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1 Introduction

In this paper, we consider the even-order neutral differential equations
v'(t) + b(D)u(n(t) =0, (1.1)

where t > £y > 0, n > 4 is an even natural number and v := u + a - (# o ). Moreover, we
suppose a,b,n, i € C([ty,00),R), 0 < a(t) < ap, b(t) > 0, u(t) <t, b(¢) is not identically
zero for large ¢, and lim;_, o, p(¢) = lim;_, o, 7(£) = 0.

By a solution of Eq. (1.1), we mean a function u € C([t,, 00),R), ¢, > £y, which has the
property v € C"([£o, 0),R), and u(¢) satisfies Eq. (1.1) on [¢,,00). We only focus on solu-
tions of Eq. (1.1), which exist on [#y, 00) and satisfy

sup{ |u(t)| i, < t} >0 foreveryt>¢,.

As is customary, a solution of Eq. (1.1) is said to be oscillatory if it is neither eventually
positive nor eventually negative on [ty, 00) and otherwise, it is termed nonoscillatory.
The importance of studying neutral delay differential equations comes from their emer-
gence when modeling many phenomena in different applied sciences, see [2, 3]. The qual-
itative theory of various classes of neutral differential equations has become an important

area of research due to the fact that such equations arise in a variety of real world prob-
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lems such as in the study of non-Newtonian fluid theory and porous medium problems;
see [4].

Very recently, a great development was found in the study of the oscillatory properties
of solutions of second order neutral-delay differential equations; see for examples [5-17].
It would be interesting to extend this development to higher-order differential equations.

In 2016, Li and Rogovchenko [1] studied the oscillatory behavior of solutions of neutral
delay equation (1.1). They used an approach similar to that used in [18], and established
the relationship between u and v to have the form

1 S )
02 S (0O~ S ) 2

By using the comparison with the first-order delay equations, they obtained improved
criteria over the previous ones in the literature.
In this paper, by improving the relationship (1.2), we establish a new criterion that im-
proves the results in [1]. An example is given to illustrate the importance of our results.
In order to discuss our main results, we need the following auxiliary lemmas.

Lemma 1.1 ([19]) Assume that yr € C"([to,00),(0,00)) and ")y V() <0 fort > t,.
Iflim,_, o V¥ (£) # 0, then there exists a t; € [t1,00) such that

tn—l ’w(n—l)(t)

y(t) = , (1.3)

(n—1)!
forallte[t;,,00) and ) € (0,1).

Lemma 1.2 ([20]) Assume that the ¢ € C**V([ty,00)) with ¥ O(t) >0 fori=0,1,2,...,k
and y**V(t) <0 for all t > t,. Then there exists a t, € [t;,00) such that

W) _
W)~ k’

forallt e [t;,00) and A € (0,1).

Lemma 1.3 ([21]) If ¥ € C"([ty,00),(0,00)), ¥w"(t) is eventually of one sign for large t,
then there exist a t, > ty and an integer t € [0,n) with (=1)"*'"(t) > 0, such that t >0
yields

v P >0, t>t,k=0,1,...,t—1,
and
t<n-1 yields (-1)"*y®@)>0, t>t,k=tt+1,...,n-1.

2 Main results
Through this section, we will be using the next notation: g™ := =1, V1 .= =1 o =)

forh=1,2,...,
~ X 1 1 w2 (g) (n-1)/1o
= 1— ’
“ ; St a(u (@) ( a(u-LR(z)) <M‘[2k‘”(t)> )
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& 1 1 w ) "
0= ) ) (1 T a0 <ul2kﬂ(t)> )

k=1 m=1
and
B(t) = min{b(n™'(@®)),b(n"" (1))},
where 7 is an even positive integer and A1, A5 € (0,1).

Lemma 2.1 Assume that u is an eventually positive solution. Then, we have two cases for
the derivatives of v as

1) v@)>0, V®>0, V'@)>0, V" V@) >0
) v(®) >0, 1O >0 forallke{1,2,...,n-3}.
Proof From the definition of v, we get that v(¢) > 0 for large ¢. From Eq. (1.1), v (¢) < 0.

Based on the facts that n is even and v"(£) < 0, cases (1) and (2) are deduced directly from
Lemma 1.3. 0

Theorem 2.1 Assume that ' (t) > 0 and there exists an even integer m such that

1 M—[Zk](t) (n-1)/1g
a(u2K(2)) (M—[2k—1](t)> =1 (2.1)

for all k =1,2,...,n/2. Suppose that there exist functions x € C([ty,00),R) and » €
C!([to, 00), R) satisfying

x(t) < n(t), #(@) <p®),  lim (1) = 00 (2.2)
and
x () < n(), x (£) < u(t), x'(t) =0, Jim () = oo. (2.3)

If there exist 1; € (0,1), i = 0, 1,2, such that the first-order delay equations

Al

Gt + EY

@A) (17 (1)) G (1™ (1)) = 0 (24)

and

#(0+ G 000 (10) [ 6-3 b9 ds =0 25)

are oscillatory, every solution of Eq. (1.1) is oscillatory.

Proof Assume that Eq. (1.1) has an eventually positive solution «. It follows from (1.1) that
v"(t) = =b(t)u(n(t)) < 0. Thus, using Lemma 2.1, we see that there are two cases for the

derivatives of v for large ¢, either (1) or (2).
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Assume that (1) holds. Since v is an increasing positive function, we obtain
lim;_, o U(£) # 0. Therefore, by virtue of Lemma 1.1, we get

v(t) > =Dy (), (2.6)

~ (n-1)

for every A € (0,1) and for all large ¢. It follows from the definition of v(¢) that

_ 1 1) _ -1
um—aWJmﬁwu(m u(n(0))
and
(o) = v 1 (v(ul(ul(t))) ~ u(ul(ul(t)))>
a(p1(8)  a(p1(®O) \a(w(u @) ap(w'@))

If we repeat the previous procedure, then there exists an even positive integer # such that

n (_1)k+1

u(t) =y

S La(um(2)

n (_1)k+1

z) s

101 2omer A (@))

v(p @) + (@)

1
S al ()"

v(n ™)

n/2 1

b (g - L ea > )
> Sy (0O b M0) @)

Now, using Lemma 1.2, we obtain

U(t) . }\ot
V() T n-1

’

for all Ao € (0,1) and ¢ > £7, and so

T =1/ *o tn=1)/ho+1

v(®) V' (¢) n-1 ()
(#72)

nDing |

gy _ n=1
_ tv'(t) o u(t) o (2.8)

t(n—l)/ko+1 —
Taking into account that 1 (£) < t, we get u~21(t) < u~2X(¢). Thus, from (2.8), we find

M_[Zk] () )(Vl—l)/ko

v(p29(0) < v(u () (m

which with (2.7) gives
n/2

u(t) =y !

o alu ()

1 M—[Zk](t) (n=1)/r0 o
g (1 " ) (w@k—ﬂ(t)) >”(“ ). (29)
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Since v/(£) > 0 and p2%1(¢) > u1(¢), we have that v(u™2*1(£) > v(u=1(¢)) for all k =
1,2,...,n/2. Therefore, (2.9) becomes

1 (1_ 1 ( M_[Zk](t) )(n—l)/xo)
S Yo a @)\ atePAE) L P

which, with the facts that s(£) < n(¢) and ©'(¢) > 0, gives

u(n(®) = a@n@)v (™ (n®)) = @(n®)v (™ ().

Then, Eq. (1.1) will become

v (t) + b(t)?i(n(t))u(/f1 (%(t))) <0. (2.10)
Now, using Lemma 1.1, we arrive at

A1

n-1, (n-1)
> —(n — 1)!t v (), (2.11)

u(t)

for all A, € (0,1). It follows from Egs. (2.10) and (2.11) that

A
(n-1)!

V(E) + b()a(n(®) (17 (30)))" oD (7 (54(8))) < 0.

Clearly, G(¢) := v""(¢) is a positive solution of the first-order delay differential inequality

Al
(n-1)

Gt + b()a(n(®) (1™ (1)) G (w (54(8))) <. (2.12)

It follows from [22] that Eq. (2.6) also has a positive solution for all A, 11 € (0, 1), but this
contradicts our assumption.
Assume that (2) holds. It follows from Lemma 1.2 that

v(t) > Ayt (), (2.13)

for all A3 € (0,1) and £ > #; > £y, and so

v(t)\ V() 1 v 1 AtV (8) — v(t) -
( ) g

Aha | = fik Lalhe g, (o2l

Thus, from the fact that £ 2¥(¢) < p~2-11(¢), we conclude that

—[2k] 1/Ay
o0 = (Lgg) vl o). (214
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Combining (2.7) and (2.14), we obtain

n/2

u(t) =y

k=1 Zif: a(utm())

1 12K (g \ V2 .
g (1 " 4l ) (w[zk—ﬂ(t)) )”(“ ). (215)

Since w2 U(¢) > u(¢) forall k = 1,2,...,n/2, (2.15) becomes

u(t) = at)v(u (o). (2.16)
Therefore, (1.1) will be

V() + b@)a(n(®)v(u (n()) <0,
which, with x (¢) < 5(¢) and v'(2) > 0, give

V() + ba(n())v(u (x (1)) <o. (2.17)

Integrating (2.17) from ¢ to 0o consecutively 7 — 2 times and using the properties of deriva-
tives in case (2), we get

v'(t) +

o _1 3 v (x(0) f (s =3)"b(s)a(n(s)) ds < 0. (2.18)

By setting ¢(¢) = v'(¢) and using (2.13), we conclude that ¢(¢) is a positive solution of the
first-order delay differential inequality,

A2
(n - 3)!

9'(t) + 1@ (x ) / (s —3)"*b(s)ya(n(s)) ds < 0. (2.19)

It follows from [22] that the Eq. (2.5) also has a positive solution, which contradicts our
assumption. Therefore, the proof of this theorem is complete. d

Corollary 2.1 Assume that there exist an even integer m and functions » € C'([ty, 00), R),
x € CY([t, 00), R) such that (2.1)—(2.3) hold. If

liminf / t b(s)a(n(s)) (™ ()" ds > (L)t (2.20)
00 S o) he
and
. . ¢ -1 o0 n-3 o~ (Vl - 3)!
hgéglffﬂl(x(t) ™ (x(0) (/Q (s—3)"b(s)a(n(s)) ds) do > e (2.21)

forsome x; € (0,1),i=0,1,2, every solution of Eq. (1.1) is oscillatory.

Proof Applying a well-known criterion [23, Theorem 2] for first-order delay differential
equations (2.4) and (2.5) to be oscillatory, we obtain immediately the criteria (2.20) and
(2.21), respectively. O
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Remark 2.2 Combining Theorem 2.1 and the results reported in [24—26] for the oscilla-
tion of Egs. (2.4) and (2.5), one can derive various oscillation criteria for Eq. (1.1).

By using a Riccati transformation, we obtain the following criterion.

Theorem 2.3 Assume that

(n7'®) =n0>0, M (u®)=t, WO =pe>0, (2.22)

and there exist an even integer m and a function x € C*([ty,00),R) such that (2.1), (2.3)
and (2.21) hold. If there exist Lo € (0,1) and a function p € C*([ty, 00), (0, 00)) such that

t _ / 2
limsup /n <n0p(s)B(s) - (”4—;)! (1 + %) s((f_z(%)(s)) ds = 0o, (2.23)

then every solution of Eq. (1.1) is oscillatory.

Proof Assume that Eq. (1.1) has an eventually positive solution u. It follows from (1.1) that
v"(t) = =b(t)u(n(t)) < 0. Thus, using Lemma 2.1, we have that there are two cases for the
derivatives of v for large ¢, either (1) or (2).

Assume that (1) holds. From Eq. (1.1), we obtain

1
(1))

(" (' ©)) + bl )t =0 220

and

1

ey O ) o (w0 (o) =0, 25

Combining (2.24) and (2.25), and using (2.22), we find

1 iy 1 A0 -1y, -1 ’
L 00 @) + - o 7 (1)

and so

1 (u(”fl)(n’l(t)))/ L A0 (U(nfl)(nfl(u(t))))/ + B(t) (u(t) + aou(u(t))) <O.
No NoMo

Then,
’

k (u<"-1>(n-1(t)) + @v(”"l)(n‘l(,u(t)))> +B(t)u(t) < 0. (2.26)
No Ho

Now, we define the Riccati transformation as

v (@)

w (t) := p(t) )
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Thus, @ (t) > 0 for t > t; > ty, and

s P @ DOV WV )
w'(f) = 0 @ (t) - P(t)( 20 - 0@ ) (2.27)
Using Lemma 1.1 and the fact that v < 0, we arrive at
’ )"0 n-2_ (n-1) )‘0 n-2_ (n-1)( -1
v'(t) > mt v"(t) > mt v (77 (M(t)))
=5 ioz),t”‘zu(”‘l)(n‘l(t)). (2.28)
Hence, (2.27) yields
, p'(t) Ao tD WV @)y
o'(t) < 0 o (t) - TR @ (t)+p(t)T (2.29)
Next, we define function
G ()
Then w(t) >0 for t > t; > ty and
o () @D (@)’ () "D (@)
SETO R (t)( v2(0) 0 )
o' (t) Ao t0D "D (u(2))
=50 e YT 250

Combining (2.29) and (2.30), we get

a G0 plE) ko P, a4 [p/(t)
T U AT 7 Rl N TRl
(n-2)
- 0] - meEe.
Using the fact that

2

, 1H
Hy-Ky < == K>0,

we obtain

o'(6)+ Lo () <

Mo 4ho

(n-2)! (1 @) (r'@®)?

* wo ) t1=2 p(t) —nop(t)B(t).

Integrating the above inequality from #; to ¢, we have

! (n-2)! a0\ (p'(s))* do
/tl (nop(S)B(S) " (1 + E) s<n—2>,o(s)) ds<w () + %w(tl),

which contradicts (2.23).
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Assume that case (2) holds. If we are back to the proof of Corollary 2.1, then we get a
contradiction with (2.21). Hence, the proof is complete. O

Next, we give an example to illustrate our main results.

Example 2.1 Consider a fourth-order neutral delay differential equation
b
(w(2) + aqu(B) ™ + SuGn=0, 121, (2.31)

where ag, by >0and 0 < § < 8 < 1. It is easy to see that B(¢) = (bod*)/t?,

n/2

a() = ( ﬁman) Z o =40

and

n/2

Zi(t):=( ﬁl/kmo)z 5 = Al

By choosing »(t) = x(¢) = 8¢, we see that (2.2) and (2.3) hold, and conditions (2.20) and
(2.21) reduce to
B 68°

bolnl s 2P
0MS ” S Ae

and

12
bolné > A ,
8§ SAie

respectively. Thus, from Corollary 2.1, we see that every solution of Eq. (2.31) is oscillatory
if

(2.32)

3
by > max{ i 12 }

83ApelnB/8’ 8A1elnB/8 |

Moreover, the condition (2.23) reduces to

9
limsup/ (8 nobo — —<1 + %o )) ds = o0,
t—00 t1 2)\,0 Mo

when

9 1
w3 (10 9) s
2 4o’

Thus, from Theorem 2.3, we see that every solution of Eq. (2.31) is oscillatory if

9 a\ 1 683
by>max{ -1+ — |——, ——— 1.
2 Mo 847]0 83A0e 111,3/5
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Remark 2.4 Although the results of Li and Rogovchenko in [1] improved their previous
results, they used Lemma 1.2 with A = 1 (and this is inaccurate); see Remark 12 in [20].
Theorem 2.1, with # = 2, is a correction of Theorem 2.1 in [1]. Moreover, our results im-
prove the results in [1], since the iterative nature of the two functions @(¢) and a@(¢) enables
us to test for oscillations, even when the previously known results fail to apply. Let us
consider a special case of (2.31), namely,

(u(2) + 10u(0.90)) ¥ + %M(O.St) - 0. (2.33)

We note that the condition (2.32) fail to apply on (2.33) when #n = 2,4 (consequently, the
results in [1] also fail). But, at # = 6, the condition (2.32) is satisfied. Therefore, our results
improve the previous results in the literature.

Remark 2.5 It would be of interest to further investigate Eq. (1.1) with different neutral
coefficients; see [27] and [28] for more details. It would also be interesting to extend this
development to higher-order nonlinear neutral differential equations.
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