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1 Introduction
Hilger [1] presented a new calculus, named time scales, to get a unification of discrete
and continuous calculus. The monographs by Bohner and Peterson [2, 3] summarize and
organize much of time scales calculus.

A time scale T is an arbitrary nonempty closed subset of the real numbers. We assume
that T has the topology inherited from the standard topology on the real numbers R. We
define the forward jump operator o : T — T for any ¢ € T by

o(t):=inf{seT:s>t}
and the backward jump operator p : T — T by
p(t):=sup{seT:s<t}.

In the previous two definitions, we set inf@ = sup T (i.e., if ¢ is the maximum of T, then
o(t) = t) and sup@ = infT (i.e., if ¢ is the minimum of T, then p(¢) = t), where @ is the
empty set.

A point ¢ € T is said to be right-scattered if o (¢) > ¢, right-dense if o (£) =t and t < sup T,
left-scattered if p(¢) < t, and left-dense if p(¢t) = ¢ and ¢ > infT. The points that are right-
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and left-scattered are called isolated. The points that are right- and left-dense are called
dense.

We define the forward graininess function p : T — [0, 00) by u(¢) ;=0 (t) — ¢ for £t € T.

Let f: T — R. Then the function f° : T — R is defined by f?(¢) = f(o (¢)) for t € T, that
is, f° =f o 0. Similarly, the function /* : T — R is defined by f*(¢) = f(p(¢)) for t € T, that
is, fP =fop.

We introduce the set T as follows: If T has a left-scattered maximum m, then T* =
T — {m}, otherwise, T* = T.

The interval [, b] in T is defined by

la,blr={teT:a<t<b}.

Open intervals and half-closed intervals are defined similarly.

Let f : T — R be a real-valued function on a time scale T. Then, for ¢ € T*, we define
f2(t) to be the number (if it exists) such that for any & > 0, there is a neighborhood U of ¢
such that, for all s € U, we have

[f(c®) @] -f2O)o ) - 5] < e|ot) -5

In this case, we say that f is delta-differentiable on T*, provided that f*(¢) exists for all
teT~.

Now we recall some basic concepts related to partial derivatives on time scales. Let Ty
and T, be any time scales. Let 07 and A; (02 and A;) denote the forward jump operator and
delta differentiation operator on T; (resp., T;). Assume that u < v are points in Ty, e < f
are points in Ty, [, V) is a semiclosed bounded interval in Ty, and [e,f) is a semiclosed
bounded interval in T,. Let us consider a rectangle in T; x Ty,

R=[u,v)1, x [e,f)r, = {(t1,12) : 61 € [, V)1, 82 € [e, /)1, }-

Let f: T; x Ty — R. We say that f has a A; partial derivative at (¢1,%) € T; x Ty with
respect to t; if for each € > 0, there exists a neighborhood U}, of t; such that

H:f(ol(tl):tZ) -f(s tz)] —fAl(tl;tz)[Ul(tl) —S]’ < 6’01(1&) —S‘

for all s € U;,. We say that f has a A, partial derivative at (¢, %) € T; x T, with respect to
t, if for each € > 0, there exists a neighborhood U;, of £, such that

|[f(t1, (02(t2)) _f(tl’l)] —fAz(tbtz)[Uz(tz) - l]\ = €|02(t2) - l|

forall/ e U,.

A function f : Ty x T, — R is said to be rd-continuous in ¢, if for every B; € Ty, the
function (1, t2) is rd-continuous on T, and it is rd-continuous in ¢#; if for every B, € Ty,
the function f(#1, B2) is rd-continuous on T}.

Let CC,q denote the set of functions f(¢1, ;) on T; x T, with the following properties:

1. f is rd-continuous in .

2. f is rd-continuous in £;.
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3. If (x1,x) € T1 x Ty with x; right-dense or maximal and x; right-dense or maximal,
then f is continuous at (x1,%3).

4. If x; and x; are both left-dense, then the limit of f(¢;, £,) exists as (¢1, t2) approaches
(#1,%7) along any path in the region

Rpp(x1,%) = {(t1,2) : 11 € [u,1) N'T1, 1 € [e,22) N T}

Next, we write Holder’s inequality and Jensen’s inequality in two independent variables

on time scales.

Lemma 1.1 (Dynamic Holder’s inequality [4]) Let u, v € T with u <v. If f, g €
CC([u, vlT X [16, VT, R) are integrable functions and% + %1 =1 with p > 1, then

/MV/MVV(V, ularar = MV/MVVU, t)!pArAtF
) M/;!g(r,t)lqmm};. (L.1)

Lemma 1.2 (Dynamic Jensen’s inequality [5]) Letr, t in the rectangle R, and let —oco < m,
n<oo.Iff € CCy(R, (m,n)) and ® : (m,n) — R is convex, then

CD(f;faff(r,t)Aerzt) - e <I>(f(r,t))A1rAzt. (1.2)

[T Aot [T ot

Lemma 1.3 (Fubini’s thoerem [6]) Let (21, X1, ta) and (S22, Xz, va) be two finite-dimen-
sional time scales measure spaces. Further, let f : Q1 x Q3 — R be a delta-integrable func-
tion. Define the functions

) = /Q Feey) dust), ye
and
() = fg Fry)dva(), xe .

Then ¢ is delta-integrable on Q,  is delta-integrable on Q., and

[ aus) [ fonavst= [ dvat) [ £,
X Y Y X
Lemma 1.4 ([7]) Lety+x>1, whereyand x e R. Fora > 8 > % and y >0, we have
1 Bl 1.2
(x+y)7 < (Ix|2 +[y|2) 7. (1.3)
Definition 1.5 A function @ : [0,00) —> R is called a submultiplicative function if

P(xy) < P(x)P(y) forallx,y>0. (1.4)
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Now we present the Fenchel-Legendre transform, which will need in the proof of our

results. We refer to example to [8—10] for more detail.

Definition 1.6 A function f: R” — R U {—00, 00} is called coercive if
flx) — o0 as |lx|| — oo.

Definition 1.7 Let % :R” — R U {+00} be a function such that / # +00, that is, Dom(k) =
{x € R"|h(x) < oo} # . Then the Fenchel-Legendre transform is defined as

n:R" — R U {+00}, y— h*(y) = sup{(y,x) —h(x),x € Dom(h)}, (1.5)

where (-, -) denotes the inner product in R”. The mapping # — h* is called the conjugate

operation.

The domain of /* is the set of slopes of all affine functions minorizing the function 4

over R”. An equivalent formula for (1.5) is obtained in the next corollary:

Corollary 1.8 Let ii: R" — R be strictly convex differentiable 1-coercive function. Then

B ) =y, (VB ) = (VA () (1.6)
for all y € Dom(h*), where (-, -) denotes the inner product in R".

Lemma 1.9 (Fenchel-Young inequality [10]) Let h and h* be a function and its Fenchel—

Legendre transform, respectively. Then
(%,9) < h(x) + H*(y) (1.7)
for all y € Dom(h*) and x € Dom(h).

It is well known that Hilbert’s inequalities play a very important role in the mathemat-
ical analysis. Several dynamic inequalities of Hilbert type and others are established by
different mathematicians; see [4, 9-48].

Hamiaz et al. [20] studied the following discrete inequalities: Suppose ¢,p > 1, > 8 >
%, and (b,,),, > 0 and (a,), > 0 are sequences of real numbers. Denote A, = Z:’Zl as and
B, =Y, b;. Then

2

K g
X;Zh(n)Jrh*( = < Ci(p, q)(Z(k n+1)(a, AL )
X (Z(V— m+ 1)(meZn—1)2)
m=1
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and
Xk: . APBI kor AT
=< f e —
n=1 m=1 (|h(71)|2/3 + |h*(m)|2ﬁ ) s h(n) + h*(m)
; %
< G q.kr) (Z(k —n+ 1)(61”1%_1)2)
n=1

X (Z(r -m+ 1)(me?n1)2>

m=1

unless (a,,) or (b,,) is null, where

Ci(p.q) = (pg)® and  Cy(p,q,1,k) = pgv/kr.

Very recently, El-Deeb et al. [7] studied the time scales version of the above inequalities.
They proved that if A(s ft 7)At and B(¢) : ft 7)At1, where a(t) > 0 and b(z) > 0

are right-dense contmuous, then

/ / AqK(G(S))BqL(G(t)) AsAf
o (lh(o

1 Zqot

— )| + (o (6) - 10) ) F

< CY*(L,K, q)(/ ( (%) —cr(s)) (a(s)AK_l(cr(s)))qu>

to

« ( / (o) - cr(t))(b(t)BL‘l(a(t)))th)

to

and

K
/ f Al (G(S))BL(G(L‘)) AsAt
to (Jh(o(s) — o)l 2“ + |l (o (t) — k)2 ) P

<C*(L,K,p) (/ ( (x) — U(S)) (AK_I(U(S))ﬂ(S))qAS)

q

(/to( o(y) = (1) (B (o ())b(t))th)q

forp,q>1,K,L>1,ands,t,ty,x,y € T, and
1
Ci*(L,K,q) =(KL)? and C3*(L,K,p) = KL(x —to)? (y t)?.

In this paper, motivated by the inequalities mentioned, using the Fenchel-Legendre trans-
form and other vital tools, we prove some new Hilbert-type inequalities in two indepen-
dent variables on time scales. These inequalities extend and give more general new forms
of several previously established inequalities. For example, we generalize the results given
in [7, 20] and others.



El-Deeb et al. Advances in Difference Equations (2021) 2021:239 Page 6 of 24

2 Main results

In the next theorems, we assume thata > 8 > % and p1,q1 > 1, pil + qil =1.Forty e Ty, Ty,
we denote the subintervals of Ty, T, by I = [to,%)1,, I; = [t0,2)1,, Iy = [to,y)1,, and I, =
[to, w)T,, where x, z € Q1 = [£y,00) N Ty, y, @ € Qg = [tr,00) N Ty, and 0 <ty <11 < ky <

t1 < S1.

Theorem 2.1 Let Ty and Ty be any time scales with ty, s1, k1, x, z € T1 and ty, t1, 11, y, ©
€ Ty. Let f(s1,t1) € CCra(Ly x L, R*) and g(ky,r1) € CCyy(I, x I,,R*), and define

s1 t1 IS n
Flsut) = / / FEAEAY and Glkir) = / / (&M AEAD,
to to to to

Then, for (s1,t)) € I, x I, and (ki,r1) € I, x 1,,, we have

(e S
to Jto \Jtg Jto |h[ S — to tl — to)]| 2,3 + |h*[(k1 _ to)(rl _ to)]|w)

1

<C1(p1)<// (o(x) —s1) (a(y)—tl)[f(sl,tl)] AslAtl)p

,_.

1

X (/Z /w(a(z) —kl)(a(w)—rl)[g(kl,rl)]plAklArl)m, (2.1)

where

pr1-1

Ci(p1) = [(x — t0)(y — t0)(z — to) (@ — t0)] #T .

Proof By the assumptions, applying Holder’s inequality with indices 1% and p;, we have

Flsu, ) < [(51 — 0)(61 — )] (/ f € ‘”Asmz) (22)
and

Glki, ) < [k — to)r — t0)] 1 ( / ’ f 2] AsAn) . 23)
By multiplying (2.2) and (2.3) we get

-1

F(s1,t1)G(k1,m1) < ([(s1 = to)(t1 — t0) ][ (k1 — £0)(r1 = to)])p“lT1

" (/to /: [F& ] ag A,,)”ll
) <ft°k1 /: [ m]" Ag An>pll- (2.4)
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Using Lemma 1.9 (for x,y > 0) in (2.4), we get

r1-1

F(s1,t1)G(ki,r1) < (B[ (s1 — to)(t1 — to) ] + H*[(ky — to)(r1 — £0)]) 1

" (ft /: [F& ] as An) "

ki pr pll
x( / / [g@,n)]’”ASAn) . 2.5)

Using Lemma 1.4 in (2.5) gives

20(p1-1)

F(s1,t1)G(k1, 1) < (|h[(81 —to)(t1 - to)]|ﬁ + |h*[(k1 —to)(r1 - to)]|ﬁ) 7

" (/to /: HEDIEN; An)pﬁ
' </k / [et€ " ASM)pll- (26)

1 20(p-1)

Dividing both sides of (2.6) by (|/2[(s1 — to)(t1 — to)]| % + | [(ky — ko) (1 — £)]| %) 71, we
get

F(s1,t1)G(ky,71)

(hl(s1 — t0)(t1 = £0)]17F + | [(ky — to)(r — 0)]| ) P

< ( / / [ m] AéAn>p_1] ( / ! f [g@,n)]’“ASAn)’%. (27)

Integrating both sides of (2.7) firstly with respect to r; and k; and then with respect to s;

and ¢1, and applying Holder’s inequality with indices 1% and p;, we obtain

IS TR T
fo o Nto Tt (|l[(s1 — to)(t1 — t0)]1 % + |l [(ky — £0) (1 — £0)]] %) 1

pr1-1

< [ - 20)(y - t0)(z — to) (@ — t0) ] 71

([ ([ [renracan) Aml)pa
g (f / ( fk [ el aan)a kmn)”ﬁ
o[ ['([[ [ et scan)ssa)”
([ (L[ ey acan) o). N
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Applying Fubini’s theorem to the right-hand side of (2.8), we have

//(// Tl )G, n) 2(p1 A/<1AV1)AS1At1
to Jto \to Jio (|[(s; )]|2f3+|h*[(k1 to)(Vl—to)]Pﬁ)

x py pll
SC1(101)</ / (x_sl)(y_tl)[f(slrtl)]pAslAtl>

X (~/t0 /;0 (Z—kl)(a)—V])[g(kl,rl)]plAklAﬁ)p_l.

Using the relations o (x) > x, o (y) > y, 0 () > w, and o (z) = z, we obtain

/ / (/ / F(s1,t1)G(k1,m1) e AklArl)AslAtl
to Jto \Jto Jio |h[ s1 —to)(t — to)” 2,3 + |h*[(k1 —t)(ry — to)]|25)

1
»

,_.

<C1(p1)<// G(x)—sl (a(y)—tl)[f(sl,rl)] AslALj)

X (/t: /:(a(z)—kl)(a(a))—rl)[g(kl,tl)]pl A/ﬁArl)m

This completes the proof. O

In the particular case of Theorem 2.1 where Ty = T; = R, we have o(y) =y, 0(x) = «,

o(w) = w, and o (z) = z, and we get the following result.

Corollary 2.2 Let f(s1,t1) and g(ky,r1) be real-valued continuous functions, and define

s1 t1 k1 n
Flsu 1) = /0 /0 FEmdedy and Gk )= /o /0 g€, de dn.

Then for (s1,t1) € I, x I, and (ky,r1) € I, x 1, we have that

./ / (./ f Sl’tl) (kl,rl) 20,(101 dkl drl) d51 dtl
(L) (DN + 1 [(Ky) ()] )

§Cf(p1)</0 /O(x—sl)(y—tl)[f(sl,tl)]pl dsldt1>

x( /0 fo (z—/q)(w—n)[g(kl,rl)]’”dkldrl)’”,

where

Ci(p1) = [(x)(y)(Z)(w)]

In the particular case of Theorem 2.1 where Ty =T, =7Z, we have o (x) =x + 1, 0 (y) =

y+1,0w)=w+1,and o(z) =z + 1, and we get the following result.

Page 8 of 24
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Corollary 2.3 Let {ay; n; Yo<mym<n and {bk, r, Yo<k, n <N be nonnegative sequences of real
numbers, and define

my m ki n
Aml:*’ll = ZZ(J&,}, and Bkl:’l = Z Zb;’:‘n.

£=1 n=1 £=1 n=1

Then

my  ny 1 AS B .
Pyt )

s1=1#1=1 \k=1r1=1 (|]’l(«‘»‘1lf1)|2'9 +|h*(k17’1)|2ﬂ)
< Cz(pl)(z Z((Wll +1)—s1)((m + 1) - L‘1)(ﬂsl,¢1)p1)
s1=1¢£=1

X (Z Z((Zl +1) = k) ((w + 1) - rl)(bkl,rl)pl) )

k1=1r1=1

where

r1-1
Co(p1) = (mmiziowy) 71 .

Corollary 2.4 Under the assumptions of Theorem 2.1, we have

x ry z pro
/ / (/ / Fl(Shtl)G(kl,Vl) a(pl AklAn)ASlAtl
o o Nt o (1if(s — to) (81 — t)IIZF + |7 [l — o) (ry — £)]|2F) " 71

< Ci(p1) { (/ f —sl U(y —tl)[f(sl,tl)]plAslAﬁ)

+ I ( / ’ / w(a(z) ~ki) (o (@) - r1)[glkr, )] A/qAn) }“

Proof Using (1.7) in (2.1), we get the desired result. O

Theorem 2.5 Under the assumptions of Theorem 2.1, let p(&,n) and q(&,n) be two positive
functions. Let ¥ > 0 and ® > 0 be submultiplicative convex functions on [0, 00). Define

51 pt ki pn
Plsuty) = / / pEMAEAY and  Qlkim) = f / 4E ) AE A,
to Jito o Jito

Then, for (si,t1) € I, x I, and (ky, ) € I, x I, we have

/ / ( / / D(F(s1, 1)) ¥ (Glky, 1)) s ok Arl) As Al
o Jto Mo T (s, |7 + [k — o)y — ]| %) 71

<DM(// ot =s) e 19 L] o)

z w pr 1%1
x</ f (o(z)—kl)(o(a))—rl)(q(kl,rl)llf[igz’:ﬁ]> AklArl) , (29

Page 9 of 24
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where

pr1-1

D (P(s1,11)) Pt 2y
Di(p1) = (/to /to ( PGut) ) As 1At1)

r1-1t

() )
ty Jto klvrl

Proof Since ® is a convex submultiplicative function, by applying Jensen’s inequality we

get that

P(Slxtl),[81 tlp(s Tl)fs,,)AgAﬂ>

CD(F(Sl,tl)) = (

o oo PEMAE A
o p(s n)EEDAE Ay
< ®(P(s1,t1) d>< 0 )
(P, 1) e, DAEAT

P(P(s1,t1))
S / / ve “’( € )Af (210)

From Holder’s inequality with indices p" L and p; we have

q)(P(Slr tl)) pll
W[( —to)(t1 - to)]

([ [ (reme 2]y nean)” o1

qD(F(Slr tl)) =

Analogously,

W (Q(k1,71))
Q(ky,71)

([ [ (s3] s e

From (2.11) and (2.12) we have

W(Glk, ) < [tk - o)1 — )] 71

D (F(s1,0)) ¥ (Gls1,t1))

< ([51 - t0)(t1 — t0)][(ky — o)1 — £0)]) 7T
(Plor, 1)) 16, n)D ))
(i <//< o)) seon
W (Q(ky,71)) k ) 1%1
( Q(ky, 1) </ / (‘1(5 ’7)‘1’[ )D AEM) ) (2.13)
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-1
Applying (1.7) to the term ([(s1 — £o)(t1 — Lo)1[(k1 — to)(r1 — to)])%, we get the inequality

CD(F(Sl,tl))\I’(G(kl:rl))

<(n [(Sl —to)(t1 - fo)] + h*[(kl —10)(r1 - fo)])
P(s1,t1) n) n
(T ([ ] (oG 3]) aean)”)
Qlk,m)) [ (M n) ot
( Qlky, 1) </ f ((E’ [q(& )]) AgA") ) .

Applying Lemma 1.4, we have

CD(F(Sl,tl))\p(G(kl:rl))

1 1 2e(p-1)
= (|/’l[(51 —to)(t1 - to)“ﬁ + |h*[(k1 —to)(r1 - to)]|ﬁ) 7

(e (] (eme[g5]) acan)” )
(g ([ [ (e [575]) aean)” ) (2.15)

From (2.15) we have

D(E(s1, 1)) W (Glky, 1)
(1hl(s1 - to)(t1 — )]1 % + |*[(ky — to)(r1 — £0)]|2F) 71

D(P(s1,11)) FE DT\ ot
—< P(s1,11) (/ / ( [p(é,n)D ASA") )
W (Q(ky,r)) ([N g(&,n) p%
( Q) (/ / ( &nv [ %‘n)]) AM”) ) (2.16)

Integrating both sides of (2.16) firstly with respect to r; and k; and then with respect to s;

and {1, we get

/ / (/ / D(F(s1, 1))V (G(ky, 1)) m— AklArl)AslAtl
fo to o o (| (sy — to)(t1 — to)] 2f’+|h*[( —to)(r — to)]|2ﬁ) P

([ [ q’“l?;?”(/ [ (o[ L) se) " )
([ ([ (e[ £5) sean) st

(2.17)

Page 11 of 24
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From Holder’s inequality with indices p; and T we have
N O(F(s1, 6)) W (G(k
//(// ((151 (G, n) EROE) AklArl)AslAtl
o Jo N o (h(s; ~ )t~ )17 + (ks — o)y — )1 %) 71

r1-1

(L[ (Q’L’ZSTT;S”Y‘ anan)
([ [ ()™ o)™
(LU L o]

DN sean)asan )’
([ L[ (ems Ee2]) semanon)
o[ ([ [ (peme[Z2])" sean)ssn)”
L (] sean)anan)” s

Applying Fubini’s theorem to (2.18), we obtain

/ / (/ / qD(F(fl,tl))qJ(G(](l’rl)) — AklAﬁ)AslAtl
to Jto \to io (|l[(sy — to)(ty — 20)]1 %P + |I*[(ky — 20)(r1 — 80)]|2F) 7
X p1 Ll
SDl(P1)</ /y(x—éd)()’—tl)(P(Sl,tl)d)[f(SI’tl):D ASlAﬁ)p
o Juo psi,t)

z w /’ p1 1%1
x( / [ (z—kl)(w—n)(q(kl,mw[%,: 3]) Aklml>

From the relations o (x) > x, o (y) > y, 0 (w) > w, and o (z) = z we obtain

/ / (/ / D(F(s1, 1))V (Glky, 1)) — AklArl)AslAtl
fo to N0 Yo (| (sy — to) (81 — to)]| % + | [k — to)(r — t)][2F) 7
x py 1 il
§D1(p1)< / / (a(x)_sl)(a(y)_tl)<p<s1,tl)q,[f<sl,n)}> A&M)p
o Jio p(si,tr)

z row ” p_ll
x(/t /t (a(z)—kl)(a(w)—n)(q(kl,rl)xp[%i:m AklArl) ,

where

p1-1
P(s1,t1) P1 preT e
Di(p1) = (/ / < ) As At)
l(pl to Jio P(Sl, tl) ! !

W(QUky )\ 7 e
</t0 /to < (klirl ) AklArl) '

This completes the proof. d

Page 12 of 24
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Taking Ty = Ty = R in Theorem 2.5, we have o (x) = x, 0(y) =y, 0(w) = w, 0(2) = z, and
we get the following result.

Corollary 2.6 Let f(s1,t1) and g(ki,r1) be real-valued continuous functions, and let

p(s1,t1) and q(ky, 1) be positive functions. Define

s1 t1 k1 n

Flsu,t) = /0 /0 fEmdedy,  Gllkim) = /0 /0 g€, de dn,
s1 t1 k1 n

Plsy, ) = /0 fo pE ) dedn, and Qkr) = /0 /0 a(&,n) d d.

Then

//(//o CD(F(SI,tl))\p(G(kl’lrlzztm—n dkldr1>d51dt1

(Inls11]1%F + [I*[kyr1]127)

N 1) T\ r
5DT(Pl)</O /(;(x_sl)(y_tl)(P(sl»tl)q)[-;iltll))]) dsldt1>

z [0} p1 p—ll
x( /0 /O (z—kl)(w—rl)(q(kl,n)w[igim) dkldrl) ,

where
. O(P(s1, 1)) e
D) = (f/( . ) dldtl)
(Qku 1)) S
(/ / ( Qi) ) dkld”) ‘

In the particular case of Theorem 2.5 where T; = Ty = Z, we have o(x) =x + 1, o (y) =

y+1,0(@) =w+1,0(z) =z + 1, and we get the following result.

Corollary 2.7 Let {@y;,n, }o<m n <N a1A {Di r, }o<ky,r <N be nonnegative sequences of real

numbers, and let {p,, u; Yo<m,m <N be {qk, r, Yo<k; <N pOsitive sequences. Define

m1 n ki
Amm =)D e Ban =) ) ben
§=1 n=1 £=1 n=1
my np r1
Py oy = ZZPEW and Q= quﬁn
&=1 n=1 E=1 n=1
Then
EE - d)(Asl tl)q‘l(Bkl r1)
>y ey D
s1=101=1 \ki=171= 1(|h(81t1)|2“‘ +|h*(k1'"1)|2f‘) n

1

O pi)r
efEBoms ot o]

s1=11¢1=
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z1 w1 ) p_ll
b SRS W %) g

ki=1r1=1 k1,r1
where
D**(p)_{i”zl(qxpsln)) } {ZZ( th)) }_
. s1=14 Pov oo Qan

Corollary 2.8 Under the assumptions of Theorem 2.5, we have

/ / (/ / D(F(s1, 1))V (Glky, 1)) : (pl . AklArl)AslAtl
fo to \to o (| h[(sy — to) tl—to)]|2/’+|h*[(k1—t0)("1—to)]|?)
SDl(Pl{ (// x) =81 0()/)—151)( Slyt1)¢‘|;£§:,2;]> ASlAh)

* ’ ! g(kl»rl) pl P1
+h (/to /to (G(Z)—k1)(0(a))—r1)(Q(kl,rl)\l’[q(khrl)]> A/qu)} .

Proof Using (1.7) in (2.9), we get the desired result. |

Theorem 2.9 Under the assumptions of Theorem 2.5, define

1 s1 t1
F(s1,t) := m‘/to / fE n)AE A,

1
G(ki, ) := m A /Og(é nAEAR.

(2.19)

Then, for (s1,t1) € I, x I, and (ky, 1) € I, x 1, we have

/ / (/ / D(F( Slrtl))\p(G(kl)’j))(sl — to)(t1 — to) (k1 — £o) (1 (pfo) AklArl)AslAtl
fo o Ato o (| h[(sy —to)]1% + [h*[(ky — t0)(r1 —to)]IZ“)

1
r1

x 1y
§K1(101)</ f (0(96)—51)(0(3’)—tl)(cp(f(sbtl)))plAslAtl)

x ( / f " (00 = ki) (0 (@) - 1) (W (glhkr, ) A/qu)pl, (2.20)

where
r1-1

Ki(p1) = [(x = to)(y — to)(z — to) (e — to)]

Proof From (2.19), using Jensen’s inequality, we see that

1 s1 151
®(E(s1, 1)) = ¢<7(Sl_to)(tl_to) / / f(s,n)ASAn)

1 51l
fm/to /m O(f(§,m) A& A (2.21)
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Similarly,

1
\P(G(kbrl)) ) ((kl—to)(rl - t) Jy /0 ¢& TDAEA”)

1

= -t 1) J, / V(g€ m)asan. (2.22)

By multiplying (2.21) and (2.22) we get

CD(F(Sl,tl))\I’(G(kl:rl))

3 1
T (81— to)(t1 — to)(ky — to)(r1 — £o)
k1
/ / B(F(E,m) AL AT / / o(E,m) AE AL (2.23)

This implies that

@ (F(s1, 1)) W (Glky, 1)) (s1 — to)(t1 — to) (ky — to)(r1 — to)

/ f (f(&,m) AéAn/kI/ (g&,m)AgAn. (2.24)

Using Holder’s inequality with indices p; and , we have

D (F(s1,0)) W (Glky, 1)) (s1 = to) (81 — to) (k1 — to)(r1 — ko)

p1-1

< [(s1 = to)(t1 — to) (ky — t0)(r1 — t0)] ¥

s1 151 17_1 k1 " p_ll
b1 n
X(/to /to (®(f(&m)) AEM) (/to /to (W (g(&,))) AEM) . (2.25)

-1
Applying Lemma 1.9 to the term [(s1 — £o)(¢1 — o) (k1 — o) (r1 — to)]% , we get

D (F(s1,11)) W (Glky, 1)) (s1 — to)(tr — to) (k1 — to)(ry — to)

< [H{G = )te - )]+ [l =)0 - )]] T

Sorn PLI ki pr1 19_11
2 ”
X (/to -/to (q>(f(§,77))) AEAH> </t0 /to (\I/(g(g,n))) AgA,]> . (2.26)

Applying Lemma 1.4 to (2.26), we obtain

D (F(s1,11)) W (Glky, 1)) (s1 — bo)(tr — to) (ki — to)(r1 — to)

2a(p1-1)

< [|AGs1 - o)t - to)]|% + |1 [(Rey — to) (1 - to)]|#] pl

rh I’Ll ki pr1 pil
o1 p1
X(/m /to (@(FEm)) AEAn> (L) /to (Y (g m)) AgAn> . (2.27)
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1 2e(p-1)

Dividing both sides of (2.27) by [|A[(s1 — fo)(t1 — to)]lﬁ + | [k — to)(r — )11 2] 21,

we get

D(F(s1, 01))W(Glky, 1)) (51 — to)(t1 — to) (k1 — to)(r1 — to)
2a(p1-1)

[1A[(s1 — to)(t1 — to)]] ” 4 [ [(k1 — fo)(rl — )]l Z”] 7

<// (&) plAéA”) (/klf (g(&m)) plAéAn)l. (2.28)

Integrating both sides of (2.28) firstly with respect to r; and k; and then with respect to s;

and #; and using Holder’s inequality with indices [% and p;, we get

/ / (/Z/w F(s1,t1))W(G(k1, 1)) (s1 — to) (&1 — to) (k1 — to)l(rlza(pfo) AklArl) As Aty
fo o Nto Tt (| h[(s1 — to) (1 —l‘o)]|2” + [ [(ky = to)(r1 — £0)]|2F) 71

[x t0)(y — to)(z — fo)(w — to)] b

(L L[ @temyasa) AslAtl)é
(f / (f f ¢&.)) Amn) AklA,l)p‘l
o[ ([ [ ey acan)asan)’
(L / o(6.m) plAéAn>Ak1Arl)1_ .

Applying Fubini’s theorem to (2.29), we have

/ / (/Z/w D(F(s1, 1)) W (G(ki,71))(s1 — Lo)(t1 — to) (k1 — to)(r1 — to) AklArl)AslAtl

(Ihl(s, N + e[k = t0) (1 — t)]|) “H

x py 1%
§K1(101)(/ /(x—Sl)O’—tl)(cb(f(sl,tl)))mASlAtl)

1

x (/: '/t:(z—kl)(G)—Vl)(q/(g(klyrl)))pl AklArl)pl.

From the relations o (x) > x, 0 (w) > w, and o (z) > z we obtain

/x/y(/z/w D(F(s1,81)) W (Glky, 1)) (s1 — £o) (1 — to) (k1 — £o) (1 (pfo) AklArl)AslAtl

2a

(1hl(s1 — to)(t1 — )]lzﬁ + |h*[(k1—fo)("1—to)]|2") Pl

L

X y p1
< K1(101)</ f (0(x) = 1) (0 () = t2) (P (F(s1,11)))" AslAtl)

1

x (/ /w(o(z) — ki) (o (@) —r1) (¥ gk, 1)) AklArl)pl,
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where
Kipy) = [ 10)(y = to) e — to)(@ - 10)] 71 -

This completes the proof. d

Taking Ty =T, =R and o (x) = x, 0(y) =y, 0(w) = w, and o (z) = z, by Theorem 2.9 we
obtain the following corollaries.

Corollary 2.10 Let f(s1,t1) and g(ky,r1) be real-valued continuous functions, and define

1 S1 t1 1 k1 n
Flsit) = —— / / fE 0 dedt and Glhyr) = —— f / ¢(&,7)ds dr.
s1t1 Jo Jo kit Jo Jo

Then, for (s1,t1) € I x I, and (ki,r1) € I, X I,,, we have
/ / (/ / 51,L‘l))‘IJ(G(kbVl))(31t1)(k(1:1) dk, drl) ds, diy
O (|hl(s12)]I%P + |*[(kyr1)]|2P) P10
x py ﬁ;
szq(pl)( | (x—sl)(y—n)(d»(f(sl,tl)))“dsldtl)
o Jo

X(/o /0 (Z—k1)(w_’"l)(‘l"(g(khrl)))mdkldrl)p_l,

where

pr1-1

K (@) = [00)@)(@)] 7.

Taking T; = Ty = Z in Theorem 2.9, we have o (x) =x+ 1, 0(y) =y + 1, 0(w) = w + 1, and
0 (2) = z+ 1, and we get the following result.

Corollary 2.11 Let {a,; u; Yo<my,m <N and {bi, r, Yo<k, n <N be nonnegative sequences of real
numbers, and define

m1; n1 ki n
Ampy =Y ey, and Bin =Y Y by
£=1 n=1 £=1 n=1

Then

mZZ(ZZ (s1t1)(kyry) @ (Amwuakl,l) )

(m -1
o7t 021 Nt =t (Jh(s1 )1 + e (k) [ 2F)
my np 1711
< 1<**(p1){2 Z((rm +1) = 51) ((m1 + 1) = 11) (P(,)™" }
s1=1#=1

izz (z1+ 1) — k) (w1 + 1) = 1) (W (blqu))p} )

ki=1r=1
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where

-1
K™ (p1) = (Wl1n121w1) ” .

Corollary 2.12 Under the assumptions of Theorem 2.9, we have

/ / (/ / F(s1, 01))W(Gl(ki,71))(s1 — to)(tr — to) (ks _tO)l(rl ([fo?) AklArl)AslAtl
fo o \to Tt (|l (s1 — to) (1 —lfo)]|2'3 + [l [(ky = to) (11 — £0)]12P)

51(1@1){h</t0 /to (c(®) —s1) (o () - tl)(cb(f(sl,tl)))mAslAtl>
o ( / /t:(o(z)—kl)(a(a)) —rl)(\I/(g(kl,rl)))mAklAn)}p%

Proof Using (1.7) in (2.20), we get the desired result. O

Theorem 2.13 Under the assumptions of Theorem 2.5, assume that

1 s1 t
F(sl,m::m / / P& )€ mAEAD, .
2.30

Glkiy ) = Q(kbm [ / a&, Mgl M AE A,

Then, for (s1,t1) € I, x I, and (ki,r1) € I, x 1,,, we have

/ / (/ / D(F(s1,01)) W (Glky, 1)) P(s1, 1) Qk1,71) Zu(pl . AklArl)AslAtl
fo to Nt o (|[(sy — to)(ty —lfo)]|2’3 + [l [(ky — to) (1 — to)]|2ﬁ)

1

SHl(p1)< / ' / (o) =51)(00) —t1)(P(51,t1)d>(f(S1,tl)))plAslAﬁ)p_l
X (/ /w(a(z) —kl)(a(w)—rl)(q(kl,rl)\ll(g(kl,rl)))plAklArl)p_l, (2.31)

where

r1-1

H(p1) = [(x = t0)(y — to)(z — to) (@ — to) | 71

Proof From (2.30), using Jensen’s inequality, we see that

o(rs,0) = (g [ penrenazan)

= p(sl’tl)/to /to pEm®(f(,m) A8 An. (2.32)
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Similarly,

1 ki pr1
W(G(klrrl)) = W(Q(kl;rl)/to /[0 Q(‘S:U)g(fﬂl)ASA’O

1 ki pn
fm/ f q(&, MW (g€, m) A A,

By multiplying (2.32) and (2.33) we get

q)(F(Shﬁ)) (G(khrl)) Im/ / p&, U)cp(fé n))ASAn

/h/ £,mW (g5, n)AEAD.

This implies that

D (F(s1,t1)) W (Glky, 1)) Ps1, 1) Qky, 71)

/fp(én<b(f%‘n A%‘An/kl/ q(&, )W (g(&,n)AgAn.

Using Hélder’s inequality with indices p; and 1%, we obtain

D (F(s1,t1)) W (Glky, 1)) Ps1, 1) Qky, 71)

(2.33)

(2.34)

(2.35)

< [(s1 = ) (&1 — to) (k1 — to)(r1 — t0)] ke (/ / pE,n®(f(E 1)) AEAU> 1

k1 r E
x(f f (q(s,n)w(g(s,n)))%mn)

Applying Lemma 1.9 to the term [(s1 — £)(t1 — fo)(k1 — £o)(r1 — fo)] 1 , we get

D (F(s1, 1)) W (Glky, 1)) P(s1, 81)Qky, 71)

pr1-1

< [A[(s1 - to)(tr — t0) ] + H*[ (k1 — t0)(r1 — ) ]] 1

s1 t n 1%1
x(/ f (pE,M@(f(&n)) AsAn)
ki pn pil

P1
x(f / (a& )W (¢ ) AsAn)

Applying Lemma 1.4 to (2.37), we obtain

@ (F(s1, 1)) W (Glky, 1)) Pls1, 1) QUky, r1)

2a(p1-1)

< [|Afs1 - to)(ta - fo)]@ + |k = t0)(r1 — L‘o)]|%] pl

(2.36)

(2.37)

Page 19 of 24
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x (/: /: (pE,m@(fE )" ASM)E

k1 r 1%1
x ( / / (a6, m) ¥ (g&,m))" AEAU) . (2.38)
Dividing both sides of (2.27) by [|Al(s1 — fo)(t1 — t)]| % + [i*[(kt — to)(r1 — )] 7] P

we get

D(F(s1, 1))V (G(ky, 1)) P(s1,t1)Q(k1,71)
[1Al(s1 = t0)(tr = £6)]17F + |H*[(ky — to)(r1 — )] ] P
< ( / 1 f (p(s,m@(f(s,n)))’“AsAn)“
k1 r1 Pll
x ( / / (q(é,n)\lf(g(s,n)))’“AéAn) . (2.39)

Integrating both sides of (2.39) firstly with respect to r; and k; and then with respect to s;

and t; and using Holder’s inequality with indices =~ p 7 and p;, we get

/ / (/ / D(F(s1, 1))V (Glky, 1)) P(s1, 1) Q(k1, 71) — AklArl)AslAtl
fo to N0 Jio - (|Ja[(sy — £o)( )]lzf3 + |l [(ky — 1) (ry —to)]lzﬂ) 7

pr1-1

< [ - 20)(y - t0)(z — to)(w — t0) | 71

([ ([ [ eenaren) ASM)ASIM);
x ( f / ( fk / (e, (&))" ASAU)NQMI) A
=H1(p1)<ft: /y< / f Y pE D (FE ) As An) ASIM);I

Applying Fubini’s theorem, we get

/ / (/ / O(F(s1, 1))V (Glky, 1)) P(s1, £1)Q(k1, 71) — AklArl)AslAtl
fo o Ao Tt (1h[(sy — to)(t1 — to)]] % +|h*[(k1—to)(rl—to)]|2") n

L

xory P1
SHl(pl)(/ /(x—S1)()/—tl)(p(Sbtl)q)(f(sl,h)))plAslAtl)

1

X (/ (z = k)@ = r1)(q(ky, r1) W (glky, 7)) ) AklArl) "

Page 20 of 24
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From the relations o (x) > x, 0 (y) > y, 0 (®) > w, and o (z) > z we obtain

/ / (/ / F(Sl,tl))qj(G(klyrl))P(sl,tl)Q(kbrl)l 5 AklArl)AslAtl
fo Jto Nt o (|h(sy — to)(tr — 20)]128 + |I*[(ky — £o)(r1 — £o)]1%F)

L

SHl(pl)(/x /y(o(x) -s1)(a(y) —t1)(19(51,tl)d>(}’(S1,h)))mAslAtl)p1

1

(/ / —ki)( )—rl)(q(kbrl)‘lj(g(kl»rl)))mAklAﬁ)ply

where

p1-1

Hy(p1) = [(x = t0)(y — to)(z — to)(w — t)] 7T .
This completes the proof. O

Taking Ty = Ty = R in Theorem 2.9, we have o (x) =x, 0(y) =y, 0(w) = w, 0(z) = z, and
we get the following result.

Corollary 2.14 Let f(s1,t1), glky, 1) be real-valued continuous functions, and let p(s1, t1),
q(r1, k1) be positive functions. Define

1 s1 t
Fut)i= 5o /0 /0 P&, O)f (€, 7) dE dr,

s1 t
Plspt) = f / (e, 7 dt d,

k1
Glki ) / f al&, D)g(E,7) dt d,
klrrl

ky 1
Q(/<1,f1)1=/0 /0 q&,t)dEdr.

Then, for (s1,t1) € I, x I, and (ky, ) € I, x I, we have
/‘/(/‘/ D(F(s1,21))W( (kl,rl))P(S1,t1)%Epi1,r1)d/ dr1>ds1dt1
(|hl(s1t1)] |2‘3 + |*[(kir1)]1%F)

< Hf(m)(/ox /Oy(x—sl)()’— 1) (p(s1, )@ (f(s1,11)) ) dsy dtl)

1

< ( f / " (= k)= ) (gl ) (glke, ) ks drl)’”
0 0

S|

where

H o) = [00)@@)] 7

Taking T; = T; = Z in Theorem 2.9, we have o(x) =x + 1, 0(y) =y + 1, 0(w) =w + 1,
o (z) = z + 1, and we get the following result.
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Corollary 2.15 Let {a,, u; Yo<my,m <N and {bi, r, Yo<k, n <N be nonnegative sequences of real

numbers, and let {py, n, Yo<my n <N aNd (G, 1, Yo<ky,r <N be positive sequences. Define

1 my  np 1 ki
Amym = P ZZ“&JJ’ Biyry = Q— Z Zbém’
ML g1 p=1 ko ey -1
m; np ki n
Py = Z Zpé,ﬂ’ and Qi = Z Zq&n'
£=1 n=1 £=1 n=1
Then

1 1 20(p-1)

ii(q i Pml,lekl,rlq)(Asl,tl)"p(Bkl,rl) )

si=lu=1 \k=1n=1 (|h(s11)|% + |n*(kyr1)|?P) 71
my; ni [Tl
< H**(Pl){z Z((ml + 1) - 51)((711 + 1) - tl)(psl,tl q)(ﬂsl,tl ))pl }
s1=11¢1=1

1

X {Z Z((zl + 1) - kl)((wl + 1) - rl)(le,rl"Ij(bkl,rl ))pl } )

ki=1r=1

where
ook pi-l
H*(p1) = (mimzi) 1 .

Corollary 2.16 Under the assumptions of Theorem 2.9, we have

/:/:(/t:/t:”h[( (D()I(:(Shfl))‘l’(G(kl,Vl))P(Sl,fl)Q(kbrl)l S— AklArl)AslAtl

81— to)(h —to)]|ﬁ + [ [k = to)(r — £0)]]28) 71

SHl(pl){h</x /y(a(x) —Sl)(d(y) - t1)(p(Sl,ﬁ)d)(f(Sptl)))Pl AslAtl)

1
P1

o </ / (0(2) ~ ki) (o (@) = 1) (qlkr, 7)) W (g ks, 1)) AklAﬂ) }
to Jio
Proof Using (1.7) in (2.31), we get the desired result.. a

3 Conclusion

In this paper, we established some dynamic Hilbert-type inequalities in two separate vari-
ables on time scales by using the Fenchel-Legendre transform. We also applied our in-
equalities to discrete and continuous calculus to obtain some new inequalities as particu-
lar cases.
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