yI(t) — uR(t).

We note that if n = u then the population will be constant. In the above model, we as-
sume that the disease for which infection does not confer immunity is called the pop-
ulation of type SIS (susceptible(S)—infection(I)—susceptible(S)) model since individuals
return to the susceptible class when they recover from the infections. Such infections
do not have a recovered state and individuals become susceptible again after recovery
from infection. Now we describe the population of type SEIR (susceptible(S)—exposed(E)—
infection(I)-recovered(R)), and the system of differential equations for the SEIR model

(with demography) is given as follows:

d‘;_(t’f) = N - BI®)S(®) — uS(2),

dfi_it) = BI(£)S(t) — vE(t) — KE(?), (1.3)
d;_(tt) = VE(t) - yI(t) - nd(2),

dfl—ff) = yI(t) - uR(t),

where the average incubation time 1/v is the time for which the infectious agent takes a
time to convert an exposed individual into an infected individual. Note that during incuba-
tion time the exposed individual cannot transmit the disease. The above models are deter-
ministic. However, the epidemics tend to occur in cycles of outbreaks due to variations in
the infection rate mainly related to certain external factors such as people’s social activities
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and climatic fluctuations (see [24]). In fact, the climatic variations can affect the infection
rate (B). The epidemic models with random perturbation have been widely studied to ac-
commodate randomness in the model, see for example [3, 7, 13, 20, 27]. More recently the
evidence of the mechanism by which climate change could have played a direct role in the
emergence of COVID-19 has been reported [2].

In this paper, we study the basic reproduction number in epidemic models with random
perturbations. We define the basic reproduction number in epidemic models by using the
survival function and demonstrate the numerical conditions under which the disease-free
equilibrium point is asymptotically stable. The paper is organized as follows: In Sect. 2, we
introduce the framework and basic concepts of the stochastic models with random per-
turbation and establish the stability conditions of the SIS, SIR, and SEIR epidemic models.
Section 3 is devoted to the main results illustrated with simulation results for the basic
reproduction number for the SIR, SIS, and SEIR models. Section 4 discusses the basic re-
production variable with double perturbation terms for the transmission rate; and finally,
Sect. 5 concludes the paper with the future work.

2 Stochastic model

In this section, we introduce the stochastic modeling of epidemics with random pertur-
bations. In our model, we consider environmental variations and social behaviors in the
infection rate [9]. In this paper, we assume (£2,3,, {3;};>0P,) to be a complete probability
space with a filtration {3J,};>¢ satisfying the usual conditions. We define

B =B +0B(t), (2.1)

where 8 and o are positive constants, and {B()};>¢ is the standard Brownian motion with
B(T) - B(t) ~N(0, T - t). We note that the constant 8 is the deterministic mean infection
rate, and o is the perturbation parameter which describes changes in the infection rate
changes over time with respect to 8. We now introduce the stochastic perturbations (1.1)
in the system of stochastic differential equations(SDE) for the SIR model. The resulting
SDE is given by

ds(t) = (nN = BI(t)S(t) — uS(t)) dt — o 1(2)S(t) dB(t),
dl(t) = (BI(£)S(¢) — yI(¢) — nl(t)) dt + o 1(t)S(t) dB(t), (2.2)
dR(t) = yI(t) — uR(2).

Reasoning analogously as in (2.2), we now propose the following system of stochastic dif-
ferential equations for the SEIR model with random perturbations:

ds(t) = (nN — BI(£)S(¢) — uS(t)) dt — o I()S(t) dB(2),
dE(t) = (BI(t)S(¢) — vE(t) — nE(®)) dt + o 1(t)S(t) dB(¢),
dl(t) = (VE(t) - yI(t) — nl(2)) dt,

dR(t) = (v1(t) — uR(2)) dt.

The basic reproduction number R is defined as the expected number of secondary cases
produced by a single infection in a completely susceptible population [4, 6, 10]. In many
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definitions of basic reproduction number that have been proposed, the basic conceptual
framework is similar. This is also called the basic reproduction ratio, which is an epidemi-
ological metric used to describe the transmission of an infectious disease. Mathematically,
the basic reproduction number is defined as follows [11].

The basic reproduction number of an epidemic model Ry is given by
+00
Ry := / b(a)F(a)da, (2.4)
0

where b(a) is the average number of new infected individuals (in a completely susceptible
population) by an infected individual if it is infectious during all the time between 0 and
a. F(a) is the probability of a new infected individual continuous infecting during the time
interval between 0 and a. This is also called the underlying survival probability (or func-
tion). Note that in the case of the SEIR model b(a) = I%U,BN and F(a) = e (V) u+v)a Eop
SIR model, b(a) = ﬁ BN and F(a) = e"#*7)4_In this way, the basic reproduction numbers
for SIR and SEIR models are, respectively,

N N
RRogss - PN g peEr_ VPN (2.5)

i +y) wp+v)(u+y)

See the example in Appendix A.1. The basic reproduction number is built for the SEIR
model with demography. We now give some basic definitions and preliminary results for

the benefit of the readers in the following subsection.

2.1 Preliminaries and basic definitions
In this section, we introduce the basic notions and the theoretical framework that we need

in this paper. The following definition of equilibrium point is given [12].
Definition 2.1 Let an ordinary differential system be given by
X@®) =f(X@®) forallt>t,

with the matrix notation

dX0/de\ (A, Xa(0)
- : , (2.6)
dX,0/dt)  \fuXi(0),....X,(0)

where f; : R” — R is a locally Lipschitz function for all i = 1,...,7#. x € R” is called an

equilibrium point f (x) = 0,,, where 0, is a matrix with size n x 1.

Let be an equilibrium point X € R” of the ordinary differential system X (£) = f(X(¢)). If
is different to x # X(ty), it is possible to consider the substitution & (¢) = X(¢) — x obtaining
£(t) = F(E(@) +x) = f(X(¢)). In this case, the stability with respect to the point & (¢;) [12] and
the reason why the stability and the asymptotic stability are defined for the point X(z)
have been studied.
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Definition 2.2 The point X (%) of system (2.6) is called
(i) Stable if and only if, for all € > 0, there exists § > 0 such that

||X(t0) ” <8 implies HX(t) H <€ forall £ > ty;
(ii) Asymptotically stable if and only if it is stable and can be chosen § > 0 such that
”X(to) ” <8 implies tlim ”X(to)H =0.

Intuitively, X (¢) is stable if the solutions which start near enough to the path which starts
in X(to) (IIX(20)|l < &) remain near enough to the path for every ¢ > £, (|| X(¢)| <€), that is,
if a solution starts near to X(Zy), then it will never move away enough from the path X(¢).
The point is asymptotically stable if the solutions which start near to the path with origin
in X(£y) converge to that path (see [12]).

The disease-free equilibrium point results to be locally asymptotically stable if the repro-
duction number is less than unity, while the endemic equilibrium point is locally asymp-
totically stable if such a number exceeds unity. In the deterministic epidemic models, the
disease-free equilibrium points are locally asymptotically stable if the reproduction num-
ber is less than unity. In contrast, the endemic equilibrium point is locally asymptotically
stable if the reproduction number exceeds unity (see [23]). For the SEIR model, assume
E(t) =0and I(¢) = O for any ¢, and for the models SIS and SIR, I(¢) = 0. For the determinis-
tic case, the disease-free equilibrium points of the SIR and SEIR models with demography
are (%N, 0,0) and (ﬁN, 0,0,0), respectively. Under the SIR model we have that if RgIR <1,
then (ﬁN ,0,0) is asymptotically stable. Note that a numerical condition on the basic re-
production number holds for the stability of the SIR model. Hence, we establish numerical
conditions for which some deterministic epidemic models are asymptotically stable on the
disease-free equilibrium points (for more details, see Appendix B). We now briefly discuss
the stability analysis for stochastic differential equations on epidemic models with random
perturbations. For more details, we recommend readers to refer to [15] and [18].

Definition 2.3 Let the system of stochastic differential equations be as follows:

ax (o) =f (¢, X)) dt + g(t, X(¢)) dB(t), t>0, 07
2.7
X(O) = X0,

where f, g are locally Lipschitz functions from R” to R. We say that x =X(¢;) € R” for some
t; > 0 is an equilibrium point of the system if it holds f(¢;,x) = 0.

If x #X(0) is an equilibrium point, and substituting & () = X(¢) — x, we have the system

dg(t) =f (1, () + X) dt + g(t,&(2) +X) dB(¢),

£(0) is an equilibrium point. Using this, the stability and the asymptotic stability are de-
fined as follows.

Definition 2.4 Let be a system defined by (2.7), for which X(0) is an equilibrium point.
We say that X(0) is
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(i) Stable (in probability) if and only if, for all € > 0, there exists § > 0 such that if | X(0)] <
8, then

P(sup”X(t)” > e) =0;
=0

(if) Asymptotically stable if it is stable in probability, and there exists § > 0 such that if
[IX(0)|| < & then

P(tggloo)((t) _ 0) -1

Definition 2.5 Let {X(t)};>0 be an Ité process and A(t,x) € C%([0, +00) x R). We define
the differential operator for h as follows:

oh oh 1 9%h
L(h(X(®)):=—(6X(¢ —(6X(@®) + =V () — (£, X(0)). 2.8
(h(X(®)) = 5 (6X0) + )5 (6XO) + 59055 (6.X(0) 28)
For observing the stability in SIS and SEIR models with random perturbations, using
adequate Lyapunov functions, we state now the following theorem given in [22] without

proof.

Theorem 2.1 Let V(X(¢)) defined on V : R” — R be a Lyapunov function.
(@) If L(V(X(2))) <0 forall t > 0, then X(0) is stable in probability.
(ii) If V satisfies (i) and L(V(X(¢))) < 0, then X(¢t) is asymptotically stable.

We prove the following theorem by constructing a Lyapunov function and give the suffi-
cient conditions at which the point (I%N ,0,0,0) is asymptotically stable in the SEIR model
with random perturbations. In [17] the author used a similar approach for constructing a
Lyapunov function to prove that the endemic equilibrium state is globally asymptotically
stable.

Theorem 2.2 If the parameters of the SEIR model with random perturbations satisfy the
following:

02U27]2N2

2 (29)

N
0<uﬁ”7<<y+m<v+m—

and v + > 1, then the point (ﬁN, 0,0,0) is asymptotically stable.

Proof Let the function be given by

2
1 1 1
W(S,E,LR) =y IN=S) + 2o vEI+ 02=E% + (1 +v)=1 ) + =A3R2,
w 2 2 2
where A1,X3,A3 > 0 are adequately chosen. As V(S,E,I,LR) > 0 for all £ > 0 and
V(%N, 0,0,0) = 0. In addition, the partial derivatives of V are continuous, therefore V'

is a Lyapunov function.
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We rewrite in the matrix form dx(t) = f (¢, x(¢)) dt + g(¢, x(¢)) dB(t), with x(¢) := (S(¢), E(¢),
I(t),R(2)), and f, g given by

fr= [f(t,x(t))]T = (nN— BSI — uS, BSI — (v + WE,vE — (u + y),yI - ,uR) and

¢ =[g(620)]" = (-os@I0), oS, 0, 0).
For calculating £(V(£)), we have
rOW
f i (nN—ﬂSI—MS, BSI — (v + w)E, vE-—(u+y), yI—,uR)A

-2, (%N - S)(nN — BIS — uS) + Aa([V2BS — v(y + W)]EI

+ (U2 — V(v + ,u))E2 + [UﬁS— (y +u)(u + v)]]z) + )\3(}/RI— /LRZ),
where
A= (-211(31\[ =8), r@2E+vl), A(WE+(u+v)), ng)T.

On the other hand, when 1 > u we have

24 0 0 0 -1

1 .0V 1 0 Au? A 0 1

—gT—g:—o’25212(—1, 1, o, 0) 2v 2V

2° ox 2 0 v Au+v) O 0
0 0 0 24 0

1 T
=5028212(—2A1, Av% A, 0) (—1, 1, 0 0)

1 1 N2
= M0 28217 + =M% 282? < Mo 2821 + Ag—vza2—n I,
2 2 2
therefore
oV 1 .0V
LW®)) =fT— + —gT —g < x1a(t) + Aab(t) + Asc(t),
(W) =f" 5+ 58" g < malt) + 2ab(®) + Asc()
such that

a(t) = 2(

b(t) = <<U2,3%N —v(v + u)) + (U2 v (v + u))

N - S) (=nN + BIS + uS) + 0 2S*1%,

==

1 2
+ UﬁﬂN—(,u+y)(pc+v)+ —uzazn—zN2 inf{EI,Ez,Iz},
“w 2 % =

c(t) = yIR — uR%.

See (i) of the proof for Theorem B.2, it is clear that v IN-v(v+p)+ v2—vi(v+p)<O.
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On the other hand, as vB TN + %UzaZZ—zNz <(u+7y)( +v), then

n L, 2’72 2
VB—N —(u+y)(u+v)+ -v'o”—N" <0,
2 2 Iz

therefore b(t) < 0. If n < i, the proof is analogous to Theorem B.2, having ¢, > 0 for which
b(t) <0 for any t > t,.
Choosing adequately A1, Ay, and A3, for any case, it has that

L(W(8)) =< Ma(t) + Aab(t) + Asc(t) <O
for all ¢ > £y, showing that the point (%N ,0,0,0) is asymptotically stable. d

Theorem 2.3 If the parameters of the SIS model with random perturbation satisfy that

o2 N2
2142

N
O<ﬂn—<y+u— , (2.10)
“w

then the point (%N ,0) is asymptotically stable.

Proof The proof is similar to the previous theorem. Take V defined by

2
V(S@0,1()) = (EN—S(t)) + Saal)
" 2

where A1, A; > 0 are positive constants adequately chosen. d
Theoretically, by inequality (2.10) it is shown that (Theorem 2.3) if

UN 02n2N2
B +5— <1,
uly +p)  2u2(y + )

(2.11)

then the point (%N ,0) is asymptotically stable.

According to Theorem 2.2, that (I%N ,0,0,0) in the SEIR model with random perturba-
tions is asymptotically stable, and it is necessary that & + v > 1 and inequality (2.9) hold
and can be written as

77N 0'21’}2U2N2
v + o <1
uly + ) +p) 20y +u)(v + p)

(2.12)

3 Simulation results for the stability of the stochastic models

In this section, we discuss simulation results of the reproduction numbers R3'%, R3'?, and
R(S)%R respectively for SIR, SIS, and SEIR models with random perturbations. Our objec-
tive is to find the smallest value of Rgfg such that Rg,lg < 1 and for which the SIS model with
random perturbation is asymptotically stable on (ﬁN ,0) (according to Theorem 2.3). Sim-
ilarly, we search for the smallest value of Rgﬁsm such that RgFEIR <1and (ﬁN ,0) is asymptot-
ically stable on the SEIR model with random perturbations (according to Theorem 2.2).
We now observe through simulations the smallest values of R} and R3E® for which the

asymptotic stability holds.
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0 200 400 600 800 1000 0 200 400 600 800 1000
Time  _ gusceptible —— Susceptible + 0.005 ---- Susceptible - 0.005  TiMme
= Infected = = Infected + 0.005 Infected - 0.005
Figure 1 Stability modeled using the parameters N=1, 8 =0.5, ¢ = 0.3, = 0.0007, = 0.0008, and (a)
) 2.2
y = 0.6 (upper right), (b) y = 0.7 (upper left), (c) y = ﬂN% - Z_2N2 - 1 (lower left) and (d) y = 0.2 (lower
right). The initial condition is (N, 0) = (1,0) for all of them

We now apply the Euler—Maruyama method for simulating the SIS and SEIR models
with random perturbations [21]. The approximation equations of the models are given by

S(tj1) = S@&) + [nN = BS(£)1(t) — uS(E) + y L)1t — 1))
— o S(t)1(4)(B(tjs1) — B(t))), 3.1)

I(tj1) = 1(t)) + [WE(®) — (e + ¥ ) ()1 - 1)),

S(t41) = S(t) + [IN = BS()1() — nS(E)1(E1 — 1))
- o S(t)I(t)(B(t:1) - B()),

E(tj.1) = E(t) + [BS()I(t) — (v + WE)](E41 — 1))
+ o S()1(t)(B(t:1) - B(t))),

I(tj1) = I(t) + [VE(®t) — (n + Y)I(£)](t1 — 1),

R(t:1) = R() + [y1() — nR@)] (1 — 1))

(3.2)

The numeric conditions for which the disease-free equilibrium (%N ,0) for the simula-

0.0008
0.0007

asymptotically stable. Note that when Rj =

tions presented at the point ( 1,0)) on the SIS model with random perturbation is

a? n 2N?
p Nﬂ(ym 2 12 ()
left) the asymptotic stability is clear since the functions remain “near” to the constant

<1 (see Fig. 1, upper

functions y = QN and y = 0, varying these functions +0.0005 and —0 0005 Similarly, the

2

SIS o2
asymptotic stability is observeczl w};en Rje >1and BN y+u -5 (Vw) <1 (Fig. 1, up-
per right). When SN -~ i yw) -5 “”(W =1 (Fig. 1, lower left), the stability is not so clear,

a2 r] 2N?2

while it is clear when SN -1 > 1 (Fig. 1, lower right). We observe that as

)y Vﬂt) T2 20

_n___ g2 rN® - -
BN o — % 200 < 1 guarantees the asymptotic stability for the disease-free equilib
rium, based on the simulation results, we propose the following conjecture.
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Figure 2 Stability modeled using the parametersN=1, 8=08,0 =03, u =04, n =09, and (a) y =085
2
2
and v = 0.7 (upper right), (b) y = 0.75 and v = 0.7 (upper left), (c) y = ﬂUNM(}HU) ffz 2(u+v)N - and
v =0.85 (lower left) and (d) ¥ = 0.55 and v = 0.85 (lower right). The initial condition is (N, 0,0,0) = (1,0,0,0) for
all of them
Conjecture 3.1 If
SIS TIN 0'2)’]2N2
Rop:=p -5 <1, (3.3)
pwly +p)  2p2(y + 1)

then (ﬁN ,0) is asymptotically stable on the SIS model with random perturbation.

Now, we focus our attention on the simulations of the stability for the SEIR model
with random perturbations which are shown for determining the numeric conditions
under which the point (EN 0,0,0) is asymptotically stable on the SEIR model with

random perturbations, for example, the values of ( 21,0,0,0)) are verified numeri-

cally.
In all of the previous simulations, we assume that v + u > 1. Note that when Rgim =
vBnN v2s2 r;2N2 . . s .
AW > 20w < 1 (see Fig. 2, upper left) the asymptotic stability is clear

since the functions remain “near” to the constant functions y = ﬁN and y = 0, varying

these functions +0.0005 and —0.0005. Similarly, the asymptotic stability is observed when

SEIR vBIN __ _ vPe? _ n’N? vpIN
R;)’62 > lzarzld OESRICEY) o e < 1 (Fig. 2, upper right). When T
= WAW =1 (Fig. 2, lower left), the instability is not so clear, while the instability
i N % PN? i ; e it
is clear when o) 2o 1 (Fig. 2, lower right) since it is observed
that the varied solutions move away from the disease-free equilibrium. As % -

U20'2 772N2
2 p2(y+m)(v+p)
equilibrium (according to the simulations), we now propose the conjecture.

<1and v + p > 1 guarantee the asymptotic stability for the disease-free

Page 10 of 24
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Figure 3 Stability modeled using the parametersN=1, 8 =08, 0 =03, u =0.08, n =0.09, and (a) y =0.85
and v =0.7 (right), (b) y =0.75 and v = 0.7 (left). The initial condition is (N, 0,0,0) = (1,0,0,0) for all of them

Conjecture 3.2 Ifv +p>1and

SEIR vBnN 0'2772U2N2 1
o B ‘1,
OF T uly + ) 2u(y + (v + )

(3.4)

then (%N ,0,0,0) is asymptotically stable on the SEIR model with random perturbations.

As the basic reproduction number of the SEIR model with random perturbations R(S)ER

(with RSER <1, v + u > 1) is the lower number for which (ﬁN ,0,0,0) is asymptotically
stable. In the Fig. 3, we show that the condition v + p > 1 is not satisfied.

It is clear that despite of being RSE® < 1, if u + v < 1, the stability is not so clear. Similarly,
if RS%R <1land p + v <1, according to the simulation, the point (ﬁN ,0,0,0) (in this case
%N = %N ) is unstable. But it is important to have the condition x + v > 1 for retaining
the asymptotic stability on the SEIR model with random perturbations.

We wish to note that, for the SIR model with random perturbation, the following in-
equality holds for having the asymptotic stability in (%N ,0,0) for the model proposed in

[25] and [28]

TIN 0'2772N2 )
— < 1.
u(y +m)  2u%(y + )

RIF:=p (3.5)
3.1 Basic reproduction variable and their statistical tests

We now study the basic reproduction number as a normally distributed random variable.
For the deterministic model, Ry is defined in integral (2.4). Consider the SIR model with
random perturbation, the survival integral is given by

RSy = / (B + o B(a))Ne """ da, (3.6)
0

where Rg,lf is a normally distributed random variable. We refer the reader to consult (A.1)
for the SEIR deterministic model. Set F(a) = e~“*)%, from the above equation, Rgff is given
by

+00 +00 +00
RN = / (B +0B(a))Ne ") dg = / BNe )4 dg 4 & / B(a)Ne ") dq
0 0 0
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BN
(w+vy)

+00
+ O‘N/ B(a)e " dg,
0

using the integration-by-parts rule [19], we have an expression which involves
I Bla)e™"7)% da given by

+00 +00
Jim B()e " = B0) - (1 + ) / B(a)e " dg + / e )% 4B (a),
—+00 0 0

where {B(t)};>0 is a Brownian motion, thus

+00 e—(;uy)a 1 +00
f dB(a) - —— lim B(l)e "' = f B(a)e "7 dg.
0 n+y n+y l>+o0 0

The above integral fol B(a)e "% dq is well defined, we get (see [16, p. 393])

+00 1 +00 e—2(u+y)a
/ Ba)e " da ~ N<—— lim B(le 7Y, / — da). (37)
0 W+ Y oo o (u+y)

By the law of the iterated logarithm [1, p. 66], we get

B()

limsup ————==-=1

=1 as,
I>+00 4/2lloglog!

we have

B(l),/2l1oglog te~ "+
0< lim B(l)e’(’“y)l <limsup @ ogloete
I—+00 I +00 /2lloglog!
= limsup y/2/loglog te” ") as.

(3.8)
I—+00

On the other hand, we have

0< lim ,/2[loglogte’(’”y)l§ lim \/ZZlogle’(’””)lg lim ~/2le" W)l
[—+00 I—+00 l—+00

and by applying the L'Hépital’s rule

l
lim /2le" W= (/2 llim = /2 lim

l—+00 —+00 1

=0
—(n+y)l ’
=) l=to0 (1 +y) £

e—2(u+y)l

thus,
llim V2lloglogte #) =,
—+00

then inequality (3.8) can be written as

0= lim B(le ") < limsup y/21log log te™**7)
—+00

[—+00

= llim V2lloglogte ™ =0 as.,
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which means that —ﬁ limy_s 100 B(D)e ") = 0 a.s. We see that

+00 o=2(u+y)a e~ 2u+y)a / 1
/ — da= lim — 3| = 3
o (n+y) I>voo 2w +y)3 g 2(n+y)

Then R} is the random basic reproduction variable on the SIR model with random
perturbation and is given by

BN o2N?
RIR ~ N( , ) 3.9
o "My 2P 32

Similarly, we assume that random basic reproduction variables on the SIS and SEIR mod-
els with random perturbations are normally distributed and are given as follows.

Definition 1
RS ~ N(RSIS _owN (3.10)
o,v (U ) .
' 2p3(u+y)?
1’}2U20‘2N2 )

22 (e + V) +y))? (3.11)

SEIR SEIR
RO,V NN(RO ’

From definition (1) and inequalities (2.10) and (2.9), the following inequalities hold:
,B’IN 0'2772N2
W+ 2 v )

2.2, 2AT2
RSER < B[RSER] < vhnN | oY N
’ ’ wly +w)w+p) 203y + ) +p)

Ry <E[R}Y] < (3.12)

(3.13)

Note that

2,272
p= PR < R <up )

M()’+M)(U+M) 202 (y + ) (v + )

(y+m)(v+p)

:P< NNy +y)p+v) _ <0nN\/(u+y)(u+v))
V2u -7 Nom

cD(UnN\/(LH Y+ v)) 1
V2u ’

where ®(-) is the distribution function of Z such that Z ~ N(0, 1). The probability p satisfies

UUN\/(M+V)(M+U)> <1
V2u -

vBnN o2 n 2y2N2 SEIR
(R(S)%R E[RSEIR] RSEIR ]E[RSEIR u.(yﬂl_)(UﬂL) + 22 — ]E[R ] )

0§2d><

that is,

1 <¢(077N (M+)’)(M+U))<
< NT <

N

this inequality holds if and only if o nN /lt W > 0.

Page 13 of 24
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On the other hand, if i tends to 0, then' anNi,/ W — +00, therefore,

q,(g,]Nl W) Y
"

2

which means p — 1. This means that when the emigration rate is lower, the random vari-

able RS s closer to the number RSER. If y — +00, then?

1 [(u+y)(u+v) onN
o) =0 ()

thus, if n — 0 (except for u — 0), then p — 0 since
1
d>(or]N— W) — d(0)=1/2.
u

Analogously, for the SIS model with random perturbation the following holds:

2.2N72
PR3 <R <p o O
’ ’ uly +u1)  2p%(y + 1)

>—>1 ifu—0

and

nN 02n2N2
+
uy + @) 2p%(y + )

P(r35 <R <5

We now discuss the confidence intervals and hypothesis tests from the basic repro-
duction. Let Ry, ..., R, be the average number of cases of infected people for 1,...,#, re-
spectively. According to the previously mentioned, we assume that Ry,...,R, ~ N (R(S)IR,
(n*v202N2)/(2u2 (e + v)*( + ¥)?)), all independent. Note that

_ R1+...+Rn SIR n2U202N2
Rz ————~N RO ’ 2 3 3 )
n 2np?(p +v)P(n +y)

to determinate a confidence set under a confidence level 1 — «, knowing u, 8, y, v, and o,

observe that

R RS
ZO(/Z < Z = RSIRO' < Zl—u/2r (3'14')
V2nBA/ (n+v)(u+y)
therefore,
RSRo R- RS RSRo

Zy Z1 .
Pl e y) . BRC ang S 0 e y)

by the L'Hopital’s rule.
by the L'Hépital’s rule.

> — 0 if n — 0 and u does not tend to 0.

Page 14 of 24
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Thus,

o R
Zap +1< —
V2nB/ (1 + 0)( + y) R

Then

0 Zapp + RN2nB/ (1 + V) (11 + 7) L _9Zien +RV2nB/ (1 +v)(n +y)
RV2nB/ (1 +v) (1 +y) Ry RV2nB(n+v)w+y)
B~/2na R__BY2na

nZl,a/2+I_€«/2naﬁ’ aZa/2+I_€«/2mzf3
v)(u + ). For calculating the size of sample with an error e, see that

o
< Zl—a/2 + 1.

V2nBy/(+v)(i +y)

Similarly, the confidence set is given by (R ), where a = (u +

e=221_ap

o
V2npa’
therefore,

e 20%(Z1-ap2)’
CepAurv)n+y)

The statistic test Z is given by (3.14) and the critical sets are (Z;_4, +00), (=00, Z1_4),
and (—00,—Z1_g/2) U (Z1_¢/2, +00) for the alternative test Hy :RgIR <r, Hy :RgIR > r, and
Hy:RY® #r.

4 Basic reproduction variable with double stochastic component

In this section, we determine the basic reproduction variable for the model based on the
stochastic differential equations with two kinds of perturbation terms. We consider the
SEIRS epidemic model with stochastic transmission proposed by Witbooi [26] to include
two stochastic perturbation terms in the disease model. It is given by

dS(t) = (N = BI(0)S() + aR(t) — uS(1)) dt — o (pS()E(2) + qS(t)1(£)) dB(¢),
dE(t) = (BI(t)S(t) — vE(t) — n1E(2)) dt + o pS(t)E(t) dB(t),

dl(t) = (VE(t) — yI(t) — pna!(2)) dt + o qS(6)I(¢) dB(2),

dR(t) = (yI(t) — aR(t) — n3R(2)) dt.

(4.1)

Analogously, the deterministic version of the SEIR model with demography is given by

ds(t) = (nN = 3S()E(r) — BS)I(2) - §S@)I(2) + aR(2) — nS(t)) dt,
dE(2) = (B1(t)S(t) + 8S(£)E(t) — vE() — u1 E(2)) dt,

dl(t) = (VE(t) - §S(O)I(2) — yI(£) — nal (1)) dt,

dR(8) = (y1(t) — aR(¢) — u3R()) dt.

(4.2)

Using the approach of the next generation matrix method(see [5]) for the deterministic
model, the matrix T (transmissions) and the matrix X (¢ransitions), respectively, are given

by
21sN  1BN _
T=(" ‘;ﬁ and X = W+ p) 0 ,
0 ;5N v ~(y +u)
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and
n 1 1 n 8N . n__vN  n BN
Tyl = ;LSN uﬁN (v+p) 0 = # ) Mz AR
0 2EN N\ —o— L n__vEN n_EN_|°
H Wrly+u)  (y+p) e (UHp)(y +11) w(y+u)

The eigenvalues of -TZ ! correspond to

IN(BU+8(y + 1) +§(u +v) F LNAY
2(y + ) +v)

Al =

with A = (8(y + 1) + Bu + E(u + v))? — 4E8(y + w)( + v). It is clear that the greatest
eigenvalue is Ay, which is the basic reproduction number for system (4.2).
For system (4.2), we assume that F(a) = e"*+*V(#*7) and as in example (A.1) with func-

tion
bla) = %N[,Bv +8(y + ) +E(u +v) + Al/z],

For system (4.1), take dé = opdB(t) and d§ = o0qdB(t) ([8] and [9]). Based on the con-
struction of integral (3.6), we define the basic reproduction variable for the system:

RSEIRS — N / [(Bu +0(p(y + 1) + (e +v)Bla) +/Bp)e 07 da, (4.3)

where Ay = (o [p(y + 1) + q(1 + v)1B(a) + Bv)? —4pqo?(y + u)(u + v)B%(a). Observe that

. +00 nvﬂN _ nupN
@ Jfo Sl dg = 2u(uro) ()
2 . N
(i) [~ —ro)urvia gg ~ N(0, m), with s = 220 [p(y + 1) +q(u + v)]

(iii) Note that Ab(x) = (cx — b)? — ex? = (c* — e)x® + 2bcx + b?; where b = Bu,
c=0olp(y + 1) +q(u + v)] and e = 4pgo®(y + u)( + v). The roots of Ay(x) are
given by

—2bc F \/4b2c* — 4(c? — e)b? _ —2bcF V4b’e —bctbye  -b
2(c% —e) 22 -e) 2 —e  cFAe

therefore

/+oo /Ab(B(a))e—(uw)(uw)a da
0
" b Y )
_ —(n+v)(u+y)a
_/o ((B(a)+ c—ﬁ) <B(u)+ C+«/—>) e da.

It is easy to observe that, for all w € Q,

+00 b ga
/0 (B(zz) + - \/E)e da
< L+m /Ab(B(a))e*(H+v)(ﬂ+V)“ da < /0+OO (B(u) + P _b\/é)ed’“ da
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with ¢ = —(u + v)( + ). Note by equation (3.7) that

+00
/ B(a)e_(“+u)(“+y)“ da
0

Hmys 400 B(l)e"(’““)(’”y)l +00  ,=2(u+v)(u+y)a
~ N(— / 3 5 da),
(m+v)(u+y) o (m+v)(u+y)

due to limy_, ,, B(l)e" ")+ = 0 (reasoning similarly to inequality (3.8)), note
that [y ™ (B(a) + b\/é)e‘(’““)(’“y “da ~ N(0,1/(2(n + v)3(u + y)3)).

On the other hand, I c_b “r)n)a gg = m therefore
fO+OO(B(a) + C_L\/E)e—(mv)(wy)“ da ~ N( 7 /ﬁrv Gir7)’ 20 1 ) 3)

Taking the random variables

" b (r0)(ury)
Ry = Bla) + ~(wr)a gy and
A /(; ( @ c+ﬁ)e an

" b (r0)(iry)
Rs = B ~(urv)pyla g,
B /(; ( (a) + - ﬁ)e a

we have R4 and Rp are normally distributed with variance 1/(2(u + v)3(u + ¥)3)

and means b/((c + /€)(u + v)(t + )) and b/((c — +/€)(it + v)(1 + ¥)), respectively.
In addition, for all w € €2, it is clear that

oo b 172
ri< | [(B(a) . f> (B(a) + H—ﬁ)} e g < Ry,

Writing R = fomo[(B(a) + Cfi/g)(B(a) H\[)]l/2 ~(urv)tv)a gg e have that
E(R4) < E(R) < E(Rp). The distance between E(R4) and E(Rg) corresponds to

2b./e

(@ -epn+v)(n+y)

(RA: RB)

Observe that

& —e=a?[ply + 1) +qu +v)]* = dpgo(y + W) (u +v)

=a’p’(y + w)* +022pq(y + W (i +v) + 0°¢*(u + v)?
—4pqo*(y + w) (i +v)

=2 (ply + 1) - q(u +v))* > 0,

that is, ¢> — e > 0. The Fig. 4 shows that the function d(Ry4, Rp) is decreasing for all
¢,e with ¢? — e > 0. Therefore, when e,¢ — +00, then d(R4, Rg) — 0, then
E(R) — E(Ry4) = E(Rp). This happens when o, p, g, v, i, or v tends to co.

On the other hand, note that if e — 0, then d(Ry4, Rg) — 0, which lets us conclude
that E(R) — E(R4) = E(Rg). This happens when o — 0, p — 0 or ¢ — 0. However,
if o — 0 then ¢ — 0, thus E(R4) — +00. If p — 0 and ¢ — O (at the same time),
then ¢ — 0, thus E(R4) — +00. In case that E(R4) — +00, then E(R) — +00,

therefore the mean of RSE™®S does not have sense.
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[2*6’
k=1 restricted to {e,c: c? — e > 0}. Our case considers k
26

= Gy @ function which has similar behavior to

e
k x 0=

Figure 4 Graphic of the function d(R4, Rg) = k X e with d(R4, Rz)

By the procedures done in items (i), (ii), and (iii) of this section, it is possible to see

that the basic reproduction number of system (4.1), R55®S, is a random variable whose

expectation holds

v nN 1 SEIRS vB nN 1
W)y (ﬂ * a_g> =ER™) = o) (ﬂ * ﬁ) (44)

with g = [{/p(y + 1) + a(u+v))* and [ = [\/p(y + ) — /q(u+v))% If g — 0, then
E(Rgims) - (uwl;/(suw)(% * %z)'

5 Conclusions

In this paper, we have studied the basic reproduction number in stochastic epidemic mod-
els to include random perturbations in the infection rate as the contributing factor for the
spread of the epidemics. We have established stability conditions for the SIS, SIR, and SEIR
epidemic models. As in the case of the deterministic SEIR model, the condition RSEIR <1lis
not enough for the disease-free equilibrium point to be asymptotically stable. We showed
that it is also necessary that i1 + v < 1. Also, in some deterministic models, the basic repro-
duction number is defined as the survival probability, which coincides with the value Ry. If
Ry < 1, then the disease-free equilibrium point is asymptotically stable. However, epidemic
models with random perturbations need not be the same. In this paper, we considered the
basic reproduction number as a random variable. Under stability conditions (Theorems
2.3 and 2.2), we proved that the basic reproduction number depends on the perturbation
parameter o, which means that the variations can affect the epidemic spread. We also pre-
sented simulation results that the value of Ry for which the disease-free equilibrium point
is asymptotically stable is less than the value found in the proofs of Theorems 2.3 and 2.2.
Finally, we presented conjectures (3.1) and (3.2) to conclude that the transmission veloc-
ity of an epidemic is lower than the variation fluctuations, and for the values of Ry proved
in Theorems 2.3 and 2.2. The limitation of the proposed model is that populations that
make transitions to the compartment are assumed to interact homogeneously and death
rates are equal. The future work in this direction comprises considering a more realistic
scenario using data from the recent COVID-19 outbreak in the city of Bogota to include
the lockdown restrictions and social mobility in the spread of infections that would allow

us to address the issue of dependence control measures and epidemics mitigation.
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Appendix A: Construction of the basic reproduction number on deterministic
epidemic models

Example A.1 (Basic reproduction number in a deterministic SEIR model with demogra-
phy) Letbe P(a) =“number of exposed population which become infected individuals and
remain infected from the time 0 to a” Note that the number of individuals per unit of time
which avoid being exposed people during the period [0, 4] are those that died or who be-
came infected individuals, that is, (« + v)P(a) individuals per unit of time. The individuals
who recovered from the disease or died are those who do not remain infected during the
period [0, a], namely (i + v)(i + y)P(a) individuals per unit of time. The others continue
being exposed people or they are infected individuals which remain infected during [0, 4].

dP(a)
da

=—(u+v)(u+y)P(a),
solving the differential equation, we get
Pla) = p(O)e—(H+U)(u+y)a'

Initially it needs to have at least an infected individual or an exposed individual which
becomes infected, for when the epidemic occurs, then P(0) is the number of initial infected
people. P(a) is the number of infected individuals which remain infected during the period
[0,a]. Note that P(a) corresponds to P(0) multiplied by the probability that an infected
individual continues to be infected during all the interval [0,a]. Therefore, e~ wrv)utyla
the probability previously described. In this way,

F(a) = e~ (Hrv)utya

is the survival function.

On the other hand, if an infected individual, 7(0) = 1, arrives at a place where the popula-
tion is completely susceptible, S(0) = N, then it is expected to have SN exposed individuals
in total. From the SN expected exposed individuals, BN corresponds to the total infected

population, therefore
b(a) = vBN

as long as the mortality rate is the same as the birth rate. In another case, note that

d
I;It(t) =N — u(S@) + E@) + 1(2) + R(2)) = nN - n(N()),

and the solution of the above equation is given by

N@) =S@t)+E®) +1(t) + R(t) = |:N(0) + ft e’”nNdV] e Mt
0

= N(O)e™ + LN - L Ner,
T

when t — oo, then N (¢) tends to %N . Therefore, if an infected individual arrives in a com-
pletely susceptible population, then it will have %N new infected on an enough big period
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of time. Thus, the function b(a) is given by

b(a) = LupN,
"w

then the basic reproduction number for the model SEIR with demography is

RSER .= /wo ﬂUﬂNe—(uw)(wwa da="1 vBN (A1)
0

I pwp+v)(u+y)

Appendix B: Stability on deterministic epidemic models
We give the following theorem which gives sufficient conditions for a point to be asymp-
totically stable using the appropriate Lyapunov functions ([12] and [25]).

Theorem B.1 Let X(0) be an equilibrium point of system (2.6) (in the other case, it is pos-
sible to do the substitution &(t) = X(t) — X, where X is an equilibrium point) defined for all
t>0,and V :R" — R is a Lyapunov function. Then, for some ty,

(@) If V satisfies that

V(X(t)) <0 forallt>t, (B.1)

then X(0) is stable.
(ii) If V satisfies (i) and furthermore

V(X)) <0 forallt>t, (B.2)
then X(0) is asymptotically stable.

To prove the stability of an ordinary equation system, we use construction of the Lya-
punov functions. The definition is given in the following definition given in [12].

Definition B.1 Let X(¢) = f(X(¢)) be an ordinary differential equation system defined for
all £ > 0, and let V : R” — R be a continuous function with continuous derivatives.
(i) The rate of 'V with respect to X1(¢), ..., X,(t) is defined as

_dviX(@) _ Z AV dxi(t)

v(x@): dr X, dt

(B.3)

i=1

(ii) If V satisfies that V(X (0)) = 0 and V(X (¢)) > O forall ¢ > 0, then V' is called a Lyapunov

function.

We give the theorems which relate with the basic reproduction number and disease-
free equilibrium point for the deterministic models. The proofs are based on [18] and

[27]. Now we give the following theorem for the SEIR model with the demography.

Theorem B.2 IfRSF® < 1 and v + u < 1, then (ﬁN, 0,0,0) is asymptotically stable in the
SEIR model with demography.
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Proof Assume 1 > . Define the function W given by
n ? 1 1 1
W (S(6), E(6), 1(£), R(2)) = My (—N - s> + ,\2<u151 + UZEEz +(n+ u)iﬂ) + Engz,
U

where A1,)2,A3 > 0 are positive constants adequately chosen. Clearly W (S(¢), E(¢),I(¢),
R(t)) > 0 for all £ >0 and W(N,0,0,0) = 0. Given S(¢), E(t), I(¢), and R(¢) are continuous
functions and

aW 7 AW ,

2V o (IN-s), L o (vE+ i),
aS(2) l(u ) op 2V E YD)
oW A (VE + (u + v)I) oW AaR
—— =la(v v)), — =

@ H ARG

are continuous too, then V is a Lyapunov function. Notice that

(2

ow o aw aw ) 9X(@®)

0’ 9EQ’ A’ aR(t)) dt

S

W (X(2))

%)

(

T
—2)»1(%N—S) nN — BIS — uS

B Ao (V2E + vl) BIS — vE — uE
A (VE + (u + v)I) vE —yI—ul
MR yI—uR

— 2, (%N - s) (NN = BIS — uS) + Ay (V%E + vl (BIS — VE — 1E)
+ A2 (VE + (i + 0)I)(VE — yI — ul) + A3R(yI — uR)
- 2, (%N - S)(nN — BIS — uS) + Ay (V2BSEI - v* (v + 1) E>

+ UBSI® —v(v + W)EI + VEE? — u(y + w)EI + v(w + v)EI
=y + W+ V) + A3(yRI - uR?)

< 2X1a(2) + Aab(t) + Asc(?),

where?

alt) = (%N - S) (=N + BIS + 1uS),

b0 = [(2BS ~ vy + ) + (v - V20 + ) + (BS - (v + )i + )]

: 2 72
X gg{EI’E i },

c(t) = yRI — uR*.

Now, it is an objective to show that b(¢) < 0 for all £ > £y with £, > 0. If n >

3Later, it is shown that (U?BS - U(y + ) + (L? - V(U + W) + (VBS - (¥ + W) + v)) is negative.

Page 21 of 24
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(i) AsvBS<vB ﬁN <(y +u)(u +v) forall £ > 0 (by RSER < 1), then

v[VBS] —u(y + u) + V% — V(U + )
< U[U,B%N} —uly +p) + 2= v+ p)

<[y + w)(u+v)] vy + u) + v* = vV + )
=[vly + ) - V> + wW]lv +p 1]
<[vly +w)]lv+un-1]

when v + 1 < 1 then VAN —v(y + 1) + v2 — V(U + ) < 0.
(ii) Notice that vBS < vB /%N for all £ > 0 and as

n UBN :RSEIR <1,
w(p+v)(+y)

then vBS — (u + y)(n + v) < vB %N —(u +y)(u + v) <0, therefore

(UBS = (n + ¥)(u + V))I*(£) < 0,

so by (i) and (ii) we have that A,b(¢) < 0. In this way it is possible to chose the values for
A1, Mg, A3 that hold on

W (t) < 2xa(t) + Aab(£) + rac(t) < 0.

Then by Theorem B.1 it is concluded that (%N ,0,0,0) for the SEIR model with demog-
raphy is asymptotically stable.

If & > 1, and also for all £ > 0 for which S(¢) < ﬁN, it is clear that 8S(¢) < ,BﬁN. If there
exists ¢ > 0 for which S(¢) > %N , analogously like it was made for the proof of Theorem B.3
and following that

PO N - 100 - 5(0) <0,
it is shown that v[uBS] — u(y + u) + V2 —v2(L + 1) <0 and VBS — (i + ¥) (1 + v) < O for all
t >ty for some £y > 0.

For any case, we have that b(t) < 0, which is why it is possible to choose adequate values

for A1, Ay, and A3 such that

W (£) < 2Ma(t) + Aab(t) + Asc(t) < O.

In consequence, the point (%N ,0,0,0) is asymptotically stable in the SEIR model with
demography. O

Theorem B.3 IfRS® < 1and RY® < 1, then (ﬁN, 0,0) and (ﬁN, 0) are asymptotically stable
in (i) SIR y (ii) SIS models with demography, respectively.
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Proof The proof is similar to the previous theorem, taking V' defined by
n S 1
V(S(),1(£),R(8)) := A (—N - S(t)) + Aziﬂ(t) + A3§R2(t),
7
where A1, A2, A3 > 0 are appropriately chosen positive constants. d
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