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1 Introduction and preliminaries

The quantum calculus or the g-calculus theory has been given a noticeable importance
and popularity due to its wide application in various fields of mathematics, statistics, and
physics [1]. The g-calculus theory has appeared as a connection between mathematics
and physics. Recently, this topic has attracted the attention of several researchers, and a
variety of results have been derived in various areas of research including number theory,
hypergeometric functions, orthogonal polynomials, quantum theory, combinatorics, and
electronics as well. The g-calculus begins with the definition of the g-analogue d,g of the

differential

d.g(t) = g(qt) — g(t)

of the function g, where ¢ is a fixed real number such that 0 < g < 1 (see [1-3]). Having

said this, we immediately get the g-analogue of the derivative of g as

_ dqg(t) _ g(t) - glqt)
Dqg(t) = dqt = (1 ~ q)t for t 7_/0

and D,g(0) = lim,—, ¢ D,g(¢) = g'(0) provided g'(0) exists. Also, when g is differentiable, the
g-derivative D,g tends to g’(0) as g tends to 1. It also satisfies the g-analogue of the Leibniz
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rule

Dy(g1(g(2)) = g(6)Dygr (£) + g1(qt)Dyg(2).

The Jackson g-integrals from 0 to x and respectively from 0 to co are defined by [1, 4]

[ e0dt =00 Y el )
0
fo gWdgt=(1-q)t Y g(q")q", )

when the sums converge absolutely. The Jackson g-integral on the generic interval [a, b]
is, therefore, given by [1, 5]

b b a
/g(t)dqt='/(; g(t)dqt—/(; g(t)dqt.

The g-integration by parts for two functions f and g is defined by

b b
fo @(OD,2(0)dyt = 2B (b) - g1 @gs(a) - / @@, () d,t.

Arising from the notion of regular operators [6], the notion of a Boehmian was firstly intro-
duced by Mikusinski and Mikusinski [7] to generalize distributions and regular operators
[8]. Boehmians are equivalence classes of quotients of sequences constructed from an in-
tegral domain when the operations are interpreted as addition and convolution, see, e.g.,
[9-20]. In terms of the g-calculus concept, we introduce the concept of g-Boehmians to
popularize the concept of g-calculus theory as follows:

For a complex linear space V and a subspace (W, *7) of V, let ¢:VxW— Vbea binary
operation such that the undermentioned axioms (1)—(5) hold:

(1) (@ +g)ov=gioV+goy,VgeeVandyeW.

2) (ag) ey =alge),VaecC,V¥ge Vandy € W.

(3) go (Y1 ey2)=(goy1) e yn,Vge Vand vy, Yo e W.

(4)

Ifg,—>ginVasn—>oocandy e W,

thengnzIpagzwasneooinV. (3)

(5) A collection A, of sequences from W such that, for all (¢,), (¢,) € Ay and (g,) € W,
we have ¢, . ¢n € Ay and

ifg, > ginVasn— oo, theng,,zg,,—>gasn—> 00.

Once the preceding axioms are applied, the name of a g-Boehmian is set to mean the
equivalence class §—Z that arises from the equivalence relation

gnzsngmzsn, Vm,n e N, (4)
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where (g,) € V and (g,,) € A,. The collection of all -Boehmians is denoted by B, which is
the so-called Boehmian space. The classical linear space V is identified as a subset of the

space B, which can be recognized from the relation

q
&

g— £ (5)
En

where (¢,) € A, is arbitrary. Two g-Boehmians f;'—: and f—: are said to be equal in B, if

o H €m = Pm . &q, Ym,n € N. Addition in the space By, is defined as

q q
&n +§0n _gn.€n+¢n.8n
En €y

(6)

q
£, 06,

The scalar multiplication in the space B, is defined as

o
a&: gn, aeC.
En En

The g-convergence of type §, 8, LN B, is defined in the space B, when for (v,) € A, and
each k € N such that

BoocreV, VkneN,Bes eV, )

A
we have g, : & — B : ex asn — oo in V. The g-convergence 8, =B of type A, is defined

when for some (¢,,) € A; we have
(,3”—,3)28,,6\/, VneN and (ﬁn—ﬁ)28n—>0 asn— ooin V. (8)

The space of g-Boehmians emerging from the g-convergence assigns a complete quasi-
normed space.

In recent work, several remarkable integral transforms were given different g-analogues
in a g-calculus context [4, 21-24]. In the sequence of such g-integral transforms, we recall
the g-Laplace integral transform [25-29], the g-Sumudu integral transform [2, 30-32],
the g-Weyl fractional integral transform [33], the g-wavelet integral transform [34], the g-
Mellin type integral transform [35], the Mangontarum integral transform [36, 37], the E5;
integral transform [38, 39], the natural integral transform [3], and many others, to mention
but a few. In this paper, we discuss the generalized g-theory of the g-Mellin transform and
obtain several results.

Let g be a function defined on R, ., R, . = {g” : n € Z}, then the g-Mellin transform was
defined by [40], p. 521 as

M,(g(®)(¢) = /0 7 g(t) dyt, ©)

provided the g-integral converges. The integral (9) is analytic on the fundamental strip

(0tq.g3 Bgg) and periodic with period 2im log(g). The inversion formula for the g-analogue
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(9) is given by

1 c+o’i
2(t) = og(q) / Tog(q)

a1 =¢
" 2in(1-q) M@ ds, teRy,

__im
¢ loglg)

where o, < ¢ < B,¢. The asymptotic properties as well as the asymptotic singularities of
the g-Mellin transform into asymptotic expansions of the original function for x — 0 and
x — oo are given in [40]. Additionally, the asymptotic behavior at 0 or oo is studied using

the g-Mellin transform.

Definition 1 The function g is said to be g-integrable on an interval [0, co[ provided the

infinite series

> a'g(q")

nez

converges absolutely. The space of all g-integrable functions on [0,00[ is denoted by
L;(Rg.). In a better recognition, the space Ly (Ry,,) is defined to be the space of all g-
integrable functions g on R,. such that

L;g(t) = ﬁ fo |g(t)| dgt < 00. (10)

We denote by D, the g-space of test functions of compact supports on R, ., i.e., D, is the

g-space of all smooth functions x € C*(R,,,) such that

D, = [k € C¥(Ry,): sup [Dyxc(®)] < oo} (11)

O<t<oo

However, this theory is new and might be developing a new area of research. It inves-
tigates a generalization to the g-theory of calculus [40] and hence all results can be pop-
ularized. Every element in the space L;(Rq,+) is identified as a member in the generalized
theory. To this aim, we spread our results into five sections. In Sect. 1, we recall some
definitions and preliminaries from the g-calculus theory. In Sect. 2, we derive g-delta se-
quences, g-convolution theorems and establish a space of g-Boehmians. In Sect. 3, we
establish a space of g-ultraBoehmians. In Sect. 4, we generalize definitions and obtain
several properties of the g-Mellin transform. In Sect. 5 we include several results.

2 The space B
In this section, we strive to establish the space B of g-Boehmians. Henceforth, we denote

by A, the set of all sequences from D, such that the undermentioned identities A}I - Afl
hold, where

o0
A;;/ len(®| dyt =1, VneN,
0

A;: |8y,(t)| <M, M>0,MEeR,, (12)

A} :supp(e,) € (0,b,), b, — Oasn— 00,0<b,,VneN.
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On the other hand, we denote by ¢ the Mellin type g-convolution product defined on
Ly(R,.) by

(1 % ) (x) - / o () g0) dyt, (13)
0

provided the integral part exists for every x > 0. It is clear from the context that g; . o€
L}I(RW) for all g; and & in L;(Rq,+). On that account, the g-convolution theorem of the

q-Mellin transform of the product g . g> can be easily established as follows.

Theorem 2 Let L;(Rq,+) be the space of all g-integrable functions on R,,.. Then the q-
convolution theorem of the transform My is given by

My(g1 2)(§) = Mygi(§)Myga(c)  for g and gy in LY(Ry,.).

Proof By applying the definition of the M, transform to the product g . g2, we get

My(@ zgz)(() = /0 (&1 zgz)(x)x{_1 dgx

= /OO(/OOgl(t)gz(t‘lx)x_l dqt)xf_l dgx.
0 0

Therefore, employing the substitution z = £~'x and, hence, d,z = ™' d,x, in collaboration
with simple computations, reveals

My(@1 ¢ 2)(5) = My(g1)( )M, (@)(0).
Hence, the proof of this theorem is completed. g
The following is an imperative result for initiating the g-delta sequence concept.
Lemma 3 Let (¢,) and (€,) be sequences in Ay. Then (&, . €,) is a sequence in A,

Proof To establish this lemma, we examine the performance of the sequence (g, . €,). To
inspect the correctness of the property A;, we use the integral equation (3) to get

/0 (€0 ® €x) (%) dyx = /0 t‘len(t)< /0 an(t‘lx)dqx> dgt. (14)

Therefore, by using the change of variables ¢ 'x = y and, hence, dyx = t d,y, (14) we indicate

fo (0 ® €0)(%) dyx = ( /0 e,,(t)dqt> ( /0 n(y) dqy) - 1.

This proves the A; part. The proof of the A; part follows from similar techniques, whereas
the AZ part is clearly valid, by conducting the fact

SUPP(Sn z En) C Supp(en) + Supp(en) for (Sn): (en) € Aq'

This ends the proof of the lemma. d
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Lemma 3, hence, displays that every sequence in A, forms, to a great extent, the g-delta

sequence concept.

Lemma 4 Let g1,8, € L}I(Rq,+), k1,k2 € Dy, and o € C. Then the following assertions are

valid:
(1) K12K2=K22K1, (11) (gl +g2)zK1 =g12K1 +g2z/<1,
(i) (agi)ew =alg oK), (iv) g1 (k1 ok2) = (g1 8 K1) @Ko

Proof (i) As the convolution product of the functions «; and «, in D, is exceptionally
given by

(1 @ 12)(x) = / e (£ %) k2 (0) iyt (15)
0

the change of variables £~ 1x = y reveals us to write (15) into the form

(k1 zkz)(x) = / D) (x_ly)/q(y) dgy.
0

Hence (i) follows. To prove (ii) and (iii), we merely follow simple integral calculus. To prove

(iv), we employ the definition of the product oto get
q, q * q
(gl o(ki® /cz))(x) = / g (t‘lx)(/q o ir)(t) dyt
0
oo oo
- / g (t7'x) (/ y e (v )i (y) dqy) dgt.

0 0

That is,

(@ o (i, z/cz))(x) = / y! </ g (t‘lx)/q (y_lt) dqt)/cz(y) dgy. (16)
0 0

Now, by employing the change of variables y~!¢ = z, we write down equation (16) into the
form

oo oo
(21 (k1 ® 12)) (%) = / y! ( / g (z7 (%) )i (2) dqz) K62 (y) dgy

0 0

> q
_ / 7N §k0) (%) 0) .
0
This ends the proof of the lemma. O
To proceed in our construction, we establish the following lemma.

Lemma 5 (i) Let gy and g, be integrable functions in L}I(RW) and (g,) be a delta sequence
in the set A; such that g zsn =@ HS en. Then g1 = g» in L}I(Rq,J,)for everyn e N.
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(ii) Let g and (g,) be integrable functions in L;(RW) such that g, — g as n — o0 in
L;(Rq,+). Then

gnz1p—>g21/f Sforevery € D, as n — oo.

Proof To prove (i), we merely need to show that g H En=g1 € L;(Rq,Jr). By using A}Z and
A;, we obtain

[ e tene -a@lda= [ [t ) -] 0] duedy
0 0 0

o pby
- fo / 711 (671%) - 1) |en(®)| dgt i

Therefore,
/ "l S o)) - 010 dy
< /0 N / b 17101 (65) | en(®)| dyt dy
+ fo N f b |lg1(0)|[£n(2)| dyt dyx. (17)

Hence, for g; € L;(Rq,+), by using (17) we turn to write

00 q by by
/ (@1 & £n)(0) — 1) dyx < A / 1 [en0)| d,t + A / le.(0)] .
0 0 0

Therefore, by the properties of the delta sequences A; and AZ, we conclude that

/OO|(g1 . en) (%) —gl(x)| dyx < AMIn(b,) + AM(b,) — 0
0

as n— 00.
Proof of (ii) follows from simple integration. We therefore omit the details. Hence the

proof of this lemma is ended. 0

Lemma 6 Let g1 be an integrable function in the space L}I(RW). Then ¢ o e, — & as

n— oo for every (e,) € Ay.

The proof of this lemma is a straightforward conclusion from the proof of Lemma 4.
Hence, we delete the details.

Thus, the space B with (L;(Rq,+), z), Dy, 2), and A, is defined. The canonical embedding
of Ly(R,,) in B is given by

ges,
&n

(18)

g—
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That is, every element in the space L;(Rq,+) can be identified as a member of the space
B. Addition, scalar multiplication, differentiation, A; and §, convergence are defined in a
natural way as follows:

If (¢,) € L}I(RW) and (g,) € A4, then the pair (¢, &,) (or ‘g—:) is said to be a g-quotient
of sequences if ¢, . Em = Om . &n, Yn,m € N. Therefore, if f—: and f—z are g-quotients of

sequences and g € L;(Rq,Jr), then it is easy to see that

q q q
geg, ©n®€;+ 8,06,

€n

and
q
€, 08,

are g-quotients of sequences. Two g-quotients of sequences 2% and & are said to be equiv-
€n En

alent if
Pn® Em =8m o6 VmmeN.
We can easily check the following equivalence relations:

q
@n - Dn ®Zn
€

q
°
$n_  Pneg and

q €
€08 n €n 0 gy

The equivalent class w = (f—Z) of g-quotients of sequences containing % is said to be a

€n

q-Boehmian. The space of such g-Boehmians is denoted by B.

Remark 7 For two g-Boehmians w = (f—:) and z = (f—Z) in B, we have the following identi-

ties:

q q
9 (pn.en"'gn.en)
2 o7 7,

where k € R, B € C and D" is the kth derivative of , and ¥ € L;(Rq,,r),

Definition 8 (i) For n =1,2,3,... and w,, W € B, the sequence (#,,) is §,-convergent to ,
denoted by 8, — lim,,_, o W, = W, provided there can be found a g-delta sequence (¢,) such
that

(s @ &), (e &) inLl(Ry.) and lim Wpeer=ee inLl(Ry.)(YkeN)
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(ii) For n = 1,2,3,... and w,, w € B, the sequence (w,) is said to be A,-convergent to ,
denoted by Ay-lim,—, o W, = W, provided there can be found a g-delta sequence (¢,) such
that

(n—W) @ €n € Ly(Ry.) (Yn€N) and  lim (b, —#) 8, =0 in Li(R,.).
Now we have the following few corollaries.
Corollary 9 (i) Let g € L;(Rq_+) and (e,) € A, be fixed. Then the mapping

g—>w

q
where W = £ is an injective mapping from Ly(Ry,,) into B.

(ii) Let (e4) € Ay. Then, ifg, — g in L;(RW) as n— oo, then for all k € N,
gnzekegzek and w,—>w inBasn— oo.

Therefore, it can be easily checked thatL;(Rq,+) can be mathematically identified as a sub-
space of B.

The above corollary leads to the following corollary.

q
Corollary 10 The g-embedding, g — W, W = 5, of the space L (R, into the space B is
continuous.

3 The g-ultraBoehmian space By,

In this section, we provide sufficient axioms to define the g-ultraBoehmian space By with
the set (Ly, o), the subset (Dy, o), the set (A m,0) of g-delta sequences, and the prod-
uct o, where Lyg, Dyy, and Ay are the g-Mellin transforms of the sets L;(R),Dq, and A,
respectively. To this end, we introduce the following convolution operation.

Definition 11 Let w; and w, be in By;. For w; and w,, we define a product o as

(@1 0 2)(8) = w1 (B)wa(2). (19)
The following assertion holds in the space Ly.
Theorem 12 Let w; be in Ly;. Then wy o n € Ly for all n € Dyy.

Proof Let w; € Ly Then, by the definition of the space Ly and the definition of the prod-

uct o, we write

(w1 0 w)(¢) = w1(E)ws(2) = My(g1)M4(g2) (20)

for some g1,97 € L;(Rq,Jr). Hence, by virtue of Def. 11, (20) can be written in the form

(w1 0 ) (t) = My(g1 © ). (1)
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Therefore, as g1 o gy € L;(Rq#), it follows from (21) that w; o n € L. This ends the proof
of the theorem. O

Theorem 13 Let w be an integrable function in Ly;. Then w o (n1 o n2) = (w o 1) oy for
all ny,n; € Dy.

Proof By the concept of the convolution o, we get

(o (11 012)) (@) = ()11 0 M)(E) = W(E)n1 (E)Na(2).

By using Def. 11 twice, we write the preceding equation as

(@0 (11 0m2))(2) = (@0 m)(E)na(2) = (@ 0 m1) 0 72) (2).
This ends the proof of the theorem. d
The following axioms are straightforward.

Theorem 14 (i) Let w, and w, be in Ly;. Then (w1 + wy) o = w1 0n+wson forall n € Dy.
(i) Let wy be in Lyy. Then (w0 n) = a(wi o n) foralln e Dy and o € C.

Proof (i) Let w1 and w; be in Ly;. Then, by Def. 11, we write

(@1 + w2) 0 )(2) = (w1 + W2)(O)N(2) = w1(E)N(E) + W2 (O)N(E) = (w1 0 N)(E) + (w2 0 N)(2).

The proof of the first part is finished. The proof of the second part is trivial. This completes
the proof of the theorem. O

Theorem 15 (i) Let w; and (w,) be members of the space Ly; and n € Dy. If o, — w1 in
Ly as n — oo, then w, on — w1 on as n— oo.
(ii) Let w1 and wy be in Ly and (v,) € Ay If w1 0 v, = @y 0 Uy, then wy = wy in Ly,
(iii) Let w, be an integrable function in Ly and (v,) € Agm, vn(t) #0forallt € Ry, .. Then

wiov, —> 0inLy asn— oo.

Proof To prove (i), let ; and (w,) be members of Ly and 1 € Dy. If w, — w; in Ly as
n — 00, then by Def. 11 and Theo. 14, we have

(@ 0 = w1 0n)(t) = ((@n = 1) 0 0)(8) = (@ = @1)(ON(E) = W4(E)N(E) = 01 ()(2).
Hence, by the hypothesis of the theorem, we obtain
wpon—wion—>wion—wion—>0 asn— oco.

Hence, the first part of the theorem is completely proved. To prove (ii), let w; and @, be
in Ly and (v,) € Agm. If w1 0 v, = Wy 0 Uy, then w; (£)v,(£) = wa(£)u,(t). Hence,

(@1 — ) (E)un(t) =0 forallt € R,.



Al-Omari Advances in Difference Equations (2021) 2021:233 Page 11 of 15

Therefore, (w1 — wy)(£) = 0 for all R,,,. Thus, w; = @, in Ly;. The proof of (iii) is similar.
Hence, the theorem is completely proved.

If (w,) € Ly and (vy,) € Ay, then the pair (w,, v,) (or ";—Z) is said to be a g-quotient of
sequences if

Wy O Uy =Wy, 0V, VmmeN,

Therefore, if 2* and & are g-quotients of sequences and w € Ly, then it is easy to see that
n Un

woe€, Wy 0€,+gy 06,

and

€, €,0 Uy

are g-quotients of sequences. Furthermore, it is easy to see the following equivalence re-
lations:
Wy Wy O &y

and ~ .
€,0w €, €108y €,

wy, W, 0w
~

Two g-quotients of sequences f—: and i—z are said to be equivalent if w, o v, = gy o
€y, Vn,m € N. The equivalent class w = (‘;’—:) of g-quotients of sequences containing f—:
is said to be a g-Boehmian. The space of such g-Boehmians is denoted by By. O

Remark 16 For two g-Boehmians w = (‘;’—:) and z = (5_2) in By, the following are well de-
fined on Byy:
(i) ];i}-l—%: _wnoen-'—gnoen);
€, 0 Uy,

where k € R, B € C and D" is the kth derivative of , and ¥ € L.

Definition 17 (i) For n = 1,2,3,... and W, w € By, the sequence (#,) is said to be §,-
convergent to w, denoted by 8, — lim,_,o W, = W, provided there can be found a g-delta
sequence (v,,) such that

(Wpovg),Wovy) inLy (VmkeN) and lim w,our=wouvr inLy (VkeN).
n— 00
(ii) For n = 1,2,3,... and w,, w € By, the sequence (,) is said to be A;-convergent to
W, denoted by Ag-lim,_, o W, = W, provided there can be found a g-delta g-sequence (v,)
such that

Wy, —w)ov, €Ly (VneN) and Ilim(W,-w)ov,=0 inLy.

n—00



Al-Omari Advances in Difference Equations (2021) 2021:233 Page 12 of 15

Corollary 18 (i) Let w € Ly and (v,) € A, be fixed. Then the mapping
w— W,

W

ovy L . .
oy 1san injective mapping from Ly into By.

where w =
(i) Let (vy) € Agm. Then, if w, — w in Ly as n — 00, then for all k e N,

w,ovr—> wovy and W,—w inByasn— oo. (22)
Therefore, it can be easily checked that Ly may be identified as a subspace of By.

The above corollary can be stated as follows.

Corollary 19 The g-embedding v — w, w = %:"

, of the space Ly into the space By is
continuous.

4 The g-Mellin transform of the generalized g-theory

This section aims to discuss a definition and some basic properties of the generalized g-
Mellin transform in a context of the new g-theory. All results are brief and concise, and
may give the reader a general overview of the generalized g-theory of the Mellin operator.

However, by virtue of the preceding analysis, we introduce the following definition.

Definition 20 Let f—: € B, then we define the g-Mellin transform of the g-Boehmian f—z
as

ng_n = Wy, (23)
En

where @, = 2%, w, = M,g, and v, = Mye,. Indeed &, belongs to By;.

Un

Theorem 21 The operator M, : B — By is sequentially continuous, i.e., if

Ay =limy_, o0 Opp = @y in B, then Ay — limy,_, oo M@y, x = M@, in By,
Proof Let Ay —limy_, oo Opx = @, in B, then there is (¢,) € A, such that
Ag— lim (s — @p) 86, =0 inB.
n—0Q
The continuity of the integral operator gives

. - -\ 4 . ~ ~
Agm - nll)ngo I\\/Hq((wn,k —wy) e 8,,) =A- n]l)rgo((qu,,,k -Myw,) o U,,) =0,
where Mye, = v,. Thus, we have Ay — limy,_ oo M@, 1 = M@, in Byy.
This finishes the proof of the theorem. d

Theorem 22 (i) M, is a linear isomorphism from the space B onto the space By;.
(ii) My is continuous with respect to 8, and A ,-convergence.
(iii) The operator M coincides with the operator M,.
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Proof We prove Part (iii) since similar proofs for Part (i)—Part (ii) are available in literature.
Let g e L;(Rq,+) and g{f% be its representative in B, where (¢,) € A, (Vn € N). Clearly,
for all m e N, (g,) is independent from the representative. Let M,¢, = vy, then, by the g-
convolution theorem, we get

q q
ng‘«?n_MgO«?n_ngOMqEn Mg Mgy, ® Un

= Vg = = Vg8 © =
En &n Mg, Myey, Uy

wouy
Un

Hence, the g-Boehmian is the representative of M, in the space Ly, where w = M,g.

The proof is, therefore, ended. O
We introduce the inverse transform of M, as follows.

Definition 23 We define the inverse integral operator of M, of a g-Boehmian ‘l‘}’—: in By

as follows:
Nq& = B,
n 8}’1

where v, = M ¢, and w, = M,g, for some (¢,) € A, and {g,} € L;(Rq,Jr).

Theorem 24 Let ”;—Z € By and w € Ly;. Then we have

Nq(% oa)) :g—”ﬁg and Mq<ii zg>:?oa).

Proof Assume ‘;’—Z € By where w, = M,g,. Then, for every w = M g € Ly and v, = M,ée,,,

we have

W, 0w

q q
M n n n
=Nq q(g .g)=g.g=g—zg.

Un Un En En

[on
Nq<v_ Ong) =N,

The proof of the first part is finished. The proof of the second part is almost similar. Hence,
we omit the details.
This completely ends the proof of the theorem. g

5 Conclusion

This paper has given an extension of the quantum theory of the g-Mellin transform oper-
ator [40] to sets of g-generalized functions named g-Boehmians and g-ultraBoehmians.
Every element g in the function space L;(Rq,Jr) is identified as a member in the generalized

space B by the identification formula

where (¢,,) is an arbitrary delta sequence. It also shows that the g-embedding

q
.. gegy
g—ow, w=
En
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of the space L;(Rq,+) into the space B is continuous, (g,) being an arbitrary g-delta se-
quence. The g-Mellin transform operator is extended to the generalized g-calculus the-
ory, and many properties are discussed. Further, the inversion of the g-Mellin transform

operator is also discussed.
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