Lachouri et al. Advances in Difference Equations (2021) 2021:244 ® Advances in Difference Eq uations
https://doi.org/10.1186/s13662-021-03397-7 a SpringerOpen Journal

RESEARCH Open Access

Hilfer fractional differential inclusions with

Check for
updates

Erdélyi—-Kober fractional integral
boundary condition

Adel Lachouri'®, Mohammed S. Abdo?@®, Abdelouaheb Ardjouni®*®, Bahaaeldin Abdalla*® and

Thabet Abdeljawad*>®*

“Correspondence:
tabdeljawad@psu.edu.sa
“Department of Mathematics and
General Sciences, Prince Sultan
University, Riyadh, Saudi Arabia
*Department of Medical Research,
China Medical University, Taichung
40402, Taiwan

Full list of author information is
available at the end of the article

@ Springer

Abstract

In this article, we debate the existence of solutions for a nonlinear Hilfer fractional
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considered. Our obtained results are new in the framework of Hilfer fractional
derivative and Erdélyi-Kober fractional integral with FIBC via the fixed point theorems
(FPTs) for a set-valued analysis. Some pertinent examples demonstrating the
effectiveness of the theoretical results are presented.
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1 Introduction

In recent years, fractional differential equation (FDE) theory has received very broad at-
tention in the fields of both pure and applied mathematics, see [27, 35, 39, 45]. FDEs
and fractional differential inclusions (FDIs) emerge naturally in diverse areas of science
with many applications, see, e.g., [19, 23, 25, 26, 28, 31, 41, 47, 50]. In the literature,
there are many definitions of fractional derivatives (FDs) and fractional integrals (FIs),
e.g., Riemann-Liouville [35], Caputo [21], Hadamard [30], Hilfer [31], Katugampola [34],
Caputo—Hadamard [32], Caputo—Katugampola [15], Caputo—Fabrizio [22], Atangana—
Baleanu—Caputo [18]. In addition, several new operators have emerged to combine a wide
category of FDs, such as y-Caputo [14] and v -Hilfer [46].

In the last few years, many researchers have started to discuss the qualitative prop-
erties of solutions of fractional FDEs and FDIs, such as existence, uniqueness, stability,
controllability, and optimization, etc., see [1-3, 7-10, 20, 43, 44, 49]. Some other re-
searchers have devoted their works to discussing further analytical properties of solu-
tions of such equations and inclusions, while others already have oriented their investi-

gations towards numerical applications and solutions. For further specialized articles on
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the existence, uniqueness, and stability of FDEs involving various types of FDs, we refer
to [4, 6, 11, 16, 33, 37, 38, 46].

Recently, Asawasamrit et al. [17] have initiated the study of Hilfer FDEs with nonlocal
IBC:s of the type

D2y (t) = g(t, u(t)), te [a,b],

1.1
v(a) =0, v(b) =Y " 05 v(s), 8 € la,bl, (D
where 1 <7 <2,0<r, <1,7,>0,6; € R, 7D/} is the Hilfer FD of order r1 and type s,
I% is the Riemann—Liouville FI of order 5,. Later, the authors of [42] have investigated the
existence and stability results of an implicit problem for FDE (1.1) involving v -Hilfer FD.
On the other hand, Abbas [5] investigated the existence and Ulam—Hyers stability results
for the FDE of type (1.1) with the consideration of Erdélyi—Kober FI instead of Riemann—
Liouville FI. The set-valued case of problem (1.1) has been studied by Wongcharoen et al.
[48].
In order to enhance the work and fill the gap on BVPs of fractional order involving more
IBCs, we consider a nonlinear Hilfer-type FDI with Erdélyi—Kober fractional IBC, that is,

Hprny(t) € Qb u(t), te(0,7),7 >0,

(1.2)
v(0)=0,  u(T)= X7 6L v(s)),

where D72 is the Hilfer FD of order r; € (1,2) and type r; € [0,1], I"#% is the Erdélyi—
Kober FI of order &; > 0 with y; >0and n; e R, Q: [0, 7] x R — O(R) is a set-valued map
(svm) from [0, 7] x R to the familyof O(R) C R, 6, € R, 8, € (0,T),i =1, 2,...,m. Our main
concern in this manuscript is to obtain the existence results for the Hilfer inclusion prob-
lem (1.2) involving convex, nonconvex set-valued maps via some FPTs of Leray—Schauder
type, as well as those of Covitz and Nadler, where some pertinent examples are built for
the demonstration of our findings.

Remark 1
i) If Erdélyi—Kober FI ["#i is replaced by Riemann—Liouville FI /g, in problem (1.2),
then the inclusion problem for it has been studied by Wongcharoen et al. [48].
ii) Ifrp =0 in (1.2), then our problem reduces to Riemann-Liouville inclusion problem
considered by Ahmad and Ntouyas in [12].
iii) Ifry =1 in (1.2), then our problem also covers other problems, including those of
Caputo type.

This paper is structured as follows. In Sect. 2, we give some fundamental concepts
of fractional calculus, set-valued analysis, and FP techniques. In Sect. 3, we study some
existence results for the Hilfer inclusion problem (1.2) relying on some FPTs of Leray—
Schauder, Covitz, and Nadler. At the end, some examples are given in Sect. 4.

2 Preliminaries

2.1 Fractional Calculus (FC)

In this part, we give some essential ideas of FC and axiom outcomes that are prerequisites
in our analysis.
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Let B =[0,71, 1 € (1,2), r, € [0,1], where b = 1 + (2 — 1) € (1,2]. By C =C(%3, R) we
denote the Banach space of all continuous functions s : g — R with norm

ll5¢]l = sup{|>(t)| : t e B},

and L' (%3, R) is the Banach space of Lebesgue integrable functions s : 8 — R with norm
|22l ;1 = / |s(t)| dt.
B

Definition 1 ([35]) The Riemann-Liouville FI of a function s of order ry is described by

1 t
1o = o [ =) ds,
re o T
provided the integral exists.

Definition 2 ([35]) The Riemann-Liouville FD of a function / of order r; is described by

D" x(t) = (:’lt) 10710 5(y),

wheren=[r]+1,neN.

Definition 3 ([46]) The Hilfer FD of a function s of order r; and type r; is described by
Hpyrrs sx(t) = Irz(nfrl)D[H]I(lfrz)(ﬂfn)%(t),
where DI = (%)”.

Definition 4 ([35]) The Erdélyi—Kober FI of a function s of order £ > 0 with y > 0 and
n € R is formulated by

yty o)

£ —
A=

t

/ (¢ = ") e (c) d, (2.1)
0

provided the integral exists.

Remark 2 For y =1, (2.1) is reduced to the Kober operator

£~ n+8)
')

t
K™ 5(t) = i (t-¢)y's"x(s)ds, &n>0. (2.2)

For n =0, (2.2) leads to the Riemann-Liouville FI with a power weight,

OS £-1
K F(é)/(t s); 7 x(s)dg, &>0.
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Lemma 1 ([35]) Let&,n>0andy,a €R. Then

t“T'(n + % +1)

A ———
14 F(n+%+§+1)

Lemma 2 ([35]) Lety,&,B>0. Then

t _ rE-D+p
f (¢ -") s ds = —B<ﬁ,€),
0 4 4

where B(-,-) is the beta function determined by

1
B(r1,1,) = / (1-c)ytenlgce (ﬂt(rl) >0,R(ry) > O).
0
Lemma 3 ([31]) Letr; € (1,2]. Then

ri—2

TR0, 0,

B A T -

Lemma 4 ([5]) Let

m 0;807 T (i + 21 + 1)

A =701 Vi ) 9.
7 ; D+ &4 +&+1) 70 23

and consider any by € C. Then the solution of the nonlocal BVP

Hprny(t) =ht), te(0,7),T >0,

" (2.4)
v(0)=0,  u(T) =27 60y u(8),
is obtained as
-1 m
v(t) = I"h(t) + — D 0L I(8) - (T ). (2.5)
i=1
2.2 Set-valued analysis
We recall some concepts concerning the theory of set-valued maps. For this, let (v, || - ||)

be a Banach space and 91: v — O(v) be a set-valued map, which
(a) is convex-(closed-)valued if M(v) is convex (closed) for any v € O,
(b) is bounded if M(B) = |J, .5 N(v) is bounded in v for all bounded sets B of v, i.e,,

sug{{suplpl :p € Nw)}} < o0,
ve
(c) is measurable if V p € R, the function

v — d(p,MN(v)) =inf{|p -l : 7 € N()},

is measurable.
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For the definitions of completely continuous and u.s.c., we refer to [13].

Moreover, a collection of selections of Q at a point p € C is defined by
Rap = {7 L' (B,R): 7(t) € Q(t, p) for a.e. t € P}.
Next, we denote
Or(v) = {N € O(v) : NV is nonempty and has property k}

where O, Oy, Od, O, denote the categories of all compact, bounded, closed, and con-
vex subsets of v, respectively. Also, O, . denotes the category of all convex and compact

subsets of v.

Definition 5 ([26]) A set-valued map Q:*P x R — O(R) is called Carathéodory whenever
the map t — Q(t, v) is measurable for any v € R, and the map v — Q(t, v) is u.s.c. for (a.e.)
all t e B.

Moreover, a set-valued map Q is called Ll-Carathéodory if V w > 0, there exists ¢ €
L'(B,R*) such that

|Qv)| = sup{I7]: 7 € QW v)} < (),

for all ||v|| < w and for a.e. t € L.
We will use the following lemmas that will play an important role in the achievement of

the desired results in this research.

Lemma 5 ([26, Proposition 1.2]) Let Gr(M) = {(v, p) € v X Z, p € M(v)} be the graph of
M I N:v— Oq(v) is us.c., then Gr(N) is a closed subset of v x Z. If M is completely

continuous and has a closed graph, then it is u.s.c.
Lemma 6 ([40]) Let v be a separable Banach space, Q : B x v — Ocp(v) be an L'-

Carathéodory set-valued map, and Z : L'(3,v) — C(B,v) be a linear continuous map-

ping. Then the operator
Zo RQ : C(m’ U) - Ocp,c(c(m) U)): v — (Z o RQ)(U) = Z(RQ,U)’
has a closed graph in C(B,v) x C(B, v).

3 Existence results for (1.2)
Definition 6 A function v € C is considered a solution of (1.2), if there is an integrable
function ¥ € L' (%, R) with ¥(t) € Q(t, v) for all t € 3 satisfying the nonlocal fractional IBC

v(0)=0,  u(T)=) 6L vu(s)

i=1
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and

U—

v(t) =I"9( t)+

(Z LIS (S,) — I v(’T))

_ _ \n-1g
- /0 (t= )" Y7(c) de

-1 [ iafyi(§i+ni) Yitni+vi—
T Zeiyl g)/z /(g oy He)do Jds
A\ TEN() Jo (6 —¢7)

ri—1
s [T v(g)dg)

3.1 The U.S.C. case

The first result deals with a convex-valued Q relying on Leray—Schauder principle for set-
valued maps [29].

Theorem 1 Let

1 . Jo+r-1 TUl 8,'T(mi+ L +1)
Q:r(nu)(T1+ Al A (Z'm)) (3.1)

and assume that:
(Asl) Q:PB x R— Ocp(R) is an L'-Carathéodory set-valued map,
(As2) There is a nondecreasing function ¥ € C(R*,R*) and a continuous function
P53 — R* such that

lQ, V)|, =sup{lol: p € Qt,v)} < POV (IIV]]), V(tv)eP xR

(As3) There is a constant L > 0 such that

L

—_— 3.
. (3.2)

Then problem (1.2) has at least one solution on *P.

Proof Initially, to write problem (1.2) as an FP problem, we consider the operator S:C—

O(C) defined by
s fy =gy (g) ds
3 e yis 160
S)=1¢eC:p(t) = A \i=1 VT ()T (ry) 33)

Xfoai gVH"IL‘H/l fo c- 0)71 1~ ( )dU)d

6] -¢vi)

s (T = 9 19(s) ds),

for v € Rq,,. Obviously, the solution of (1.2) is an FP of the operator S. The proof steps
will be presented as follows:

Step 1. The set-valued map S(v) is convex for any v € C.

Page 6 of 17
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Let ¢1, ¢ € S(U). Then, there exist vy, ¥, € R, such that

1 ¢ ri—-1x
B0 =0 fo (t= )" #(c) ds

tb 1 m )/(S vi(€i+ni) ] g)/i‘r"li*yi_l S =1~
Z : f Za— (/ (c-o)" lVi(U)dU) a
r) Jo (6" =¢")\Jo

-
/ (T - )" '9(s) dg), j=1,2,VteR.

T Jo

Let A € [0,1]. Then for any t € 3,

[Ap1 + (1= N)ea]()

ri-1
-5 / (t= o) [A7a(s) + (1 - A)al)] ds

tb—l ( m Vz5 vi(€i+n;)

*a \ 2 ey

Ly critnityi-l S ro1[ ~ -
x /0 m </0 (¢ —0) 1[Av1(0) +(1- A)VZ(G)] do) d

- / (T = ey [in(s) + (1 - )\)Vz(g)]dg)

Since Q has convex values, R, is convex and [AV;(t) + (1 — A)¥2(Y)] € Ro.. Thus, Agy +
(1-2)ps € S).

Step 2. S is bounded on bounded sets of C.

For a constant r > 0, let B, = {v € C : ||v]|| < r} be a bounded set in C. Then for each

¢ € S(v) and v € B,, there exists 7 € R, such that

P(t) =

/ (t 5' r1 lV(g)dg
8, Em) - eoi cyitmivyiml /s e
<Z %—l)r‘ Vl) (83/1' _ g)’i) (/0 (§ - U) V(O‘)do‘) dg
1 T
I(r1) /0 7~ §>’”9(g)dg>.

Under the hypothesis (As2) and for any t € I3, we obtain

[(ry)

t
lp(8)] < / (t- oy [7(e)|ds

b
C(ry)

Vi, viGiemi) S-Vt“h'ﬂ/rl S Ll
|A| <Z| “Ir@re b @ -on (/0 (s-0) 1|V<<f)!d6> d
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1 T ri-1|s
rm ) -9 |v(g>|dg)

Plls o+r1-1 o1 [ 7 ST+ 2 +1)
< 1P| (r) 7.,1+7' +7' 3o Ly ‘
F(ry+1) [A] AL\ T+ +&+1)

Thus

¢l < ellP[9(r).

Step 3. S sends bounded sets of C into equicontinuous sets.
Letv e B and ¢ € S(v). Then there is a function ¥ € R, such that

t
— r-1z
- o | - oo ds

R Vi‘S;yi(EiW) S vyl c .
" A (;Gir(gi)r(h)/o ((Sz/i—g)’i)(/o (¢-0) V(U)da>dg
ri—-1
F(rl)/ (T -¢) V@)ds)

Lett), t, € ‘B, t <ty Then

[p(t) — p(t1)]

t
r-1_ _ \1-173
< oo /O (b= o' — (1 — )" ][7()| ds

) Hio)| ds

(-1 — 1) 5,""‘(5””1') b cvivmityi-l </
2 17 ;| = (¢ — o) (o) do)
Al (D IR by a—en U, e

)”117(§)d§>

M r1 r1 (tUI tl’l m M r
SF(r1+1)((f2 )+ Al Z|L|F(l+;1,~+$t+1)+T1 )

As t; — ty, we obtain

p(t2) — p(t1)| — O.

Hence S(B,) is equicontinuous. From the above-mentioned steps 23, along with Arzela—
Ascoli theorem, we infer that S is completely continuous.
Step 4. We prove that the graph of S is closed.
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Let v, — vy, ¢, € S(v,) and ¢, tends to ¢,. We show that ¢, € S(v,). Since ¢, € S(v,),
there exists v, € R,,, such that

1
I'(ry)

o1 [ STV p8i _yieniyi-1 <
N —(29 Vid; S </ (g_o,)rl—lljn(o-)do‘) dc
0

t
Bu(t) = /0 (t= &)1 7u(c) ds

AN\ETTET) Jo 67 —om)

1 T L
— o) Y(¢)dce |, )
F(rl)/o (T =) () g) teP

Therefore, we have to prove that there exists v, € R,,, such that, for each t €,

1
I'(ry)

o1 [ STV e8 _yieniyi-1 ¢
N _( 9')/1 ; S (/ (c - 0)r1—11~,*(g) da) dc¢
0

t
6.(0) = fo (t= )" 17u(c) de

A Z "TENT () Jo (87 —¢n)

i=1

1 T )
— o). () dc ).
F(rl)/() (T -9 () g)

Define the continuous linear operator Z : L' (%3, v) — C(PB, v) as follows:

t
~ ~ _ _ -1y
v—>Z(v)(t)—F(rl)/0 (t—=¢)"W(s)ds
fn_l m yiS;Vi(Eﬁ’li) 8i gyﬁmﬂ/,'—l < rls
+T<§9ir(&)r(ﬁ)/o (8}”'—;1’1‘)(,/0 (¢ —0o) v(o)do)ds‘
L (M- opuerds), o
_F(rl)/o -¢)"ug)ds ), teB.
Notice that
lpn — Pl
1

t
/0 (t= )1 (7al(e) = uls)) ds

I'(r1)

fu_l m yiafl/i(‘fi*'ni) 8; g}’i“h‘ﬂ’i—l </g

(e | (6~ o)1 (7ulo) (o) da) de
(; LENT(r) Joo 87 -sr)\Jo ( )
1

A
T e _
s /0 (T-¢) (vn<g>—v*<g))dgdg>

‘—>0,

when # — oc. So in view of Lemma 6, the operator Z o R, has a closed graph. Moreover,
we have

bn € Z(RQun)-

Page9of 17
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Since v, — v,, Lemma 6 gives

1
I(ry)

t
6.(0) = /0 (t= o) 9. () de

tu—l yiafl/i(fﬁni) 8; g}’i“h‘ﬂ/i—l
i

- - . ° _ Y115
+ X <;9lr(§i)r(71) | (53/,._5_%,)</0 (¢-0) V*(o)do)ds‘

1 T ri—-1x
e /0 (T-0¢) v*<g>dg>,

for some 7, € Rq,y,.

Step 5. We show there exists an open set D C C with v ¢ uS(v) for each 0 < i < 1 and
YuveadD.
Let ue(0,1)and v € ,ug(u). Then there exists ¥ € R, such that

t
o0 = | 5 /0 (t= o) '7(c) de

_ m =VilGitni) 8 _yini+yi-1
Mtb 1 7/15 Y / i S—V: nitvi (/§ 1~
+ 9, — . (¢ —0)"" Vo)do |dc
A <l2: "TE)T () Jo ) =¢r)\Jo

1

1 1
- T — o)1 %) d
1"(}"1)‘/(; ( §)" 7 v(s) S')

<ollPI#(llvll).

Thus, we have

lv®)] <ellPIo(llvl), VteP.
Consequently, we obtain

vl
elPlw (vl =

Under the hypothesis (As3), there is an £ > 0 such that ||v| # £. We build the set D as
follows:

D={veC:|vl <L}

From steps 1—4, the operator S : D — O(C) is u.s.c. and completely continuous. From
the choice of D, there isno v € 3D such that v € uS(v) for some p € (0,1). So, by Leray—
Schauder theorem for set-valued maps, we infer that problem (1.2) has at least one solution
veD. |

3.2 The Lipschitz case
For further existence investigation of problem (1.2) in this subsection, we deal with an-
other existence criterion under new hypotheses. In what follows, we will demonstrate that

Page 10 of 17
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our desired existence of solutions in the case of nonconvex-valued right-hand side follows
by Covitz and Nadler theorem [24].

Let (v,d) be a metric space induced from the normed space (v, || - ||). Consider H, :
O(v) x O(v) = R* U {oco} defined by

Hy(A, B) = max{ supd(@, B), sup d(A,ia)},
acA beB

where d(A,b) = inf._; d(@,b) and d(a,B) = inf;_z d(a, b). Then (Op,a(v), Hya) is a metric

acA

space (see [36]).

Definition 7 A set-valued operator S:v — Oy(v) is said to be k -Lipschitz if and only if

there exists ¥ > 0 such that
'Hd(g(v),g(p)) <«kd(v,p) foranywv,pev.
In particular, if k¥ < 1, the set valued operator S is a contraction.

Theorem 2 Suppose the following hypotheses are valid:
(As4) Q:P x R— Ogp(R) is such that Q(-,v) P — Ocp(R) is measurable for any
veR,
(As5) Ha(Q(t,v), Q4 V) < w(t)|v — V| for (a.e.) all t € P and v,v € R with
w € C(B,R*) and d(0,Q(t,0)) < w (t) for (a.e.) all t € L.
Then, (1.2) has at least one solution on P if

ellwl <1,
where © is defined in (3.1).

Proof By using the hypothesis (As4) and Theorem IIL6 in [23], Q has a measurable se-
lection v : P— R, ¥ € L' (P, R), and so Q is integrably bounded. Thus, Rq,, # @. Now,
we show that S : C — O(C) defined in (3.3) satisfies the hypotheses of FPT of Nadler and
Covitz. To prove that S~(U) is closed for any v € C, let {u,,}32 € S(v) be such that u,, — u
(n — 00) in C. Then u € C and there is ¥, € R, such that

b
C(ry)

o1 [ y‘ar—}’i(fz‘“ﬁ) b cvitni+yi=1 s
L R . —0)" (o) do | d
" A (Z e (sr—gyf)(/o e G> :

1

t
() = /0 (t= )" Fu(c) do

I L.
-5)" (g)ds |, .
el USD R g) viep
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As Q has compact values, so there exists a subsequence ¥, converging to v in L' (B, R).

Thus v € R,,, and we get

t
() = u(t) = ﬁ fo (t- ) Ni(c)ds

-1/ iajy;(ét+ni) 8 _ymi+yi-1 c
+ Z@ly i gyi ' (/ (g—U)rlli}(O’)dO‘) dg
A i=1 F(sl)r(rl) 0 (8L — S‘Vt) 0

1 T ri—1s
| 79 v(g)dg>, Ve,

Hence u € S(v).
Next, we prove that there isa ¢ € (0,1) (¢ = g||o ||) such that

Hy(S(),8@)) <?|lv-T| foreach v,T e C(P,R).

Let v, v € C(B,R) and ¢ € S(v). Then there exists ¥, (t) € Q(t, u(t)) such that

1 ¢ ri-1x
510 = o= [ (- o ds
tn—l m yis;yi(§i+’li) 8; 5.7/,'+m+y,v—l < -1z
*— (;@F(&)F(h) A (8}“—;”)(/0 (¢—0) w(o)do)ds‘
L o)
_1—'(}”1)/(; -G vilglag |.
By (As5), we have

Ha(Qt,v), Q(t, D)) < (B)|u(t) - T(Y)].
So, there exists w(t) € Q(t, v) such that

1) - | < @®)|ut) V)|, teP

We construct a set-valued map £ : 8 — O(R) as follows:
EW)={weR: i) -w| <z @®)|vt) -vH)|}.

We see that ¥; and o = @ |v — U| are measurable, therefore we can conclude that the set-
valued map £(t) N Q(t, D) is measurable. Now, we choose the function 7;(t) € Q(t,U) such
that

71(t) = 12 (8)| < (D] u(t) - D(H)

, Vte’B.
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We define
t
_ _ -1z
50 = fo (t= )" Y5y(c) ds
tn_l m yi(si—l’i(fi*m) 8; S_y,'+ni+y, o1
A (;@F(Ei)l”(n) o= i ([1s-ormioras ) as
LT - opinerde ), w
_F(Vl)./o -¢)(g)ds |, P

As a result, we obtain

|6(6) - $2(8)]

ri—1 _
<m0 1)/& o in(s) - 1als)| ds

S; g)’i‘*"liﬂ’i*l

Jo-1 yi(sjyi (&i+mi)
- 0] ,
Al (le TE@rem b 67-om
S
x ( / <g—a)’1-1|v1<o)—vz(a>\da) de
0
LT - o o) - i) d
+F(r1)/o - )" () - als)| ds
o v -5l (, Tont 7ot (& 8 T+ 5+ 1)
CED (T " Tar (Z'lm

Therefore

[f1 — 2l = el |llv -]
Similarly, interchanging the roles of v and U, we get
Ha(Sw),S@) <ell@ v -ol.

Since § is a contraction, in the light of Covitz and Nadler theorem, we infer that S has an
FP v which is a solution of (1.2). O

4 Examples
Let us first consider the following FDI:

Hpyimy(t) € Qt v), t e (0,7), T>0,

. (4.1)
v(0)=0,  u(T) =", 6005 u(s)).

The next examples are special cases of the FDI given by (4.1).
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Example 1 Consider the FDI given by (4.1) with ry = Z, 1n=0,T=10= i, 6, = %, nm = %,
m=36=36&=3,y1=1,1 =5 01=13 and 8 = 5 Then, problem (4.1) reduces to

HpEou () e Q(tv), te(0,1),

.1 (4.2)
v(0) =0, v(1) =177 u(3) + ¢

1 31
1 U(E):

AN Rl
0l ol

which is an FDI involving Riemann-Liouville FD. In this case b = %. Let Q:[0,1] x R —

O(R) be a mapping such that

(4.3)

1 v? 1 lu| ]

v QY= [6(t2 +4exp(t) (V2 +1) 24149 vl +1

With reference to the above, we find A >~ 0.88343 # 0. Obviously, Q satisfies hypothesis
(Asl) and

|Q(t V)|, =sup{lel: p € QL V)| < =Pt (|lvll),

1
2/t+9
where ||P|| = é and ¥ (||v]]) = 1. Thus, assumption (As2) is fulfilled, and by (As3), we get
L >0.31633.

Therefore, all the hypotheses of Theorem 1 are valid. Hence problem (4.2) with § given
by (4.3) has at least one solution on [0, 1].

Example 2 Consider the FDI given by (4.1) with r; = %, r=1,7=1,6;= %, 6, = i, N = %,
Ny = %, & = é, & = %, Y = %, Yy = %, 81 = é, and §, = i. Then, problem (4.1) reduces to

Hp3ly(t) e Q,v), te(0,1),

B (4.4)
v(0) =0, v(1) =317 u(g) + 11

.3
2

~
[T,
TN

1 1
2 U(;),

which is an FDI involving Caputo FD. In this case, v =2. Let Q: [0,1] x R - O(R) be a

mapping with
Jt+1
v— Q(t,v) = | exp(-v?) + t+5, vl ML | (4.5)
lul+1 2

From the above data, we find that A >~ 0.92823 +# 0. Obviously Q satisfies hypothesis (As1)
and

|Q(t V)|, =sup{lel: p € QL V)| <7 = PP (IIv]),

where ||P|| = 1 and & (||v||) = 7. Thus, assumption (As2) is fulfilled, and by (As3), we get
L > 6.4976.

Therefore, all the hypotheses of Theorem 1 are valid, and consequently there exists at
least one solution of (4.4) on [0, 1] with § given by (4.5).

Example 3 Consider the FDI given by (4.1). Take r; = 2, ry = %, T=1,0 = i, 0y = é,
N = %, Ny = %, & = %,Ez = %, Y1 = é, Yy = %, 81 = i, and 8, = % Then, problem (4.1) reduces
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to

Hpisu(t) € Qb v), te(0,1),

v(0)=0, v(1)=1s ;%v@ sl

(4.6)

.3
2

v(3)

cN»—- -
oo\_-.\;w,

which is an FDI involving Hilfer FD. In this case, we have v = % LetQ:[0,1] x R — O(R)
be given by

v— Q(tv) = [O, ( sin(v) 1 ] (4.7)

exp(t2) +9) " 15

From the above data, we find that A ~ 0. 88343 #0. Clearly, H;(Q(t, v), Q(t, V) < w (t)|v -
exp(t2 = and d(0,Q(t,0)) = -+ < w(t) for (a.e.) all t € [0, 1]. Besides, we

obtain ||| = 1—10, which implies ¢o|| @ || & 0.19 < 1. Therefore all the assumptions of Theo-

vU|, where @ (t) =

rem 2 are valid, and hence there exists at least one solution of (4.6) on [0, 1] with Q given
by (4.7).

5 Conclusions

We have studied a class of BVPs for Hilfer FDIs with nonlocal fractional IBC. Indeed, we
acquired the existence of solutions by taking into account the cases when the set-valued
map has convex or nonconvex values. The Leray—Schauder FPT was applied in the case
of a convex set-valued map, whereas the FPT due to Nadler and Covitz concerning set-
valued contractions was used in the case of a nonconvex set-valued map. The acquired
results have been well demonstrated by numerous pertinent examples. We assert that our
obtained findings are novel in the framework of Hilfer FDIs with Erdélyi—-Kober fractional
nonlocal IBC and they greatly contribute to the existing literature on this topic.
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