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1 Introduction
In this paper, we obtain existence results for the following fractional-order p-Laplacian
boundary value problem at resonance on the half-line with integral boundary conditions:

(0 (D2, u®))) + v(e)w(t, u(t), D, u(t) =0, ¢ € (0,+00),
0p(DG,u(0)) = [5 v(t)gpp (DG, ult)) dt, (1.1)
0p (DG, u(+00)) = [ v()g, (D, u(t)) dt,

where D, is the Riemann-Liouville fractional derivative of order 4, 0 <a <1, w:
[0,+00) x R?2 — R is a v-Carathéodory function, and v(¢) € L'[0, +oc0), v(¢) > 0, with
JoZv@)ydt =1, gp(r) = [rP2r, p > 1, 9, =9q

Recently, fractional calculus has become popular because it is nonlocal and has many
real life applications like in signal processing, viscoelasticity, bioengineering, and fluid dy-
namics [14]. Fractional-order derivatives have been found to handle models more accu-
rately than integer-order ones because they have higher degree of freedom. Moreover,
fractional-order derivatives contain a memory term which makes it suited to describe the
memory and hereditary properties of various processes and materials [16].

Boundary value problems with p-Laplacian operator arise in the modeling of many nat-
ural phenomena like in unsteady flow of fluid through a semi-infinite porous medium.
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They are also encountered in combustion theory, nonlinear elasticity, population biology,
glaciology, non-Newtonian mechanics, plasma physics, and the study of drain flows (see
[1, 10, 15]).

Boundary value problem (1.1) is said to be at resonance if the corresponding homoge-

neous problem

(pp(Dg,u(t))) =0, te(0,+00),
0p(DG,u(0)) = [, (D), (D, u(1)) dt, 0p(DG, u(+00)) = [ v(t)p,(D§, u(t)) dt,

has nontrivial solutions.

p-Laplacian resonant boundary value problems can be expressed in the abstract form
Lu = Nu, where L is a non vertible fractional-order differential operator. When p = 2, the
differential operator L is linear, and Mawhin’s coincidence degree theory [13] can be ap-
plied, for example, see [2, 3, 8, 9, 15]. However, when p > 2, Mawhin’s coincidence degree
can no longer be applied directly, hence the Ge and Ren extension of the coincidence de-
gree [4] becomes an efficient tool for the investigation, see [6, 11, 17—19] and the references
therein.

Imaga and Iyase [7] obtained existence results for the following p-Laplacian boundary
value problem at resonance on the half-line:

(0o () +g(t,u(t), 1/ (1) =0, te€(0,+00),
0p(1(0)) = [3° V() (' (1)) dit,
0p (' (+00)) = 37 By [y p 0t (8) dt,

where g : [0, +00) x R? — R is an L!-Carathéodory function, 0 < 9y <7y < -+ < 1;, < +00,
BeR,j=1,2,...,m,veL0,+00), v(t) > 0 on [0, +00), and @,(s) = [s|’~%s, p > 1.
In [15] the authors obtained existence conditions for the fractional-order p-Laplacian

boundary value problem at resonance

(D, 0p(Dh,u(t)) = f (&, u(t), Db, u(t)), 0<t<l1,
u(0) =0 D§, u(0) = D5, u(1),

where 0<a,b<1,1<a+b <2,f isacontinuous function, p = 2, D%, and Dj, are Caputo
fractional derivatives.

Chen et al. [2] obtained the existence of solution for the fractional-order p-Laplacian
boundary value problem

DS, 0p(Dh, u(t)) = f (¢, u(t), Dy, u(r)), 0<t<1,
Db, u(0) = D, u(1) =0,

where l<a<2,p=2.
In [19], the authors studied the following fractional-order boundary value problem:

D, u(t) = f(t,u(t), D§; u(t)), € (0,+00)
u(0)=0,  lim Do.u(t) = fu(n),
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where 0<a,b<1,1<a+b<2,p=2,f isacontinuous function, D?, and D, are Caputo
fractional derivatives.

Motivated by the above results, we study the solvability for the fractional-order p-
Laplacian boundary value problem at resonance on the half-line with integral boundary
conditions. We also note that p-Laplacian fractional boundary value problems with inte-
gral boundary conditions have not been given much attention in literature. In Sect. 2 of
this work, the required lemmas, theorem, and definitions are given; Sect. 3 is dedicated
to stating and proving the conditions for existence of solutions. An example is given in
Sect. 4 to illustrate the results obtained.

2 Preliminaries
In this section, we give definitions, lemmas, and theorems that will be used in this work.

Definition 2.1 ([5]) Let (U, || - ||i) and (Z, || - ||z) be any two Banach spaces and M : U N
dom M — Z be a continuous operator. If M(X Ndom M) is a closed subset of Z and ker M =
{u e UNdomM : Mu = 0} is linearly homeomorphic to R”, n < oo, then M is quasi-linear.

Let U; = kerM and U, be the complement of U; in U such that U = U; & U,. Also,
let Z; C Z and Z, be the complement of Z; in Z such that Z = Z; @ Z,. Similarly, let
E:U— U, F:Z— Z be continuous projectors and 2 C U be open and bounded with
the origin 6 € Q.

Definition 2.2 ([5]) Let Ny : @ — Z, k € [0,1] be a continuous operator, and let Vi =
{u € Q: Mu = Nyu}. We denote N; by N. N is said to be M-compact in Q if there exists
a vector subspace Z; of Z with dim Z; = dim {; and a continuous and compact operator,
P:Q x [0,1] — U, such that, for k € [0,1],

(p1) (- F)Ni(Q) CImM C (I - F)Z;

(p2) FNxu=6,k€(0,1) < FNu =0;

(p3) P(- k) is the zero operator and P(:,k)|\/, = (I = E)|y/,;

(pa) MIE + P(, k)] = (I - F)Ng.

Theorem 2.1 ([5]) Let (U, || - |u) and (Z, || - ||z) be any two Banach spaces and 2 C U be
bounded, open, and nonempty. Assume that M : U NdomM — Z is a quasi-linear operator
and Ny : Q — Z, k € [0,1] is M-compact on Q. Suppose that the following hold:

(t1) Mu # Nyu, ¥(u, k) € 92 x (0,1),

(t2) FNu #0, Vu € ker M N 92,

(r3) deg(JFN,kerM N 2,0) #0, where F : Z — ImF is a projector and J : Im F — ker M is

a homeomorphism with J () = 6.

Then at least one solution exists for the abstract equation Mu = Nu in dom M N Q, where
N =N;.

Definition 2.3 ([17]) A map w: [0,+00) x R?2 — R is v-Carathéodory if the following
conditions are satisfied:
(i) for each (d,e) € R?, the mapping t — w(t, d, e) is Lebesgue measurable;
(ii) for a.e. t € [0, 00), the mapping (d,e) — w(t,d,e) is continuous on R?;
(iii) for each k >0 and v € L'[0, +00), there exists Y (¢) : [0, +00) — [0, +00) satisfying
fomo V(&)Y (¢) dt < +00 such that, for a.e. ¢ € [0,00) and every (d, e) € [-k, k], we
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have
|W(tr dr e)i < wk(t)

Definition 2.4 ([1]) Let K = {u € C[0, +00),lim,_, , u(t) exist} and T C K. Then T is said
to be relatively compact if all functions from T are bounded, equicontinuous on any com-
pact subinterval of [0, +00), and equiconvergent at co.

Definition 2.5 ([5]) Let a > 0, the Riemann—-Liouville fractional-order integral of a func-
tion z: (0, +00) — R is defined by

I§ () = ﬁ/o (t=r)*z(r)dr

provided that the right-hand side is pointwise defined on (0, +00).

Definition 2.6 ([5]) Let a > 0, the Riemann—Liouville fractional-order derivative of a
function z: (0, +00) — R is defined by

dar
DR 2(0) = S all) = ( i / (e dr,

where 7 = [a] + 1, provided that the right-hand side is pointwise defined on (0, +00).

Lemma 2.1 ([12]) Let a € (0, +00), then the general solution of the fractional differential
equation

Di,w(t) =0

is w(t) = byt®™ + byt* 2 + -+ + byt*™", where b; € R, j=1,2...,n, and n = [a] + 1 is the
smallest integer greater than or equal to a.

Lemma 2.2 ([12]) Let a € (0,+00) and i = 1,2,...,n. Assume that w € L'[0, +00) with a
fractional integration of order n — a which belongs to AC"[0, +00), then

" (I (n-i)
(15, D8, w) (1) = w(t) = Y ((10} (Z)(_t)i)+ 1)|t:0

i=1

holds almost everywhere on [0, +00).

Lemma 2.3 ([12]) Leta >0, p >-1,t>0, then

C(p+1)
I'p+1+a)

C(p+1)

Lt = _,
0+ IF'(p+1-a)

e, Dj.t* =
in particular D§, t*" =0,m=1,2,...,n, where n = [a] +

Lemma 2.4 ([12]) Leta > b > 0. Ifw(t) € (0, +00), then

DL IS wt)=w(t), Db IS w(t) =14 w(e).
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Remark 2.1 ([4]) We will use the following properties of ¢,. For d,e > 0,
(1) @p(d+e) <py(d)+pyle),ifl<p<2;
(i) @pd +e) <277 %(gy(d) + pp(e), if p > 2.

Let

|u(®)]

+0<>1+t

U= {u : DG, u(t) € C([O +oo) R), l , andtlim ’Dg+u(t)| exists}

with the norm ||| = max{||ul|o, |D§, %(¢)|l} defined on U, where

|u(t)]
lullo= sup =2, llulloo = sup |D ul.

te[0,+00) L+t te[0,+00)

LetZ = {z: [0, +00) > R: [ v(¢)|2(t)| dt < +o0} with the norm ||z]lz = [, v(s)|z(s)| ds.
Then the spaces (U, || - ||) and (Z, || - ||z) by the standard argument are Banach Spaces.

We define M : domU — Z as Mu = ﬁ(wp(D u)) and Ny : U — Z as = —kw(t, u(t),
D§, u(t)), k € [0,1], where

domlL = {u el: qpp(Dg+u(t)) € ACJO, +oo),<pp(D3+u(0)) = /0+00 v(t)wp(Dg+u(t)) dt

tEEnoo @p (D, u(t)) = /0 v(t) g, (D, u(t)) dt},

Then boundary value problem (1.1) in an abstract form is Mu = Niu.
Throughout this paper, we assume that

D=(Qie™" - Qute™) = (Que™ - Qute™) = (du1 - d) = (don - d12) #0,
where

Qiz= /0 T /t et drde
and

Qyz = A+w v(t)/+oo v(r)z(r) dr dt — /0+00 v(r)z(r)dr.

Lemma 2.5 ImM = {z € Z: Q12 = Quz = 0} and M is a quasi-linear operator.
Proof By simple calculation, we can see that ker L = {b1t*! + byt? : by, b, € R, t € [0, +00)}.

Suppose z € Im M, then there exists # € dom M such that (¢,(Dg, u(t)))" = —v(t)z(t). There-
fore

(Dg+ (t)) (pp(Dg+u(+oo))+/ v(r)z(r) dr. (2.1)

As t — +00, then

Qiz= /OOO v(t) /+oo v(r)z(r)drdt = 0, (2.2)

Page 5 of 14
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while, when ¢ = 0, we have

Qz= ]+w v(t) /+00 v(r)z(r) dr — /+00 v(r)z(r)dr = 0. (2.3)
0 ¢ 0

From (2.1), we obtain

u(t) = brt"™" +Ig, ¢4 (wp (DG, u(+00)) + f o)) dr). (2.4)

Conversely, if (2.2) and (2.3) hold for u € domM and u is as defined in (2.4), then
@p(Dg, u(t)) = 0p(D§, u(+00)) + :DO v(r)z(r) dr. Since f0+°° v(t)dt = 1, we have

@p(Df, u(+00)) = @, (D, u(+00))

:/0 v(t)gop(DO+u(+oo)) dt+/0 v(t)/t v(r)z(r) dr dt
_ fo Y(0)pp (D5, (0)) dt
and

<pp(Dg+u(0)) = <pp(Dg+u(+oo)) + /(; v(r)z(r) dr

+00

_ / Oy (D ulro0)) dt + / v(r)(r) dr
0

0

+ /O+<>0 v(t)/tmo v(r)z(r) dr — /0+00 v(r)z(r) dr
_ /0 v(0)pp (D, u(t)) di.
Hence,
ImM={zeZ:Q1z=Qyz}.

For u € dom M, it is clearly seen that dimker L = 2 and Im M, a subset of Z is closed. Hence,
M is a quasi-linear operator. |

We define the projector E: U — U, as

D§,u(0) , . D, u(+00)
I'(a) I'(a+1)

a

Eu(t) =
and F:Z — Z; as

Fz=Diz(t) - t*' + Doz(t) - t%,

dypF12-dy1 Fpz
D

where Dz = etand Dyz = Me“. F can easily be shown to be a semi-

projector.
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Lemma 2.6 Let P: U x [0,1] — U, be defined as

D, u(+00)

P(u, k) = I§, ¢4 <‘P19(D3+”(+OO)) + /t v(r){ = F)Nju(r) dr) T+l

If w is v-Caratheodory, then P is M-compact.

Proof Let Q C U, then, for u € Q, ||u|| <j with j > 0. Since w is a v-Caratheodory func-
tion, then, for a.e t € [0, +00) and k € [0, 1], there exists ; : [0, +00) — [0, +00) such that
Jo = v(©O;(8) dt < +oo, |w(t, u(t), DG, u(t))| < ¥;(t), and

fo v(r)|(I = F)Nyu(r)| dr < |¥jllz + | FNul| 2.

Hence, for u € €,

[P(u, k)(2)|

|P(w, k)|, = P Tl
< w 15, 04(0p () + 1Yl z + || FNul| z) . t )
N te[o,+poo) 1+t 1+t (a+ 1)]

t (l’ _ r)a—l ]ta ]

1
sup +_[(pq(<pp(j)+||¢;|Iz+||FN”“Z) o I(a) rr [(a+1)

t€[0,+00) 1+
1 , .
< T (@) + 1jllz + IFNullz) +))

< @q(2p() + I1Wjllz + IFNullz) +j
and

||D8+P(u,k)||oo: sup |D8+P(u,k)u(t)|
te[0,+00)

= sup )‘pq(‘pp(j) +1Y;llz + IIENullz) +

te[0,+00

< 9q(9p() + I1Wjllz + | FNullz) + .

Hence P(u, k)R is uniformly bounded in U. We will next show the equicontinuity of P(x, k)
on any compact interval of [0, +00). Let G > 0, £1, £, € [0, G], u € ,and k € [0, 1], we obtain

‘P(u, k)(t1) — Pu, k)(z,)

1+ 1+t
- 0q(0p () + Wl z + IIFNullz) +j /‘“ (lfl—i”)“_l_('fz—f’)”_1 dr+l(t2_tl)a
- I'(a) 0 1+¢f 1+t a 1+t]
j t. t
+ / : 1 —0 ast—> b
Fla+1)|1+t5 1+t
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and

]D&P(u, k)(t1) — D§, P(u, k)(tz)]

+00

@4 ((pp(D8+u(+oo)) + / ’ v(r)(I = F)Ngu(r) dr +/

v(r)(I — F)Niu(r) dr)

— 0 ast) — b.

- ((pp(D(‘)+u(+oo)) + / v(r)(I — F)Nyu(r) dr)

15}

Thus, P(u, k)R is equicontinuous on [0, G]. We now establish that P(x, k)2 is equiconver-

gent at +00. Let u € Q, since

@p (D, u(+00)) + / v(r)I = F)Nyu(r) dr)

< ¢p() + 1¥5llz + IIFNull 2,

then ¢,(u) is uniformly continuous on [-y,y] where y = ¢,(j) + [[V;llz + |FNu| z. Thus,
given any € > 0, and for all u € Q, there exists [ > 0 such that if r > /, then

<E€.

©q ((pp(D‘g+u(+oo)) + / v(x)(F = )Nju(x) dx)

. . a-1 . a .
Conversely, since lim;_, , §+7 =0, limy_s ;00 117 =0, and lim;_, ;o0 ﬁ =0, then for same

€ > 0 above, there exists /; > [ > 0 such that, for any £, £, > x; and r € [0,/], we have

(t —r)*! (- r)a-1 - ! 5! e
1+ L+t |7 1+68 1+t 7
1 t

t 5
‘ 1 2 ce

1+til_1+t§’

+
T 1+t 1+t
and

1 1
S a+ a
1+t 1+8

‘ 1 1
<e.

1460 1468

Hence, for t1, ¢, > [, we have

‘P(u, k)(t1) — Pu, k)(z)
1+¢f 1+t

18,94 (@p(DG, u(+00)) + [ v(r)(I - F)Ngu(r)dr)  D§,u(+o0)t!

1

1+£2 A+ (a+1)
18, 94 (0p (DG, u(+00)) + [ V(1) = F)Ngu(r)dr) — D§, u(+00)ts,

B 1+1¢5 * 1+ (a+1)
©q(0p () + 1Yl z + IIFNu||2) /h L-nN*"" (B-n""
- I'(a) 0 1+¢f 1+1¢5

0 (¢ _ra—l L (¢ _ra—l P e e
+/ (t )a dr+/ (tr—7) dr]+ J ‘ S
I 1+ L 1+t2 Fa+1) |1+t 1+t5

(0p0) + 1¥llz + | ENull) 1 . .
< v+ F’(; e+ Fia 2000000 + 151+ IENulz) + e

Page 8 of 14
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and

\DE, P, K)(t1) — | DE, P(ut, K)(82)]

®q ((pp(Dg+u(+oo)) + / v(r)(I = F)Nyu(r) dr)

5]

+00

—%(%(D&u(wo)) + ft

v(r)(I — F)Niu(r) dr) < 2e. 0

Thus, P(u, k)2 is equiconvergent at +00. Therefore, by Lemma 2.4, P: Q x [0,1] — U,
is relatively compact.

Let u € \/; = {u € Q: Mu = Nyu}, then ﬁ((pp(Dngu(t)))/ = —N;u(t) € InM = ker F. We
will now prove that (p3) and (p4) of Definition 2.2 hold. Clearly, (p3) holds since P(x,0) = 0
and

D§, u(+00) ,

Pu,k)(t) =I5, ¢4 (‘PP(D8+”(+OO)) + / v(r)Nieu(r) dr) T T(a+1)

Dg,u(+00) ,

- Boon(nD0000) + [ ~(op(5,ut0) ar)

Ia+1)
e Du(+oo)
=I5, D, u(t) - T@s+l)
Hence, from Lemma 2.2 we have
~ DG u(0) , , D§, u(+00) _
P(u, k) (t) = u(t) - < r@ + Tas D) t“) = [(I—E)u](t).
Also, foru € Q,
M[Eu + P(u, k)](t)
DLZ 0 +00
:M[ig(b;() D1 1 12 g, <¢p(Dg+u(+oo)) o[- PN dr)]
= L DZ - t)(I — F)N, d /
- @@p( ¢ u(+o0)) + f WO -~ F)Niau(r) r)

= (I = F)Nyu(r)dr.
Hence, N is M-compact on Q.

3 Main results
Theorem 3.1 Suppose that D #0, w is v-Caratheodory, and the following hold.:
(i) There exist functions my(t) > 0, my(t) > 0, m3(t) > 0 in Z such that

||

W +ms(@)|vIPL, YVt € [0,+00), (i, v) € R?;

\w(t, u,v)| < my(t) + my(t)

(ii) There exists constant By > 0 such that |D§, u(ty)| > By for every ty € [0,+00), then
either F{Nu # 0 or FoNu # 0;
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(ili) There exists Cy > 0 such that, if |b1| > Cy or |by| > Cy, then either
biFiN (bit*™" + byt®) + boyFoaN (b1t* ™" + byt*) < 0 (3.1)
or
biFiN (b1t*™" + byt®) + boyFoN (b1t* ™" + byt®) > 0, (3.2)

where by,by € R, |b1| + |by| > Cy and t € [0, +00). Then boundary value problem (1.1) has

at least one solution in U if

2204 (| |27 + T(a + Vmsl|TY) <1, ifl<p<2, or
z Z V4

~1 -1 .
lmallz "+ Tla+ Dllmslly " <1, ifp=>2.
Before proving Theorem 3.1, we will state and prove two lemmas.

Lemma 3.1 Let Q1 = {u € domMker M : Mu = Nyu, k € [0,1]}. Then Q1 is bounded in U
if (i) and (ii) of Theorem 3.1 hold.

Proof Let u € Q1, then Mu = Nyu and FNju = 0. Hence, from Lemma 2.5, we have

1 t
u(t :bt”_1+—/ =)D u(r)dr|, by eR.
|u(®)] = |by F(ﬂ)o( ) DG, u(r) 1
Therefore,
a-1 a 1
lleello < sup |brl+ sup —————|Df,u
te[0,+00) 1 + 24 te[0,+00) 1+t*T(a+1) ” o ”OO
< b1l + Dl .
- F@+1)" % e

Thus, from (ii) of Theorem 3.1, there exist constants £, € [0, 00) such that |Df, u(t;)| < B;.
Also, by (i) of Theorem 3.1 and from %(g)p(D&u(t)))/ = —kw(t, u(t), D§, u(t)), we have

|¢P (Dg+u(t)) | =

<pp(D3+u(t0)) - / kv(r)w(r, u(r),D&u(r)) dr

< \(pp(Dg+u(t0))| + / kv(ryw(r, u(r), D§, u(r)) dr

+00 p-1
= p(B1) + /0 v(r) |:m1(r) + mz(")(llﬂw + ms(’")‘Dg+”’p_1:| dr
< @p(B1) + lmllz + lms iz, (I1llo) + Ilmsll 2, (| DG, | )
1
< @p(B1) + llmllz + ||m2||z¢’p<|b1| + @+l ||D?)+M||Oo)

+ msllzep (| DS |-
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Then

i 1
0 (106..) = 0B + bl + Iz 111+ s 2.
+ msllzep ([ D, || )-

If1<p<2,then
_ - _ 1
| D5, u) ,, = 2% ‘*(31 |G+ a1 1(|bl| * D ||Dg+u||oo)

+ Imsl | Dg, ||Oo>,

and hence,

2274 (@ + 1)(By + m |5 + a5 161 ])

||Dg+u||oo = 20—4 q-1 gq-1
1-2274(lmyllz~ = T(a+ limslz )

Similarly, if p > 2, then

_ _ 1
| Da,ul, <Bi+ lmlls" + mall 1(|b1| *TarD ||D8+u||oo>
+ Imsl % DG, | o
Thus

T(a+1)By + lm | + mall% b))

-1 -1
1—lmy|% " —T(a+1)|lms|

| D5 u]

Hence,

lleell = max{l|ullo, | DG, 2] } < 1ba] + | DG, u] .

Therefore ©2; is bounded in U;.
Lemma 3.2 [f (iii) of Theorem 3.1 holds, then Q; = {u € ker M : Nu € Im M} is bounded.

Proof Let u € Q, then u = bit*! + byt?, where by, b, € R. Since Nu € Im M, then FiNu =
F>Nu = 0. From (iii) of Theorem 3.1, we have |b;| < C; and |b,| < C;, then

lleell = max{lluello, | DG, u . }
a-1 4 1
=max| sup byl + sup ——|by|, sup |DZ. (bit*! + byt® }
{t€[0’+°°)l+ta tef0,+00) 1 +127 te[0,+oo)| 0+( )|
I'(a+1)
=max] |by| + |by|, ————|b
{| 1]+ 1D N | 2|}

< [b1l +1b2| + T'(a + 1)|bs].

Therefore, 25 is bounded. O

Page 11 of 14
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Proof of Theorem 3.1 We have previously proved that M is quasi-linear and N is M-
compact on . Also, from Lemma 3.1 and Lemma 3.2 we proved that (;) and (r;) of Theo-
rem 2.1 hold. Finally, we will prove that (r3) of Theorem 2.1 also holds. Let J : Im F — ker M
be defined as

1
J (512" + byt) = B((d22|b1| —dn |b|)t* " + (=dr2lby| + di1|bo])E%)e™.

If (3.1) holds for any u € dom 32 Nker M, where u = by t*! + byt* # 0. We define the home-
omorphism by

H(u, k) = —ku + (1 -k)JFNU, ke]0,1]. (]

Then H(u,1) = —u # 0 and H(u,0) = JENu # 0 since Nu ¢ Im M. For k € (0, 1) and by way
of contradiction, we assume H(u, k) = 0, then

doy (~k|b1| + (1 = K)FLN (b1t"" + byt”))

—dy1 (=k|bo| + (1 = K)FIN (b1£7" + byt”)) = 0,
—dya(=k|b1| + (1 = KF N (b1£*7" + byt?))

+di1 (=k|ba| + (1 = K)FIN (b1t~ + byt*)) = 0.

Since D # 0, we have

k|b1| = (1 - /()FIN(blttkl + bzta)),
klba| = (1 = K)FIN (b1t*™" + byt™)).

Hence,
1-k -1 -1
|b1] + |b2| = — (FIN (b1 + byt”)) + BN (b1 + byt™))) <O,
k
which contradicts |b1| + |b2| > 0. If (3.2) holds, then we define
H(u, k) = —ku - (1-k)JFNU, ke [0,1].
Then
1-k -1 -1
|b1| + |b2| = —T(FlN(blta + bzta)) + FzN(blta + bzta))) <0,

which is also a contradiction. Hence, by the homotopy property of Brouwer degree, we
have

deg(JEN, 2 N M, 0) = deg(H(-, 1), 2 N ker M, 0)
= deg(H(-,0), 2 Nker M,0)

=deg(l, 2 NkerM,0) #O0.

Therefore, at least one solution of (1.1) exists in €.
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4 Example
Example 4.1 Consider the following boundary value problem:

, _ 5sin”
(P12 (DY2u(e))) + de (G + SO 30, (DY2u(e)) = 0,
t € [0, +00)
12Dy u(0)) = 4 [ e 12 (Dyu(t)) dt,

@12(DgPu(+00)) = 4 [ e @15 (Dgul?)) dt,

(4.1)

wherep=q=13, [[“4etdt=1,D=(2)(- &) - (-2)(ZZ) = -0.016 #0. my = 3, m3 = 3,
then 22074(||m, ||% 1 +T(a+1)|lms|L") = 1(\f+ ——) 0.161 < 1.
Conditions (i), (ii), and (iii) of Theorem 3.1 can also be shown to hold. Hence, there

exists at least one solution of (4.1).

Example 4.2 Consider the following boundary value problem:

1
((03(D3 u(t)) + et (y5z + ;‘('}i‘ff/?‘z + Loy(Dg,u() =0, €0, +00)

¢3(D0+M(0)) oo e‘tngg(D o u(t))dt, (4.2)
%WJWDF%@MwWﬁ

where p = 3, q Cetdt=1,D= ( )(— 1) (—%)(ﬁ) =-0.0694 # 0. my = %, ms = %
Then [lmy %" + F(a £ )msl%) = f; " (0,8923)\/% ~0.0.6085 < 1.

Conditions (i), (ii), and (iii) of Theorem 3.1 also hold. Hence, there exists at least one
solution of (4.2).

5 Conclusion

Fractional differential equations are an efficient tool for describing the memory of differ-
ent substances and have become popular recently. In order to further enrich this subject
area, this work considers existence results for fractional-order p-Laplacian boundary value
problem on the half-line at resonance where the differential operator is nonlinear and has
a kernel dimension equal to two. The proof of the main result is based on the Ge and Ren
coincidence degree theory, and the results obtained are new and extend some current re-
sults to the two-dimensional kernel. Examples were given to demonstrate the practicability
and validity of our main results.
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