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1 Introduction
Fuzzy sets theory plays an important role in our real life problems facing indeterminacy
and vague situation. They allow us to model a very hard and uncertain situation in an easy
way. This fact initiated an interesting research activity which led to the improvement of
fuzzy set theory. The concept of fuzzy set was introduced by Zadeh where the associa-
tion of an element to a set is expressed as a number from the interval [0, 1] [1]. Afterward,
Heilpern gave the concept of fuzzy mapping and obtained fixed point results in metric
spaces, which signifies the fuzzy generalization of Banach contraction principle [2]. Sev-
eral researchers studied fixed point theorems for fuzzy mappings via different types of
contraction in several spaces, for example, see [3—6]. Furthermore, Kaleva and Seikkala
realized that when the distance between the elements is not an exact number, then the
imprecision is involved in the metric, and they introduced the concept of fuzzy metric
spaces [7]. The concept of fuzzy metric was developed by Kramosil and Michalek [8] and
further by George and Veeramani [9]. A variety of works have been done by many authors
in regard of the existence results of fixed point (FP) in the fuzzy metric spaces (FMSs), for
instance, we refer to [10-15].

In addition to the FMS, there are still several extensions of metric space terms in metric
FP theory. Azam et al. [16] established a new approach by replacing the set of real numbers
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with the set of complex numbers endowed with an ordered structure. In this regard, they
introduced the notion of complex-valued metric spaces (CVMSs). In recent years, Shukla
etal. [17] extended the setting of FMSs to complex-valued fuzzy metric spaces (CVFMSs).
They also obtained FP theorems of contractive mappings on CVFMSs.

FP theory has a wide range of applications in advanced mathematics. Banach contrac-
tion principle is a well-celebrated result in the analysis which is a widely used technique in
mathematical analysis. Due to the simplicity of the Banach technique, it is the most valu-
able tool to solve several existing problems in mathematics. Several researchers general-
ized it in many directions satisfying different types of contractive conditions and discussed
various applications in mathematical disciplines [18—25].

Fractional order derivative is an extension of integer order derivative that has been con-
sidered as a strong tool for modeling different mathematical problems. That is why frac-
tional differential equations are considered as a significant and advanced area of applied
mathematics, which has wide ranging application in different scientific disciplines like
chemistry, physics, biology, and engineering. Thus, it has become an interesting and mo-
tivating area of research in the last few decades [26-32].

In the meanwhile, researchers claim that a complicated system and process cannot be
described by a single differential equation. Therefore, the coupled systems containing frac-
tional differential equations have also achieved farfetched attention, and thus many results
are dedicated to them [33-39].

In the other direction impulsive fractional differential equations have had a rapid
progress over the year. They perform a significant role to provide a natural framework for
modeling of different real processes arising in phenomena discussed in various scientific
fields, especially those problems which are subject to abrupt changes and discontinuous
jumps and cannot be defined by the integer order differential equations. Thus, there is a
variety of manuscripts available in the background literature in which several authors dis-
cussed impulsive fractional differential equations with different boundary conditions(BC);
for instance, we refer to [40—42] and the references cited therein.

Motivated by the above discussion, in this manuscript, some coupled fixed point conse-
quences in the framework of complex-valued fuzzy metric spaces are proved. Thereafter,
the theoretical results are involved to find the existence and uniqueness of a coupled sys-
tem of nonlinear fractional differential equations with impulses in the form of

‘D*x(t) + h(t,°D?x(t),D”y(t)) =0 t#tm,m=1,2,...,n,

‘D7y(t) + g(t° D%(t),"D’x(t)) =0 t#tmm=1,2,...,n,

AXlity = Mim (X(tm))s AX ity = Nim (X(tm)), AX|ecy = O1m (x(tm))
AYlictn = Mom (y(tm))s AY et = Nom (y(tm))s AY lictn = Oam (),
x(0) =x'(0) = 0,°D¢x(z) = x"(1),

y(0) =y'(0) = 0,°D“y(e) = y"(1),

(1.1)

wherete]=[0,1],2<u,y <3,0<0, p,5,7,k,€ < 1. °D stands for the Caputo fractional
derivative and h,g: ] x R3® — R are continuous functions. Mm, Mam, Nim» Noms O1ms
Oom € C(R,R) and t, satisfies 0 =tg <t <1< - <ty <tpy1 = 1, Ax|eeg, = x(th) — x(t),
AX oty = X (6]) = X (t1), AX|iot, = X" (t) = X"(t0)) AVlietn = V(1) — Y(t0), AY ety =
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y(th) =y (t), AY |t = Y'(t)) — Y'(t;,) represent the right and left limits of x(t), y(t),
respectively, at t = t,,,. Finally, nontrivial examples are presented to support our results.

2 Preliminaries
Throughout the paper, we denote the set of complex numbers by C. Let A = {(x,7): 0 <x <
00,0 <y < oo} C C. The elements (0,0),(1,1) € C are denoted by ¥ and v, respectively.
Let the unit closed complex interval be denoted by E = {(z,y) : 0 <z < 1,0 <y <1}, the
open unit complex interval be denoted by E¢ = {(z,) : 0 <z < 1,0 <y < 1}, and the set
{(z,y): 0 <z < 00,0 <y <00} be denoted by Ay.

Let Q C C. If there exists inf 2 so that the lower bound of Q is inf Q2 < ¢,V ¢ € Q and
v < inf Q for every lower bound v of €2, then inf €2 is called the greatest lower bound of €.
In the same way we define sup €2, (lub) the least upper bound of €.

Definition 2.1 ([17]) Let © be a nonempty set. A complex fuzzy set V is characterized by
a mapping with domain o and values in the closed complex unit interval E.

Definition 2.2 ([17]) A binary relation »: it x % — N is called a complex-valued ¢-norm
if, for all £,£1,£2,£3,£3 € 9, the stipulations below hold.

(t1) &' x> =8>x¢&"

(ty) if € < &3 and £2 < &%, then &1 x £2 < £3 % £

(tz) &' % (E2%E%) = (' xE2) » &3

(t3) ExP =0 and Exv =.

Definition 2.3 ([17]) Assume that o is a nonempty set,  is a continuous complex-valued
w-norm, V is a complex fuzzy set on © x © x Ay — O verifying the stipulations below:
For each £1,£%,£3 €D, w, @ > Ay,

(COMF;) V(EL,&2,0) > 0;

(CbMF,) V(§',8%w) = viff £ = €%

(CbMF3) V(§',6% w) = V(E* &, w);

(CbMFy) V(§',8%0)x V(%8 @) < V(£ £ 0w + o);

(CbMFs5) V(gL £%,%): Ay — O is continuous.

We say that a trio (9, V,*) isa CVEMS and V is called a CVFM on o.

The function V(£!,£2,w) stands for the degree of nearness and the degree of non-

nearness between £! and £2 with respect to (w.r.t.) the complex parameter w, respectively.

Example 2.1 Consider an arbitrary metric space (D,0). Define x by £} x £2 = (e1ey,¢1, ¢2)
forall £! = (e1,¢1),£2 = (e, ¢2) € E. Let the complex fuzzy set V be defined by
e+
V Y =~
@y, ) e1+c¢+0(zy)
forall z,y € Ay, w = (e,¢). Then (0, V, %) is a CVEMS.
Indeed, in the above example, if g: Ay — (0,00) is a continuous and nondecreasing
function, that is, £! < £2 implies that g(§1) < g(£2), then (D, V,*) is a CVFMS, where

g
V(Z>Y> w) = mv.
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Similarly it is obvious that, for the fuzzy set defined by

V(z a))—|:ex <U(Z'y)>]_lv
PO ew) ’

©®, V,*) isa CVEMS.

Definition 2.4 ([17]) Let (9, V, ) be a CVEMS. A sequence {0,,} € O converges to 6 € O
if for each r € Ep and w € Ay there exists kg € N with

V—r=<V(0,,0,w) Vm>k.

Definition 2.5 ([17]) Let (0, V,*) bea CVEMS. A sequence {6,,} in © is known as a Cauchy

sequence if

lim inf V(0,,,0,,w)=v Vw e Ay.

m— 00 n>m

The CVEMS (9, V, %) is called complete if every Cauchy sequence is convergent in o.

Lemma 2.6 ([17]) Let (O,V,x) be a CVFMS. If w,0' € Ap and o < o', then V(z,y,w) <
V(z,y,0')V 2,y €O.

Remark 2.7 ([17]) Assume that 6,, € A for each m € N.
(1) If there exist «r, B € A with @ < 6,,, < B and the sequence {6,,} is monotonic with
respect to < for each m € N, then there is 6 € A so that lim,;,—, o 6, = 0

(2) The pair (C, <) is a lattice in spite of < being not a linear order on C.

Remark 2.8 ([17]) Assume that 6,,,0;;,u € A, Ym € N.
o If6,, <6} <v,¥m e Nand lim,,_, o 0, = v, then lim,,_, o 0, = v.
o If0,, < u,Vm e N and lim,,_, o0 6,, = 0, then 6 < u.

o Ifu<8,,, VmeN and lim,,—, o 6,, =0, then u < 0.

Lemma 2.9 ([17]) Assume that (O,V,x) is a CVEMS. A sequence {0,,} € O converges to
j €O iflimy_ 0o V(O j, w) = v holds for all w € Ay.

Definition 2.10 ([43]) Assume that O # #J. We say the two mappings A : © x © — o and
n:0 — O are commutative if n(A(c!, c?)) = A(nct, nc?).

3 Coupled fixed point results
Let @ denote the class of all functions ¢ : [0,1] — [0, 1] such that ¢ is increasing, contin-
uous, and let ¢(¢) > ¢ for all £ € (0,1). Note that if ¢(0) = 0 and ¢(1) = 1 additionally hold,
then ¢(£) > ¢, t € [0, 1] for all functions in ®.

Now we shall discuss the existence and uniqueness of a coupled common fixed point
(CCEFP) for two-self mappings in the setting of CVFMSs by introducing the two theorems
below.
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Theorem 3.1 Let (9, V, ) be a complete CVEMS, A :0 x © — O and n: 0 — O be self-
mappings so that

(v - V(A (cl,cz), A(bl,bz),w)) =< M(v - max{V(ncl, nbl,a)), V(an, nhz,w)}) (3.1)

for each c',c?, b, b? € V, w € Ay, where . € (0,1)]. If the pair mapping (A, n) satisfies the
stipulations below:
(i) A x02) <)
(i) n(®) is complete;
(iii) n is continuous and commutes with A.
Then A and n have a unique CCFP.

Proof Let cl,c? € 0. Because A(D x 0) C n(9), one can select cl,c? € O such that n(c!) =
A(ct,c?) and n(c?) = A(c? c!). Again by stipulation (i), we can choose c},c3 € O such that
n(c) = A(cl, ¢?) and n(c3) = A(c?, c}). By continuing the same logic reasoning, we can build
two sequences {c,}, {c2,} € O so that

n(chi1) = Alchn o) and  n(ch,;) = A(chc,,) formeN,.

m’
According to (3.1), we have

(v=V(n(en1)n(en) @)

0=V 2] Al 1))
< (v -max{V(nc},_y ey, 1, ), V(nc,_ync,_o)})
<v-max{V(ne},_snc),_1,0),V(nc, e, o)}, (3.2)

this leads to
V(n(ch_1)n(cp,) @) = max{V(nc),_y,nch_1, @), V(ncs,_nch_1,0) } (3.3)
similarly,

CEAUCANICARD)

= (U - V(A (C%W—Z’ C}Iﬂ_Z); A (Czn_p C&n—l)’ w))
2

< (v = max{V(ne;, 5 161, ), V(163011 @) })
<v—max{V(ne}, 5 1¢, 1, @), V(ney, 5 ne), 1 o)}, (3.4)
which leads to
Y (i1(cpir)sn(es,)s @) = max{V (ne;, 5, 151, @), V(11632 161,0) |- (3.5)
Using (3.3) and (3.5), we get
O = max{V (n(c,,1)n(c), ), V(n(cs)sn(c5,), @) )

> max{V(nc}n_z, ey 1,®), V(ncfn_z, ncfn_l,a))} =0,1
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for each m € N. Now, we want to show that 6,, = v. Hence, by the definition, we have
V= {0} = {01} = 0. (3.6)

Thus, {6,,(w)} is a monotonic sequence in A. By (3.5) and Remark 2.7, there is v* € A so
that

lim {6,,} = v*. (3.7)

Inequality (3.2) suggests that

(1= )y + pmax{V(ney,_s,ncp,_1,0), V(€3¢0 1,®) } < V(n(ch_1)n(ch)> @),

or
(1= )V + uby_y < V(n(ciﬂ_l), n(cin),a)), (3.8)
similarly, inequality (3.4) leads to
(1 — v+ ub,_1 < V(n(cfnfl), n(cfn),a)). (3.9
It follows from (3.8) and (3.9) that
(I-—p)v+uby1 < max{V(n (c}ﬂfl), n(c;n),w), V(n(cfnfl), n(cfn),w)} =0,
this yields (1 — p)v < 6, — 46,,-1. By (3.7), we can write
(I- )y < (1 - p)*.
Because u € (0,1] and utilizing Remark 2.8, we obtain that v = v*. Thus
W}Enoow””} = .

Next, we show that {nc.,} and {nc2,} are Cauchy sequences in n(9) for m € N. First we
prove that, for each v, there are two numbers n, m € N so that

max{V (nc,,, ncy, ), V(nck,nca, o)} = v.

Assume the contrary. Thus, for each v and integer o, there exist integers #n(c) and m(o)
with m(o) > n(o) > o so that

max{ V(0 Menie) @) V(1Chey Naay @) } < 1. (3.10)
Consider

max{V(nc}n(o), nci(a)_l, a)), V(ncfn(g), ncfl(g)_l, a))} > V.
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Assume that n(o) is the smallest number exceeding m (o) so that (3.10) holds. Let

4 (@) = max{V (1¢y,4), M) ©)s V(1€ M0y @) }-

By (3.10), and using the fact for each z1,2, 23,24 € B, z1 xzp < max{z1,z3} * max{zy, z4}, we
can write

V(’,}Cm(a)’ 7]Cn(zr)—l’ 2 ) * V(]7cn(0)—1’ ncn(o)’ %))

- max{max{V(ncm(a nc ,w),V(ncﬁl(a) ne2 o) 1,a))}

v 12\ g2 2 @
* max T)C l’ncn(a)z ’ NCu(5)-12 (o) ’

V> 2y (w) = max[ V(”menc 2)* V(ne,, pnc @3 }

2
max {

’70 n(o )—1’w)’v(’703n<a>:’703,(0)_1160)}

v 1 @ v ne 2 @
* max nc 110y 5 )V | 1nio)-1 Moy .

2
= max{V(1¢), ) N0he)-1:@)s V (NCoe)s NCixie)-15 @) | *9,,@(%).

Taking o0 — oo in the above inequality, we get

. 1)
v > lim s, (w) > v*ey,(o)(—> =VkV =V,
0—00 2

Thus,

lim »,(w) =v, Vo € Ay.

ag—>00

On the other hand, we get

#o (@)

+ max V(nc r)c )17 Z) * V(nc +1,nc
V(nc?

+17 3 ) * V(ncn(a +17 nc (o)’
m(o)’ T)C 0)+1’ 3 ) * V(77Cm(a +1? }'}C

®
T
o)+1° _)*V(ncn(o)ﬂ’nc %)
max{V(nc
*max{v(ncm(a)+l’ ncn(a)+1’ 3 )’ V(ncm(a)+1’ ncn(0)+l’ %)}
1 1 2 2
> max *max{v(ncn(a)+1’ ncn(a)’ %) V(776;1(17)4—1’ ncn(a)’ %)}’
B maX{V(’?CI (o) 77C1 ( )+1? %)! V(’?Cz( )’ 77C2( )+1: %)}
*max{V(nc +1,nc H,—),V(nc +1,77c i 3
*max{v(ncn(o)w Ny 3§ V(Ch 0110 Ny §)}

1 1 w 2 2 @
= maxyV Ny Mmio)+17 § Y NCno)y Nom(o)+1’ 5

’75 o)+1’ _) V(UC ’7C o)+1’ %)}

3

v 1 1 w v e 2 w
*max ncm(a)+1’ ncn(o)+l’ g ’ 77Cm(a)+1’ ncn(a)+l’ g

AV 1 1T @ v ne? 2 @
*max NCu(o)+1> MCn(o) 3) NCuo)+12 (o) 3

3
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w 1 1 w 2 2 w
= em(ﬂ) g *max |V 77cm(a)+1’ ncn(a)+1’ g ’ Vv ncm(a)+1’ ncn(a)+1’ g
w
*Qn(o') g .

Applying stipulation (3.1), we have

w V(A(C, 1 Eon) Aleh oy €200) £)s ®
%U(a)) = em(o)(_) *max{ V(A yg( ) T( ) A };( ) nl( ) 2, *en(a) Y
( (Cm(a)’cm(a))’ (Cn((r)’cn(a))’ §)

1) 1 ) 2 , o 1)
> Om(o) 3 *max | V| 16,5 Mo 3 ) VI 1C0) M(s) 3 * Ou(o) 3
1) w
= Qm(a)<§) *%U(w)*en(a)<§>. (3.11)

Applying the limit as 0 — o0 in (3.10), and by Definition 2.2, we can write
VEVUXVAV =D,

this is a contradiction. Thus {ncl,} and {nc2,} are Cauchy sequences in (). The complete-
ness of 7(0) and Lemma 2.9 leads to there are two elements c!, ¢ € O such that

lim V(nch,c',o)=v and lim V(nc2,c

a— o0 a— 00

,a)) =v foreachw € Ay.

Also, the continuity of n implies that {nnc’} and {nnc2} are convergent to nc! and nc?
respectively. Moreover, since A and n commute, then one can write

i1 = 1(A (G €)= A€, m3)
and

rmcfw(1 = n(A(cfn,cin)) = A(ncfn,ncin).
Thus, by (3.1), we get

V- V(rmc}ml, A(CI,CZ),a)) =v- V(A (ncﬁn, r]cfn), A(cl,cz),a))
< u(v-max{V(nnc,,, nc', ), V(nnc,, nc*, w)})

< v —max{V (i11¢,, nc', ), V(nnc, nc’, o) }.
This leads to
V(e A, €%), @) = max{V (e, et ),V (nn,,ne, @) |
Applying the limit as 7 — oo, we have

V(ncl, A(cl,cz),a)) = .

Page 8 of 26
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Hence nc! = A(c!, ), similarly, one can show that nc? = A(c?, ¢!'). Thus the pair (¢!, c?) is

a coupled FP of the mappings n and A. Again, by (3.1), we get

V- V(cl,ncl,w) = lim (v - V(nc}ml, ncl,a)))

m’ “m
=< W}l_r}rgo(u[v - max{V(ncin, ncl,a)), V(ncfﬂ, ncz,a))}])

= ,u[v - max{V(cl, ncl,a)), V(cz, ncz,w)}]

<v-max{V(c',nc',0),V(c*,nc, »)},

this implies that

V(e et 0) = max{ V(e ne' ), V(e )),
similarly, one can write

V(e 0) = max(V (1 ), V(! net )
Thus

max{V(c',nc',»), V(c*,nc?, )} = max{V(c',nc', »), V(c*, nc, w)}.
Hence V(c!, nct,w) = v and V(c?, nc?, w) = v. Thus ¢! = nct and ¢ = nc? or, equivalently,
ct=nct = A(ch,c?) and 2 = nc? = A%, ¢b).

For the uniqueness, assume that c*! € © with ¢*! # ¢! so that

¢ = et = A, c?).

Then, by (3.1), we have

v-V(c, ¢t w) =v-V(A(c, ), A, ), 0)
< w(v -max{V(nc',nc*', ), V(nc*, nc*, )})

<v- max{V(cl,c*l,a)), V(cl,c*l,a))},
which leads to ¢! = ¢*1. So A and 7 have a unique CCFP. O

Theorem 3.2 Assume that (O, V,*) is a complete CVFMS, and let A : O X O — O and
n:0 — O be self-mappings so that

V(A(c, ), A(b',b%),0) = ¢(min{V (nc', nb", w), V(nc*, nb? w)}) (3.12)

Sorall ct,c?, bt b* €O, w € Ay. Assume that A and 1 satisfy the same stipulations of Theo-

1
m-1’

rem 3.1 with ¢ € ®. Then A and n have a unique CCFP provided that lim,,,_, , V(cﬁn, c
w)=0.
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Proof Assume that {c! } and {c2,} are two sequences built in the proof of Theorem 3.1 so
that

1(ch ) = A(,c) and n(c,) = A(cl) formeN.,.
It follows from (3.1) that
V(1(6a1)1(61)> @) = V(A Gz uca)s At Gima)> @)
= @(min{ V(nc,,_, 16,1, 0), V(1€5, 05,1, @) }),
with the same manner, we have
V(1) 1(€0)s @) = V(A (G2 Cun)s A1 €t ) )
= @(min{V(ncy,_5,1¢,,1,0), V (165,151, 0) })-
This yields
Q= min{V (n(c,,1) n(c,), @), V (n(c0)s 0(c5,) )}

> (p(min{V(ncin_z, ey, 1,®), V(ncs,_5nct,_1,®) H
= (p(Qm—l)' (3.13)

Thus, we have
V2 A{Qm} = 0(Qpo1) > {Qp1} = 0 (3.14)

Thus, {6,,(w)} is a monotonic sequence in A. By (3.14) and Remark 2.7, there is v* € A
such that

lim {,,} = v*.
m—> 00
Inequality (3.13) suggests that

Q> (p(min{V(ncinQ, ne. 1, a)), V(ncfnﬁ, ne, ., a)) }),
> @(min{V (nc,,_y,nc,,_1, ), V(nc,,_yncp,_1,»)})
> min{V (nc,,_,,nc),_1, ), V(ney,_pncs,_1, )}

= V(ney sy, 1, ).

Taking the limit as m — oo in the above inequality and using lim,, .~ V(c},,c},_,®) = v,
we have
vE >,

Remark 2.8 leads to v = v*. Thus

lim {2,,} =v.
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We show that {ncl,} and {nc?} are Cauchy sequences in n(9) for m € N. First we prove
that, for each v, there are two numbers 7, m € N such that

min{V(ncl, ncl, ), V(ne2, nc2,w)} > v

Assume the contrary. Thus, for each v and integer o, there exist integers n(c) and m(o)
with m(o) > n(c) > o so that

min{V(n¢h,;) Nchie) @) V(1) Ny @) ] <V (3.15)
Consider

mi“{v(’?dn«r)' ’lc»lq(a)—v ), V(’?Cfnw)’ "Cﬁ(a)—v w)} > v

Assume that n(o’) the smallest number exceeding (o) so that (3.15) holds. Let

7o (@) = min{ V (1€),0) 1) @) V (€001 N0y @) }

By (3.10), and using the fact for each z1,2;,23,24 € B, z1 * 25 > min{z;, z3} * min{zy, z4}, we
can write

(7753”(6), Uci(g),ly %) * V(’lcz

1 1 1 1
b > 7 (@) = min V(1,61 MCpio)-19 5) * V(1C030) 15 1C00) 5
T \Y o)
no)-17 M) 2

> min{min{ V(ncin(a), nc,lq((,)_l, ), V(ncfn({,), ”Ci(a)-v a))}

inlv 1 1 @ \v4 2 2 9
* min NC(e)-1> Nn(c) 5 ) NCu(6)-1>NCn(s) WAK
. 1 1 2 2
m1n{V(ncm(a), NC(0)-10 @) V(ncm(a), NCoo)-17 w)}

. \v/ 1 1 w \v4 2 2 g
* min ncn(o)—l’ ncn(a) 2 ’ ncn(zr)—l’ ncn(a)’ .

2

. w
> min{V (116,51, N65(5)-1 @), V (13001 NGoa)1, @) } * 9n( ) )

Taking o — oo in the above inequality, we get

1)
v > lim ng(a))zv*Qn(g)( ):v*u:v.
o—>00

Thus,

lim 75 (w) = v,

Yo e Az9 .
o—>00
On the other hand, we get
o (@)

1 1 1 1 1 1
> min V(ncm(a)’ ncm(a)+1’ %) * V(n("m((r)+1’ ncn(o)ﬂ’ %) * V(T]Cn(a)+1, ncn(a)’ %

2 2 2 2 2 2
V(ncm(a)’ ncm(a)+l’ g) * V(T)Cm(a)H, ncn(o)+l’ %) * V(),’Cz'l(¢7)+l’ ncn(a)’ %

))
)
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H 1 1 2 2
mln{v(ncm(a)’ ncm(o)+1’ %)’ v(ncm(a)’ ncm(a)+1’ %)}

: 1 1 2 2
*mln{v(ncm(a)ﬂ’ ncn(a)+1’ %)’ V(n("m(a)Jrl’ 77Cn(r7)+1’ %)}

: 1 1 2 2
*mln{v(ncn(o)ﬂ’ 776”(0), %)’ V(ncn(a)ﬂ’ ncn(o)’ %)}’
: 1 1 2 2
mln{v(ncm(a)’ NCno)+17 %)’ V(ncm(a)’ NCn(o)+17 %)}

: 1 1 2 2
o mln{v(ncm(o)+l’ ncn(a)+1’ g)’ V(ncm(a)+l’ ncn(a)+1’ %)}
*min{v("c}q(a)w ’70;14(0)’ 3) V(nci(am’ "Ci(a)’ )

. 1 1 w 2 2 w
=miny V ncm(a)’ncm(a)u»g 'V Wcm(o)rncm(a)wg

inlv 1 1 g \v4 2 2 Q
* min T]Cm(a)+1; ncn(o‘)+17 3 ’ ncm(a)+1’ ncn(o‘)+l’ 3

: 1 12 g2 2 @
*ming V ncn(a)+1’ ncn(a)’ g ’ ncn(0)+1’ ncn(a)’ g
-0 @ v ( el 1 DN v e 2 @
= Um(o) 3 * min NCm(o)+1 NCn(o)+1 3 ) NCn(o)+1 NCu(o)+1 3
w
* 9,1(0) g .

By (3.12), we have

V(A(, 2 JA(CE Lt ), 2),
T (@) = Qo) (8) *min! ( (C’Z”(") C’f(")) (C’g") C’i(")) i)) * Qn(a)(g>,
3 V(A Gy i) Moy Cno) 5) 3

it : 1 1 @ 2 2 @
= 200 (5 ) sminfo (b ki 5 ) ¥ (1 nir § ) )}
w
*Qn(a) g

= Qo) (%) * @76 () * Q) <%) (3.16)

Applying the limit as 0 — o0 in (3.16), and by Definition 2.2, we can write

> min

V=Uxp(V)*xv>=Vv*V KV =V,

which is a contradiction. Thus {nc},} and {nc?,} are Cauchy sequences in 1(9). The com-
pleteness of (D) and Lemma 2.9 leads to the existence of two elements c!,c? € O so that

lim V(nc,,c',®)=v and lim V(nc},c*

a— o0 a— o0

,a)) =v foreachw € Ay.

Also, the continuity of 7 implies that {nnc. } and {nnc?,} are convergent to nc' and nc?
respectively. Moreover, since A and n commute, then we can write

NMCpar = W(A(C;,Cfn)) = A(r’/cin,r/cfn)
and

s, =n(A(chcp,)) = Ancs, ney,).

Page 12 of 26



Humaira et al. Advances in Difference Equations (2021) 2021:242 Page 13 of 26

Thus, by (3.12), we have

V(rmcﬁml,A(cl c2) a)) = V(A(ncﬁn,ncfn),A(cl cz) a))

= ¢(min{V (nnc),, nc', w), V(nnc,, nc’, w)}).
Passing m — oo in the above inequality, we get
V(nc', A(c',¢?),0) = v.

Hence nct = A(c!, ¢?), similarly, one can prove that nc? = A(c?, ¢!). Thus the pair (¢!, ¢?) is
a coupled FP of the mappings n and A. Again, by (3.12), we get

V(ch,neh,w) = lim (V(ne,1,nc’, o))

= lim (V(A(c,c5,), Alc, %), 0))
= lim (p(min{V (yc,, nc', 0), Y (ne;, ne*, w)}))

- ol (e e ), V(1))

> min{V(c!, nc!, w), V(% nc% w)},
this implies that
Y(ehnch o) » min (e 0 ), 9 (416 0))
similarly, one can write
9( 1) > min{ (e ), V(e nch o).
Thus

min{V Cl, Cl, yv 621 Cz)
min{V(cl,ncl,w),V(cz,ncz,w)} > min . v ) 7 ) @), ¥ 1 7 1 @)}
min{V(c*, nc*, w), V(c', nc', w)}

= min{V(c',nc', »), V(c*,nc%, w)}.
The last inequality holds only if V(c!, nc!,w) = v and V(c?, nc?, w) = v. Hence ¢! = nc! and

c? = nc? or, equivalently, ¢! = nct = A(ch, ) and ¢? = nc? = A(c?, ch).
For the uniqueness, assume that ¢*! € O with ¢*! # ¢! so that

C*l — 7]C*1 — A(C*l 6*2)'
Then, by (3.12), we have

V(cl,c*l,a)) = V(A(c1 cz) A(c*l,c*z),a))

> <p(min{V(ncl, nc, ), V(ncz, nc*, w) })
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> min{V(c',c*, »),V(c*, ¢**, 0)}

= V(¢ ),

which is a contradiction. Thus ¢! = ¢*!, similarly, one can prove that ¢? = ¢*2. Hence A and
n have a unique CCFP. O

Corollary 3.3 Let (0, V,x) be a complete CVFMS and A : 0 x O — 0, n:0 — O be self-
mappings so that

V(A(c ), A(b',0%),0 \/mln{V ncl, nb', ),V (nc2,nb?, w)}

forall ', c2,b',b* €D, w € Ay. Assume that A and 0 satisfy the same stipulations of The-
orem 3.1 with ¢ € ®. Then A and 1 have a unique (CCEP), whenever lim,,_., V(c},, c}

m-1?

) = .

Corollary 3.4 Let (0, V,*) be a complete CVFMS and A : O x O — 0, n:0 — O be self-
mappings so that
V(A(c C ) (bl bz) ) > 2min{V(nc nbl, ) (nc nb? a))}

— (min{V (nc', nb', »), V(nc*, nb*, ») })2

forall t,c,bY,b* €D, w € Ay. Assume that A and 1 satisfy the same stipulations ofThe-
orem 3.1 with ¢ € ®. Then A and n have a unique CCFP, whenever lim,,_, » V(c},,

ml’

W) =D.
Examples below support our theoretical results.
Example 3.1 Leto ={0}U {% : m € N} with the metric ® defined by
@(cl,cz) = |c1 —czi, Vel et eo.

Define a t-norm “x” by p x g = min{p, q}, p,q € E. Assume that V is the complex-valued
fuzzy set defined by

w

12 N _
V(C ¢ ,a)) - w+®(cl,c2)v

for w € Ay. It is obvious that (9, V, %) is a CVFMS. Define two mappings A : © X 0 — 0
and n:0 — O by

A(Cl,cz) _ cC +C
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It is evident that A(® x ©) C 5(9) and 7 is continuous. Since

ct+c b+ b?

V(A AR )0) = 7S5 o)

wV

1,02 1,52
w_{_lcgc _bgb|

wV

c2_p2
|

wV w

1_pl
w+|%+

+
2_p2
w+ |CT|
wV w

cl_pl v
=

> max v, 5V
2
4 o+ ||

= max{V(nc',nb',»), V(nc*, nb*, »)}.

Y

+
bl gt |

Then we can write
(v- V(A (cl,cz), A(bl,bz),a))) < (v - max{V(ncl, r]bl,a)), V(nc2, nbz,w)}).

Thus, all the requirements of Theorem 3.1 hold with x = 1 and (0, 0) is a unique coupled
FP.

Example 3.2 Assume that all hypotheses of Example 3.1 hold. Let V be the complex-
valued fuzzy set defined by

lel-c?|

V(cl,cz,a)) =ve o

for w € Ay. It is obvious that (9, V, *) is a CVFEMS. Define two mappings A : © X O — O
and n:0 — O by

2! + ¢2 ,
= and nc = —,

T 3217 4

A(c, )

and ¢(l) = v/, 1> 0. It is evident that A(© x D) C 5(D) and 7 is continuous. Since

2t =200 2 -D? - 2 ( ¢ bt c? bz)
+ il I e c_Z
324/17 324/17| ~ 32\ | 4 4 4 4
1 b 2 p
S 16\|4 4 4 4

1 P/ I P 2

<—_—max{|— - —|,|—-—|¢,
- 8 4 4 4 4
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it follows that

| 2cl+c2 _ 251 +52 |
32417 324/17
[}

V(A(cl,cz), A(bl,bz),a)) = ve

j2ek-2p! | 2-p?
3217 3217
= ve ®
1 1 2 2
max() & -2 11 -2 1)
8w

= go(min{V(ncl, nbl, a)), V(ncz, nbz, a)) })

forall ¢!, ¢, b', b* € O, w € Ay. Also, for any sequence {c}, }mery = =, we can write

lim V(c,ct ,w)=ve @ =ve =v.
m—00 (m, m-1? )

Thus the assumptions of Theorem 3.2 hold and (0,0) is a unique CCFP of the mappings A
and 7.

4 Existence solution for a coupled system of impulsive fractional differential
equations

In this section, we study the existence and uniqueness of a coupled system of nonlinear

fractional differential equation with impulses (1.1)

If necessary, the reader can refer to [36] for a more detailed explanation of the back-
ground of the problem. Here we use our derived fixed point theorems to prove the exis-
tence of solutions to problem (1.1). Let X" = X x Y with the norms ||(x,y)|l = [|x]lo + [IYllo
and ||(x,y)|l = max{||x||o, [[Y]lo}. Define the operator 7 : X’ — X’ by

Ty = (Ti YO, T2oy)®) ', Yy € X, te[0,1], (4.1)
where

ks [yt =9)h(s Dex(s), DPy(s)) ds + €', te[0,t1],

~ 1t Jo, (6= 9" h(s,° Dox(s), D y(s)) ds
- ﬁ P ft:]—l (t — s)*"'h(s,° D°x(s),* D?y(s)) ds
~ g T (t= 1) fi) | (4 — 1 2h (s, Dex(s),° D7y(s)) ds
- m Dot t;)? ftjtil (t — s)“~>h(s,“ D°x(s),“ D*y(s)) ds
+ 200 My (x(t)) + 357 (t = )N (x(t))
+ Z;:l %Olj (x(t)) + c*t%,

te (tmtme1l, 1 <m<n,

Tiloy)(t) =
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and
—ﬁ/) [yt —5)"g(s,SDOx(s),c DPy(s)) ds + e*t?, te[0,t1],
—%}/) ft:n (t—s)"'g(s,°DOx(s), D*y(s)) ds
— s T S (= )7 g (s, DOx(s),S DPy(s)) ds
ToGoy)(®) = - ﬁ Yihit-t) ft:ilt.(tj —5)772g(s,° DOx(s),* D?y(s)) ds
- m St =) i (- 5)3g(s,  DOx(s),* D?y(s)) ds
+ 200 Mi(x()) + 20T (& — )N (x(t))
£ S0, (x(y) + e,
te€ (tmtms1),1 <m <n,
with

1 T
e =2z, [_m . (r - s)“_‘”_lh(s,C D9x(s),“ D’y(s)) ds,

_ m
.L,lw t

R a6 9 e D) ds
j=1 V-1
.L.Z—w m t
oG 2o, 09 e DR D) s
j=1 741
.L.l—w

"Tu-1)re-o)

m t
f f " (t — 5)**h(s° DOx(s),“ D"y(s)) ds
j=1 741

rl-o m 72-o m o .
T(2- ) jzzlf\/u( (t)) TG o) le Oy(x(t))) + rZ—o) jzzltj(')“(x(tj))
1 1 e .
+ m tm(l —s)H h(S, D9x(s), Dpy(s)) ds

1 m ] m
+ -2 ; /tjl (t; —5)">h(s,° Dx(s),° D’y(s)) ds + ; Oy (x(tj))},

and

Ty -8 Jy
el

Ty -1)r2-¢)

=z, |:— 1 /6(6 —5)"7g(s,D?x(s), D"y(s)) ds,

Z /ti (- s)J’_zg(s,C D®x(s),* D"y(s)) ds
j=1 V-1

— m
ers

TG -2rG-§) f (4 - 57 2g(s Dx(9) Dy() ds
j=1 Yt-1

el

+ m ]=Z t) [ (tJ - s)y—?)g(s’c ])Q)((S),C Dpy(s)) ds

j—1
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- m
et

et & s o

+ _1 /1(1 - s)V’?’g(s ¢ DCx(s),° D”y(s)) ds
T'(y-2) tm ' ’

+ ﬂ f (tj —s)”g(s,° Dx(s),“ D’y(s)) ds+201, (x(t))) ]
Y .
j=1
where Z, = m;ﬂ(i’)ﬁ and Z, = 21,?2% Thus, solving problem (1.1) is equivalent

to obtaining a fixed point of the operator 7. Next, we have to prove the uniqueness of
solutions of problem (1.1).

Theorem 4.1 Let the following conditions (H;) — (Ha) hold, and then the boundary value
problem (1.1) has a unique solution.
(Hy): Forallt €] andxj,y; € R,j = 1,2, there exist some positive constants A, Bj, (j = 1,2,)
such that
|h(t,x1,y1) = h(t,x2, y2)| < Ailx1 = Xa| + Asly1 = yal,
|g(t,X1,Y1) - g(t>X2,Y2)| < Bilx1 —xa| + B2ly1 — yal-
(Hy): xj,y; € R, there exist some positive constants ij,I:jm,I:jm, G=1,2m=1,2,...,n)
such that
’Mjm(x) - Mjm(Y)’ =< ij|X -yl
’j\[jm(x) _Mm(y)| = ]:jm|x - Y|7

|ij(x) - O}m(y)| < ]:jm|x - Y|

(Hs): [(Aq +A2)(r (tD) r(l,t) + 2r(,i Dt r(,LZZM) + ri’)llf(lz_fw) + r(uzli)rlf;: a)) + r(,f’ifrlg i
r%f/ﬁ Z, 1Ly + Z] 1 LlJ + Z; 1T 2le()u ]:ll ?{;X Z, 1 Ll) 2 w(; Z; 1 LlJ
2, ijth 221 1L1J < land [(Bl + Bg)( V+1) + ﬁ + 21"()1/ 5t % +
riﬁis t r(Z >Ez<§ 5) r(yzl)eré 5o~ 1 )+ 250 Loyt 0 Loy 57 ”1; Lo+

Z
ye Z) 1L2J 2 Te-g) ZJ 1L2J + Z ZJ lLlJ 2 Z) 1L1J] <1,
= min{ v)} and

(HL):

w+||(nX1 ol ¥ w+||(rIX1 <l V2 w+||('7Y1 ny2)ll

61 = x2,y1 = y2) | < || (1, mx2) ||

Proof 1Tt is easy to check that (X”, V,«) is a CVFMS with the CVFM defined by

@ Vv
o+ |1(x1,y1)) = (x2,y2))llo

V((XhYl)), (XZ’YZ)): (L)) =
Ift €], from (1.1) and conditions (H;) — (Hy), for all (x1,y1), (x2,y2) € Y, we have
|71(X1>Y1)(t) - 7§(X2,Y2)(t)|

= r(m/ (t= 571 h(5 D21 (5)° Dy (5)) — h(5,° D (5), DPya(s)) |

Page 18 of 26
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ZutZ T ol . . ) )
"Thi-w) / (z = )"~ (s, D?x1(s)," Dy1(s)) — h(s, D?xa(s)," D y»(s)) | ds

Zﬂtzrl““
_—
Mpu-1)I2-w)

<) / | (tj — )" 72|h(s,° D2 (5), D?y1(s)) — h(s,° Dxa(s)," DPya(s)) | ds
ZutZ.EZ—w

T -2rG-w)

XD / | (tj — )" 73| h(s,° D%y (5),° D?y1(s)) — h(s,° Dxa(s)," D ya(s)) | ds
ZMtZtl—w

"Tu-2r2-w)

x DY f t’ (t; — ) 73| (s, DO, (), DPy1 (s)) — h(s,  D?xa(s)," D”ya(s)) | ds

% Z|MJ (x1(t))) = Vi (x2(ty)) |
j=

Zt
rl(;,j o) Z|Oll x1(t)) — Oy (x2(t)) |
j=

Z t2 1
I‘(Mﬂ 2) (1 - S)M_S ‘h(s’c DQXI (S)7C Dpy1 (5)) - h(S,C DQXQ(S),C Dpyz(s))‘ ds
_ -

Z,
I'(n-2)

36 [ -9 D61 D i5) ~ (s Dol D) s

m

Z 2 1-0
I‘(; Z|t||01; x1(t)) — Oy (xa(t ))‘

m

+ Z,t Z|01J(X1 1) - O1j(xa(ty)) |
j=1

= ﬁ [A1|CDQX1(S) —“D%x3(s)| + Az Dy (s) =€ Dﬂy2(s)|]

Z,

* m[All Dx; (s) = D2y (s)| + Ag Dy (s) = D ys(s)|]

Z 1-w
+ m[A”CDQM(S) —D%xy(s)| + Az |“DPy1(s) —€ Dpy2(s)|]

z 2-w
W [A11DEx(s) = Dxa(s)| + Az|‘DPyi1(s) = D ya(s)]]

Z 1-w
+ W [A11D?x1(s) = DXa(s)| + Az|D”y1(s) ¢ D y(s)]
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Z l-w M
r‘(;t_ w) Z|MJ (Xl(ti)) - Ny (XZ(ti))|
j=1
zZ 2-w M
+ r‘(l;r_ o) Z|Oli (xa(t)) - Oy (Xz(tj))|
i=1
Z, . . )
T A D(s) = Doxafs)] + Ael DPya(8) = Dyals)l]
+ T(i— 1) [A1| D2 (s) = D?x(s)| + Az |°DPyi(s) =€ D"y2(s)|]
Z t2rl-o m m
F(Z w) Z |tj||01, Xl(t] ) Olj (Xz(tj))| + Z/t Z|OU (Xl(tj)) _ Olj(XZ(tj))|
j=1
=t Al - xello + Aallyi - y2ll]
Z,
+ m[&llm xallo + Aallyr = y2llo]
Z, 7l
* R Al —alo + Asllys ~yalo]
Z, 7%
TG gy A1 —al + Aslys = yalo]
Z, 7

[ . e— Y _ A i
+F(,u,—1)F(2—w)[ 1llx1 = Xallo + Azllyr — Y2||o 1_,(2 )Z 3jllx1 = x2llo

(4.2)
o 2_:) > Ll -l Fo At - xallo + Asly - ol
. %[Alnxl “xallo + Asllys — yallo] + % sz; 511 — o
+2Z, iin lIx1 = x2llo,
j=1
< m[l\l +As]|| (x1 = X2, y1 = ¥2) ||
oA Al - - )|
%[ 1+ Az]H(X1 —X2,¥1 —Yz)”
W[Al + Aol (x1 = X2, 71— y2) |
+ #;;:)[Al + Aol (1 = x2,y1 - Y2 * T ZLIJHXl x2llo

ZL1;||X1 x2(lo + ( )[A1 + Ao [ (x1 = x2,y1 = ¥2) |

Page 20 of 26
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la)m

Z,
- 7[A1 + A (x1 = x2,y1 = y2) | + th,lLl, |1 = x2,y1 —y2) |

I'(n-1)

+ Z,t Z ilj ” (x1 —x2,y1 —y2) “,
j=1

<Z,|(A +A)< ! + ! + T + o
=TT Z T (u+1) Tu-w+1) T(WI2-w) T(u-1)IE-o)

rl-e 2

Tl—a) m . 'C2 v
+ F(uw-1)I'2-ow) * F(M—I)) ¥ r2-w) ;LU ’ I3 -w) ;Llj

1-0

—oy b+ Zin] 1 =x2y1 = y2) |
j=1 j=1

te[0,t]. (4.3)

When t € [ty, tms1], then

| 7L, y1)() = Ta(x2, y2) (1)

S%}L) (t— )" |h(s, D% (s)," D?y1(s)) — h(s,* D?xa(s),* D ya(s)) | ds

Z (tJ —g)*! |h s, Dx4(s), Dy (s)) (s,C D2x5(s),¢ D"yg(s)) | ds

=1 Y1
F(,U«— 1) ;Kt_tj)‘

¢
X /J (tj—s)"_2’h(s,cDgxl(s),CD"YI(s)) h(s, D9%;,(s),° DPya(s )’ds
t;

-1

1 = )

x /tj (t = 9)" 72 |h(s,* D?x1(5),* D?y1(s)) - h(s,° D?xa(s)," D”y»(s))| ds

) IMu(xat) = Mu(a(®)) | + D[ (€= ) [V (xa (1)) = Ny (1) |
j=1

j=1

Z t2 T
. (t = )" Hh(s,* D?xi(s),* D?y1(s)) — h(s," D%xa(s)," D*y2(s))| ds
(- o) 4
ZMtZl.l—w

T -1Dr2-w)
X Z/t 1 (t—s)* 2’h s, D% (s ),CD”yl(s))—h(s,CDsz(s) D”ys(s )’ds

N Zut2r2—w
M -2T3E-w)

x Z/t 1 (tj — )" 73| h(s,° D% (5), D?y1(s)) — h(s,° Dxa(s)," D*ya(s)) | ds

Page 21 of 26
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Z, e
+ -
M'u-2)'2-w)

X Z t / ] (t - )3 |h(s,C D?x4(s),¢ D”y1(s)) - h(s,C D%x5(s),° D"yz(s)) | ds
=1 b

Z 2rl-o m
r(z w) Z|MJ X1 tJ Nlj (XZ(tj))|

Z {2720 M
I‘(g w) Z|01J (x1()) - Oyj(xa(ty ))|

;Z t2

/ (1 -5)""*|h(s,°D?x(s), D”y1(s)) — h(s,* D?xa(s),* D’ya(s)) | ds

Zﬂt2
I'(n-2)

X Z t / j (t - g)r3 |h(s,C D2x;(s),¢ D”yl(s)) - h(s,C D%x5(s),° Dpyz(s))| ds
i1 t:

Z 2rl-o m
[‘(2 o) th,||(’)1, x1(6) ) OlJ(XZ(tJ'))|

+ 2,2 Y| Ox(xa(t)) - Oy (a(b))|

j=1

(G
+ Z 5 |Olj (X1 (tj)) — Olj (Xz(tj)) | (44)
j=1

By taking maximum and using (Hj), (Hj) in (4.4), we obtain

[A1lx1 = xallo + Aallyr = yallo] + A1llx1 = Xallo + Az llyr — yallo]

1
“I'(u +1) 1"(,u+1)[

F()

m
+ ZLlj”XI ~Xallo+ Y Lajlixa —xallo
j=1 j=1

1
A Agllys - - - -
——[A1lx1 = xallo + Aallyr = yallo] + (1) [1llx1 = Xallo + pallyr = yallo]

+ W[Aﬂlxl Xallo + Azllyr — y2llo]
b I = xalle + Aslyi = yall]
C(u)r'(2 - w)

Z, 72

P (A - Aslly; —
T(w-1)rE- )[ 1llx1 = Xallo + Aally1 — y2llo]

1-o 1-w
Z,ut Z

T L
— L [Ayx1 - Aslly — ZrT N g —
+F(u—1)r(2—w)[ 1lIxi = Xallo + Aallyr yz”0]+r(2—w)§j=; illx1 = xallo

ZLl, b= xallo + =0 1)[A1||x1—xZ||o+A2||y1 y2llo]
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Z la) m
+—F(M‘il)[Alllxl—xz||o+Az||Y1 yallo] + F(2 ZLI,HXI x2lo
- 18,
+ Zp. j21:]-11)‘”)(1 —XZHO + 5 ;Llj”)(l —X2||0,
<! [A1 + A ( )| + ! (A1 + As]|( )|
T(w+1) X1 =X, Y1~ - X| — X2, Y1 —
_F(M 1 1 2 1 =X, Y1 =2 T+ ) 1 5 1—X2,Y1 = Y2
1
1—-.( )[Al +A2]||(X1 X2,¥1 — Y2)||+m[A1 +A2]||(X1_X2’Y1_Y2)”

+ZL1;|| xi =0, y1-y2) | + ZLUII —x2,y1-y2)|

Z,
+ —I[Al + Ao [ (x1 = x2,y1 - ¥2) |

IM'u-w+1)
Z, rl-o
+—————[A1+ A — X9, V] —
FGor@ e 2 Al ey -y
Z,7?
W[Al +A;] ”(Xl —X2,V1 —Yz)”
Z, e
W[Al +A;] ||(X1 - X2, V1 _Y2)”
1 —w M 9 m
2 w)ZLl’” =%, y1-y2) | + . Lij || 1 = x2,71 = y2) |
+i[A1+A2]”(X1‘X2 vi-y2)| + =——[A1 + Aol || (x1 = x2,y1 — Y2
F(/’L_l) ’ F _1) )
Z l-w M

ZLnll(Xl X2, y1 - Y2)||+ZMZL1J”(X1 x2,y1-y2)|

T2 ) ¢ =

1 v
+ 5 ZLlj ”(Xl — X2, V1 —Yz)”,

j=1

2 1 1 zZ Z,the
§|:(A1+A2)( ( + + + 2 + i

Fu+1) T'(n) 2l(p-1) T(u+o-1) TEIQ2-o)

Z,t* Zrl-e 22, )
F(M nre- w) F(M—l)l“(2—w) F(u 1)

+ZL1J+ZLIJ ~ Z 1;

m

=L

j=1

1wm

F(2 ) 4 ZLU +2Z, ZLlj +3 Z L1,i| ||(X1 X2,¥1 — Yz)“ (4.5)

Now

w

V(716 y). Tibey),0) =  + ||7—1(X1rY1)—71(X2,Y2)||v

w

> v
o+ [|(x1 = X2, y1 = ¥2) I
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w

-
o+ [|(7x1, nx2) |

= min v, v
o+ [(nx, nx) |l @+ [[(ny1, ny2)||

> [min v, v
\/ o+ [(nxs, nx)ll @ + [[(ny1, ny2)l

= \/min{V(rx1, nx2,0), Y0y, ny2 ). (4.6)

In the same fashion, we can obtain

|75(X1»Y1)(t) - 7§(X2,Yz)(t)|

1 1 s
- [(Bl ' BZ)(zyw +1) Th-E+1) TGIE-8

2-¢ 1-¢ 9
G -1DrG-8 T -Dr@-8& I- 1)>

- y)z ST s ) Zl F(z— ZLZ’ ZLZ’}
x |1 —x2,y1-y2)|, te(ot], (4.7)

and

| T2, y1) () = Ta(xa, y2)(0)|
<|(By+ B2)< 2 + 1 + ! + Zy + Zyel®
- Fy+1) T(y) 2I(y-1) Tr-§+1) TEIE2-$)

Z,e* Z,elt
y(y—l)F(B 5N Iy -1)re- 5" r(y_1)> ZL2,+ZL2,

Zoelt I 22t SN Ze
Ly; L
Ty 2 T ),21 v

_V)Zizj Z

j=1 j=1

1 m
+ EZV Z LZ):| || (Xl —X2,¥1 — te [tmrtt+1]' (48)
j=1
Similarly, one can show that
V(E(Xl, yl)’ 75()(2: YZ)) 0)) E \/min{v(nxlr nXa, a))» V(’?Yl, 77Y2, (L))}. (4'9)

Thus, from (4.2)—(4.9), we infer that all conditions of Corollary 3.3 are satisfied. Hence T
has a fixed point (x*(t), y*(t)) € X', which is unique. Therefore, problem (1.1) has a unique
solution (x*(t), y*(t)). O

5 Conclusion
Due to the many applications in which the fixed point method is involved, this is an im-
portant pillar and a good tool in nonlinear analysis. This technique mainly participates in
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the complex analysis in terms of studying the existence and uniqueness of the FP within
the various spaces that include complex numbers such as complex-valued metric space,
complex-valued b-metric space, etc. In the setting of the fuzzy set framework, this for-
malism is devoted to obtaining the FP for single and multivalued mappings via suitable
conditions. Nonlinear analysis and fixed point theory play a prominent role in many fields
of mathematics, and by the technique of FP, we can solve several existing problems in
mathematics. Blood flow systems, aerodynamics, the nonlinear oscillation of earthquake,
the fluid-dynamic traffic model, and control theory both can be studied mathematically
by fractional calculus. Because of that, this discipline has turned around many researchers
and readers especially when we deal with these problems in a fixed point fashion. One of
the important branches of fractional calculus is impulsive fractional differential equations
since the pulse effect is significant in many processes and phenomena. For example, in
biological systems such as heartbeats, blood flows, mechanical systems with impact, pop-
ulation dynamical systems, and so on. By successful applications of our derived results,
we have studied the existence and uniqueness solutions for a coupled system of impulsive
fractional differential equations via coupled FP techniques in the setting of CVFMSs. In
addition, some theoretical results and nontrivial examples have been also presented.
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