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1 Introduction

Fractional-order differential equations have more benefits in contrast with integer-order
differential equations. These equations are adaptable and exact in portraying the changing
law of things. Hence fractional-order differential equations are broadly utilized in real life
[1-6]. Nonetheless, some physical meanings of the fractional differential equations (FDEs)
are yet to be generally perceived because of the intricacy of its initial values; consequently,
the improvement of the theory of FDEs is as yet in its early stages. However, these equa-
tions have become a significant point among numerous researchers in light of their wide
practical applications and theoretical importance.

Although fractional calculus was proposed 300 years ago, the scientists and researchers
are still developing and building up this field significantly, as it is closely related to many
other disciplines. Because of the significance of fractional calculus in applications, in the
previous few decades, there has been a developing interest in the investigation of FDEs.
Specifically, from the theoretical perspective, the existence of solutions for various classes
of FDEs was discussed in numerous contributions (see, e.g., [7-19]). As applications, there
are many recent models and numerical results regarding several classes of FDEs involving
various types of fractional derivatives (FDs) [20-26]. Regarding the problem of the nonex-
istence of solutions for FDEs, we refer to [27—-36]. In this regard, we consider the following
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problem:

CD}s(t) + €D} 5(t) = §(t, »(t)), >0,

. (1)
D) =b;, i=0,1,...,n—1,n=—[-A],

where CDZ is the Caputo derivative of order o (>0) € {A, ¥}, n< A,y <n+1(neN).
We will highlight the nonexistence result of nontrivial global solutions for (1) along with

the following condition:
S(t,%(t)) 2t'7|CDg%(t)|m, A=Kk +1, y=v+1,

forsomem>1,neR,andn-1<x,y,% <n (n € N). That is, we regard the following
problem:

DS 3e(t) + DY se(t) > £ DY ()™, t>0,m> 1,

. (2)
5D0)=b;, i=0,1,...,mn=—[-«],

where i, v, ¥ € (n—1,n), n € N, and we show that there are no solutions for specific values
of n and m. Specifically, we discover the range of values of m for which solutions do not
exist globally. Obviously, sufficient conditions for nonexistence give necessary conditions

for the existence of solutions.
Remark 1 The existence and uniqueness of solutions for problem (1) was discussed in [4].

Remark 2 In the case k = v =¥ =0 in (2), we obtain the problem
#(t) = t""(t), #(0) = b,

which has a solution

1-m 1/(1-m)
— g bl’”‘] form> 1.

2(t) = |:

1+7
Notice that the solution blows up in finite time for m > 1.

Remark 3 Incase A =1, y =0, and §(¢, »(¢)) = »"(£), m > 1 in (1), we obtain the Bernoulli

differential problem
#(£) + (8) = 5"(2),  »(0) = b,
which has a solution
s(t) =1+ (b"" - 1) exp(m - l)t]l/(l_m).

Obviously, s(£) blows up in the finite time ¢ = ﬁ In(1 - b*") for m,b > 1.
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Remark 4 Inthe case A = y = k and F(¢, »(£)) > t7|»(¢)|” in (1), we obtain

2Df 5(t) > £ |3()|™, t>0,

1 (3)
IoiK%(t”t:O =D.

Problem (3) was taken into consideration by Laskri and Tatar [29]. It turns out that if
O>-kandl<m < %, then problem (3) admits no global nontrivial solutions if » > 0.

Kassim et al. [35] studied the problem

CDSs(t) + DY s(t) > t7|5(t)|", t>0,

(4)
00y =by, k=0,1,...,n-1,

where m > 1,n > 1 is an integer, n — 1 < v < k < n, and by > 0. It turns out that if m(1 -
v) — 1 < < m - 1, then problem (4) admits no nontrivial global solutions.
In case 0 < k, v, <1 and n =0 in (2), we obtain

CDE ™ s(t) + €Dy ae(t) > |CDY ()™, t>0,
2(0) = by, #'(0) = by.

(5)

Not long ago, Jleli and Samet [37] studied (5). They proved that the problem admits no
global solutions if 4; > 0.

In this work, we investigate the case of alower order FD in the inequality (or equation). It
is clear that for hyperbolic equations, for example, the wave equation with an interval frac-
tional damping represented by the first derivative (i.e., k = 1, v = 0), this damping process
has a squandering effect. It will contend with the polynomial source and may take care
of this blowing-up term under certain conditions. Besides, in the telegraphing problem
[38], the solutions approach the solution of the same problem without the nth derivative
as t — oo (i.e., the parabolic equation). This result has been summed up and generalized
to the FD case in [38] and [30]. For our concern with a problem (2), we might want to
see how effective Df s« will be on the blowup phenomenon, specifically, how the range of
values m guaranteeing to blowup in finite time would be influenced. We arrived at the
conclusion that here it is the lower-order derivative (i.e., v), which determines the range
of blowup much the same as the parabolic portion and hyperbolic problem.

In Sect. 2, we give some notations, definitions, and lemmas required later in our analysis.
Sections 3 and 4 are committed to the test function and the nonexistence result. In Sect. 5,
we provide some examples to justify the preceding results. In the final section, we close

our work with concluding remarks.

2 Preliminaries
In this section, we recall some primary facts utilized in our outcomes. We refer the reader
to [4—6] for additional insights about FDs.

Definition 1 We denote by AC[0,00) the space of absolutely continuous functions on
[0, 00) and by AC"[0, c0) the space of functions & that have continuous derivatives up to
order # — 1 on [0, 00) such that & #~V € AC[0, 00), where @ -1 denotes the derivative of
ordern—1of w.
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Definition 2 We denote by L,(a, b), p > 1, the spaces of Lebesgue-integrable functions
on (a,b).

Definition 3 Leta <t < b and « > 0, and let @w € L1(a, b). Then the left- and right-sided

Riemann-Liouville fractional integrals of order x of @ are given by

. 1 Low(r)
(Iiw)(t) = 0 /ﬂ 7 dr (6)
and
" 1 )
(Ib_zzr)(t) =T /: o dr, (7)

respectively, where I" is the gamma function. Note that if k = 0, then Y= =) @ = .
Definition 4 Let w € AC"[0, 00). The expression

1 tom(s)

C _ogn—k (1) 4\ _
Diw(t)=1"o"(t) =
W= LT 0= 50T ), e

is called left-sided Caputo FD of order « of w.

Lemma 1 ([6]) Let1<>0,p21,q21,andi+% <1+« (p#1andq#1inthe case where

1% + }1 =1+«).If©1 € Ly(a,b) and ©y € Ly(a,b), then

b b
/ O1(8) (I O2) (1) dt = / O (8)(I;_©1)(t) dt. 9)

Lemma?2 Ifk > 0and v >0, then

M'v+1)

(T -1 = m(T— v,
. v LD o
DE(T - ¢t) _F(U—K+1)(T )

Lemma3 Let« >0and v >0.Ifw € L,(a,b), then

Do) =I"w(t), t>a,

LLw@)=1"w(t), t<b.
Lemma4 Letk € (n-1,n),neN, and w € L,(0,b). Then the IVP

CD’(; »(t)=w(t), t>0,

D) =¢, i=0,1,...,n—1,

has the solution

Cn-1

%(t):co+clt+m+(n_1)!

n—1 1 ! k-1
t +F(K)/O(t—r) w (r)dr.
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3 The test function
We use the test function

TS(T-¢° 0<t<T,¢c>0,
o) = (10
0, t>T.

This test function has the following properties.

Lemma 5 Letn > 0 and © be as in (10). Then

Fle+1)
IO() = T(T -1,
0= ey’ 7Y
I'c+1)
o)== —>——_T" d IlO(T)=0,
e TS L
d? I'(c+1)
—I[OE) = —————T (T -1)*" 2
T ® Fn+¢-1) ( )
Proof 1t follows from Lemma 2. g

Lemma 6 Let ® beasin (10) withc +p(v+k -2)+1>0,9(1-p)+1>0,
v,k >0,and p > 1. Then

T dZ p
/ tﬂ(l—p)@l—p(t) (]u —1’1{@(1’)) dt _ Kgf,g Tz?(l—p)+p(u+l<—2)+1,
0

T dg
where
KOs I'(¢c+1) PIWA-p)+ I'(c +pv+x-2)+1)
vk Fv+k+c¢-1) Fr@A-p)+c+plv+x—-2)+2)

Proof By Lemma 5 we have

1;:—;1;®(t) - 7“2% ; f)l) TSIY(T — )2
_ F(Uljr(ls.(‘ : ;)_ . TS (T — g)+s+-2,
Then
fT PP (p) (1; d—21§®(t)>p dt
0 dt?

T
N ERACER N, / P15 (T = )] T - s e
Fv+k+¢-1) 0

P T
_ I'c+1) T / tz?(l—p)(T _ t)g+p(v+;<—2) dt.
Fv+k+¢-1) 0

Let ¢ =sT. Then

’ P (1-p) 1 dz g
/0 " P e P(t)(ITEITG)(t)) dt
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p 1
— F(g + 1) Tz?(l—p)+p(v+x—2)+1/ Sﬁ(l—p)(l _ s)g+p(v+1<—2) ds
Fv+k+¢c-1) 0

~ F(c+1) PT@W(1-p)+ Dl (c +pv+Kk-2)+1)
_[F(U+K+g—1)]

Tz?(l—p)+p(u+/<—2)+1' 0
Fr@A-p)+c+plv+k-2)+2)

Remark 5 For the rest of the paper, we will utilize the following equivalency. If m, w' > 1,
and L + L =1, then:

/. m
1. m/——m_l.
2. 7=m —1.

3. mk—1)+1>0<= m'k >1fork >0.

4 Nonexistence result

In this part, we discuss the problem

DS 3e(t) + DY se(t) > 7€ DY s(2)|™,

t>0,m>1,0<v<k,
%(i)(o):bi;

(11)
i=0,1,...,n,n=—[-k].

Theorem 1 Let m(9 —n)+n—-v—-1<n<m—1and m>1.Ifb, >0, then problem (11)
admits no global nontrivial solutions in AC"*1[0, 00).

Proof Let sz € AC™1[0, 00) be a global solution to (11). Let ® be as in (10) with ¢ > e+
1-19) - 1. Multiplying both sides of (11) by ®(¢) and integrating over [0, T'], we get

T
1:/ OWL"|[“DYs(t)|" dt < I + I,
0

(12)
where
T
L= / O(t) D s(t) dt
0
and
T
L= / O)“ Dy 5(t) dt.
0
From the definition of “Dj »(t) and Lemma 1 we have
T T
I = f O™ " D(t) dt = / KO O(t) d. (13)
0 0

Integrating by parts and using Lemma 5, we get

T d
L =" owr, - / %<">(t)%1;*@(t) dt
0

T
d
= b, I ©(0) - / %<">(t)%1;ﬂ®(t)dt. (14)
0

Page 6 of 12
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On the other hand, by Lemma 3 we obtain

(t)—d/ s)ds- (Ié% (t))

— %(l(ghl—nlg g (t)) (119+1 nCDﬂ%(t)).

Then
= b, I} ©(0) - f (I3 "“Dy (t)) 1" “O(t) dt.
Using integration by parts and Lemma 1, we have that
I = =b, I3 ©(0) - [J1"CDY (t) 1" “@|L,
T petincyy d
+/0 Iy DO%(t)ﬁlﬁ‘@(t)dt
= b, I ©(0) + / )i "CD”%(z) 1" “O(t) dt

T
d?
= —b, I ©(0) + / DY ()2 = [ O(¢) dt. (15)
0

d 2
Note that
P+1-nC 0 d n—K
I Doz(t)%lT OW)|;r =0, ¢>1+k-n,
and
P+1-nC O d n—K O +1-n pn— 19 n—K
I() D() %(t)%lT ®(t)|t=0 :Io I() (t) I ot )|t=0

d
— 177 O(t) =0

:11 (”)t
0% ()dt

= (5" (8) - 5 1>(0)) ST OW0 =
Next, we insert 7@ (t)1/"t""@(t)~V/" inside the integral of (15):

d n—K
Sl 00 d.

T
L =-bn1;*“®(0)+/ D)0 @) " O () () "B
0

Using the e-Young inequality with 0 < & < 1/2, we obtain
T
I < =b I 0O(0) + ¢ / |“Dy »(0)|" O ()" dt
0

& "
+K(e,m) / o)™ "'"/m(ﬂ“ Sl K@(t)) dt, K(e,m)>0.
0
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By Lemmas 5 and 6 we have

Fe+D +8/‘Vi)%uﬂm®0ﬁ“ﬁ

L<-by——F—"——
1= F(n K+g+1)

+ K (s, m)Kgf; 28 g Tyl Ol (16)

Similarly,

r 1 T m
hL<- H&T”‘UM/ Dy (1) ©(0)¢" dt
Fn-v+c+1) 0

+ K(e,m)KJns T

m' (9-v-1)+1 (17)

Hence from (12), (16), and (17) it follows that

TV~ 1
1-2e)[+T 1)b, T""
( +T(e+1) (F(n—/c+§+1)+F(n—v+§+1)>

< I((S, m)Kg:’Vll Sr-ln . Tn(l—m/)+m/(ﬂ—/(—1)+l
(18)

Tn(l—m’)+m’(19—v—1)+l

+K(e, m)Kgf'l .

Since b,, >0 and 0 < ¢ < 1/2, we find

TV~ 1 r 1
(¢ + 1)b, T"" + > €+, pno
Fn-«x+¢c+1) Tn-v+c+1) Fn-v+g+1)

and
T
(1-2¢) f OWt"|“Df s(t)|" dt
0
V=" 1
I'(¢c+1)b, T"" +
'n-«k+¢+1) T'n-v+c+1)
TV 1
>T(¢c+1)b, T"" +
I'n-k+¢c+1) T'n-v+cg+1)
I'(¢c+1) b
“Tn-v+c+1) " '
Therefore
C,b,, Tnv<CTn(1 —m')+m (9 —k-1)+ +C Tr]lm)+m(19ul) 1’
where
I'(c+1)
C, = PR Cy = K(e, m)K™ i Cs = K(e, )K" s
or

b <_Tun(CTnlm+m(19K1 +C3Tn1m+m(19vl)+1)
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_ CiTv—n+n(1—m/)+m/(z9—v—l)+1(CZTm/(U—K) +C3).
1

Note that v —n+n(1 —m') + m'( —v —1) + 1 <0 and m'(v — k) < 0, and, consequently,

To-nen(=myem' (@ —v=1)+1 pm'(v=) _, 0 a5 T — oo. Therefore
b, <0.
We get a contradiction since b, > 0. O

Theorem 2 Let m(9 —v)—1<n<m—1,m> l,and b, = 0. Then the only global solution
to problem (11) is

Cn-1 n-1

+ t>0.
(n-1)

u(t)=co+crt+---
Proof Taking b, = 0 in (18), we find

(1-26) <G, A=y O =k=1)+1 o C3T77(1—m/)+m’(z9—u—1)+1’
or

I< C4T”(1_m,)+m,(0_v_l)+l(CQ Tm’(u—/c) + Cg), (19)

where Cy = ﬁ and 0 < & < 1/2. Using (10) and (12), we get

T S
t / /
/ (1 _ ?> £l |CDg%(t)|m dt < C4Tn(1—m )+ (9 —v-1)+1
0 (20)
x (C, 77 =) 4 GCs).

Since v <k and m(¥ —v)—1<n,wehave m'(v—«) <Oandn(1-m')+m' (¥ -v-1)+1<0.

Taking the limit as 7 — oo in (20) and using Fatou’s lemma, we obtain
T
/ "Dy s(t)|" dt =0,
0
which yields
CDYs(t)=0, t>0.

Then by Lemma 4 we have

Cn-1 n-1

(n—-1)!

x({t)=co+crt+---+ , t>0. 0

5 Examples

In this section, we give some examples to justify the preceding results.
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Example 1 The fractional differential problem

2

CDy8s(t) + “Dy° (t) = %Dy (8)|",  £>0,

(21)

is a particular case of (11) where k =0.8, v =0.5,7=0.5, 9 = 0.6, m =2, by =0, and b; = 1.
Therefore by Theorem 1 the fractional differential problem (21) has no nontrivial global
solutions in AC?[0, c0).

Example 2 The fractional differential problem

D7 5e(t) + CD3*se(t) = 04D e(r)]’, >0,

(22)
#(0) =1, 2 (0) = -2, #"(0) = 3,

is a particular case of (11) where x = 1.7, v =14, n=-04, 9 =15, m =3 and by = 1,
by = =2, by = 3. Therefore, by Theorem 1, the fractional differential problem (22) has no
nontrivial global solution in AC3[0, 00).

Example 3 The fractional differential problem

3

DY) + DY () = (8 °D5 )|, >0,

(23)
#(0) = 4, A0)=1, »'(0) =2, +"(0) =0,

is a special case of (11) when k =2.7,v=2.5,1=0.8,9 =2.6, m=3,by =4, b, =1, b, =2,
and b3 = 0. Therefore by Theorem 2 the only global solution to problem (23) is

w(t)=4+t+t2, t>0.

6 Concluding remarks

In this paper, we studied a new class of fractional differential inequalities involving the
Caputo fractional derivatives depending on two different orders. With the aid of the test
function technique and some properties of fractional integrals, we investigated the nonex-
istence of nontrivial global solutions in a suitable space. Three simulation examples were
presented to illustrate our acquired results. Moreover, for the telegraphing problem [38], it
was deduced that the solutions approach the solution of the same problem without the nth
derivative as t — oo. This result was summed up and generalized to the FD. We investi-
gated the case in which there is a lower-order FD in the inequality (or equation), for exam-
ple, problem (2). We realized how effective Dy »r would be on the blow-up phenomenon.
Specifically, it affected the range of values m which guaranteed blow-ups in finite time
Based on this, we arrived at the conclusion that the lower-order derivative (i.e., v) de-
termines the range of blow-up much the same as the parabolic portion and hyperbolic
problem. The presented results are more general than those in the literature, which can
be obtained as particular cases: for more detail, see Remarks 2, 3, and 4.

In future work, many cases can be established for more general operators containing an-
other function, for instance, the generalized Caputo [39] or Hilfer [40] fractional operator.
Also, it will be of interest to study the problem of this paper for the Mittag-Leftler power
low [41].
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