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dividend payments and capital injection at the interobservation time having an
Erlang(n) distribution. If the observed surplus level is greater than zero but less than
injection line by > 0, the shareholders should immediately inject a certain amount of
capital to bring the surplus level back to the injection line b;. If the observed surplus
level is larger than dividend line b, (b, > by), any excess of the surplus over b, is
immediately paid out as dividends to the shareholders of the company. Ruin is
declared when the observed surplus level is negative. We derive the explicit
expressions of the Gerber—Shiu function, the expected discounted capital injection,
and the expected discounted dividend payments. Numerical illustrations are also
given to analyze the effect of random observation times on actuarial quantities.
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1 Introduction
Following the classical risk model introduced by Lundberg [1], we suppose that the sur-
plus process of an insurance company, denoted by {X(¢)};>¢, follows the classical Cramér-

Lundberg process,

N
X(t)=u+ct—S(t):u+ct—ZYk, t>0, (1)
k=1

where u > 0 is an initial surplus, or capital, ¢ > 0 is the constant premium income per
unit time. The aggregate insurance claim process S(t) = Zﬁ(? Y% is a compound Poisson
process, where N(t) is a Poisson process with intensity parameter A, which represents the
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number of claims up to time ¢; {Yi }x>1 is a sequence of positive, independent, and identi-
cally distributed random variables representing the claim amount. As usual, {N(t)};>0 and
{Yi}k>1 are independent of each other.

At present, the classical insurance risk model and its extended forms, such as dividend
strategy, capital injection strategy, investment strategy, reinsurance strategy, etc., have
been studied by many scholars, interested readers may refer to Gerber and Shiu [2], Chi
and Lin [3], Yu [4], Yin et al. [5], Shen et al. [6], Yu et al. [7, 8], Zhou et al. [9, 10], Xu et al.
[11], Yin and Wen [12], Dong et al. [13], Li et al. [14], Peng and Wang [15], Yao et al. [16],
He and Liang [17], and Zhu and Yang [18]. It should be stressed in particular that the above
dividend and capital injection are all considered as continuous, but this is not consistent
with the actual situation. In the actual economic activities, the board of directors of the
company generally holds a meeting at certain periods of time, and then decides whether
to pay dividends to shareholders or inject capital into the insurance company, which result
in that dividend payments or capital injection occurs at some discrete time points rather
than at continuous time points, so the periodic dividend strategy or periodic capital in-
jection is more in line with the actual situation. Therefore, it is necessary to study this
kind of risk model with randomized observation. Albrecher et al. [19] study a modifica-
tion of the horizontal dividend barrier strategy by introducing random observation times
at which dividends can be paid and ruin can be observed. Avanzi et al. [20] study a peri-
odic dividend barrier strategy in the dual model with continuous monitoring of solvency.
Zhao et al. [21] investigate an optimal periodic dividend and capital injection problem for
spectrally positive Lévy processes, and both proportional and fixed transaction costs from
capital injection are considered. Zhang et al. [22] and Cheung and Zhang [23] study peri-
odic dividend threshold-type strategy under a compound Poisson risk model, in which the
observation interval follows the Erlang distribution. Peng et al. [24] consider a perturbed
compound Poisson model and suppose that the insurance company can only observe the
surplus process and decide whether to pay dividends at some discrete time points. Pérez
and Yamazaki [25] and Noba et al. [26] study the optimality of periodic barrier strategies
for a spectrally positive Lévy process and Lévy risk processes, respectively. Other relevant
literature can be found in Yang and Deng [27], Dong and Zhou [28], Dong and Zhao [29],
Yang et al. [30], Liu et al. [31], and Yu et al. [32].

In this paper, we assume that the insurance company can only observe the surplus pro-
cess at a series of discrete time points {Z}32; (i.e., Z; is the kth observation time, with
Zo=0). Let Ty = Zy — Zx_1 (k = 1,2,...)denote the kth interobservation time and assume
that {T}72, is an i.i.d. sequence distributed as a generic random variable T and indepen-
dent of {N(#)};>0 and {Yx}i>1. Under the above discrete assumptions, we introduce the
periodic dividend strategy and capital injection strategy into the classic risk model (1).
At the time of observation Z, if the current surplus « of the insurance company is less
than zero, ruin occurs immediately. If the current surplus u is greater than zero but less
than injection line b, (b; > 0), the shareholders should immediately inject capital b; — u
to bring the surplus level back to the injection line ;. If the current surplus u exceeds
the dividend line by (b3 > b1), a lump sum dividend payments of size u — b, will be paid
immediately. Ruin is declared when the observed surplus level is negative (see Fig. 1). In
addition, we assume that no matter what the level of surplus is, ruin, capital injection, div-
idend payments, and other acts will not happen outside the observation time point. With
the above-defined dividend and capital injection rules, denote the sequences of surplus
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levels at the time points {Z; }7°, and {Z;}2, by {Xé’lZ (k)}22, and {Wbbf(k)},fio, respectively,
ie., {Xff(k)},‘ﬁo and {Wff (k)}22, are the surplus levels at the kth observation before (after,
respectively) potential dividend payments or capital injection. With initial surplus level
Xle (0) = W,ff (0) = u, that is, at time zero, neither capital injection nor dividend payments

are required, we then have the following surplus process of the modified risk model:

X2 (k) = W2 (k=1) + X(Zi) - X(Zicr), k=1,2,..., .

W2 (k) = min[max(X,* (k), b1), ba).

We then let rbblz be the ruin time defined as tflz = Zi+, where k* = inf{k > IIXZ’I2 (k) <

0}. In this paper, we are interested in studying the Gerber—Shiu function, the expected
discounted capital injection and the expected discounted dividend payments.

The Gerber—Shiu function is defined as follows:
5T (b (1 by
®s(u) = E[e "™ o(|X,* (K )|)1{t:2<m}|xb1 (0) = u), 3)
1

where § is the force of interest, I4 is the indicator function of the event A. The quantity w(x)
is a nonnegative measurable function defined on [0, 00) that can be interpreted as a penalty

at the time of ruin for a deficit upon ruin of |X£f (k*)]. In particular, if the function w(x) = 1
_sc2
and § > 0, then ®;s(u) = Ele 5, [{Tb2<oo} |X£12(0) = u] represents the Laplace transformation
b

of the ruin time. The relevant references of Gerber—Shiu function can be found in Gerber
and Shiu [33], Lin et al. [34], Willmot and Dickson [35], Li et al. [36], Huang et al. [37],
Zhang and Su [38], Preischl and Thonhauser [39], Zhang et al. [40], and Palmowski and
Vatamidou [41].

The expected discounted capital injection is described by

W) = E [Z e x1 (by - X2 (k)] Zie<rl?)
k=1 '

X,2(0) = u} @)

where the function yx; (x) is a nonnegative function of the amount of capital injection for
x € (0,b1],and yx1(x) =0 for x <O.
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The expected discounted dividend payments are defined as follows:

() = E|:Z P (X7 ) = o), [X57(0) = u} (5)
k=1 1

where the function yx»(x) is a nonnegative function of the amount of dividends payment
for x > 0, and x»(x) = 0 for x < 0.

In order to facilitate the description of the formula, we preprocess the model as follows.
It is assumed that the interobservation time 7T follows the Erlang(#, ) distribution with

density

yntn—le—yt

hr(t) = 1)

, t>0,y>0, (6)

and the claim amount Y follows an arbitrary distribution on (0, +00). The density function

of Y is fy(y), the corresponding Laplace transformation is
- o0
0= [ enoa )
0

and assume that fy(s) can be rewritten as follows:

7 _ QZ,r—l(s)
HO="06

, 8)
where Q1,,(s) is a polynomial in s of degree r, Qy,_1(s) is a polynomial in s of degree at most
r — 1. We also suppose that Q; ,(s) and Q,,_;(s) have no common zeros, and Qy,(s) has
leading coefficient 1. According to Albrecher et al. [42], the pairs (Tk,Xff(k -1)- Xflz (k)
(k=1,2,...) form an i.i.d. sequence with generic distribution (7, Zﬁ(f) Y; — ¢T), and joint
Laplace transform

E[e—éT—s(Zl].\i(lt) Yi—cT)] _ E[e—(é—cs)TE[e—leI.\i(lt) Y]]

- E[e—<(5—cs)T+A[1—fy(snT}]

e
y+8—cs+A[1-fy(s)]

In addition, the above formula can be changed into the following form:

N@) ., e —5
E[e—sT—s(Zi:l Y; T>]=/ e Vg5 (y) dy, 1o

o0

where g;(y) is the discounted density function of the increment Zﬁ.\:{(f) Y; — cT between
successive observation times. According to the variable y being positive or negative, we

can decompose gs(y) as follows:

&) = g5~ (=<0 + &5+ Wys0), —00 <y < +00. (11)
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Albrecher et al [42] prove that as long as the density function of the claim amount satisfies

Fr(s) = er 1 ) , 85,—(y) and g5, (y) in the above formula have the following expressions:

r mn yj_le_kiy
&) = Z Ty 1)‘ ) g8,+()/):ZZBijm: (12)

i=1 j=1

where p, is the only positive root of the equation cs — (A + y +6) + Afy(s) =0, {-k}_; is

the negative root of the equation, and

_ n-i VY ” 1 a7 [Ql r(s)]n - ‘
=0 }< > (m—))! ds”ll_[l s+ k)|, j=12,...,m; (13)
By = (Z) 1 a7 Q)"
if c) (n=))ds"7 (p, —s)" H;:Ll#i(s k)" |,
i=1,2,..,1j=12,...,n ”

The layout of the paper is as follows: Sect. 2 presents the explicit expressions for the
Gerber—Shiu function. Similarly, the expected discounted capital injection and the ex-
pected discounted dividend payments are studied in Sects. 3 and 4, respectively. In Sect. 5
we present some examples to show the effect of relevant parameters on the actuarial func-

tion.

2 Gerber-Shiu function
According to the first observation whether ruin occurs, the Gerber—Shiu function of the

risk model with capital injection and barrier dividend strategy can be written as follows:
oo
bs(u) = / [ @5 + M jusy<po) + Ps(b2)L1urysiy) |85~ () dy
0
u
+ / [ @5t = Y (u—y=b1) + Po(b1) (u—yety) |85+ () dy
0
o0
+ / w(y — u)gs,. (y) dy. (15)

Taking the expression of g5 _(y) into the first integral of Eq. (15), we have

/ [05 (4 + Y syt + B5(B2) sy 125, 0) ly
0

by—u oo
_ / s+ y)gs,_ () dy + / s (b2)gs,- () dy
0 by—u

B by—u _)/ le—PyJ’
_/0 u+y)Z ; (1 1)‘

y1 le—PyJ’
+/b2u<1>5(b2)2 R (16)

Page 5 of 24
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For the expression fobz_” Ds(u+y) Z/ 1 B]* J'j e
we get

by—u Pw’
/ bs(u+y) E 7
0

n by-u yil
= B’?‘/ Ds(u+y)-= e dy
; " Jo (-1t

. b -1
ISR

17
G W
For sz L Ps(b2) > lB]*yj e dy, we have
PW
d>5(b2)/ Z G- 1),
)/ e Pry
s(b2) B*/ dy
2 121: by—u (] 1)'
S T
b2 ZB*Z j+1-1 (- ) epy i
j=1 -1 Py
m—l
* —py b u
= (D(g bz)]XI:B Z e ZZ (l m)' (m 1)‘6 Py 92 gPy
1 bl—me—pybz (_l)m—lum—l
s5(D2) et (18)
2 ;;ﬂ:; T U=m) (m=1)!
Substituting the expression of g; , (y) into the second integral of Eq. (15), we have
/ (@5 = M jusyzp1) + Ps(O1) L1y} |5+ () dy
0
u-by u
[ ew-ng 0 dr st [ 1 19)
0 u—by
For the expression foufbl Ds(u—)gs+(y)dy, let z=u—y. Then y = u — z, and thus
u-by r n ( )j—l »
/ Ds(u—y)g () dy=Y > B / ®s(2) ———— e iw-2) gy 20)
0 =1 j=1

For ®;(b;) fu"_bl g5+ (y) dy, we have

®;(b1) / g 0)dy

u u-by
=<1>5<b1>[ /0 20 dy - /0 g8,+()/)dyi|

dy, letz=u+y. Then y = z— u, and thus

Page 6 of 24
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n j 1

[
( b )l—m ik ko kiby
bl)ZZBl,ZkJH IZ i 1m)‘ TEh kiu ghib

i=1 j=1 i

m-1

1 (=B~ ko
bl ZZZZ ’1k/+ll l [Wl) e - ekl

— !
i=1 m=1 i=m j=l (Wl 1)

— ®5(by) ZZZ ”km m(m 5 ki (21)

i=1 m=1 j=m

Now we consider the third integral of Eq. (15). Let z =y — u, then y = z + u, and thus the
integral can be written as follows:

/ Wy - w)gs.. () dy

:/ w(z)gs, (u + 2) dz
0
(u+zy™ kiws2)
:/0 w(z)ZZBZI . 1)‘ dz
i=1 j=1

r n Z/ m m—l
= ZZB,-,»/ w(z) Z e kiwrz) g

i=1 j=1 0 10~

Z ZZ ,,( ki /000 w(z) (],Zi_:l)!e_kiz dz. (22)

i=1 m=1 j=m

Applying the operator (% - o) I—[Ll(% + k;)" simultaneously on both sides of Eq. (15),
the left-hand side is clearly zero. The corresponding right-hand side result depends on
the situation after the action of operators on the three right-hand side integrals. Due to
(d% - py)" (" tePr*) = 0 and (% + k;) (! 1e7%*) = 0, the results of the above operators
acting on (18), (21), and (22) are 0, and then we have

d b 1 .
(du PV)/M s(2)(= ly_l%epy(u D dz = (-1) ®5(u),

4 3
(dii ¥ k,») / ®5(2) (LZ/ Zl);, ) Gz = @y ().

Page 7 of 24
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Therefore, the higher-order differential equation of ®s(u) can be obtained as

d " d "
(z—py) H(Em) (1)

i=1

1( 4 (4 " . )¢ Ve
=l:[<E +ki) (E_py) ( ) ZB L (I)5 Z(] ul)! ep}/( )dZ

d " d "I d j
(@) H(W) (%)

XZZBU/ CI>5(z (1 1)1)‘ i=2) g

i=1 j=1

n n—j
-Z( 1B 1‘[( ) (‘i—py) )
r n d n r d n—j
+ZZB,~,»(E-;)V) H(E +ki> D5 (u). (23)

=1 j=1 i=1
Solving the above equation, the general solution form of ®s(u) can be obtained as follows:

n(r+1)

Z C, e, (24)

where oz is the characteristic root corresponding to the above higher-order differ-
ential equation, and Albrecher et al. [42] proved that «y is the root of the equation
E[e7?T-5(X; o Yier) )] = 1 with respect to s. We now substitute formula (24) into Eq. (15),
and calculate the three integrals, which are recorded as Hy, H, Hs, respectively. The first

integral is calculated as follows:

5]
Hl = / [CDS(M +y)](u+y§b2} + ¢8(b2)1{u+y>b2}]g5,—(y) dy
0

bz—u oo
- [T st np o dy et [ 01y
0 by-u
where
by—u
/ Byl + )5 () dy
by— y n(r+1) pyy
/ Z C e z +y ZB (] 1)'
n(r+1) n by—u )/_1 ( )
oz U % —\py -tz
ZCe ZB/ (j—l)!e Pr=0= dy
n(r+1)

Z et Z B* X]: 1 (bp — )™ ooy ez br—1)
(p —ar) = (py —o )yt (I-1)!



Yu et al. Advances in Difference Equations (2021) 2021:220 Page 9 of 24

n(r+1) n(r+1) - lg —az)(by—u)
oz U * Oz U * (bz— ) o ”
Z Ce ZB Z Ce ZB Z )}+1 l(l_l)|
j=1 = %z
n(r+1) n(r+1) non -
bZ _ (Py az)(ba—u)
C e B* - C, B}
Z Z —a)/ ; 121:;21 p — o, )yt- 1(1 1)!
n(r+1)
Z C er ZB )0 - )]
j=1
n(r+1) n I—m m-1,,m-1
Y e Y e S
+
m=1l=m j=I p—Ol)l (l Wl)' ( _1)!
and
@) [ g-O)dy
by—u
m-1
—p, b -1 U u
bZ)ZZZ J 1+1 l(l_ ) e (-1)" 7(}/”_1)!6@
m=1 l=m j=l
n(r+1) l—m m—l
Y Y Yy ey
z=1 m=1 l=m j=I }+ (l Wl)‘ ( _1)'
Thus, we have
%)
Hy = / [@s (s + Y)Ljusy<ty) + Po(B2) L urysiy) |85~ () dy
0
n(r+1)
C,e*"
Z Z 4 (py _az)l
n(r+1) 1
+ZCZZZB*< 1+ll ,0 _a)j+1—l)
m=1 l=m j=I z
bé—me(az—py)m (_l)m—lum—l oy (25)
e .

(I - m)! (m—-1)!
The second integral is calculated as follows:

u
H2 = / [CDB(M _y)I{u—yzbl} + ¢5(b1)1{u—y<b1}]g5,+(y) dy
0

u

M—bl
_ [O (1t = )5 (9) dy + B (by) / 0. 0)dy,

where

u—-by
/0 (1 - )25 () dy

u-by n(r+1) y”l
/ Z Coee) ZZ TG-1) e dy
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n(r+1) u-by )/_
eSS [ ety
i=1 j=1 (]_ 1)
n(r+1) j -1
(M—hl)
C,e"" B; o kiraz)w=b1)
Yeoryy u[(mz), > e
n(r+1)
C,e* Bi——
-2 >y, Tray
i=1 j=1
n(r+1) 1 (M—l’)l)l_l " ok b
_ ol —(kj+oz)u (kj+az)by
Y con Sy e
i=1 j=1
n(r+1) r n 1
= Z C, e ZB,']'
z=1 i=1 j=1 (ki + o)
n(r 1) -
3) 39 9L BT
b 1-1 —1)
o (k+oz)1+ (-1
n(r+1) r n 1
=2 G Bjor—
z=1 =1 j=1 (ki + ez)
n(r+1) - _
Y eyyyys O™ i i
i ’
e iy ’k+a Yl (1 —m)! (m—1)!

and

®5(b1) / . &+ dy

) —m b Mm—l kw
= d; bl)ZZZZBth,+1 ] (l m)! e’ (m—l)!e L

i=1 m=1l=m j=Il

- ®4(by) ZZZBU/(]+I — (m 1)‘ —kiu

i=1 m=1 j=m

1 ‘ m—1 ku
= d; b1)ZZZZ t/kj+1 - (1 m) elbl(rZ—l)!e ’

i=1 m=1Il=m j=Il

—q>5(b1 ZZZ l]k1+1 m(m 1)1 7iu

i=1 m=1 j=m

n(r+1) n
+Otz 1 ( b ) Olzhl
Yo zz[zz%, b C0T ZH—}

i=1 m=1LI=m j=I

“m—1¢
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Thus, we have

H, = / [ @5t = M (u-y=p1) + P01 ju—yety) |85+ () dy
0
n(r+1)

Z Ceazuzz l/(k +a)}

i=1 j=1

ity 1 (=b)"™ ran Wk
-2 SHHHI Kvay ™ C=mi® -1

i=1 m=1 l=m j=I

n(r+1) k +az)by ( bl)l m n 1 wis
+ZCZZ ZZ i k]+ll (l_m) _ZBijkﬂl—me

i=1 m=1LI=m j=I j=m i
m—1
x 2 e ki
(m-1)
n(r+1)
=L C Y3 B
1(k + o)

i=1 j=1

n(r+1) 1 1 kivtg) bl( bl)l m
DS ZZBU( 1 e )

i=1 m=1LI=m j=I

_ Z azhl u™" ! —kiu
ij k/+l l (I’Yl 1)1 :

The third integral is calculated as follows:

i—1 —k,y

H3=/ w(y —u)gs,. () dy = ZZB,,/ w(y — y;] 1)!0,’

i=1 j=1

Plugging the integrals (25)—(27) into the Eq. (15), we have

n(r+1
Palw) = Zce"‘zu[z 7oy a)’+ZZ Tk + o )’:|

i=1 j=1
n n(r+l) 1
*
23 a3 prmay)
m=1 z=1 l=m j=I p oz
blz—me(az—py)bz (_1)m—1um—1 o

({—m)! (m-1)!

n(r+1) 1 » (—b )l—m
+ZZ|:Z C. ZZBU( -~ (ki + o )+1- l>e(kl o (l—lm)!

i=1 m=1L z=1 l=m j=I

n(r+1) Ltm_l
_ C, B e¥eb1 e kin
Y oY nge [

i—1 e—kl' y

+ZZBU/ w(y—u)yéi_l)! dy

i=1 j=1

(26)

(27)

(28)
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When the penalty function w(y — u) is determined, n(r + 1) equations with coefficients
C, can be obtained from Eq. (28). Based on this, the parameters contained in ®s(u) =
Yo rfl C.e** can be obtained, and then the corresponding Gerber—Shiu function can be
obtained.

3 Expected discounted capital injection
Similar to solving for the Gerber—Shiu function, we can get the integral equation satisfied
by the expected discounted capital injection

W) - / [+ D)yt + W B2 oyt 05 0) by
0

+ /0 [\I’(u — Wy + (Xl(bl —(u —J’)) + "I’(bl))l{u—ydq}]

X g5.+() dy. (29)

For the following integral

u

/0 11 (51 = (=) Ty @54 0) dy = / 31 (b1 - (= 9)g5..0) by, (30)

M—b]

let z = b — (u—y), and then y = z— by + u. After bringing g; , (y) into integral (30), the above
integral can be simplified as follows:

/0 x1(b1 = (1 = ) ju—yery8s.+ () dy
:/ , x1(b1 — (w—-79))gs+ () dy

b1
= / x1(2)gs+(z— b1 + u) dz
0

b z+@x-b)y ™t
e x1(2)————"—e " dz
-y Y et [N E e e

i=1 j=1

A I-1,j-1
_  —ki(u=b1) x=b)™' 77 .
= E E Bje ! /o x1(2) E G- DI dz

i=1 j=1

j 1_
_ (u—b1) (u—b1) k,'z
= E E B,,e E (l W /0 1(z)(] l)' dz

i=1 j=1 =1

l

—ki(u—b1) u™ ( )l_ ! le e iz
DRHIEEDS e R

i=1 j=1 I=1 m=1

~.

kib bl) oou! —k;u b jil —k'z
SRS g L [N Z e a6

i=1 m=1l=m j=I

The operation with other integrals is exactly the same as that of the related integral in
the Gerber—Shiu function. By applying the operator (% —pp)" H;=1(¢% +k;)" on both sides
of Eq. (29) at the same time, a higher-order differential equation for W (x) can be obtained.
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The general solution to this equation can be obtained as follows:

n(r+1)

Z A, (32)

where oz is also the characteristic root corresponding to the above higher-order differen-
tial equation. Now substitute formula (32) into Eq. (29), and calculate the two integrals on
the right. The first integral in Eq. (29) can be directly obtained by using the result for the
related integral in Eq. (15) as

/ [Llj(u + J/)I{u+y5b2} + “I’(b2)1{u+y>b2}]g8,—(y) dy
0

by—u 00
- [T g 0d v [ g o)
0 by-u
(r+1)
Aye*
Z Z J (py _az)l
n(r+1) n 1
+ Z A ZZZ /+1 1~ _ ji+1-1
:0 )
z= m=1l=m j=I
bl—m (az—py )b -1 m-1,,m-1
s € ( ) U ePrH, (33)

(I—m)! (m—1)!

By (31), the second integral of Eq. (29) is calculated as follows:
/ [\Il(u _y)l{u—yzbl} + [Xl (bl - (I/l _y)) + q”(bl)]]{u—y<b1}]g¢3,+(y) dy
0

u-b; u
:/0 L4V (1 —y)dy+/ ., G+ [x1(b1 = (=) + W (b1)] dy

n(r+1)

ZA eazuzz l](k ra.)

i=1 j=1

m-1 by j—1
Bl kbl u —k[u/ z —k,‘Z
O Sy e G e [ o e

i=1 m=1Il=m j=Il

n(r+1) 1 » (—b )l—m
+ Z Az ZZ[ZZ ll(k’“ l (kl,_,_az)ju—l)e(kl o (l_lm)!

i=1 m=1LI=m j=1

az 1 Mm71 —Kiu
N ZBUkHl -m b :| ( — 1)'6 . (34)

Substituting the two integrals (33) and (34) into Eq. (29), we have

n(r+1)

W(y) = Z A

n(r+1)

ZAzeaz Z ’(py—oz)f
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n(r+1) n n n 1 1
+ A B — - -
Z z ] <p1+1—l (,Oy _ Olz)1+1_l>

=1 m=ll=m j=I Y
bé—me(az—py)bg (_l)m—lum—l
(I - m)! (m - 1)!

n(r+1)

+ ZA e"‘Z”ZZBU o)

i=1 j=I

/(Lbl bl) i um—l —k;u b Zi_l —kiz
+ZZZZB,,6 pmy (m—l)!e \ Xl(z)(j—l)!e dz

i=1 m=1l=m j=I

S zz[zzﬂ](w N —

i=1 m=1LI=m j=I

Pyl

(k;+az)by ( bl)l_
(l m)!

xXe

m-1

b | B ki
- ZBl/k]Jrl mea 1:| (I’Vl l)l !

n(r+1)

= ZAzeazu|:Z J(p _a)1+ZZ l/(k+otz)/:|

n(r+1) § 1 1
+ ZA ZZZB ( 1+ll ,0 _azj+1—l>

m=1l=m j=I
bé—me(az—py)bg (—l)m_lum_l
(I - m)! (m - 1)!

AT (- )

i=1 m=1L1I=m j=I

Pyl

(kj+az)by ( bl)l_
(l m)!

xXe

m-1

" 1 U
- ZBV 1-m el et
=" (m —1)!

m-1

+ZZZZBU€kbl (l m) (,,Z 1)'e—kiu

i=1 m=1l=m j=I

b1 j—l
—k,‘Z
X /0 x1(2) i l)' dz. (35)

The result of the above integral will depend on the form of the loss function x; (x). When
the form of function yx;(x) is given, the specific result of the above integral can be calcu-
lated. It is consistent with the solution method for the Gerber—Shiu function. After com-
bining similar terms, the equation satisfied by n(r + 1) coefficients can be obtained accord-
ing to the above result. Therefore, all parameters contained in W(u) = Zgirfl) Aje*" can

be found, and then the expression of W(«) can be obtained.
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4 Expected discounted dividend payments
Similarly as for the Gerber—Shiu function, we can get the integral equation satisfied by the
expected discounted dividend payments

P(u) = /0 [0 + D ury<iyy + (X2t + Y = b2)) + D(b2)(uay>boy |85,- () dy
+ /0 (D00 yzin) + B ~ Dy 126, 0) dy. (36)

Consider the following integral:

oo

/ X2+ Y — Do)l (yiys0)85,- () dy = / Xx2(u+y—b2)gs,—(y) dy, (37)
0

by—u

and let z = (u +y) — by, then y = z+ by — u. After bringing g5 _(y) into (37), the above integral
can be simplified as follows:

/h x2(u +y — ba)gs_(y) dy

0 —U

= / x2(2)gs—(z+ by —u)dz
0

n i1
=, " Jo (-1

" - by )"
N Brer (u—bz)/ % —pyz
; el | x2(2) -1 e r*dz

J )1—1 71

n
b
_ B;‘e”y(”_b” / xa(2) (Z—e—pyzdz
Z,:1 o 0L G-

=1

n by jol (_u)m—lbl—m o0 71
=Y Befr“ 2 / z e dz
; ;;(m—l)!(l—m)' , PG
m-1
- B* —py b2 2 1)m—1 u ePri
;g; = )‘( (m—1)!
00 j—l
~Prdz. 38
X /0 X2(Z)(] T (38)

The operations with the other integrals are exactly the same as that of the related integral
in the Gerber—Shiu function. By applying the operator (% - )" T1 1( + k;)" on both
sides of Eq. (36) at the same time, a higher-order differential equation on ¢(u) can be
obtained. The general solution to this equation can be obtained as follows:

n(r+1)

Z D,e*", (39)



Yu et al. Advances in Difference Equations (2021) 2021:220 Page 16 of 24

where ay is also the characteristic root corresponding to the above higher-order differ-
ential equation. Substitute formula (39) into Eq. (36), and calculate the two integrals on
the right. The first integral in Eq. (36) can be directly obtained by using the result of the
related integral in Eq. (15)

/ (D0 + M iry<pry + (D(B2) + x2( + ¥ = b2)) rysyy |85~ () dy
0

by—u 00
=A ¢wwmmwwf (6(52) + xalte + 5~ b))gs0) dy

by—u
n(r+1)
D ezt
DT
n(r+1)

bl—me(az—py)bz( l)m—l m—1

* — u u
- Z ZZZB )/+11 (I - m)! (m—1)! e’

m=1 [=m j=I

n(r+1) blm azpybz(l)mlml

1
+ Z ZZZ J +ll l m)! (Wl—l)! et

m=1 l=m j=I
bl—m ( l)m—lum—l j—l
B* —py b2 2 7pyu/‘ PRy
+;zzn;,z; (-m) m-1 ) XZ(Z)(, e =
n(r+1) n
B ; Z J (py _Olzy
n(r+1) 1
r 2P Yy ﬁu —
m=1 l=m j=l '0 aZ)
blz—me az—py )by (_l)m—lum—l o
(I -m)! (m-1)!
~ —m (_1)m lum 1 B
+ B* pyba 2 e Pr
;g; {(-m) (m-1)
00 j—l
~Pr¥dz. 40
< [ e e (40)

By Eq. (15), the second integral of Eq. (36) is calculated as follows:

f (O (u=y<ir) + Dt = Vuysi) |25+ ) dy
0

u u—by
i[¢@mwmwf (= )gs.0 () dy
u-by 0

nil ZZ[ZZ ( byl elkitaz)b X”: e%zb1 :| w1 .
+ — Bl— — i
i=1 m=11=m j=l kfl l(l—m). i /kfl’l (m—1)!

n(r+1)

+ ZDeazuZZ l](k +Ol)/

i=1 j=1
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_ D B 1 (=b1) (kj+az)by Le—kﬂl
‘ Yk + a ) L (1= m)! (m —1)!
z=1 i=1 m=1 l=m j=I ’
n(r+1) r n
=Y Do B L
- z ¥ j
z=1 i=1 j=1 (ki +atz)

n(r+1) ron
+ D, Z |:

z=1 i=1 m=1L[=m j=I

n -1
- ) By ,1 e u ek,
el (m—1)!

Substituting the two integrals (40) and (41) into formula (39), we have

n(r+1)

Z D, e**

n(r+1) 00

ZDze“Z”Z Trwern o MRS S RUL”

=X

n(r+1) n

X2 (- ayer)

z=1 m=1 [=m j=I

blz—me az—py )by (_l)m—lum—l
(I - m)! (m-1)

Py U

n(r+1) r 1 » (—b )l—m
+zDzzbzn(l e

i=1 m=1L1=m j=I
m— n(r+1)

Yt | e D e
ZB”W” m-nit L ,1,1”(’”“)’
n(r+1)

D,e*" +
R bl S

n(r+1) n 1
! Dzzz(mlpwwg

z=1 m=1 l=m j=I z

blz—me(az—py by (_1)m—lum—l
(I - m)! (m-1)

D353 )3) WACESRETLRS)

i=1 m=1LI=m j=I

efr#

(kj+otz) bl( -b )l_m
(I -m)!

xXe

m-1

b u ki
_ZBle,H ] e’ l:|(m 1)|

n n I-m
YT (L— ki (C01)
T v oyt (= m)!
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(41)
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n n n b[_m Mm—l
x _—py b 2 m-1 —py U
DI I BT e

m=1 l=m j=I

9] Zj—l
X x2(2)— e *dz. (42)

/o G-
The result of the above integral will depend on the form of the loss function x»(x). When
the form of function x,(x) is given, the specific result of the above integral can be calcu-
lated. It is consistent with the solution method for the Gerber—Shiu function. After com-

bining similar terms, the equation satisfied by n(r + 1) coefficients can be obtained accord-

n(r+1)

1 D.e%" can

ing to the above result. Therefore, all parameters contained in ¢(u) = )

be found, and then the expression of ¢(u) can be obtained.

5 Numerical illustrations
In this section, we give some examples of the Gerber—Shiu function, the expected dis-

counted capital injection, and the expected discounted dividend payments.

Example 1 It is assumed that the interobservation time is Erlang(2, 2)-distributed, the ar-
rival time of a claim and the amount of a single claim are exponentially distributed with
parameters A = 1, v = 1, respectively. The premium charged per unit time is assumed to
be ¢ = 2 and the penalty function is w(x) = 1. Now we consider the influences of interest
force 8, injection line by, dividend payments line b, on the Laplace transformation of ruin
time, the expected discounted capital injection until ruin, and the expected discounted
dividend payments until ruin separately.

As can be seen in Fig. 2, the Laplace transformation of ruin time is a decreasing function
of initial surplus u, which is contrary to the conclusion of traditional actuarial model. This
shows that a higher initial surplus « leads to a smaller Laplace transformation of the ruin
time. This is because the function e_af’fl2 is a decreasing function of ruin time rflz. The

larger initial surplus u leads to a larger ruin time T:f, and a smaller Laplace transformation
by
C . . L8 —
of ruin time is obtained due to the decreasing function e * *1. Moreover, when the initial

surplus u is fixed, the Laplace transformation of ruin time is a decreasing function for
parameters &, by, and b, respectively.

In Fig. 3, we see that the expected discounted capital injection until ruin is also a de-
creasing function of the initial surplus #. When the initial surplus u is fixed, the expected
discounted capital injection until ruin is a decreasing function of parameters § and b,
respectively, and an increasing function of b;.

In Fig. 4, we see that the expected discounted dividend payments until ruin is an in-
creasing function of the initial surplus #. When the initial surplus u is fixed, the expected
discounted dividend payments until ruin is a decreasing function of the parameters é and
b,, respectively, and an increasing function of b;.

Next, we will analyze the influence on the Laplace transformation of ruin time, the ex-
pected discounted capital injection until ruin, and the expected discounted dividend pay-
ments until ruin when the single claim amount is subject to the following four distribu-
tions:

(1) Exponential distribution (Exp) fy (y) = e™;

(2) Combined exponential distribution (Com-Exp) fy(y) = 2 x 1.5e 1% — 3¢™;
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Figure 2 The Laplace transformation of ruin time

(3) Mixed exponential distribution (Mix-Exp) fy(y) = 3 x 2™ + 2 x 0.8¢%;
(4) Erlang(2,2) distribution fy(y) = 4ye™?.

Example 2 It is assumed that the interobservation time is Erlang(2, 2)-distributed, the ar-
rival time of claim is exponentially distributed with parameters A = 1. Let c = 1.5, § = 0.01,
b, =5, and by = 10. We consider the influence of the above four probability distributions
of a single claim amount on the Laplace transformation of the ruin time.

As one can see in Fig. 5, the Laplace transformation of the ruin time is a decreasing
function of the initial surplus u, and it is easy to see that when the average value of claims
is equal, the Laplace transformation of the ruin time will increase with the increase of the

variance of the claim amount distribution.

Example 3 It is assumed that the interobservation time is Erlang(2, 2)-distributed, the ar-
rival time of claim is exponentially distributed with parameters A = 1. Let ¢ = 5, § = 0.01,
by =2, and b, = 6. We consider the influence of the above four probability distributions of
a single claim amount on the expected discounted capital injection until ruin.

It can be concluded from Fig. 6 that the expected discounted capital injection until ruin
is no longer a strictly decreasing function of the initial surplus #, and its monotonicity will
change with the different distribution of claims. When the claim amount follows the expo-
nential distribution and mixed exponential distribution, the expected discounted capital

injection until ruin decreases strictly monotonically with respect to the initial surplus u.
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Figure 3 The expected discounted capital injection until ruin

When the claim amount follows the combined exponential distribution and Erlang dis-
tribution, the expected discounted capital injection function will first increase with the
increase of the initial surplus u, and then decrease with the increase of the initial surplus
u after passing a certain special value. And when the initial surplus u exceeds a special
value, the expected discounted capital injection function until ruin will increase with the
increase of the variance of the claim amount distribution.

Example 4 1t is assumed that the interobservation time is Erlang(2, 2)-distributed, the
arrival time of a claim is exponentially distributed with parameters A = 1. Let ¢ = 5,
8 =0.01, by =2, and b, = 6. We consider the influence of the above four probability dis-
tributions of a single claim amount on the expected discounted dividend payments until
ruin.

Here one can see from Fig. 7 that the expected discounted dividend payments until ruin
is an increasing function of the initial surplus u. And it is easy to see that when the av-
erage value of the claim amount distribution is equal, the expected discounted dividend
payments until ruin will decrease with the increase of the variance of the claim amount
distribution. When the claim amount distribution is Erlang, the expected discounted div-
idend payments until ruin is the largest, and when the claim amount distribution is a
mixed exponential distribution, the expected discounted dividend payments until ruin
are the smallest.
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Figure 4 The expected discounted dividend payments until ruin
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Figure 5 The Laplace transformation of the ruin time

However, it is worth noting that the injection and dividend levels in the model are as-
sumed in advance, which are not necessarily the optimal injection and dividend levels. So
later, the topic can also focus on the selection of the optimal capital injection and dividend

levels.
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Figure 6 The expected discounted capital injection until ruin
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Figure 7 The expected discounted dividend payments until ruin

Acknowledgements
The authors thank the referees for a number of suggestions, which have improved many aspects of this paper.

Funding

This research was supported by the National Natural Science Foundation of China (Grant Nos. 11301303), the Taishan
Scholars Program of Shandong Province (Grant No. tsgn20161041), the Humanities and Social Sciences Project of the
Ministry Education of China (Grant No. 19YJA910002), the Natural Science Foundation of Shandong Province (Grant No.
ZR2018MG002), the Fostering Project of Dominant Discipline and Talent Team of Shandong Province Higher Education
Institutions (Grant No. 1716009), the Shandong Provincial Social Science Project Planning Research Project (Grant No.
19CQXJ08), the 1251 Talent Cultivation Project of Shandong Jiaotong University, the Risk Management and Insurance
Research Team of Shandong University of Finance and Economics, the Shandong Jiaotong University ‘Climbing’ Research
Innovation Team Program, and the Collaborative Innovation Center Project of the Transformation of New and Old Kinetic
Energy and Government Financial Allocation, Excellent Talents Project of Shandong University of Finance and Economics.

Availability of data and materials
Please contact authors for data requests.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to the writing of this paper. The authors read and approved the final manuscript.

Author details

'School of Insurance, Shandong University of Finance and Economics, Jinan 250014, PR. China. *College of Mathematics
and Statistics, Chongging University, Chongging 401331, PR. China. 3School of Mathematic and Quantitative Economics,
Shandong University of Finance and Economics, Jinan 250014, PR. China. *School of Science, Shandong Jiaotong
University, Jinan 250357, PR. China.



Yu et al. Advances in Difference Equations (2021) 2021:220

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 10 June 2020 Accepted: 14 April 2021 Published online: 26 April 2021

References

1.

2.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31

32.

33.
34.

Lundberg, F: Approximerad Framstalining av Sannolikehetsfunktionen, Aterférsakering av Kollektivrisker. Aimqvist &
Wiksell, Uppsala. Akad. Afhandling. Aimqvist & Wiksell, Uppsala (1903)

Gerber, H.U, Shiu, E.S.W.: On optimal dividend strategies in the compound Poisson model. N. Am. Actuar. J. 10(2),
76-93 (2006)

. Chi, Y.C, Lin, X.S.: On the threshold dividend strategy for a generalized jump-diffusion risk model. Insur. Math. Econ.

48(3),326-337 (2011)

. Yu, W.G.: Some results on absolute ruin in the perturbed insurance risk model with investment and debit interests.

Econ. Model. 31,625-634 (2013)

. Yin, CC, Wen, Y.Z, Zhao, Y.X.: On the optimal dividend problem for a spectrally positive Lévy process. ASTIN Bull.

44(3),635-651 (2014)

. Shen, Y, Yin, C.C, Yuen, K.C.: Alternative approach to the optimality of the threshold strategy for spectrally negative

Lévy processes. Acta Math. Appl. Sin. Engl. Ser. 29, 705-716 (2013)

. Yu, WG, Huang, Y.J, Cui, C.R.: The absolute ruin insurance risk model with a threshold dividend strategy. Symmetry

10(9), 377 (2018)

. Yu, WG, Yong, YD, Guan, G.F, Huang, Y.J, Su, W,, Cui, CR.: Valuing guaranteed minimum death benefits by cosine

series expansion. Mathematics 7(9), 835 (2019)

. Zhou, M., Yuen, K.C,, Yin, C.C.: Optimal investment and premium control in a nonlinear diffusion model. Acta Math.

Appl. Sin. Engl. Ser. 33,945-958 (2017)

. Zhou, JM,, Mo, XY, Ou, H,, Yang, X.Q.: Expected present value of total dividends in the compound binomial model

with delayed claims and random income. Acta Math. Sci. 33(6), 1639-1651 (2013)

. Xu, L, Yao, D.J, Cheng, G.P: Optimal investment and dividend for an insurer under a Markov regime switching market

with high gain tax. J. Ind. Manag. Optim. 16(1), 325-356 (2020)

. Yin, C.C, Wen, Y.Z.: Optimal dividend problem with a terminal value for spectrally positive Lévy processes. Insur. Math.

Econ. 53(3), 769-773 (2013)

. Dong, H, Yin, C.C, Dai, H.S.: Spectrally negative Lévy risk model under Erlangized barrier strategy. J. Comput. Appl.

Math.351,101-116 (2019)

. Li, DP, Rong, XM, Zhao, H.: Optimal reinsurance and investment problem for an insurer and a reinsurer with

jump-diffusion risk process under the Heston model. Comput. Appl. Math. 35, 533-557 (2016)

. Peng, J.Y, Wang, D.C.: Uniform asymptotics for ruin probabilities in a dependent renewal risk model with stochastic

return on investments. Stochastics 90(3), 432-471 (2018)

. Yao, D.J, Wang, RM,, Xu, L.: Optimal impulse control for dividend and capital injection with proportional reinsurance

and exponential premium principle. Commun. Stat,, Theory Methods 46(5), 2519-2541 (2017)

. He, L, Liang, Z.X.: Optimal financing and dividend control of the insurance company with fixed and proportional

transaction costs. Insur. Math. Econ. 44(1), 88-94 (2009)

. Zhu, JX, Yang, H.L.: Optimal capital injection and dividend distribution for growth restricted diffusion models with

bankruptcy. Insur. Math. Econ. 70, 259-271 (2016)

. Albrecher, H., Cheung, E.CK,, Thonhauser, S.: Randomized observation periods for the compound Poisson risk model:

dividends. ASTIN Bull. 41(2), 645-672 (2011)

Avanz, B, Cheung, E.CK, Wong, B, Woo, JK.: On a periodic dividend barrier strategy in the dual model with
continuous monitoring of solvency. Insur. Math. Econ. 52(1), 98-113 (2013)

Zhao, Y.X., Chen, P, Yang, H.L: Optimal periodic dividend and capital injection problem for spectrally positive Lévy
processes. Insur. Math. Econ. 74, 135-146 (2017)

Zhang, ZM., Cheung, E.CK, Yang, H.L.: On the compound Poisson risk model with periodic capital injections. ASTIN
Bull. 48(1), 435-477 (2018)

Cheung, ECK, Zhang, ZM.: Periodic threshold type dividend strategy in the compound Poisson risk model. Scand.
Actuar. J.2019(1), 1-31 (2019)

Peng, X.H., Su, W,, Zhang, ZM.: On a perturbed compound Poisson risk model under a periodic threshold-type
dividend strategy. J. Ind. Manag. Optim. 16(4), 1967-1986 (2020)

Pérez, J.L, Yamazaki, K.: On the optimality of periodic barrier strategies for a spectrally positive Lévy process. Insur.
Math. Econ. 77, 1-13 (2017)

Noba, K., Pérez, J.L, Yamazaki, K., Yano, K.: On optimal periodic dividend strategies for Lévy risk processes. Insur. Math.
Econ. 80, 29-44 (2018)

Yang, L, Deng, G.H.: A perturbed risk model with constant interest and periodic barrier dividend strategy. Commun.
Stat,, Simul. Comput. 1614620 (2019)

Dong, H., Zhou, XW.: On a spectrally negative Lévy risk process with periodic dividends and capital injections. Stat.
Probab. Lett. 155, 108589 (2019)

Dong, H., Zhao, X.H.: On periodic dividends for the classical risk model with debit interest. Math. Probl. Eng. 2020,
6395717 (2020)

Yang, XX, Tan, J.Y, Zhang, H.J,, Li, ZQ.: An optimal control problem in a risk model with stochastic premiums and
periodic dividend payments. Asia-Pac. J. Oper. Res. 34(3), 1740013 (2017)

Liu, Y.G, Chen, X,, Zhuo, W.Y:: Dividends under threshold dividend strategy with randomized observation periods and
capital-exchange agreement. J. Comput. Appl. Math. 366, 112426 (2020)

Yu, W.G, Guo, P, Wang, Q, Guan, GF, Yang, Q, Huang, Y.J,, Yu, X.L,, Jin, BY, Cui, CR.: On a periodic capital injection and
barrier dividend strategy in the compound Poisson risk model. Mathematics 8(4), 511 (2020)

Gerber, H.U,, Shiu, ESW.: On the time value of ruin. N. Am. Actuar. J. 2(1), 48-78 (1998)

Lin, X.S., Willmot, G.E,, Drekic, S.: The classical risk model with a constant dividend barrier: analysis of the Gerber-Shiu
discounted penalty function. Insur. Math. Econ. 33(3), 551-566 (2003)

Page 23 of 24



Yu et al. Advances in Difference Equations (2021) 2021:220

35.

36.

37.

38.

39.

40.

42.

Willmot, G.E,, Dickson, D.C.M.: The Gerber—Shiu discounted penalty function in the stationary renewal risk model.
Insur. Math. Econ. 32(3), 403-411 (2003)

Li, SM,, Lu, Y, Sendova, K.P: The expected discounted penalty function: from infinite time to finite time. Scand. Actuar.
J.2019(4), 336-354 (2019)

Huang, Y.J, Yu, W.G,, Pan, Y, Cui, CR. Estimating the Gerber-Shiu expected discounted penalty function for Lévy risk
model. Discrete Dyn. Nat. Soc. 2019, 3607201 (2019)

Zhang, ZM.,, Su, W.: Estimating the Gerber-Shiu function in a Lévy risk model by Laguerre series expansion. J.
Comput. Appl. Math. 346, 133-149 (2019)

Preischl, M., Thonhauser, S.: Optimal reinsurance for Gerber-Shiu functions in the Cramér-Lundberg model. Insur.
Math. Econ. 87, 82-91 (2019)

Zhang, ZM, Yong, Y.D, Yu, W.G.: Valuing equity-linked death benefits in general exponential Lévy models. J. Comput.
Appl. Math. 365, 112377 (2020)

. Palmowski, Z,, Vatamidou, E.: Phase-type approximations perturbed by a heavy-tailed component for the

Gerber-Shiu function of risk processes with two-sided jumps. Stoch. Models 36(2), 337-363 (2020)
Albrecher, H., Cheung, E.CK, Thonhauser, S.: Randomized observation periods for the compound Poisson risk model:
the discounted penalty function. Scand. Actuar. J. 2013(6), 424-452 (2013)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 24 of 24



	Randomized observation periods for compound Poisson risk model with capital injection and barrier dividend
	Abstract
	MSC
	Keywords

	Introduction
	Gerber-Shiu function
	Expected discounted capital injection
	Expected discounted dividend payments
	Numerical illustrations
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


