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hierarchy, and the other is the time-fractional order non-isospectral AKNS (tfnisAKNS)
hierarchy. By transforming the stfisAKNS hierarchy into two fractional bilinear forms
and reconstructing the potentials from fractional scattering data corresponding to
the tfnisAKNS hierarchy, three pairs of uniform formulas of novel N-fractal solutions
with Mittag-Leffler functions are obtained through the Hirota bilinear method (HBM)
and the inverse scattering transform (IST). Restricted to the Cantor set, some obtained
continuous everywhere but nondifferentiable one- and two-fractal solutions are
shown by figures directly. More meaningfully, the problems worth exploring of
constructing N-fractal solutions of soliton equation hierarchies by HBM and IST are
solved, taking stfisAKNS and tfnisAKNS hierarchies as examples, from the point of view
of local fractional order derivatives. Furthermore, this paper shows that HBM and IST
can be used to construct some N-fractal solutions of other soliton equation
hierarchies.
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1 Introduction

It is well known that AKNS spectral equation [1] is an important linear problem, from
which and its associated time evolution equations of eigenfunctions abundant nonlinear
partial differential equations (PDEs) [2, 3] have been derived, such as the KdV equation,
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mKdV equation, NLS equation, Burgers equation, sinh-Gordon (sG) equation, loop soli-
ton equations, Harry—Dym (HD) equation, Heisenberg ferromagnet (HF) equation, and
the N-wave equations. Besides, from the same AKNS linear problem, isopsectral and non-
isospectral hierarchies of nonlinear PDEs can be derived. Researchers often called such de-
rived hierarchies the isospsectral AKNS (isAKNS) hierarchies and non-isospectral AKNS
(nisAKNS) hierarchies, respectively. It was Ablowitz et al. [1] who first solved the iSAKNS
equations by IST. In 1998, Gesztesy and Ratnaseelan [4] obtained algebro-geometric solu-
tions of the AKNS hierarchy based on elementary algebraic methods. In 2004, Ning et al.
[5] solved the nisAKNS hierarchy by IST. In 2008, Yin et al. [6] solved the isAKNS hierar-
chy by its bilinear form. In 2012, Chen et al. [7] solved the iSAKNS hierarchy by HBM. In
2017, Zhang and Gao [8] solved a generalized isAKNS hierarchy by HBM. In 2018, Zhang
and Hong [9] solved a generalized isSAKNS hierarchy by IST. In 2018, Zhang and Hong [10]
solved a generalized nisAKNS hierarchy by IST. Recently, some nonlocal integrable evo-
lution equations [11, 12] have been found from the symmetry reductions of the isAKNS
hierarchy. In 2011, Wu and Zhang [13] constructed Hamiltonian structures of a fractional
AKNS hierarchy by a generalized Tu formula. In 2020, Gao et al. [14] solved the (2 + 1)-
dimensional AKNS equation with conformable derivatives and a perturbation parameter
by the sine-Gordon expansion method. However, to the best of our knowledge, there are
no reports on HBM, IST, and fractal solutions for fractional AKNS equations.
The aim of this paper is to derive the stfisSAKNS hierarchy
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and then solve the fractional order AKNS hierarchies (1) and (3) by extending HBM [15]

and IST [1], respectively. Here, D§ and I}, represent the local fractional order partial
derivative operator [16]
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and the local fractional integral operator [16]

1 X
Epd) = s / o H(dw)f* (0<a<1) ©)

for any nondifferentiable functions ¢(x, ) and ¢(x,t) defined on a fractal set €2, respec-
tively. The concept of local fractional derivative was first proposed by Kolwankar and
Gangal [17], and it has received continuous developments and extensive applications like
[18-25]. In addition, this article will show some obtained fractal solutions for more in-
sights into novel nonlinearities hidden behind the fractional order models.

The rest of this article consists of four parts: Sect. 2 derives the stfisAKNS and
tfnisAKNS hierarchies and gives three reductions for the fractional order nonlocal hier-
archies of evolution equations; Sect. 3 constructs N-fractal solutions with Mittag-Leffler
functions of the stfisAKNS hierarchy by considering two fractional order bilinear forms
and shows the obtained one- and two-fractal solutions restricted to the Cantor set; Sect. 4
extends IST for constructing N-fractal solutions with Mittag-Leftler functions of the
tfnisAKNS hierarchy and shows the obtained one-fractal solutions restricted to the Can-
tor set; Sect. 5 concludes this article.

2 Derivations of the fractional order AKNS hierarchies
Based on the Lax scheme [26], this section derives the stfisAKNS and tfnisAKNS hierar-
chies (1) and (3).

2.1 Fractional order isospectral AKNS hierarchy
Theorem 1 Suppose

A=1I (v,u) (;?) - %(210‘/()*%’ 7)

where i* is the necessary formal imaginary number unit [16] to connect the relationships
between Mittag-Leffler functions and trigonometric functions defined in a fractal set Q.
Then the stfisAKNS hierarchy (1) can be derived from the fractional order zero curvature
equation, i.e., the fractional order compatibility condition

DAU-DYV+ (U, V]=0, [UV]=UV-VU ®)

of the following fractional order linear spectral problem:

—i%k F
per=ur, u=("" "), Fr={"1), ©)
v ik F
and its associated time-fractional order evolution equation
A B
DIF=VF, V= . (10)
Cc -A

Here, u = u(x,t) and v = v(x, t) and their local fractional order derivatives with respect to x
and t are all nondifferentiable functions, i1k is the spectral parameter being independent
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of x and t, while A, B, and C are all undetermined local fractional differentiable functions
ofx,t,u, v,and k.

Proof On the one hand, from Eq. (9) we obtain the a-order local fractional derivative with

respect to ¢:
D} (D$F) = (DYU)F + U(D{F). (11)
On the other hand, the local fractional derivative of Eq. (10) with respect to x gives
D} (DYF) = (D:V)F + V(DZF). (12)

Since u, v, A, B, and C are all local fractional differentiable functions, F is local frac-
tional continuous (see Definition 1.2 of [25]), and then we have D (D¢ F) = D} (D$F) from
Theorem 3 in [25]. Thus, Egs. (9)-(12) lead to

(DfV +UV)F = (DLV + VU)F, (13)

which is namely Eq. (8) by using the arbitrariness of F.
Substituting the matrices U and V of Egs. (9) and (10) into Eq. (8) yields

DA =uC-vB, (14)

Dfu=D}B+2i"kB + 2uA, DYv =D;C -2i"kC - 2vA. (15)

In view of Eq. (7), we rewrite Egs. (14) and (15) as

D" (L:) -1 (‘CB> _2i% (_CB> + (20%)™ (_V”) . (16)

Further supposing
-B “ _bl m—-1
= 2i%k (17)
(€)- () e

and substituting it into Eq. (16), then comparing the coefficients of the same powers of
2ik in Eq. (17), we have

(2i“k)°: D¢ (”) = L (‘b’”) , (18)
v Cm

(2iak)m+1—l . <—b1> I (‘bll) (l _ 2, B .,Wl), (19)
Cl Cl-1

(2i°K)™ (‘f) - (‘V”) . (20)
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Equations (19) and (20) give
-b,, _
( ) = Lm-Da ( ”) . (21)
Cm v
Finally, the substitution of Eq. (21) into Eq. (18) leads to the stfisSAKNS hierarchy (1). O

2.2 Fractional order non-isospectral AKNS hierarchy
Theorem 2 Let the spectral parameter ik satisfy

1
D; (ik) = 5(21/()”4, (22)
and suppose
_a-1 -B _ l AV
A=0""(vu) ( C 2(21/() X, (23)

then the time-fractional order zero curvature equation
DYU-V,+[U,V]=0, (24)

i.e., the time-fractional order compatibility condition of the following linear spectral prob-
lem:

F.=UF, U= <_1k ”) F= (F1>, (25)
14 ik F2

and its associated time-fractional order evolution Eq. (10) generate the tfnisAKNS hierar-
chy (3). Here, u = u(x, t), v = v(x, t) and their integer order derivatives with respect to x are
all smooth functions, but u = u(x,t), v = v(x,t) and their fractional order derivatives with

respect to t are all nondifferentiable functions.

Proof In a similar way to the proof of Theorem 1, with the help of the matrices U and V
of Egs. (25) and (10), we convert Eq. (24) into

1
A, =uC—-vB- 3 (2ik)™, (26)

Dfu = By, + 2ikB + 2uA, D}v = C, —2ikC - 2vA, (27)

which can be written as

D (”) ~ L, <_B> —2ik <_B> + (k)™ (‘xu> (28)
1% C C XV

by using Eq. (23). Introducing [3]

“B\ (b
( C) = 121: ( . ) (2ik) (29)



Xu et al. Advances in Difference Equations (2021) 2021:223 Page 6 of 27

and substituting it into Eq. (28), then comparing the coefficients of the same powers of 2ik
in Eq. (28) yield

(2ik)°: D¥ ( ) = ( ) (30)
(2ik)" 1 ( ) ( ) ) (31)
(2ik)™ : (_ ) ( ) (32)

Then we have
-b,, —
Cm XV
and hence we reach the tfnisSAKNS hierarchy (3). (]

2.3 Nonlocal and reverse-t reductions of stfisAKNS hierarchy
Conveniently, we rewrite the stfisAKNS hierarchy (1) as the following equivalent form:

Dt (”>=1<;=(<a ) - LD (”) m=1,2..) (34)
m+1 v I o v

by introducing the variables ¢; = x, £5, t3, ... and treating u and v as two infinite-dimensional
functions of these variables.

As special cases of Eq. (34), we would like to give three reductions. The first one is the
fInNLS hierarchy

i“ul = KGN = K (e (5=1,2,..) (35)
reduced from Eq. (34) with transformation

v(x, t) = du*(ox,t), 8,0 ==x1,t—i%teR, (36)
the representative of which is the fInNLS equation

D2 u = K" = D2y — 28uPu (52, 1). (37)
The second one is the frtNLS hierarchy

ul = Ky"™N oKey e (s=1,2,..) (38)

reduced from Eq. (34) with transformation

v(x, t) = du(ox,—t), 8,0 ==+1, (39)
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one representative of which is the frtNLS equation
Diu= KeNES = D2y 1 281 u(x, ). (40)

And the last one is the fmKdV hierarchy

JSmKdV
ul =K S K ey (5=1,2,.0) (41)

reduced from Eq. (34) with transformation

v(x, t) = Su(ox,o0t), 6&,0==1, (42)
one representative of which is the fmKdV equation

D u =K = D3y — 65u(D2u)u(sx, ot). (43)
3 HBM for N-fractal solutions of the stfisAKNS hierarchy
To construct N-fractal solutions, we first derive the fractional bilinear forms of the stfi-
AKNS hierarchy (34). We then employ two reduced fractional bilinear forms to construct

N -fractal solutions.

3.1 Fractional bilinear forms
Theorem 3 Letting

u==, v=— (44)

then the stfiAKNS hierarchy (34) can be bilinearized as

(Hy  +HYH] )g-f =fal%, {D‘;‘m [/lz (H2f-f + 2gh)i| } (45)
(8, e - = <otz 1, | -1 20m) | (a6)

where Hgm
[15].

 Hi , and HY are local fractional versions [27] of the Hirota bilinear operator

Proof We write the component forms of Eq. (34) as

DY u+D u=2ull [Df (uv)), (47)
D‘t"wl V- sz,xv = —ZVIgO [D‘t"m (uv)]. (48)

In view of Eq. (44), we have

o _ D?erlgDif B gD?me
b+l u= f2 ’

(49)

Page 7 of 27
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tm+l xg)-f Dtm+1ngéf B D tm+ Di‘fﬁl xf 2gD9Qthm+1

200 _
D u 7 7 (50)
2g gh
2uly| Dy (uv)| = 1Dy (51)
0[ ] f 0 tmfz
Using Egs. (49)—(51), we convert the left- and right-hand sides of Eq. (47) into
LHS tm+1g x]}:“z thnHlf
n (D?a+1 ng Dtm+1gD;.([.f 1f + D%z+1 xf (52)
f? ’
2gD
RHs = 222 }";1 S % ’“J{D b Jf D% ff;
22 o [ [D*)f - (DYf)* + gh
j‘f[xo{Dtm[ Sy 7 S| (53)

With the help of Eqgs. (52) and (53), we can rewrite Eq. (47) as Eq. (45) by employing the
fractional order Hirota bilinear operators. In a similar way we reach Eq. (48). Thus, we
finish the proof. O

Generally, if we construct N-fractal solutions of the stfisANKS hierarchy (34) directly by
using Eqgs. (45) and (46), the calculation is relatively complex and difficult. Inspired by the
work [7], this section employs two reductions of the fractional bilinear forms (45) and (46)
to construct fractional N-fractal solutions. The one adopts the constraint H2*f -f +2gh = 0,

and the other weakens this constraint by letting H>*f - f + 2gh = a*f?, here a is a constant.

3.2 First reduced bilinear forms and N-fractal solutions
We set

HX*f . f +2gh=0, (54)

then the fractional order bilinear forms (45) and (46) become

(Hy,., +H{H )g-f=0, (55)
(Hy, —HH Yh-f=0. (56)

For the fractional one-fractal solutions, we assume that

=1+ D1 etf® V@ (57)
g= 81g(1) + SSg(S) bt 82j+1g(2j+1) I (58)

h=c'hV 4 B3O 4o TP (59)

Page 8 of 27
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and substitute Egs. (57)—(59) into Egs. (54)—(56). Collecting the coefficients of the same
order of ¢ yields a system of fractional differential equations as follows:

Dy, gV +Dp gV = (60)
D, i -D; HY =0, (61)
DEf® +gWn =0, (62)
Dy, +D% )g® =—(H | +HIHE )gVf®, (63)
(Df,,, = Dff, )h = (HZM H?H? JLAVAS (64)
2D = —HE O —2(¢Vh® + PR ) (65)
(Dr,,, + D4, )8 = ~(H,,, + HH, ) (¢S <”) (66)
(D(: +1 _D?m x)h(S) (Hft +1 HaHa )( (2))’ (67)
2D = —H2fOf® — 2(gWh® + g h(3 +¢®HW), (68)

and so forth. Letting
=E,(&), & =kix+ ) wimabma +E (69)
m=1
A E, (77?)» m=pix+ qu,mﬂtmﬂ + 77(10): (70)
m=1
from Egs. (60) and (61) we have
w‘im+1 = _ktlxwtf,m’ w‘il = k‘lx’ (71)
D =P10m  q11 =P (72)

In view of Eq. (62), we suppose that

fO =Ea(&f + 17 +65), (73)

where 675 is a constant determined later and the Mittag-Leffler function is defined on a
fractal set Q [16]:

ka

o N M
)_gr(1+ka)' (74)

Then Egs. (69), (70), and (73) hint

1

(ky + k2)2. (75)

E, (Gf‘g) ==

Page 9 of 27
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Substituting Eqs. (69)—(74) into Egs. (63)—(65) and setting
g® —h W . g, (76)
we can see that Eq. (61) and the equations behind all hold. In this case, we write
f=1+E (& +ny +6%), @ =E.(&7),  hi=Eu(n]), (77)

and hence we obtain the fractional one-fractal solutions of the stfisAKNS hierarchy (34):

. E, (&) ”e Eo(nf)
1+ E (&8 +n% +6%) 1+ E (B +n% +60%)

(78)

The one-fractal solutions (78) restricted to the Cantor set are shown in Figs. 1-3, where
the parameters k; = iand p; = 0.5.
For the two-fractal solutions, we assume that

Y =Ea(E) +Ea(£5), &=k + ) Wimatma +E°  (i=1,2), (79)
m=1

WY =Ey(nf) + Ea(nS),  mi=pix+ ) Gimerbme + n” (i=1,2), (80)
m=1

Figure 1 Space-time structures of one-fractal solutions (78) with & =In 2/In 3.

. . . . .
L L L L L2 02 04 06 08 i
02 04 06 08 10

x=08 x=08

Figure 2 Profiles along the t; axis of one-fractal solutions (78) with o« =In2/In 3.
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. . . . "
x S 02 04 06 08 10

L L L L L
02 04 06 08 1.0

t=0.05 t=0.05

Figure 3 Profiles along the x axis of one-fractal solutions (78) with o« =In2/In 3.

and substitute Eqs. (79) and (80) into Eqs. (60) and (61). Then the resulting equations show
Wg,m+1 = _kgwg,m’ Wg,l = kg’ (81)
qg,m+1 :pgqg,m’ qg,l :pg' (82)

In view of Eq. (57), we further let

S = Eo(&] 40y +003) + Ea (&7 + 15 +053) + Ea (&5 + 1 + 053)
+Eq (5 + 15 +65,), (83)
where 67, 65, and 65, are constants. Substituting Eq. (83) into Eq. (62) yields

1 1 1

EO) =g OB =y B (84)
Taking into consideration Eq. (63), we select
9 = Ey (B + &5 + 0% + 0% + 0 + 055) + E, (£ + &5 + 1% + 05 + 07, + 05,), (85)
where 67, is a constant. We then obtain from Eq. (63)
Eq(05) = (k1 — ko)*. (86)
In view of Egs. (64) and (65), we set
W = E, (“;‘f‘ +1] + 103 + 075 + 67, + 9;‘4) +E, (*g‘f‘ +07 +1n3 + 05 + 05, + 6;:‘4), (87)
f=E, (53 + &) + 07 + 1y + 07 + 05 + 67y + 033+ 03 + 9:?4)’ (88)
and then obtain
Eq(03) = —(p1 - p2)*. (89)

Substituting Eqgs. (86)—(89) into Eq. (66), we can see that if

g =n® =0 ... 0, (90)
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then Eq. (67) and those equations behind all hold. In this case, we obtain two-fractal so-
lutions of the stfisAKNS hierarchy (34):

u= %, v= %2, (91)
where
© = Ea(E]) + Ea(§5) + Ea (&7 + &' + nf + 65 + 65 + 655)
+ Eq (& + 85 +115 + 605, + 65y +65,), (92)
hy = Eo (&) + Ea(E5) + Ea (& + S + 15 + 055 + 65 + 05,)
+ Eq (&5 + 11§ + 15 + 655 + 654 + 65,), (93)

fo=1+Eq (&) +nf +9f‘3) +Ea(§‘f‘ +15 +9f‘4) +Ea($§‘ +nf +8§‘3)
+ Eq (5 + 115 +655)
+Eqy (Six +& + My + 05 + 00 + 075+ 07, + 055 + 05 + 9?4): (94)

Eu(01) = =k~ ko)*, Ey(65,) = —(p1 - p2)
a 1 o (95)
Ea[ L'(j+2)] = _W (5,j=1,2).

In Figs. 4—6, the two-fractal solutions (91) restricted to the Cantor set are shown, where
ki =i%, ky = 3i% p; =0.01, p» =3,and ¢ = In2/1n 3.

L L
04 06

¥=038 x=038

Figure 5 Profiles along the t; axis of one-fractal solutions (91) with o =In2/In 3.

Page 12 of 27
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Jul vl

L1
28

10
26

09 24

08 - 22+

07 ) ) ) ) ) 20 . . . . Lox

™ o 0% m T 02 04 06 08 10
t=0.05 t=0.05
Figure 6 Profiles along the x axis of one-fractal solutions (91) with o =In2/In 3.

Proceeding with a similar manipulation, we can obtain three-fractal solutions and in-
duce the uniform formulas of the N-fractal solutions of the stfisAKNS hierarchy (34):

e
N '

with

N = Z ZZ /’L)E (Z szz Z /’LLM[ l])!

n=0,1 1<i<j
= 3 ZsWE, (z wiir S i )
n=0,1 1<i<j
fu = Z Zy(W)Ey (Z wigi + Z Milkj z/>¢
n=0,1 1<i<j
& =kix+ Z Wims1tme1 + Ei(o), Wims1 = —KiWim, win = ki,
m=1

0
Ni=pix + Zqi,m+ltm+l + 775 , Gim+1 = Pidim>

m=1

qi1 = Pi» Ef[”:n? (i=1,2,...,N),

Eot(etj) = _(ki - kj)zx E [9 i+N) (/+N (pz (l <j = 2; 37 .. ')N)1

Eoz[ei(j+N)] =- (i,j:1,2,...,N),

_ 1
(ki + p;)?

(96)

(97)

(98)

(99)

(100)

(101)

(102)

(103)

where the summation ZM=0,1 refers to all possible combinations of each u; = 0,1 for
i=1,2,...,2N, Z1(), Zo(1), and Z3(u) denote that when we select all the possible com-

binations u; =0,1 (i = 1,2,...,2N) the following conditions hold, respectively:

N N N N N N
D= pnvi D =Y kNl Y 1=
i=1 i=1 i=1 i=1 i=1 i=1

(104)

Page 13 of 27
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3.3 Second reduced bilinear forms and N-fractal solutions
Without loss of generality, we suppose

HXf - f +2gh = a’f?, (105)

then the fractional order bilinear forms (45) and (46) become

(., + HYHy, )g - f = cfg, (106)
(., = HYHp, Y- f = —cfh, (107)
where ¢ = a? is a non-zero constant. Further letting

f=f  g=Ei(ct®)g  h=E.(-ct%,)h, (108)

we transform Eqgs. (105)—(107) into

HYf -f = -2gh + a’f*, (109)
(Hp, +H{H)E-f =0, (110)
(Hy,, —HiH; )i -f =0. (111)

In what follows, we employ Eqgs. (109)—(111) to construct N-fractal solutions of the
stfisAKNS hierarchy (34). To construct one-fractal solutions, we suppose that

F=1+efD 4Oy fiy.. (112)
7279 4+ egV 4 28 4oy g (113)
h=hO 4+ eh® + 25 4.4 B 4. (114)

Substituting Eqs. (112)—(114) into Egs. (109)—(110) and collecting the coefficients of the
same order of ¢ yield a system of fractional differential equations, the first several equa-
tions of which are as follows:

2601 = 42, (115)
Dy, &9 +D;; g =0, (116)
Dy h®+Dk W9 =0, (117)
D2 = _gORD _5MHO 4 g2F0) (118)
Dy, &Y+ Dy gV =—(Hy | +HiH; )§O - fY, (119)
Dy hW-Dx WV = -(H | - HyH RO -FO, (120)
- 1 L o o o ~ 1 oo
Df® = —SHEFV O - g R g VRO - OO + a? [f P ) } (121)
Dy gP+D¥ g =—(Hy,  +HH)EO FP+g fO), (122)

+1

DY h® 4D B® = —(HE ~HIHE ) (RO O+ Y. f0), (123)
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DU = 2 f0 . FO _ OO _ RO _ [0 _ @00 g2(70) 4 FOFDY - (124)

Dy, &%+ D Y =~(Hy,  + HYH; ) @0 -FO + gV - fO + g 1), (125)
Dglm“h (3) + Dif?:m]jl 3) _ _(HZnH —H;‘Hfm)(il(o) ,J;(B) + il(l) ,J?(Z) + ]fl(Z) _]r(l))‘ (126)
Setting
A B (127)
g /2

and then substituting Eq. (127) into Eqs. (118)—(120), we have
fY=2E,(5r), &Y =v2aE, (5 +20¢), BV =V2aE, (& -20%), (128)
[o¢]
%-1 = klx + Z Wl,m+1tm+1 + 51(0),

m=1 (129)

wi% = ki® = —2a’sinh}, Of,  wi%.,, = —2a’wi%, cosh’ ¥,
where the hyperbolic functions sinh, ;£ and cosh, 1* are defined on the fractal set Q2 [16]:

Eot & _Eot —u” Ea ¢ Ea —u*

sinhy o = WD B e 2 B BT (130)
2 2

If we set §@ =§®) = 4@ = j®) = f@ = @) = ... = 0, we can see that Egs. (128) and (129)

satisfy Eqs. (118)—(126) and the other equations not explicitly written in the system of

fractional differential equations. In this case, we write

Feteok (), g - ARG 200)

2 )
V2 (131)
o - Al 2B (&7 ~207)
ﬁ )
and then we obtain one-fractal solutions of the stfisAKNS hierarchy (34):
_aEy(ct,,,1)[1 +2E, (6] + 297)] _aEq(=cty, 1)1+ 2E, (&7 - 207)] (132)
V2(1+2E,(E)) ’ V2(1 + 2E,(£0))
by using Egs. (108), (112)—(114), (128), (129), and (131).
In order to construct two-fractal solutions, we let
JO = 2(Ea (&) + Ea(85)), (133)
Y = V2a[E, (8] +20%) + Eq (65 +20%)], (134)
BV = V2a[E, (£7 - 207) + Eo (65 - 203)], (135)
where
& =kix + Z Wimslbmel + Si(o), wii = k¥ = —24” sinh} 97,
1 (136)
Wi 1 = =2a*wie coshl 97 (i=1,2),
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and suppose

(HE,,, + HYHy )@ 72 +g% - fV) =0 (137)
(Hp,, —HeHy )(BV - f@ + B? . fU) = 0. (138)
H;%af .f(2) +g(1 il +§ h(l) f(lf _ (139)

We then obtain from Eqs. (121)—(123) and Egs. (136)—(138)

]7(2) = 4E, (%—ft + %—g +A‘i‘2)’ (140)
§? = 2v2aE, () + 5 + 207 + 205 + A%), (141)
W = 24/2aE, (Ef + &5 — 207 - 205 + AS). (142)

Substituting Eqs. (133)—(135) and Egs. (140)—(142) into Egs. (137)—(139) yields
FO=g®=p® = f@® 2 5@ @ - 20, (143)

Thus, from Egs. (105)—(107) we have

Sr=1+2(E,(&7) + Ea(85)) + 4Ea (&7 + &5 + AS,), (144)
aEq(ctd 1+ 2[Eq(&F +207) + Eq (&5 +205)] + 4E, (&5 + &5 + 207 + 205 + AS,)}
= , (145)
V2
B, = “Ea (—ctp {1 + 2[Eq (67 — 207) + Eo (55 — 205)] + 4E, (57" + 55 — 207 — 207 + AT)} (146)
2 \/5 )

and hence we obtain two-fractal solutions of the stfisAKNS hierarchy (34):

_aEy(cty )1+ 2[Eq (&) +207) + Ey (&5 +205)] + 4E, (& + &5 + 207 + 205 + A},)}
U= , (147)
V2(1+ 2(Eq (E)) + Ea () + 4E, (6 + &5 + AT,)]

V= aEq(—ctl 1+ 2[Eq (&5 — 20%) + Eq (&5 — 205)] + 4E, (&7 + &5 — 207 — 205 +A‘f2)}’ (148)

V21 + 2Eq (§7) + Ea(§5) + 4Eq (67 + &5 + A)]

where
sinh2 2-V%
Eq(ASy) = — (149)
sinhy —15

Selecting ¢ =2.5,k; =1, ky = 4, 91 = 1,9, = 2,and « = In 2/ In 3, we show the two-fractal
solutions (147) and (148) in Figs. 7-9.

Similarly, we can obtain three-fractal and then determine the uniform formulas (96) for
the N-fractal solutions of the stfisAKNS hierarchy (34) by

N N

fu=) E {Z wi(E +1n2) + ) mmAz} (150)
n=0,1 i=1 1<i<l
ak, (Ct‘:nﬂ) Zuzo,l E, [Zi\il ﬂi(";:,‘a + 219,‘0[ +1ng 2) + levfkl ,u'iﬂlA?;]

gn = 7 (151)
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02 04 06 08 10

x=0.8 x=0.8

Figure 8 Profiles along the t, axis of two-fractal solutions (147) and (148) with & =In2/In 3.

; y y : = 02 04 06 08

L
02 04 06 08 1.0

t=0.05 t=0.05

Figure 9 Profiles along the x axis of two-fractal solutions (147) and (148) with & =In2/In 3.

aEa(=cty) ¥yumon Bl iy a5 = 207 +1n0 2) + 300 ittt A

h b
N V2

]
0
éi = kix + Zwi,m+1tm+1 + Si( );

m=1
200 _ 1200 _ 2 a2 g 20 _ 2. 2a 2 qo .
w;] = k;* = =2a” sinh, 97, Wime1 = —2a Wi, coshg 07 (i=1,2,...,N),
.o 62—
4o sinh® -1 )
elil = ———=— (1<i<I/<N).

. 0% +67
Sll’lh2 %

(152)

(153)

(154)

(155)
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4 |IST for N-fractal solutions of the tfnisAKNS hierarchy

Since the space derivative of the linear spectral problem (25) is integer order, all the ex-
isting results [2, 3] about the spectral problem (25) are valid for the tfnisAKNS hierarchy
(3). The main objective of this section is to determine the time-dependence of scattering
data by using the associated time-fractional order evolution Eq. (10).

4.1 Time-dependence of scattering data

Theorem 4 Suppose that the potentials u and v of the linear spectral problem (25)
equipped with the non-isospectral parameter ik satisfying Eq. (22) develop according to
the tfnisAKNS hierarchy (3), then the scattering data

Lk
{Kj(t),cj(t),ze(t,k) _ g((f k)) e 1,2,...,N}, (156)
I _
{K[(t),C[(t),R(t, k) = S(t, k) 71 = 17 2)7N} (157)

have the following time-dependence:

Dikj = -%(m/c,»)’“, ci(8) = ¢ (0)E, (mif, (2ik)"™ "), (158)
8(t, k) = 8(0,k), y(t,k) = y(0,k), (159)
D% = —%(21@)”1, ¢ (t) = ¢ (0)Ey (—mig,(2ik) ™), (160)
8(t, k) = 8(0,k), 7(t,k) = 7(0,k), (161)

where cjz(O), 2(0), R(0, k) = B(0, k)/a(0,k), and R(0, k) = (0, k)/&(0, k) are the correspond-

ing scattering data of the linear spectral problem (25) in the case of (u(x,0), v(x,0))T.

Proof Since F(x, k) solves Eq. (25), P(x, k) = DY F(x, k) — NF(x, k) is a solution of Eq. (25).

So, P(x, k) can be expressed by F(x, k) and E(x, k), which is another solution of Eq. (25) but
independent of F(x, k), i.e., there exist two functions u(t, k) and (¢, k) such that

DYF(x,k) = V(x, k) = w(t, K)F(x, k) + (¢, k)E(x, k). (162)
We next consider the first case, i.e., discrete spectral k = «; (Im; > 0). It is easy to see that
F(x,«;) decays exponentially, while E(x, k;) increases as x — +00. Thus, we have 7(£,k) =0
and simplify Eq. (162) as
DYF(x,kj) — VF(x,kj) = u(t, k) F (%, k). (163)
The left-multiplication on Eq. (163) by the inner product (F,(x, &), F1 (%, «;)) yields

D Fy(x, &) Fx (%, k7) — [CE (%, k7) + BF3 (%, &) | = 2u(t, k) F1 (x, k) Fa (%, k). (164)

Since F(x, k;) is a normalized eigenfunction and

2/ chFl(x, ki) Fa(x, k) dx = 1, (165)

o]
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we can rewrite Eq. (164) as

(o) =~ ((F2x k), F2(5,7)) ' (B, ©)F).
Making use of Eq. (25), we have

(F1(%, &) Fa(x, K,»))x = u(x)F3 (x, k) + v(x)Fy (%, &;).

The integration of Eq. (167) with respect to x from —oo to +00 gives

o0

At the same time, we rewrite Eq. (29) as

B B e mel sl | XU - B u\ .1,
<C>—;(21k) L (xv)’ L=0d 2(1/)8 (=v, u).

Then with the help of the conjugation operator L [3]

I[*=—c0+2 (_V> 9 N u,v)
u

and the results

(Z*l—l (F3 (%, k), Fy (%, k7)) r (j;) )

= (2ik;(5)"™ ((Fg(x, ), F2(x, 1)) (’“‘)) :

XV

((F%(x, ), FLx,1)) ()) - / " ARG ) ol )], dx =

xv 0
we gain from Eq. (167)

1(t,1) = —c((F3(x 1), FA (k7)) (B, ©)T)

= _CJ'2 (F22(x”(j) F x,l(, 2(2 k) Ijl-1 (xu))
=1

XV
“ xu
= 2ik;)" sz,/c sz,/c ,Zl‘l
1:21( ) ( 1), F1 (3%, K7)) N
1 . e
= EWI(ZIKj)m L

Thus, Eq. (163) becomes

1
DYF(x,kj) — VE(x,k;) = Em(ZiK,)m’lF(x, k).

/ (u(x)Fzz(x, Kj) + Vv(x)F2(x, /cj)) dx = / (F1 (%, k) Fa (x, Kj))x dx =

0.

1
=,
2cj

(166)

167)

(168)

(169)

(170)

(171)

(172)

173)

(174)
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Noting that when x — +00,

1/M:
— L) 0
V — 2( 1K1) 4 . . , (175)
0 7 (2ik;)"x
0\ ..
F(x, Kj) d Cj (1) elij,
(176)

o ] 0 ikix | s o 0 ik

DYF(x,kj) — (Dt ¢) . e" +1(Dt Kj)ij 1 e,
from Eq. (174) we then have

iD¥ 1 : m D% 1 s \m-1

YK — 5(21/(}') =0, fei— 5m(211<j) ¢=0. 177)

Similarly, the following fractional order equations can be obtained:

IV (P e 1 el
iDfic; — 5(21/(1) =0, Dfe; + 5m(21/<1) ¢ =0. (178)

We further consider the second case, i.e., real continuous spectral k. We select a solution
G(x, k) of Eq. (25), then

Q(x, k) = Dy G(x, k) — NG(x, k) (179)

solves Eq. (25). Therefore, there exists a pair of linearly independent fundamental solutions
G(x, k) and G(x, k) and two determined functions w(¢, k) and 9 (¢, k) such that

Gi(x, k) = VG(x, k) = o(t, k) G(x, k) + 9 (¢, k)G(x, k). (180)

In view of the asymptotic properties

1 . 1 )
D‘:G(x, k) — —i(D‘txk)x <0> e—lkx’ G(x, k) N <0> e—lkx’

(181)
= 0 i
Gx, k) — . e,
as x — —00, from Egs. (180) and (181) we have
?(t, k) =0, w(t, k) =0. (182)

The substitution of the Jost relationship G(x, k) = y (t, k) F (x, k) + (¢, k) F(x, k) into Eq. (180)
yields

D (y (&, k)E(x, k) + 8(t, k)E(x,k)) = V(v (&, K F(x, k) + 8(t, k)F (%, k)) = 0. (183)

Letting x — +00 and using

F(x, k) — (2) ek, F(x, k) —> ((1)) e ik (184)
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then Eq. (183) hints

DYy(t,k)=0, D?5(t, k) = 0. (185)
Similarly, we have

DYy(t,k)=0,  D¥8(t,k) =0. (186)

Finally, from Eqs. (177), (178), (185), and (186) we can obtain Eqgs. (158)—(161). We finish
the proof. O

4.2 Exact solutions
Theorem 5 The tfnisAKNS hierarchy (3) has the following exact solutions:

_ I<2x(x’ X, t)

U= —2[(1(x:x’ t)’ - K (x X t) '
1WA

(187)

where K(x,,t) = (K1(x, y, ), Ka(x, 9, £)) T satisfies the Gel'fand—Levitan—Marchenko (GLM)

integral equation

K(x,y,t) — ((1)) F(x+y,t) + (2) /OOF(z+x,t)P(z+y,t)dz

+/ 1((x,s,t)/ F(z+s,t)F(z+y,t)dzds =0, (188)
while
1 [ " AN
1Kx 1K X

F(x,t) = 5/_00 R(t,k)e™™ dk + ;cje 7, (189)
1 Al

r P>, —ikx =2 —ikjx

Flxt) = — / Rt ke dk—gc}.e , (190)

are determined by the scattering data (158)—(160).

Proof The proof is similar to the integer case [3], and the essential difference is that The-
orem 5 has the different scattering data (158)—(160). We omit the proof here for simplifi-

cation. O

4.3 N-fractal solutions
Theorem 6 Suppose that

M(x,t) =1 + P(x, £)PT (x, 1), P(x,t) = <Mei<ﬁ*m>x) , (191)
Kj=Km NxN

z = (@()e ™%, (e ™, 5, (0)e ) (192)
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are determined by the scattering data (158)—(160) and M~ (x, t) exists, while I isan N x N
unit matrix, then the tfnisAKNS hierarchy (3) has N-fractal solutions

u=2 tr(M‘l(x, Hz(x, t)z" (x, 1), (193)

Ha_x (M (x, £)P(x, £) 2 PT (x, £))
(M (x, )z, )27 (x, 1)

, (194)
where tr(-) represents the trace of a given matrix.
Proof Considering the reflectionless case, i.e., R(¢, k) = R(t, k) = 0, from Eq. (189) we have

1c2(t)c (t)

Kj = Km

x+s) 1Km(x+y) (195)

/'lyus+ZVﬂtZ+ﬁdz— E:EZ

j=1 m=1

Further suppose that the components of K(x,y,t) = (K;(x,9,t), Ky(x,7,£))T can be ex-

pressed by
N N
Ki(ey,8) =Y 6(0g@ ™™, Kxy,0) =Y Gp)hyx t)e ™, (196)
p=1 p=1

then we can convert Eq. (188) into a set of algebraic equations

(O (t)Ty(0)

(2/(1-—Em—;21,)x _
————— g (x,1) =0, (197)
- KWI)(K] - Kp) i

N N
gn(x, t) + c(t)e “‘m"+ZZ

j=1 p=1

(t)Cm(t)

m(x,)_ 1 ZKK
N N c(t)cm
+2.2

cp(t) o
—elmrkm-“p”‘hp(x, =0 (198)
i p:l - Km)(Kj - Kp)
for m =1,2,...,N. Introducing vectors
g6 t) = (@@ 0,060 0),....gx 1), (199)
h(x’ t) = (hl (x) t)) hz(x7 t); ooy hN(xr t)) T’ (200)
z= (cl(t)ei"l", ca(t)e .., c,,(t)eiKNx) T, (201)
we can rewrite the above set of algebraic equations as
M(.X‘, t)g(% t) = _N(xr t): M(t, x)h(t’ x) = Lp(t» x)Z(t, x)) (202)

namely

glx,t) = M (x, £)z(x, 8), h(x, t) = iM 7 (x, £)P(x, )z (x, £). (203)
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Substituting Eq. (203) into Eq. (196) yields

Ki(x,p,t) = —tr(M‘l(x, t)z(x, t)ZT(y, t)), (204)

Ko(x,9,8) = itr (M (%, )P, t)z(x, )2 (9, 1)). (205)

Then we reach Egs. (193) and (194) by means of Eqs. (187), (204), and (205). The proof is
complete. d

Particularly, when N = N = 1, Egs. (193) and (194) give one-fractal solutions

. 263 (0)e 2 E, (—mlf(2ik;)™ ) (206)
- 2 (72 _ ’
1+ SO eartr-caE, (mg (21 - (2i7)71)

2c2(0)e* % E (mI%, (2ik;)" 1
be 1(0) o (M (2ik)" ) , (207)

%(0) 2(0) 2i(k1—kc1)x m-1 i ym—1
1+ et VXE (mi7 o ((2ik;)™~t — (2iic;)™~1))

where k7 and k; are determined by
i i
Dk, = —5(2i/c1)’”, Dfi, = —5(21121)”’. (208)

To be more specific, given m = 2, the second member equations of the tfnisAKNS hier-

archy (3) read
e w\ _ 20— Xty + 2148;1(141/) + 2xuzv , (209)
v 2y + XVyy — 200 (uv) — 2xuv

which have one-fractal solutions

- 25%(0) i (_i1n[r(1+a) 2iic1 (0 )t“]) (210)

2 c1(0) 5 )—2iK1 (0)£¥]
L+ L € AE, (§ In (el ow)

2¢(0)e* 1*E, (3 In[I"(1 + o) — 2ik1(0)2*])
V= 300 [F(1+a)=2ik1 (0)6]y (211
+a)—2ik o
L+ 05 ety (5 1n () 2 0@])

where

_ iqOr(1+a) _ imOra+a) 012)
A aOE +ifl+e) T 250F +iM(1+a)

Figures 10—12 show the spatial structures and profiles of one-fractal solutions (206) and
(207) restricted to the Cantor set by selecting «1(0) = 1, £1(0) = 1.8, ¢1(0) = -1, ¢1(0) = 9,
and @ =In2/1n3.

5 Conclusions

Though there are many results for both the important AKNS linear spectral and the non-
linear AKNS partial differential systems, the local fractional versions of them and N-
fractal solutions of the AKNS systems are still blank. HBM and IST are two very important
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Lo

Figure 10 Space time structures of one-fractal solutions (206) and (207) with & =In2/In 3.
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Figure 11 Profiles along the t axis of one-fractal solutions (206) and (207) with o =In2/In 3.
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Figure 12 Profiles along the t axis of one-fractal solutions (206) and (207) with & =In2/In 3.

analytical methods for solving soliton equations in the field of nonlinear sciences, which
are extended to the stfisAKNS and tfnisAKNS hierarchies by introducing the fractional
order bilinear operators [27] and fractional order scattering data (see [24] for our prelim-
inary work). Compared with the existing literature, the work of this paper is novel. For
the comparisons, we would like to point out that when « = 1, both the derived stfisAKNS
and tfnisAKNS hierarchies and the obtained N-fractal solutions become the known hier-
archies [3, 7] and their corresponding exact solutions [3, 5, 7]. All the derived fractional
AKNS hierarchies and the obtained N-fractal solutions benefit from the local fractional

order partial derivatives with graceful properties [16] and the existing results [3] about the

spectral problem (25) which are valid for the tfnisAKNS hierarchy (3).
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As shown in Figs. 1-12, the obtained N-fractal solutions restricted to the Cantor set
are continuous everywhere but nondifferentiable. This is essentially different from the
existing classical soliton solutions. Though the obtained one-fractal solutions (78), (206),
and (207) and two-fractal solutions (91), (147), and (148) are shown by figures, the features
of one-fractal solutions and two-fractal solutions and the differences between them could
not be concluded from them. On the one hand, these fractal solutions are limited to the
Cantor set; on the other hand, they may be related to the properties of the fractional AKNS
hierarchies and the parameters selected for plotting the figures.

This paper could extend IST to the tfnisAKNS hierarchy (3) but not the space-time frac-
tional one. It is because of the fact that if the space derivative of the spectral problem (25)
is fractional order, then the corresponding analysis is complex. At the same time, extend-
ing HBM to the tfnisAKNS hierarchy (3) is worth exploring. Integrable couplings [28-
32] include the original integrable systems as sub-systems. Extending HBM and IST to
the integrable couplings and their fractional order generalizations is worthy of study. At
the same time, the practical application of fractional calculus in medicine, for example
the conformable fractional mathematical model [33], is worth further research and ex-
ploration. With the developments [34-39] of fractional calculus, more and more theories
and methods will be extended to fractional order nonlinear differential equations. Among
them, two efficient methods called g-homotopy analysis transform method and fractional
natural decomposition method used by Gao et al. [40] for numerical solution of fractional
Benney-Lin equation deserve attention.
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