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1 Introduction and preliminaries

Fixed point theory has a basic role in analysis (see [1-51]). Chistyakov [12] developed
the idea of modular metric spaces and discussed briefly modular convergence, convex
modular, equivalent metrics, abstract convex cones, and metric semigroups. The modu-
lar metric spaces generalize classical modulars over linear spaces, like Orlicz, Lebesgue,
Musielak—Orlicz, Lorentz, Calderon—Lozanovskii, Orlicz—Lorentz spaces, etc. The main
idea behind this new concept is the physical interpretation of the modular. We look at
these spaces as the nonlinear version of the classical modular spaces. Padcharoen et al.
[29] introduced the concept of «-type F-contractions in modular metric spaces and dis-
cussed some results. Further results in such spaces via different directions can be seen in
(11, 22, 24, 25].

Nadler [27] presented fixed point theorems for multivalued mappings and generalized
the results for single-valued mappings. Fixed point results involving multivalued map-
pings have applications in engineering, control theory, differential equations, games and
economics, see [7, 9]. In this paper, we are concerned with multivalued mappings.

Wardowski [51] introduced the notion of F-contractions to obtain a very practical fixed
point result. For more results on this direction, see [2, 4, 23, 26, 43, 47]. Here, we have used
a weak family of functions instead of the function F introduced by Wardowski.

Arshad et al. [5] observed that there exist mappings having fixed points, but there were
no results to ensure the existence of fixed points of such mappings. They introduced a
condition on closed balls to achieve common fixed points for such mappings. For further
© The Author(s) 2021. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other

third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’'s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13662-021-03398-6
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-021-03398-6&domain=pdf
http://orcid.org/0000-0001-6329-8228
http://orcid.org/0000-0003-4606-7211
mailto:baak@hanyang.ac.kr
mailto:hassen.aydi@isima.rnu.tn

Rasham et al. Advances in Difference Equations (2021) 2021:245 Page 2 of 17

results on closed balls, see [38, 39, 50]. In this paper, we are using a sequence instead of a
closed ball.

Ran and Reurings [37] and Nieto et al. [28] gave results involving fixed point theory in
partially ordered sets. For more results in ordered spaces, see [13—15]. Asl et al. [6] gave the
idea of o,-admissible mappings and «— contractive multifunctions (see also [3, 17, 45])
and generalized the restriction of order. Rasham et al. [40] introduced the concept of «,-
dominated mappings to establish a new condition of order and obtained some related
fixed point results (see also [41, 42, 49, 50]). They proved that there are mappings that are
o-dominated, but are not «,.-admissible.

The notion of fuzzy sets was introduced by Zadeh [53] and then a lot of researchers
worked in this area. Namely, Weiss [52] and Butnariu [10] firstly discussed the concept
of fuzzy mappings and showed many related results. Heilpern [16] gave a result for fuzzy
mappings, considered as a generalization of Nadler set-valued result [27]. Due to impor-
tance of the Heilpern result, the fixed point theory for fuzzy contractions via a Hausdorff
metric becomes much more important, see [32-36, 38, 48].

In this paper, we establish common fixed point theorems for a pair of fuzzy .-
dominated mappings which form a generalized V'-contraction in a generalized setting of
modular-like metric spaces. New results can be established in dislocated metric spaces,
ordered spaces, partial metric spaces, fuzzy metric spaces and metric spaces as a conse-
quence of our findings. To support our results, applications and examples are discussed.
Our theorems generalize the results given in [42, 43, 47, 49, 51]. We give the following

preliminary concepts, which will be used in our results.

Definition 1.1 ([44]) Let A be a nonempty set. A function u : (0,00) x A x A — [0, 00)
is called a modular-like metric on A, if for all a,b,c € A, [ > 0 and u;(a, b) = u(l,a,b), it
satisfies:

(i) uy(a,b) = uy(b,a) for all [ > 0;

(ii) uy(a,b) =0 for all [ > 0 then a = b;

(iii) ugn(a, b) < uy(a,c) + u,(c,b) forall [, n > 0.

Then (4, ) is called a modular-like metric space. If we replace (ii) by “u;(a, b) = 0 for all
[>0ifand only if a = b, then (A, u) becomes a modular metric space. If we replace (ii) by
“ui(a,b) = 0 for some [ > 0, then a = b;” then (4, u) becomes a regular modular-like metric
onA.Foree Aand ¢ > O,W ={peA:|ulep)-up p) <e}isaclosedballin (A4, u).

We will use “m.L.m. space” instead of “modular like metric space”

Definition 1.2 ([44]) Let (A, u) be an m.L.m. space.
(i) The sequence (a,)qen in A is u-Cauchy for some I > 0, iff limy, ;,,—, o0 ui(a, @) exists
and is finite;
(i) The sequence (a,),en in A is called u-convergent to a € A for some [ > 0, if and
only if lim,, ;o0 ui(ay, a) = ui(a, a).
(iii) E € A is called u-complete if for any u-Cauchy sequence {a,} in E is u-convergent

to some a € E, so that for some [ > 0,

lim ua,,a)=ula,a)= lim wu/la, a,).
n—+00 n,mM—>+00



Rasham et al. Advances in Difference Equations (2021) 2021:245 Page 3 of 17

Definition 1.3 Let (A, ) be an m.l.m. space and E C A. An element py belonging to E is

said to be a best approximation in E for e € A, if
M[(@,E) = inf ul(e»[’) = ul(e,Po)'
peE

If each e € A has a best approximation in E, then E is known as a proximinal set.

Denote by P(A) the set of compact proximinal subsets in A.

As an example, consider A = R* U {0} and u (e, p) = %(e + p) for all [ > 0. Define a set
E =1[4,6]. Then for each y € A,

w(y,E) = ul( , [4, 6]) = neiaf6] ui(y, n) = ui(y,4).

Hence, 4 is a best approximation in E for each y € A. Also, [4, 6] is a proximinal set.

Definition 1.4 Let (4, %) be an m.l.m. space. Consider the Pompieu—Hausdorff map H,,, :
P(A) x P(A) — [0,00) defined by

H,(N,M) = max[sup uy(n, M), sup ul(N,m)},
neN meM

for M,N € P(A).

Again, take A = R* U {0} endowed with (e, p) = %(e +p) foralll>0.If N = [3,5] and
R =[7,8], then H,,(N,R) = 1.
Definition 1.5 ([44]) Let (A,u) be an m.l.m. space. Then we will say that u satisfies the

Apr-condition if N1imy, ;- o0 #p(€y, €)= 0 implies limy, . o0 %1€y, €) = 0, for some > 0.

Definition 1.6 Let A be a nonempty set, § : A — P(A) be a set-valued mapping, B C A,
and a : A x A — [0,+00). Then & is called a,-admissible on B if a,(§a,&c) = inf{a(u, v) :

ucéa,veé&cl>1,whenever a(a,c) > 1 for all a,c € B.
Definition 1.7 ([40]) Let A be a nonempty set, § : A — P(A) be a set-valued mapping,
MCA,and a:A x A — [0,+00). Then & is called o,.-dominated on M if for all a € M,

ay(a,Ea) =infla(a,l):l € &a} > 1.

Example 1.8 ([40]) Let B = (—00,00). Define y : B x B— [0,00) by

1 ife>r,

ifefr.

y(e,r):

Define K, L : B— P(B) by

Ku=[-4+u,-3+u] and Lr=[-2+r—-1+r].

Then K and L are not y,-admissible, but they are y,-dominated.
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Definition 1.9 ([51]) Consider a metric space (M, d). A mapping G : M — M is called an
R-contraction if for all ¢, k € M, there exists 7 > 0 such that d(Ga, Gc) > 0 implies

T + R(d(Ga, Ge)) < R(d(a,c)),

where R: R, — R is a function satisfying:
(F1) There exists k € (0,1) such that lim,_,¢+ c*R(c) = 0;
(F2) For all a4, c € R, such that a < ¢, we have R(a) < R(c), that is, R is strictly increasing;
(F3) limy,—, 400 0, = 0 if lim,,, , o R(0,,) = —00, for each sequence {0,}32; of positive num-
bers.
The family of all functions satisfying conditions (F1)—(F3) is denoted by F .
A classical result is as follows:

Lemma 1.10 Let (Q,u) be an m.l.m. space. Let C,D € P(Q). Then for each e € C, there
exists y. € D such that H,,(C,D) > uy(e, y.).

Definition 1.11 ([47]) A fuzzy set U is a function from G to [0, 1], F(G) is the family of all
fuzzy sets in G. If U is a fuzzy set and e € G, then U(e) is called the grade of membership
of ein U. For B € [0,1], the B-level set of a fuzzy set U is denoted by [U/]s, and is defined
by

[Ulg = {e:L[(e) zﬂ} where 0< 8 <1,

[U]o = {e: Ule) > 0}.

Now, we select a subset of the family F(G) of all fuzzy sets, a subfamily with stronger
properties, i.e., the subfamily of the approximate quantities, denoted by W(G).

Definition 1.12 ([16]) A fuzzy subset U of G is an approximate quantity if and only if its

B-level set is a compact convex subset of G for each 8 € [0,1] and sup,.; U(e) = 1.

Definition 1.13 ([16]) Let R be an arbitrary set and G be a metric space. A fuzzy mapping
T :R— W(G) is considered as a fuzzy subset of R x G, T : R x G — [0, 1] in the sense that
T(c,y) = T(c)(y).

Definition 1.14 ([47]) A point ¢ € M is called a fuzzy fixed point of a fuzzy mapping
T:M — W (M) if there exists 0 < 8 < 1 such that ¢ € [Tc].

Definition 1.15 Let A be a nonempty set, § : A — W(A) be a fuzzy mapping, M C A,
and @ : A x A — [0,00). Then £ is called fuzzy a,-dominated on M, if for all 2 € M and
0< B <1, wehave a,(a, [£alg) = infla(a,]) : [ € [Ealpg} > 1.

2 Main results

Let (A,u) be an m.l.m. space, ¥y € A, and S,T : A — W(A) be fuzzy mappings on A.
Moreover, lety, 8 : A — [0, 1] be two real functions. Let 9%, € [S¥], (»,) be an element such
that (90, [SPol,9) = 41(D0, 01). Let U5 € [T]p,) be such that uy (91, [TP]pw,)) =
u1 (01, 92). Let U3 € [SP4],(9,) be such that u;(d9, [SP2]y (9,)) = u1(P2, ¥3). Continuing this
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process, we construct a sequence ¥, in A such that 99,1 € [SP2,],(9,,) and Do €
[TO24118(9,,1)» Where n=0,1,2,... Also,

w1 (D2 [SP2ly(95)) = 1 (D20, 241)

and

u (192n+11 [T92n+1]/3(192n+1)) = ul(ﬁ2n+lr 192714—2)'

Note that {T'S(#,)} is the notation of this sequence. Then {TS(%,)} is said to be a sequence
in A generated by .

Definition 2.1 Let (A, u) bea complete m.l.m. space. Assume that u is regular and satisfies
the Ays-condition. Let 99 € A, @ : A x A — [0,00), and S, T : A — W(A) be two fuzzy
a,-dominated mappings on {TS(,)}. The pair (S, T) is called a rational fuzzy dominated
V-contraction, if there exist T > 0, y (), 8(g) € (0,1] and V € F such that

7+ V(Hiy (15915000, [T2)pc0)))

120,72 )

ul(ﬁ»g); ul(ﬂ; [Sﬂ]y(ﬁ)), %; 21

<V | max 11 (9,591, (9)) 01 (@ T @) (2.1)
1+uq(9,9)

whenever ©#,g € {TS(9,)} so that a(¢,g) > 1, and H,, ([SP], (s), [Tg] ) > 0.

Theorem 2.2 Let (A, u) be a complete m.l.m. space. Assume that S, T : A — W(A) are
two fuzzy o.-dominated mappings on {TS(0,)}. If (S, T) is a rational fuzzy dominated V -
contraction, then {TS(9,)} is a Cauchy sequence in A and {TS(9,)} — k € A.

Proof As S,T : A — W(A) are two fuzzy o,.-dominated mappings on {75(5,)}, so we
have o, (92, [SD2ly9,)) = 1 and o (P2is1, [TD2i1]p(oy;,y)) = 1 for all i € No As o, (92,
[Sﬁz;]y(gzi)) > 1, this implies that inf{a (9, b) : b € [Sl?z;]y(gzl.)} > 1, and therefore o/(%;,
ir1) > 1. Now, by using Lemma 1.10 and Definition 2.1, one writes

T+ V(1 (D141, D2is2))

< 7+ V(Hyy (592ily (90 [T02:1] 80955,1)))

u(921,[TV2:411 (0 " )
<V (max {ul(ﬁ”’ D2ir1), U1 (D21 [SDaily (95))» fﬂ,})

u1(92;5[592iy (9,))- 41 D204 1T 2041199, 1))
T+u1 (02i,92i41)

1 (99i09i41)-11 (V2i41,02i+2)
L+u1 (D2:,92i41)

w1 (994,99;01)+u1(92141,92i42)
u1 (D2, Dai41), U (Das, i 1), —- 22 L2l
< V| max

< V(max{u1(92i, 92i41), w1 (92141, Din2) })-
This implies that

T+ V(u1(92i41, D2in2)) < V(max{uy (i, Dia1), 1 (D141, 2i22) }).- (2.2)
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If max {u; (F2;, ¥2i41) #1 (P21, P2i42)}) = u1(D2i11, Pair2), then from (2.2), we have
V(1 (9251, 92i42)) < V(11 (D211, P2i2)) — T,

a contradiction. Therefore, max{u1 (%, D2i:1), U1 (D541, U2i42)}) = U1 (P94, Doi11), for all i €
{0,1,2,...}. Again, from (2.2), we have

V(11 (D211, 92is2)) < V(11 (920 92i41)) — 7. (2.3)
Similarly, we have

V(1 (92, 92i01)) < V(1 (D2im1, 920)) — T, (2.4)
forallie{0,1,2,...}. By (2.4) and (2.3), we have

V(m(ﬁzm, 192142)) < V(”l(ﬁZi—l; l92t)) -27.
Repeating these steps, we get

V (u1(92i1, 92i42)) < V (u1(9o,91)) — (2 + D)t (2.5)
Similarly, we have

V(11 (91, 92i21)) < V(11 (90, 1)) — 2it. (2.6)
Inequalities (2.5) and (2.6) can jointly be written as

V(u1(8n, 9n41)) < V (u1(0, %)) — nt. (2.7)
Taking the limit as # — oo in (2.7), we have

nlingo V(11 (O D)) = —00.
Since F € [, one gets

nlgglo u1 (D4, Pe1) = 0. (2.8)
Applying the property (F1) of F, we have for some k € (0,1),

Tim (11D, D01)) “(V (11 (B, D01)) = 0. (2.9)
By (2.7), we obtain for all n € N,

(11O 900) (V (11 B 901)) = V (112 (90, 91))) < = (2 Py B1)) T < 0. (2.10)
Considering (2.8), (2.9) and letting # — oo in (2.10), we have

lim (1 (1 (B, 901))") = 0. (2.11)

n—00
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Since (2.11) holds, there exists #; € N such that 7(u; (9, 9441))¢ < 1 for all n > n;, or

u1 (0, Hi1) < for all n > n;. (2.12)

Ny
~—|

Take p >0 and m = n + p with n > n;. Then

up(l?n: ﬁm) = Ml(ﬁm ﬂn+1) + ul(ﬁ}’l+1’ ﬁn+2) +-t ul(ﬁm—h ﬁm)
1 1

+ — et ———
(n+ 1) (m—-1)%

IA

IA
Mg §\~|'_'
| —

T

N
~.
i

If k € (0,1), then % > 1, so the last term is the remainder of a convergent series. Hence,

taking the limit as #n, m — oo, we have
lim  u,(9,, V) = 0. (2.13)
1,m—> 00
Since u satisfies the A,;-condition, we have

lim (9, 0) = 0. (2.14)
H,m—> 00

Hence, {TS(9,)} is a Cauchy sequence in A. Since (A, u) is a regular complete modular-like

metric space, there exists k € A such that {TS(8,)} — k as n — oo. O

Theorem 2.3 Let (A, u) be a complete m.l.m. space. Assume that S, T : A — W(A) are two

fuzzy a-dominated mappings on {TS(9,)}. Suppose that (S, T) is a rational fuzzy domi-
nated V-contraction and k satisfies (2.1), where k is the limit of the sequence {TS(9,)}.
Also, (9, k) > 1 and a(k,9,) > 1 for all n € {0,1,2,...}. Then k belongs to both [Tk] s
and [Sk]y(k).

Proof As (S, T) is a rational fuzzy dominated V-contraction, then by Theorem 2.2, there
exists k € A such that {TS(9,)} — k as n — oo and so

lim uy (9, k) = uy(k, k) = lim w1 (9, 95,) = 0. (2.15)

n—00

Now, by Lemma 1.10, we have

T+ V(ur (Daner, [TKlpwy) < T+ V(Hu1([5192n](yﬂ2n), (Tklpw)- (2.16)
By assumption, a(,,k) > 1. Assume that u(k, [Tk]gx)) > 0, then there must be a posi-
tive natural number p so that u; (99,41, [Tk]gk)) > O, for every n > p. Now H,, ([Sl?z,q](mz"),

[Tklpw)) > 0, so inequality (2.1) implies for every n > p that

T+ V(ul (192n+1) [Tk]ﬁ(k))
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, [Tk
161 Doy K), 111 (D [5192;1])/(172”))) u1(2n 02n+1)+M21(172n+1 [ ]ﬁ(k))’
< V| max 11 (92,5921, (9,11 (| TR 1) :

1+u1 (99,k)

Letting n — oo and using (2.15), we get

u1 (k, [Tkl pxy)

T+ V(Ml(kr [Tk]ﬁ(k))) = V( 2

) = Vi [7610)
Since V is strictly increasing, (2.16) implies

u; (k, [Tk]ﬂ(k)) < ul(k, [Tk]ﬂ(k)).

This is not true. So our assumption is wrong. Hence, u;(k, [Tklgx) = 0 or k € [Tklpw)-
Similarly, by applying Lemma 1.10 and inequality (2.1), we can prove that u; (k, [Sk], ) = 0
or k € [Sk], ). Hence, S and T have a common fuzzy fixed point k in A. O

Definition 2.4 Let A be a nonempty set, < be a partial order on A, and B C A. We say
that a < B, whenever for all b € B, we have 2 < b. A mapping S: A — W(A) is said to be
fuzzy <-dominated on B if a < [Sa], for eacha € A and y € (0,1].

We have the following result for multi-fuzzy <-dominated mappings on {TS(%,)} in an
ordered complete m.l.m. space.

Theorem 2.5 Let (A, <X,u) be an ordered complete m.l.m. space. Assume that u is regu-
lar and satisfies the Ay-condition. Let 99 € A and S, T : A — W(A) be fuzzy dominated
mappings on {TS(9,)}. Suppose there exist T >0, y(9), B(g) € (0,1] and V € F such that
the following holds:

7+ V(Hiy (150100 [ T2l p0))

u2 (9,178l p(g))
ul(ﬁyg); ul(ﬂ) [57-9])/(19))1 -3
<V (max 11 (9,591, (9))01 [ Tel p(g) (2.17)

1+uy (9,¢)

whenever ¥,g € {TS(%,)}, with either % < g or g ¥, and H,, ([S?],(»), [1g]p()) > 0.
Then {TS(9,)} = k € A. Also, if (2.17) holds for k, ¥, < k and k < O, for all n €
{0,1,2,...}, then k belongs to both [Tklpx) and [Sk], ).

Proof Let @ : A x A — [0,+00) be a mapping defined by «(¢,2) = 1 for all 9 € A with
¥ < g,and «(?,g) = 0 for all other elements ¢,g € A. Since S and T are the fuzzy prevalent
mappings on A, ¥ < [S¥], () and ¢ < [T#]g) for all & € A. It yields that ¢ < b for all
b e [SV], ) and ¥ < eforall ¥ € [TY]p(). So,a(V,b) = 1forall b € [S?],(y)and a(,e) = 1
for all 9 € [T¥]p). This implies that inf{a(d,g) : g € [SV], ()} = 1 and inf{a(d,g) : g €
[TY]p9)} = 1. Hence, o, (9, [SV o)) = 1, as (D, [TV ]pw)) = 1 forall ¥ € A. So, S, T: A —
W (A) are o,.-dominated mappings on A. Moreover, inequality (2.17) holds and it can be

written as

T+ V(Hy (IS9],0), [T8lpe)) < V(w(9,2)),

for all elements ¥, g in {TS(¢,)}, with either «(¥,g) > 1 or (g, ) > 1. Then, by Theo-
rem 2.2, {TS(9,)} is a sequence in A and {TS(9,)} — v* € A. Now, ¥, * € A and either
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%, < 0%, or 9* < ¥, implies that either «(¢,, 9*) > 1 or a(9*,¥,) > 1. So, all the require-
ments of Theorem 2.3 are satisfied. Hence, #* is the common fuzzy fixed point of both §
and T in A and u;(9%,9*) = 0. O

Example2.6 Let A = Q*U{0}and (e, ¥) = %(e+z9).Now, u(e, ) = %(eﬂ?) and uq(e, ¥) =
e+ 0 foralle, ¥ € A. Define §,T: A — W(A) by

(Se)(t) =

S R MR R

and

(T9)() =

O ol wl ™
|

Now, we consider

[Se]g=[2,%} and [Tﬁ]zz[ :

Taking ey = %, we have u;(eo, [Seo]%) = ul(%, [%, %]) = ul(%, %). So, we obtain a sequence

{TS(e,)} = {%, %, ﬁ, %,...} in A generated by e. Let

—_

ife,# € A,
ale, V) =
otherwise.

N —

Now, for all e, € {TS(e,)} with either a(e,#) > 1 or a(},e) > 1, we have

Hul([Se]z,[Tﬁ]g):max[ sup ui(a, [T9]p), sup ul([Se]z,b)}
2 4 aE[Se]% 4 be[TH] g :
T

=max] sup wuila,|—=,—|), sup wui||-,—|,b
ael§.%) 373 1) pegpy \L4 4
3e [0 20 e 3e| 20
=maxyui| —, | =, — | Juil | = — |, —
413 3 4" 4 3
3e U e 20
=maxyui|\ — = ), 1| - —
43 4" 3

=max{ —+ —,— +
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Now,

(e[Sl e

(2021) 2021:245

)11, [T0]g(5))

(e[T?]p(9))
. {ul(e, 9), u(e, [Sely o), fﬂ“}

1+uy(e,)

= max{(e + 1), <e

=e+ 1.

e\ 1 0
+-=),=le+—=,
4) 2 3

(e+5).(0 + %)}
1+(e+1)

Case i. Ifmax{(% + %), (7 + %)} = (% + %) and 7 =1In(1.2), then we have

9e
?+2z9§5e+519,

6(3e ¥
| —+=)<e+?,
(55)

3e O
In(1.2) + ln(ze + §) <In(e+ ).

This implies that

v+ V(Hy (1Sely, (T9]g)) <V <m=

Case ii. If max{(3 + 2), (¢

3e
?+419§5€+519,

6(e 20
“-+—=)<e+?,
5\4 3

e

us (&[T 4(9))

ui(e, ), ui(e [Sely (), =m0,

u(e[Sel, ()11 (9,[TD ) g3y .
1+uj(e,9)

+ %)} =(3+ %) and t = In(1.2), then we have

20
In(1.2) + ln(— + —) <In(e + ).
4 3

This implies that

T+ V(Hul([Se]%, [Tﬁ]%)) <V (max {

ui(e[Sely (e)-u1 (0, [TP]p(9))
1+uq(e?)

(e[T?]p(9))
(e, ), u1 (e, [Sely ), %})

Hence, all the conditions of Theorem 2.3 are satisfied and so the existence of a common

fuzzy fixed point is ensured.

If we take S = T in Theorem 2.3, we obtain the following result.

Corollary 2.7 Let (A,u) be a complete m.l.m. space. Assume that u is regular and satisfies
the Ay-condition. Let 99 € A, o : A x A — [0,00), and S: A — W(A) be a fuzzy o,-
dominated mapping on {S5(9,)}. Suppose there exist Tt >0, y(¥),B(g) € (0,1],and V € F

such that

7+ V(Hi, (191,001, [S¢]pt0)))

Page 10 of 17
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(e[S¢](g)
ur(9,), ur (9, [S9],0)), 2,
=V (max < u1 (9,597 (9))-41(8[S¢] g () 2 (2.18)

1+uq(9,9)

whenever ©,g € {SS(V,)}, a(¥,8) > 1, and H,,, ([SP¥],9), [Sglp()) > O.

Then, a(9,, Vyi1) = 1 for all n € {0,1,2,...} and {SS(9,)} — k € A. Also, if k satisfies
(2.18) and either a(¥,,k) > 1 or a(k, V) > 1 for all n € {0,1,2,...}, then k € [k], ).

If we take in Theorem 2.3, multivalued a,-dominated mappings from a ground set A to
the proximinal subsets of A instead of fuzzy o.-dominated mappings from A to the ap-
proximate quantities W (A), we obtain the following result.

Corollary 2.8 Let (A, u) be a complete m.l.m. space. Assume that u is regular and satisfies
the Ayr-condition. Let 99 € A, a: A x A — [0,00) and S, T : A — W(A) are two mul-
tivalued o..-dominated mappings on {TS(9,)}. Suppose there exist T >0 and V € F such
that

9,9),u (8, 59), 238,
u (9,8), ur (9, 89), =5 (2.19)

T+ V(H, (S9,Tg)) <V (max { 1 (9,59).061 @, T2)
1+u1(9,g)

whenever ¥,g € {TS(V,,)}, «(V,g) > 1, and H,, (SV, Ig) > 0.

Then, a(8,,V0y11) = 1 for all n € {0,1,2,...} and {TS(9,)} — k € A. Also, if k satisfies
(2.19) and either «(9,,k) > 1 or a(k,9,) > 1 forall n € {0,1,2,...}, then k belongs to both
Tk and Sk.

If we take S = T in Corollary 2.8, we obtain the following result.

Corollary 2.9 Let (A, u) be a complete m.l.m. space. Assume that u is regular and satisfies
the Ay-condition. Let 99 € A, o0 : A x A — [0,00) and S: A — W(A) be a multivalued
a-dominated mapping on {SS(9,)}. Suppose there exist Tt >0 and V € F such that

9,9), u1 (9, S9), 2058
u1(9,8),11(2,59), 2 (2.20)

T+ V(Hul (Sl?, Sg)) < 14 (max { 11 (9,59).u1(¢,S¢)
1+u1(9,9)

whenever ¥,g € {(9,)},a(d,g) > 1, and H,, (59, Sg) > 0.
Then, (¥, 0y1) = 1foralln € {0,1,2,...} and {S(¥,)} = k € A.Also, ifk satisfies (2.20)
and either (9, k) > 1 or a(k,9,) > 1 foralln € {0,1,2,...}, then k belongs to Sk.

3 Applications in graph theory

Jachymski [21] developed a relation between fixed point theory and graph theory by in-
troducing graphic contractions. Hussain et al. [19] established some results for a new type
of contraction endowed with a graph. Let A be a nonempty set, V(Y) and L(Y) denote the
set of vertices and the set of edges containing all loops, respectively, for a graph Y.

Definition 3.1 Let A be a nonempty set and Y = (V(Y),L(Y)) be a graph with V(Y) = A.
A fuzzy mapping F from A to W(A) is known as a fuzzy-graph dominated mapping on A
if (a,b) € L(Y), whenevera € A, b € [Falgand 0< B < 1.

Theorem 3.2 Let (A, u) be a complete m.l.m. space endowed with a graph Y, ¥y € A, and
the following hold:
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(i) S,T:A— W(A) are fuzzy-graph dominated functions on {TS(9,)}.
(i) There exist T >0, y(9),B(y) € (0,1], and V € F such that

7+ V(Hy (159100 [T5))

(.[Dy)p()
u (7-9;_)/): I/ll('l?, [Sﬁ]y(ﬂ))r ’Qf’
=V (max [ 10 (91591, 9))0 0[] ) , (3.1)

1+u1(9,y)

whenever t,y € {TS(9,)}, (9,y) € L(Y), and H,, ([SP], ), [T¥]sp)) > 0.
Assume that A is regular and satisfies the Ap-condition. Then (9, 0,41) € L(Y) and
{TS(9,)} — k*. Also, if k* satisfies (3.1) and (8,,k*) € L(Y) or (k*,9,) € L(Y) for each n €
{0,1,2,...}, then k* belongs to both [Tk*] g+ and k € [SK*], kx).

Proof Define o : A x A — [0,00) by a(¢,y) =1, if ¥ € A and (9,y) € L(Y). Otherwise,
set a(?%,y) = 0. By definition of graph domination on A, we have (¢,y) € L(Y) for all
y € [S?], ) and (¥,y) € L(Y) for each y € [Ty]g(). So, a(F,y) = 1 for all y € [S?], )
and «a(%,y) = 1 for every y € [Ty]p(). This means that inf{a(d,y) : y € [S¥],(»)} = 1 and
inf{a(d,y) :y € [Tylpg)} = 1. Hence, a.(9, [SP ], v)) = 1, (I, [Ty]p()) = 1 for every ¢ € A.
So, the pair of mappings are «,-dominated on A. Furthermore, inequality (3.1) can be
expressed as

@[ D)
ul(ﬁJ/)rul(ﬁr [Sﬁ] (ﬁ))r Mi,
T+ V(Hy (5], (D)) < V <max : 1 (0,591 9yt 0 D) )

1+u1(9,y)

whenever ¢,y € {TS(8,)} with a(,y) > 1 and H,, ([S?], ), [T¥]()) > 0. Also, (ii) holds.
Then, by Theorem 2.2, {TS(9,)} is a sequence in A and {TS(?,)} — k* € A. Now,
Yy, k* € A and either (9,,k*) € L(Y) or (k*,9,) € L(Y) implies that either «(d,,k*) > 1
or a(k*,9,) > 1. So, all the requirements of Theorem 2.2 are satisfied. Hence, k* belongs
to both [Tk*]ﬁ(k*) and k € [Sk*]y(k*). O

4 Results for single-valued mappings

In this section, some consequences of our results related to single-valued mappings in
m.l.m. spaces are discussed. Let (A, «) be an m.l.m. space, go € A, and S, T : A — A be
a pair of multivalued mappings. Let g; = Sgo, g2 = Tg1, and g3 = Sgo. Similarly, we make a
sequence g, in A so that g,,1 = Sgo, and go,412 = Tg441, where n=0,1,2,... We repre-
sent this kind of iterative sequence by {T'S(g,)}. We say that {7'S(g,)} is a sequence in A
generated by gp.

Theorem 4.1 Let (A, u) be a complete m.l.m. space. Assume that u is regular and satisfies
the Ayr-condition. Letr > 0,80 € A, : AX A — [0,00),and S, T : A — A be a-dominated
functions on {TS(g,)}. Suppose that there exist T >0 and V € F such that

T+ V(u1(St, Tg))
up(t,Tg)
ul(trg)f ul(t! St)r 2—,
=V (max { s ) (4.1)
1+uq(L,g)

whenever t,g € {TS(g,)} with «(t,g) > 1 and u,(St, Tg) > 0.
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Then (g, gus1) = 1 for each n € NU {0} and {TS(g,)} — h € A. Also, if h satisfies (4.1)
and either «(g,, h) > 1 or a(h,g,) > 1 foralln € NU{0}, then S and T have a common fixed
point h in A.

If we take S = T in Theorem 4.1, then we get the following result.

Corollary 4.2 Let (A, u) be a complete m.l.m. space. Assume that u is regular and satisfies
the Ay-condition. Let go € A, v : A X A — [0,00) and S: A — A be an a-dominated
function on {S5(g,)}. Suppose that there exist Tt >0 and V € F such that

T+ V(ul(St, Sg))

(t.5¢)
Ml(t)g)7 ul(t¢ St)) u2—;
= 4 (max < uy (t,St).u1(g,Sg) 2 ) (4.2)

1+u1(8,9)

whenevert,g € {S5(g,)} with «(t,g) > 1 and u,(St, Sg) > 0. Then «(g,, gns1) > 1 foreachn e
NU {0} and {SS(g,)} = h € A. Also, if h satisfies (4.2) and either a(g,, h) > 1 or a(h,g,) > 1
foreach n € NU ({0}, then h is the fixed point of S.

Corollary 4.3 Let (A, u) be a complete m.l.m. space. Assume that u is regular and satisfies
the Ay-condition. Letr > 0,80 € A, : AX A — [0,00),and S, T : A — A be a-dominated
functions on {TS(g,)}. Suppose that there exists k € (0,1) such that

ul(Str Tg) = kul(t!g)r (43)

whenever t,g € {TS(g,)}, a(t,g) > 1, and u,(St, Tg) > 0.

Then (g, gus1) = 1 for each n € NU {0} and {TS(g,)} — h € A. Also, if h satisfies (4.3)
and either «(g,, h) > 1 or a(h,g,) > 1 foralln € NU{0}, then S and T have a common fixed
point h in A.

Remark 4.4 If we impose the Banach condition
w(St, Tg) < ku,(t,g) forallt,g € A,

for a pair S, T : A — A of mappings on a regular modular metric space (A, w), then it fol-
lows that Sg = Tg, for all g € A (thatis, S and T are equal). Therefore, the above condition
fails to find common fixed points of S and 7. However, the same condition in m.l.m. spaces
does not assert that S = T'.

5 Application on nonlinear Volterra-type integral equations

In this section, we discuss the application of our work to integral equations. First of all,
we present our main result without «,-dominated functions for self-mappings and then
apply it to attain an application on integral equations.

Theorem 5.1 Let (A, u) be a complete m.l.m. space. Assume that u is regular and satisfies
the Ap-condition. Let gy € A and S, T : A — A be self-mappings. If there exist T > 0 and
V e F suchthat

T+ V(ul(St, Tg))
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uy(t,Tg)
ul(t!g)! ul(t1 St)r 27,
<V (max i (S0 @ Te) ) (5.1)

1+uy(tg)

whenevert,g € {TS(g,)} and u,(St, Tg) > 0, then {TS(g,)} — h € A. Also, if inequality (5.1)
holds for t,g € {h}, then S and T have a common fixed point h in A.

Let X = C([0,1],R,) be the set of all continuous nonnegative functions on [0, 1]. Consider
the nonlinear Volterra-type integral equations

k
u(k) = / H(k, h, u(h)) dh, (5.2)
0

k
(k) = /0 Gk, g(h)) dh, (5.3)

for all k € [0,1], and suppose H,G are the functions from [0,1] x [0,1] x X to R. For
g € C([0,1],R,), define the supremum norm as ||g||, = supks[oyl]{|g(k)|e"’k}, where 1 > 0
is arbitrarily taken. Define

1
u(g,p) = —— sup {|g(k) +p(k)|}e’rk
I+ 1 geo

1
=——|g+pl:
l+1“g pl

forall g,p € C([0,1],R,). With these settings, (C([0,1],R,),d.) becomes a complete m.l.m.
space.

Now, we prove the following theorem to ensure the existence and uniqueness of a solu-
tion of families of the nonlinear integral equations (5.2) and (5.3).

Theorem 5.2 Assume that the following conditions are satisfied:

(i) H and G are two functions from [0,1] x [0,1] x C([0,1],R,) to R;
(i) Define

k
(Su) (k) = / H(k, b, u(h)) dh,
0

k
(Tg)(K) = /0 Gk, h,g(h) dh.

Suppose there exists T > 0 such that

2te""E(u,g)

(t\/E(u,g) + 1)2

forall k,h € [0,1] and u,g € C([0,1],R*), where

|H(k,h,u) + Gk, g)| <

1 1
gl +glles 5 Ml + Sulls

1

E(u,g) = max slu+ gl
1 llu+Sullz.lg+Tgll
4 1+dlurglle

Then the integral equations (5.2) and (5.3) have a unique solution.

Page 14 of 17
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Proof By assumption (ii),

k
|Su + Tg| = / }H(k, h,u) + G(k, h,g)| dh
0

k' 2re™E(u,g)
_2re Hwe) g,
5/0 (ry/Eurg) + 1
2tE(u,g) ko
_ e dh
= E(u,g)+1)2,/o ¢
2E(u,g) otk

= (eyEwg) + 1?

This implies
2E(u,g)
Su+ Tgle ™ < _—
| &l " (t/E(u,g) + 1)?
2E(u,
ISu + Tgll, < (.8)

(t/E(u,g) +1)? ’

- V2E(u,g)
VISu + Tg| _—r/lﬂT@+l’

T E(u,g) +1 - 2
VE(@,g) | lISu+T1gl.

1 2
T+ < ,
/ E(u,g) \/ S+ Tg

which further implies

2 1
= <- ,
\/ 1Su(k) + TgW)ll. — \/ E(u,g)

T+ V(%”Su(k) + Tg(k)||r) < V(E(u,g)).

So, all the requirements of Theorem 5.1 are satisfied for V(f) = :71},f >0, and y(f,g) =

ﬁ IIf +gll-- Hence, the integral equations (5.2) and (5.3) have a common solution. O

6 Conclusion

In this article, we have achieved some new results for a pair of fuzzy «,-dominated map-
pings, which are generalizations of Wardowski’s contraction. Further results in ordered
spaces and graph theory are presented. Results for multivalued and single-valued map-
pings are also discussed. Moreover, we investigate our results in new generalized modular-
like metric spaces. An application is presented to ensure the existence of a solution of
nonlinear Volterra-type integral equations. Many consequences of our results in dislo-
cated metric spaces, dislocated fuzzy metric spaces, fuzzy metric spaces, ordered spaces,
metric spaces, and partial metric spaces can be easily established.
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