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1 Introduction
There is no doubt that the theory of oscillation of DEs is a fertile study area and has at-
tracted the attention of many researchers recently. This is due to the existence of many
important applications of this theory in various fields of applied science, see [18, 19]. In
the last decade, it is easy to notice the new research movement that aims to improve and
develop the criteria for oscillations of DEs of different orders, see [3—5] and [9-17].

In detail, we consider the even-order delay DE of the form

(r- (")) () +A[g- o g);a,b](s)=0, ¢ = s, (1.1)

where n > 4 is an even natural number, y is quotient of odd positive integers, and
Alf;a,b)(c) := fab f(c,0)do. Our study is under the following conditions:
(Q1) re C'Io,(0,00)),7'(5) = 0, [ 1717 (§) d§ < 00, and Iy := [5y,00);
(22) g € C(lp x [a,b],[0,00)) and g is not zero on any half line [T, 00) X [a,b] for all
T > co;
(23) g € C(lp x [a,b],R), g has nonnegative partial derivative w.r.t s and g(s,s) < ¢,
lim._, o g(5,s) = oo for all s € [a, b].
A solution of (1.1) means a function y € C(”‘l)(ly,R), Sy = 6o, which satisfies the prop-
erty r- (YD) e C1(I,,R); moreover, it satisfies (1.1) on I,. We consider only the proper
solutions y of (1.1), that is, y is not identically zero eventually.
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Definition 1.1 A solution y of (1.1) is called a Kneser solution if there exists ¢, € I such
that y(¢)y'(¢) <O for all ¢ > ¢,. (The set of all eventually positive Kneser solutions of (1.1)
is denoted by K.)

Definition 1.2 A solution y of (1.1) is said to be nonoscillatory if it is positive or negative,
ultimately; otherwise, it is said to be oscillatory. The equation itself is termed oscillatory

if all its solutions oscillate.

Next, let us briefly review a number of closely related results which motivated the
present study.
Li and Rogovchenko [9] were concerned with the asymptotic behavior of a class of

higher-order sublinear Emden—Fowler delay DEs

(r(c)y"(s)) +a()y* (z(s)) =0,

where 0 < 8 < 1 is a ratio of odd natural numbers and 7(¢) < ¢. They established two tests
for the asymptotic behavior of solutions to the above equations. Moreover, they improved
the theorems reported by Li and Rogovchenko [8] and Zhang et al. [20, 22].

Moaaz and Muhib [17] and Zhang et al. [21] presented criteria for oscillation of solutions
of the DE

(")) +£(s:5(0(s))) =0,
where f(s,y) > h(s)y?, v, B are quotients of odd natural numbers and o (¢) < ¢. Results
in [17] are an improvement on some of the results obtained in Zhang et al. [2].

Recently, Moaaz et al. [14] studied the oscillation and the asymptotic behavior of solu-
tions of the DE

(r()("(£)") + ()P (a(5)) =0

with the middle term

()" ()") +p() (" () +q(s)y*(0(5)) =0

under the condition

el 1
— ds=
fgo e T

and the condition

[ 1 (&) )]“V
Loexp(— [ P2 ue) | ds= oo,
fg(, [r(s> e"p( fg e %) B

where r'(¢) + p(¢) > 0.
In the paper, we are working on finding new criteria for oscillation of solutions of a class
of even-order DEs in a noncanonical case. The paper is organized as follows. In Sect. 2,
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we present new conditions for the nonexistence of Kneser solutions of nonlinear even-
order DEs with continuous delay arguments. In Sect. 3, we are taking advantage of the new
nonexistence criteria of Kneser solutions to create better criteria that ensure all solutions
of (1.1) are oscillatory. In Sect. 4, we illustrate the effectiveness of our new criteria with
examples.

Now, we provide the lemmas that will be needed during the results.

Lemma 1.1 ([1, Lemma 2.2.3]) Assume that w € C"(lp, R*) and @™ are of fixed sign and
not identically zero on a subray of Iy. Furthermore, suppose that there exists 1 € Iy such
that w" Vo™ <0 for ¢ € I. Iflim._, o w () #O0, then there exists ¢, € I, such that

A _ _
7z 1

forevery . €(0,1) and ¢ € I,.

Lemma 1.2 Let w(£) = DE — M(§ — N)Y*V'Y  where M > 0, D and N are constants. Then
the maximum value of o on Rat £* =N + (yD/((y + 1)M))" is

. yy Dy+1
I?g]g(m’(s) = w(é ) =DN + mm,

2 Nonexistence of Kneser solutions

Firstly, we define the notations 8y(g) := fgoo r~ Y7 (&)d¢ and 8,,(¢) := fgoo 8m_1(£)dE for m =
1,2,...,n— 2. The following lemma is an adaptation of Lemma 1.1 in [6] based on # even.

Lemma 2.1 Ify is an eventually positive solution of (1.1), then (r - y"V) <0, and one of
the following cases holds for ¢ large enough:

(1) ¥(¢)>0,y"V(c) >0 and y"(c) < 0;

2) ¥()> 0,37 D(c) > 0 and " I(c) < 0;

(3) (<)% yP(c)>0fork=1,2,...,n—1.

Remark 2.1 Based on the definition of the class K, we note that y € K if and only if y

satisfies case (3).

Lemma 2.2 Assume thaty € K. Then y converges to zero if

e 1 3 1/y
/go (TE) /gOA[q,dyb](V)dV> d& = o00. (2.1)

Proof Based on the belonging of y to K, we note that y is a positive decreasing function,
and so lim_, . y(s) = € > 0. Assuming the opposite of that, it is required that € > 0. Then
there exists ¢; € I such that y(¢) > € for all ¢ > ¢;. Thus, from (£23), there exists ¢ > ¢1
such that (y o g)(¢) > € for ¢ > ¢,. From (1.1), we arrive at

(r- ")) (s) < —€”Alg;a,b)(5) for ¢ > .
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Integrating the above inequality from ¢, to ¢, we get

S

(r- (") )s) = (r- (y("'”)y)(gz)—ey/ Alg;a,bl(v) dv,

S2

that is,

1/
y(n1)(5.)S_E(L'/gA[q;a,b](v)dV) y-
r(s) Je

Integrating the last inequality from ¢, to ¢, we obtain

P A(s) <y D (gy) — e / ’ (i  Algsa bl dv)w dé.
N o \1r€) Jg,

Taking lim._,, and assumption (2.1) into account, we get that Y2 () — —oc0 as ¢ — 00,

which is a contradiction. Thus, € = 0. This completes the proof. O

Lemma 2.3 Assume that (2.1) holds. If y € K, then

S
~(r- (") )e) = / Alg-(y0g)";a,b](€)ds 2.2)
[90]
and
DBy O () = —(r- (")) ()840 4(5) (2.3)

fork=0,1,...,n—2.

Proof Assume thaty € Kon [¢1,00). Integrating (1.1) from ¢; to ¢ and using that fact that
¥ (¢) < 0, we obtain

S

—(r- (y(n—l))V)(g) > —(r~ (y(n—l))y)(gl) +f A[q~ (yog)y;a,b](s)df;‘

S1
S

—(r- (y(n—l))y)(§1)+/ Alq-(yog);a,b](§)dE

S0

v

S1
- [ Ala ogriab]e)ds (2.9
S

0

for all ¢ € I;. It follows from Lemma 2.2 that y converges to zero. Then there is ¢, € I;
such that, for ¢ > ¢,

S1

(r- ") )(6) + / Alg-(og)sa,b](E)de <0,

S0

which with (2.4) gives

S
-(r- ") ) = / Alq-(y0g);a,b](&)dE.

S0



Muhib et al. Advances in Difference Equations (2021) 2021:250 Page 5of 17

Next, by using the fact that (r'/7 - y"-D)" < 0, we see that

"2g(s,9) = 5" 2(s) > /g e ) (= ()" (0)) do
> —(r- (")) (6)80(c)- (2.5)

Integrating (2.5) from ¢ to oo and taking the monotonicity of y"~%(¢) into account, we
find

") = ~(r- (")) ()81(6):
Integrating again from ¢ to co, we obtain
W) = ~(r- (")) ()8(6).
Going forward along the same method, we get
DY) = ~(r- (")) ()812(s)
fork=0,1,...,n—2. This completes the proof. O

Theorem 2.2 Assume that (2.1) holds. If

< 1/y
n:= limSUPSn—2(§)</ A[é];ﬂ,b]@)dé) > 1, (2.6)
G—>00 S0
then K= g.

Proof Suppose to the contrary that y € K on [¢1,00). From Lemma 2.3, we obtain (2.2)
and (2.3) hold. Since g is delay w.s.t ¢, we get yog > y for ¢ > ¢, and s € [a, b]. Thus, (2.2)
becomes

s

(- (5" e) 27 () / Algsa,b1(8) de,

S0
which with ((2.3), k = 0) gives
v S
(- (YY) (©) = ~(r- (")) ()T (s) / Algsa, b)(€) dé
S0
or equivalently,
S
1> 87 ,(c) / Algsa,b(€) de.
S

0

Taking the limsup on both sides of the inequality, we arrive at contradiction with (2.6).
This completes the proof. O

For the next results, we introduce the following additional condition:
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(2) There is a constant sz > 1 t such that % > hfor ¢ > ¢gand s € [a, b].

Lemma 2.4 Assume that y € K, (2.1) hold and n is defined as in (2.6). Then there exists
¢e > ¢1 such that

d ( ¥(s) ><o
de \8,55(¢) ) ~

forany e >0 and ¢ > .. Moreover, if (2) holds, then

¥(g(,9) = W y()for ¢ > . and s € [a, b]. (2.7)

Proof Assume thaty € Kon I;. From Lemma 2.3, we obtain (2.2) and (2.3) hold. It follows
from (2.2) and the fact that g(¢,s) < ¢ that

s
(- 6" )N 297(6) [ Algia bl ds. 0.8
50
From the definition of 1 in Theorem 2.2, there exists ¢ > ¢; such that
S 1/y
5n—2</ A[ﬂl;ﬂ»b](é)df) SNei=n—¢&
S

0

for all ¢ >0 and ¢ > ¢,. Hence, from ((2.3), k = 1), we have

’

d ( ¥(s) ) < 32 () ()Sa(s) ¥()n:805" (§)8u-3(5)
ds \57°,(<) 5275(<) 8.75(5)

which with (2.8) gives
d y(;)) —y(g)SZiz(g)Sn_s(g)<  Aleab d>”V
- s(82i2<g) < TR /g g, b1(€) dé
, Y)1:8175(6)8-3(5)
875(5)

H$)us(s) (- S ”")
=T <n* an_2<;>(/§oA[q,a,b1<s)ds) <0,

Using this fact, one can easily see that

8,-2(g(s,9))

Nx
/s .
8n—2(§) ) = y(g)

y(g(s,9)) = y(g)(
This completes the proof. O
Theorem 2.3 Assume that (2), (2.1) hold and n is defined as in (2.6). If

W1, (2.9)

then K = @.
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Proof Suppose to the contrary that y € K on ;. From Lemma 2.3 and 2.4, we obtain that
(2.2), (2.3), and (2.7) hold. Combining (2.2) and (2.7), we obtain

S
~(r- ")) (g) = ¥ ()" ™ / Alg;a,b](§)d& (2.10)

S0

forall ¢ >0 and ¢ > ¢. Using ((2.3), k = 0), we have

—(r- ")) = =(r- (") ) $)8) o () ™ / gA[q;a,bJ(ads.
S

0

Taking the limsup on both sides of the latter inequality, we obtain 475 < 1. Then we obtain
a contradiction with (2.9). This completes the proof. O

Theorem 2.4 Assume that (2), (2.1) hold and n is defined as in (2.6). If

yr 5n_3(9))d - (2.11)

<
i nnsy Alg;a,b](0) — ————
1m Ssup Lo ( n—Z(Q) [q a ](Q) (y + 1)y+1 8;1—2(9)

¢—00
then K = @.

Proof Suppose to the contrary that y € K on ;. From Lemmas 2.3 and 2.4, we obtain that
(2.2), (2.3), and (2.7) hold. Define the function

(r- ()/(”’”)V)(g)'

w(e):= y¥(s)

Differentiating w(¢), we get

_ ()" )y yr(g)()’(”’”(g))Vy’(g).

@(c) 7 (5) 7<)

Using (1.1), ((2.3), k = 1), and (2.7), we arrive at
/() < ~W"™Alg; a,b)(5) - y8,-3(s)? ™7 (5). (2.12)

Multiplying (2.12) by 8/, and integrating the resulting inequality from ¢; to ¢, we obtain

S
87 ()als) - 87, (cr)wlsr) < - / HWs”,(0)Algia bl(0) de

<1

S
- / v 671018, 5(0)wle) do
S

1

S
. / Y6, 3(0)8],(0)0” V7 (0) do.
S

1

Using the inequality

1
—Bu + AvYY > _ v’ B

———— A,B>0,
RSV g

Page 7 of 17
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with A = 8,_5(0)8”_,(0), B=8""3(0)8,_3(0), and v = (o), we conclude that
n-2 n-2

Vy+1 8}1—3(9)) d
(y + 1)1 8,5(0)

<87 ,(s1)w(s1) =81 ()w(s). (2.13)

S
/ (hV”*(SnV_Z(Q)A[q;a,b](Q)—
S

1

From ((2.3), k = 0), one can easily see that -1 < ()38} _,(¢) < 0, which with (2.13) gives

S v+l 8
/ (h”*szz(g)A[q;a, Blo) - — s(e)
S

Y
1 v+t 5n—2(Q)) do<1+o,q(q)olc)

Taking the limsup on both sides of the latter inequality, we obtain a contradiction with
(2.11). This completes the proof. d

Theorem 2.5 Assume that () and (2.1) hold. If there exists a function p € C'(Iy, (0,00))

such that

. 8 o(s) € _—— P (&) (£)

a2 5 [ (oo aaati - TG e e
thenK = @.

Proof Suppose to the contrary that y € Kon /. Using Lemmas 2.3 and 2.4, we obtain that
(2.2), (2.3), and (2.7) hold. From ((2.3), k = 0), we obtain

0" 1

= . (2.15)
5 (s) 8-2()
Thus, if we define a generalized Riccati substitution as
r- (y(n—l))y 1
w(s) = p(T + ﬂ) (2.16)
then w(¢) > 0 for all ¢ > ¢;. Differentiating @, we have
/ '(s) (r- ")) (s)
w(s) = L) 4 piy OIS
p(s) ¥ (s)
-6,
—vo()——7 V()
ST e T
~ 7/,0(5;3‘3;472(5')‘ (2.17)
(Sn,Q (§)

From (1.1), we see that

(r(c)(»"V(5))") = -A[q- (yog)";a,b](s) < 0. (2.18)



Muhib et al. Advances in Difference Equations (2021) 2021:250 Page9of 17

Using ((2.3), k = 1) and (2.18), (2.17) becomes

W(e)<? (s) w(e) p(g)A[q~ (yog);a,bl(s)
p(s) » (<)
y(”‘”(g))y” 1y y0($)84-3(5)
- =7 S orreol 2.19
J/p(s)r(g)< 9 7 (6)8u-3(s) + 571(0) (2.19)

Thus, from (2.7), (2.19) yields

/ p'(s) (n-e) yp($)8,-3(5)
— o) "D Alga,b S35 7
wi(s) < o) w(s) - p(s) (g:a,b](c) + 1(0)
(n-1) v+l
—yp(g)r(g)(y (g)) 7 (6)5,3(5).
¥(s)

Therefore, from the definition of w, we get

v0(5)8,-3(¢)

8775(5)

p'(5) 8,-3(<) p(s) "
T o(0) wls) = Yol (¢) (W(g) - SZz(g)> ' (2:20)

W (s) < —p(S)N "9 Alg;a,b](s) +

Using inequality (1.2) with

p'(s) _dus(o) _ pls)

D:= ) - , =
p(s) Yoot (g) 81 5(5)

and & := w, we obtain

0'(s) 5n_3(§)(w() () )“”V p'(s) () ()

20" = o\ 57 ,) T ) (6)

which, with (2.20), gives

w(s) < —p(s)n" ") Alg; a, b)(s)

P77 ()P ()7 H A 0'(s)  vp($)8as(s)
(y + DD () 8 5() 815 (<)

or

/ ) AT p7 ()P () d ([ p(s)
W) = I Al ) s 6 ds (85_2@))‘

Integrating this inequality from ¢; to ¢, we arrive at

S

() - wlst) < - f

S1

o(s) p(s1)

+ .
55—2(5‘) 53—2(5‘1)

(,)(;)hy(n_s) Alga,bl(e) — L D@ ) it

(y + D08 5(¢)
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From (2.16), we are led to

: -y / y+1
[ (powogane - Z1ODO Y,

(v + D08, 5(¢)

()" V() (s V(1))”

<-p(s) 70 +p(s1) (o)
(n-1) y
S_p(g)r(g)(;y(g)(g)) .

In view of (2.15), we get

/ g(p(;)hyw Algiabl(e) - L7 O EY > g < L)
S

1 (v + 1)(V+1)5Z_3(§) 53:_2(5‘)
or
8a(5) /g( PV ()P ()
v (©)n""Alg;a,b](¢) - ) ¢ <1
oo S, \7¢ TP e ) ¢
Taking the limsup, we obtain a contradiction. This completes the proof. O

Corollary 2.1 Assume that () and (2.1) hold. If one of the following conditions holds:

S

limsups” ,(c) | h""Alg;a,bl(¢)de > 1 (2.21)

§—>00 S1
or

. - s 1 8n-3(¢)

y-1 yn . _ 3

imsups]16) [ (#7a04lga 6 - g gt S ) e o1, 2
or

. i 7 8,5(9)

I n's? L (2)Alg; a, b)(¢) — — n3 )d 1, 2.23

imsup /g( A OAlg @ bIE) ~ s ) e (2:23)
then K = @.

Proof By choosing p(c) = 1, p(s) = 82(¢), and p(s) = 8 (5), condition (2.14) in Theorem
2.5 becomes as (2.21), (2.22), and (2.23), respectively. a

3 Oscillation criteria
In this section, we are taking advantage of new nonexistence criteria of Kneser solutions
to create better criteria that ensure all solutions of (1.1) are oscillatory.

Theorem 3.1 Assume that (Q2) and (2.1) hold and there exists a function p € C*(Iy, (0, 00))
such that (2.14) holds. If the DE

n-1 .
V(o) + <Aog (g,a)>VA[q,a, b(s)

(n—1)t rg(s,a) v(elsa) =0 (3.1)

Page 10 of 17



Muhib et al. Advances in Difference Equations (2021) 2021:250 Page 11 of 17

is oscillatory for some kg € (0,1) and there exists a function § € C'(Iy, (0,00)) such that

. s ) (9/(0) l+y >V”) _
imsue [ (o0~ S5 (56 mnem) ) &2

holds for some 11 € (0,1), where

6(s)
()88 (<)

’

n-2 Y
¢:mg(ﬁ%§§@)Am%mgwu—w

then (1.1) is oscillatory.

Proof Suppose that there exists a nonoscillatory solution y of (1.1) in fy. Without loss of
generality, we suppose that y is eventually positive. From Lemma 2.1, we have three cases
(1) — (3). Since y > 0 and ' > 0 in cases (1) and (2), we have that lim _,  y(¢) # 0.

Now, let case (1) hold. Using Lemma 1.1, we get

)‘-Ogn_l(g,s)

D) Ee T E(s) (33)

y(g(s,9) =

forall Aq € (0, 1) and sufficiently large ¢. So, from (3.3), we get that u(¢) = r(g)(y(”‘l)(g))” >
0 is a solution of the delay differential inequality

o)+ (€7 (Sa)) Alg;a bI(S)
U(§)+< (n—1)! ) r(g(s,a)) U(g(g,a))f()

From [19, Corollary 1], there exists also a positive solution of (3.1), a contradiction.
Assume that case (2) holds. Note that (c)(y"~Y(¢))” is nonincreasing, and so

v

y(n_z)(v)_y(n—Z)(g) _ / (}”(Q)( n— 1)(9)) )1/)/ Q

1
rl/y( )
< (g)y"( 5)/

77 (g) V(Q
Letting v — o0, we get
") = = )y ()0 (). (3.4)
Next, we define the function ®©(s) by
()" () 1 )
O(c):=0 . 5
() “( QY (e 33

From (3.4), ©(¢) > 0 for ¢ > ¢;. Therefore, we have

0'(s)

0'(s) = 7o)

()" ()Y yr()" (o) V(S(,(g))

® 0 -
o “ gy e
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it follows from (1.1) and (3.5) that
_0) ¥ (g(s,a))
~ 0(s) o2(s))

_y9<g>(<~>(g>_ 1 )‘”“’V y6(s)
)\ 0(s)  85(s) rir()sy M (¢)

0'(c)

O(s) -6(s) Alg;a,b)(s)

(3.6)

Using Lemma 1.1, we get

g (s, a) (1=2)

y(g(s, @) = 1 — (g(s,m).
Thus, (3.6) becomes
, 0'(s) Mg“(g,a))y y8(s)
® O(c)-0 ——— ) Alg;a,b T
9= 1500 00 ) Ao«
_ 706 (@(g)_ 1 )‘V*”’V
rir )\ 6(s) 8 (s) ’
Using the inequality
Bl/y
AT 4 _ gDy < 7[(1 +p)A —B], AB>0,
with A = ©(5)/0(s), B = 1/8} (), we obtain
, 0'(s) (Mg"‘z(g,a))y y6(s)
® O(c)-0(c) [ 22— Algab _ o)
() = 5(0) (=6~ (g4 ](g)+rlfy(g)8§“(g)
I ((G9)d fan@e)LT)
() \\ 6(s) ¥80(s) 0(s)  &()1)
Therefore,
: 9'(s) l+y > _ (klg”‘z(g,a))y i
0'(s) < (0(g) T (0)80(@) O(s) -6(s) (=2 Alg;a,b(s)
_;g(wl)/y ¢) - 0(s) + y0(s) '
(ot (<) rr ()8 ) (985 (o)
By using the inequality
]/V vy+l

vE — VEV+ Il <

) V 0;
S+l vr g

with v =6'(¢)/6(s) + (1 + y)/(r'7(6)80(s)), V = y /(177 ()87 (), and E = O(s), we find

0(s)

Mg (s, a)
()88 (<)

©'(c) < —e(;)( o

Y
) Alg;a,bl(s) + (y - 1)

r(5)8(s) (9’(§) L1ty )y”
(y+ 1)\ 60(c)  r(s)so(s))
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Integrating this inequality from ¢; to ¢, we find

s (0)8(0) (0'(0) l+y
/gl (q’(g)‘ (y + D7l (9@) ¥ rl/y(Q)%(Q)) )dQ =8l

which contradicts (3.2).

Next, using Theorem 2.5, it follows from (£2) and (2.14) that y ¢ K, and so y does not
satisfy case (3).

This completes the proof. g

Corollary 3.1 Assume that (2) and (2.1) hold and there exist functions p,0 € C*(Iy, (0, 00))
such that (2.14) and (3.2) hold. If

liminf

Gg—>00

S (}Logn—l(%-’a))y )
Al PIEIdE> o 3.
L(;a) (n=1))r(g(&, a) [g;a,D](§) d§ > . 57)
then (1.1) is oscillatory.

Proof Applying a well-known criterion [7, Theorem 2] for first-order equation (3.1) to be
oscillatory, we obtain immediately criterion (3.7). O

Theorem 3.2 Assume that n = 4, () and (2.1) hold. If there exist functions ¢, ¢, p €
CY(Iy, (0,00)) such that

% gls,a)\* . 27 r(s)(g/(s)7! _
/g(, (“”( : ) Alga.bl) = 05 ste o) )ds‘o"’ (3:8)

% ©/ 1 [P gV(s,a) )Uy (¢/(§))2>
— Alg;a,b](s)d dv - d
fgo (qb(as)/é (r(v)]v S alganos)  a- 08 ) a

- oo, (3.9)

. 8 () [° Aoy i r(0) (o' (@)
gll)n;lc sup (<) - (P(Q)(Eg (Q»ﬂ)) Alg;a,b)(e) - m)
51, (3.10)
and
. 85(s) [° ] RA(91:4(9)lan
hgisolip () /;1 (p(é)h”A[q,a, bl(¢) - m) dc>1, (3.11)

for some X, i € (0,1), then (1.1) is oscillatory.

Proof Suppose that there exists a nonoscillatory solution y of (1.1) in Iy. Without loss of
generality, we suppose that y is eventually positive. Using [1, Lemma 2.2.1], there exist four
possible cases:

Cl: y(¢)>0,  y'(s)>0 and y"(s)>0;

C2: y(¢)>0,  y'(s)<0 and y"(s)>0;
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C3: y(s)>0, y'(¢)>0 and y"(5)<0;

C4: y(c)<0, y'(¢)>0 and y"(g)<0.

The proof of the case where C1 or C2 holds is the same as that of [16, Theorem 2.1].
Assume that C3 holds. Proceeding as in the proof of Theorem 3.1, we obtain that (3.6)
holds. Thus, we get

, 0'(s) p(s)y” (g(s,a))
® O(c) - LY 8 D) p1gab
()= L5 0t - L Ee D dlga bi)
y p(;))”*”” yp(5)8)(s)
7’ (ew)- _ YPLS)0ls)
rl/y(g)pwm( © =5 507 (c)

Using Lemma 1.2 with D = p'(5)/p(s), M = y [(r''7 (¢)p*7 (¢)), N = p(5)/8} (5),and & = O,

we obtain
4
0'(6) < —%ﬁf;“”ﬂm bl(<)
_yele)&(e) pe) ) ()
8V M) &) (r+1)rlor(s)
or
, p(s)y (g(s,a)) ( p(s) )/ () (p' ()" *
) S ST Algia,b .
="ty N\ G) Ty ©

From Lemma 1.1, we have

p(s) )/ r($)(p' ()"

A 14
®'(s) < —p(g)(igz(g,a)) Alg;a,b)(s) + (85@) Yo )

Integrating the above inequality from ¢; to ¢, we find

r(o)(p'(0))"*! ) q

S A ) 14
0(s) -0(g1) < —/ (P(Q)(Eg (Q:ﬂ)> Alg;a, b](s) - m

S1

, P plsy)
8(s) 85(s)

From the definition of ®, we see that

° Ao Tt r(0)(0'(0))*!
/;1 (P(Q)(ig (Q’ﬂ)) Alg;a, b](s) - m) do

_ PO () . p(s1)r(s1)(y" (1))
- 0" () O"(s1))”

This provides

c Ay T r(0)(p'(0)" p(s)
/g (p “”(ig (e ’“)) Algablo) =77 1)<y+1>pV(@>) 0=y
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Hence,

%6 o Eeem) Al O )

which contradicts (3.10).

Next, using Theorem 2.5 with # = 4, it follows from (£2) and (3.11) that y ¢ K, and so y
does not satisfy case C4.

This completes the proof. O

4 Examples
Example 4.1 Consider the fourth-order DE

(€75 (5"(5))") +qoe” Aly o g2, 1](5) = 0, (4.1)

where ¢ > 1,2 € (0,1-1/e),g(s,s) =s¢,and gp > 0. Then we get §,,(¢) =e S form =0, 1,2.
Moreover, it is easy to verify that conditions (2.1), (3.2), and (3.7) are satisfied.
By using the fact that e” > ev for v > 0, we get

52(52((5;_’;)) > 82((‘52((5;;)) el s e(l-Nc>e(l-1):=h>1.

From Theorems 2.2 and 2.3, equation (4.1) has no Kneser solutions if

9o 1/y
n= (—) Q-1
14

or

0

1/y
iy = (e(1 - )G (@) 1= 51
y

holds.
Next, condition (2.14) takes the form

Uy (90317 v+l
(e(1=2)"" 0  go1 -39 > (L> . (4.2)
y+1

By Corollary 3.1, equation (4.1) is oscillatory provided that (4.2) holds.

Example 4.2 Consider the fourth-order DE

(s°y"(5)) + qosAly 0 g 22, 1](5) = 0, (4.3)
where ¢ > 1, A2 € (0,1), g(c,s) = s¢, and g > 0. Then we have that §y(¢) = 1/4¢%, 81(g) =

1/12¢3, and 85(g) = 1/24¢2. Moreover, it is easy to verify that conditions (3.8) and (3.9)
are satisfied. Using Theorem 3.2, equation (4.3) is oscillatory if

A
(3.10) > Elxgqou —i)>1
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and

11807 1
3.11) - —( — 1-39)> -
( )924()»2) qo( 2>

hold.

Remark 4.1 Consider the fourth-order DE (4.3). Condition (3.7) is not satisfied, so The-
orem 3.1 cannot be applied. Thus, Theorem 3.2 provides an applicable criterion when
Theorem 3.1 fails to apply.
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