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Abstract

The main intention of this article is that new techniques of existence theory are used
to derive some required criteria pertinent to a given fractional multi-term problem
and its inclusion version. In such an approach, we do our research on a fractional
integral equation corresponding to the mentioned BVPs. In more precise words, by
virtue of this integral equation, we construct new operators which belong to a special
category of functions named a-admissible and a-y-contraction maps coupled with
operators having (AEP)-property. Next, by considering some new properties on the
existing Banach space having properties (B) and (C,), our argument for ensuring the
existence of solutions is completed. In addition, we also add two simulative examples
to review our findings by a numerical view.

MSC: Primary 34A08; secondary 34A12

Keywords: «-admissible mappings; ae-yr-contractions; (AEP)-property; Existence
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1 Introduction

As is well known, fractional calculus (FC), for the sake of its higher accuracy than that of
the integer one, is an essential topic that is considered as a strong tool in description of
natural laws in many branches of science including electrical networks, rheology, biology,
dynamical systems, biophysics coupled with many mathematical modelings formulated
by a vast diversity of fractional operators; review for details [1-8].

Among theoretical concepts and methods, the theory of the existence of solution on the
large domain of different fractional constructions including differential equations and in-
clusions has gained the attention of many mathematicians and relevant researchers. Most
of them have focused on applying Caputo, Riemann—Liouville (RL), Hadamard, and many
other derivation operators to illustrate the underlying fractional differential equations.
Along with these structures, we observe different published articles recently in which the
existence of solutions is derived for interesting categories of fractional local or nonlo-
cal, multi-term, multi-point, multi-strip, multi-order fractional differential equations; see
[9-21].
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In 2018, Tariboon et al. [22] discussed a new category of separated sequential BVP in
the context of mixed Hadamard and Caputo operators as follows:

CON HDT () = D (2 u(2) (€T = (m,m));
a,v(m) + azq"@ff v(m) =0,

azu(n) + as 0,2 v(n) = 0,

where CQZ}* and H@fj stand for two different kinds of derivatives named Caputo and
Hadamard of order o}, 05 € (0,1], a1, a3, a3,a, € R and &*: J* x R — R is continuous. In
that article, some standard methods pertinent to fixed point theory are used for obtaining
the existence results.

In 2019, Mahmudov and Al-Khateeb [23] studied a novel sequential system of coupled
BVPs with nonseparated conditions as follows:

€%+ 1CD] (2) = Btz v, w (@) (zeT* = [0,K]),

COg + uCDy (@) = Bi(av@,w (@) (e eT*:=[0,K]),

aw() + au(K) = 5 w@)dt, @@ ®)+aw(K) = [ @ (0)dr,
b/ (n) + bov'(K) = [F i) de,  bia’(n) + b (K) = [ No(w (7))dx,

in which a derivative operator C@’(} is of Caputo type with j € {07, 05} < (1,2], u € R,
and a;, b; € R with [ € {1, 2}. Stability analysis and existence notions are two main goals of
that work which are investigated by means of fixed point methods.

In 2020, Mohammadi et al. [24] studied a specific kind of three-point sequential inclu-
sion BVP which has the following form:

0D + 6D () € Tz n(@) (zel*:=0,1)),
n(©0)=0, W) +u"(0)=0,  p(1)+REIT u(E) =0,

where 6* € (2,3], £ € (0,1), ¢1,%2 >0, and RﬁIéﬁ denotes the Riemann-Liouville integral
of order y > 0. With the help of a new analytical process, the authors explored desired
outcomes in relation to solutions of a non-hybrid structure.

With the help of ideas of the above articles, we investigate and discuss new existence
techniques and methods to ensure the existence of solutions for a new multi-term problem

illustrated as follows:

D7 [axD2u](z) = (2, v(2), *Dv(z)) (z€T:=[0,1],0f € R*);
v(0) =0,
a$Dv(0) + a,¢D) v(1) = 0,

a$D2u(0) + a,*F 35 v(1) = 0,

where RLTJS) and C@f)') denote integration and derivation operators in the sense of
Riemann-Liouville and Caputo, respectively, such that 6* >0,0<o* <1, 1< §* < 2. Be-

sides, we have taken a,, 4, a3,a, € R* and ®* : J x R? — R as a continuous map.
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Also along with the above problem, we derive the existence of solution for the following

inclusion version which takes a form as follows:

DS [af“D](2) € H(z v(2), “Diu(2)  (z€T:=[0,1],af € RY);
v(0) =0,
a$Du(0) +a,°DY v(1) =0,

a$D2v(0) + as R34 v(1) = 0,

where we consider $§J as a multifunction on the product space J x R? containing different
properties which will be introduced later.

By studying a wide range of published articles pertinent to the existence and uniqueness
notions in the context of fractional boundary value problems, we see that many authors
usually utilize some standard methods based on the famous fixed point techniques to de-
rive desired results in relation to the existence of solutions. The novelty of our work in
the current research is that we introduce a new construction of two fractional multi-term
BVPs having integral conditions and then build new operators which belong to a new class
of specific functions. Two main functions belonging to this class are «-admissible maps
and a-y-contractive maps. Here, by using these functions on a space having properties
(B) and (C,), we derive the existence results for both suggested BVPs (1) and (2). Besides,
by virtue of the (AEP)-property for the obtained multifunction in the proof and with the
help of the endpoint notion, we derive another criterion of the existence of solutions. As
you will see, our techniques used for supposed problems (1) and (2) have been done in
limited works, and for the first time, we apply these methods on a multi-term structures
simultaneously.

The arrangement of the notions of this research are as follows: Sect. 2 is devoted to re-
viewing some primitive notions. In Sect. 3, by means of «-y-contractive functions, we
prove our existence results for (1). Then, in Sect. 4, we derive other criteria stating the so-
lution’s existence for the inclusion BVP (2) by considering the extended category of -y -
contractive functions on multifunctions. Two numerical examples are also given to con-
firm findings in Sect. 5. At last, we summarize our method and specify new directions for

the future works in Sect. 6.

2 Preliminaries

At this moment, we collect and review several auxiliary and primitive concepts in the
context of our methods used in this research. As you know, the concepts of the Riemann—
Liouville operator and the Caputo one have an important role in fractional calculus, we

recall some properties of them here.

Definition 2.1 ([25, 26]) The Riemann-Liouville integral of a map v : [0, +00) — R of
order ¢* > 0 is defined by

)a*—l

R[,Ig*v(z) _ / (z—q
0

D) v(g)dgq

if the integral exists.
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Definition 2.2 ([25, 26]) Let n = [0*] + 1. For a continuous map v : Ry — R, the
Riemann-Liouville derivative is defined by

- B d\” Z(Z_q)n—a*—l
D7 U(Z)—<d—z) /0 WU(Q)dq

if the integral exists.

Definition 2.3 ([25, 26]) Let n = [0*] + 1. For a real absolutely continuous function v on
R=9, the Caputo derivative is defined by

o ~ Z(Z_q)n—a*—l )
9§ vlz) =  Twon ¥ (9)dg

such that the integral exists.
Proposition 2.4 ([27]) Let n—1 < o* < n. Then, for every v € C""Y(J), we have

RETE(CDT v)(2) = v(2) + ¢ + iz + 22+ + ¢y 2"

for some ¢, c3,...,c;_; €R.

Assuming (M, || - ||) as a normed space, we mean by Pc; (M), Pgn(M), Pcp(M), and
Pcv (M) the collection of all closed, bounded, compact, and convex subsets of M, respec-
tively.

Definition 2.5 ([28]) Consider v : R — R as a real-valued function and v as a multifunc-
tion.
(i) 9 is us.con M if H(v*) € Pcr(M) for any v* € M and also a neighborhood 91 of
v* exists subject to H(DT;) €V for V € M in which V is an arbitrary open set.
(i) A real-valued map v: R — R is upper semi-continuous such that

limsup,,_, ., v(s,) < v(c) for each {¢u}n>1 With ¢, — <.

Definition 2.6 ([28]) A metric attributed to Pompeiu—Hausdorff H, : (P(M))? - R U
{oo} is defined as

Ha(95,Q3) :max{ sup d(q}, Q%), sup d(QT,qé)},

a7€Q] 7;€9Q3

where d is considered the metric of M and also d(Q},q3) = infq’feQ’f d(q7,q5) and
d(q7, Q3) = infyze s d(q1,45)-

Definition 2.7 ([28]) For $): M — Pc (M) and vy, v, € M, let the following inequality
hold:

Hd(ﬁ(vl);ﬁ(UZ)) =< ed(vl; UZ)'

Then §) is said to be: (H1) a Lipschitz map if £ > 0; (H2) a contraction if 0 < £ < 1.
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Definition 2.8 ([28])
(i) $:J xR — P(R) is Caratheodory if z = $(z, v) is measurable for any v € R and
v H(a,v)isus.cforae zel.
(ii) A Caratheodory multifunction §:J x R — P(R) is L!-Caratheodory if, for any
¢ >0,k € LI, R,) exists subject to [|$(z, v)|| = sup,.j{lw] : ® € H(z,v)} < & (2) for
all |[u| < ¢ and for almost all z € J.

Definition 2.9 ([28]) Consider M as a metric space. Then
(i) v e M isan endpoint of : M — P(M) if Hov = {v}.
(i) $ has an approximate endpoint property (or (AEP)-property) if

inf sup d(w,v) =0.

weM veNHw

To meet the argumentative purposes of this paper, we shall apply a specific set of func-
tions and properties pertinent to them. For the first time, Samet, Vetro, and Vetro [29]

constructed such a category of mappings in 2012.

Definition 2.10 ([29]) Consider all nondecreasing maps ¥ : R>g — R>¢ belonging to
class IT such that, for all z > 0, ZIO:OI Y (z) < oo and ¥ (z) < z. Let ®* : M — M and
a: M? — R.g. Then

(i) @*isan a-y-contraction if, for vy, vy € M,

a(vy, va)d(D* vy, D*vy) < Y (d(v1,v2)).

(i) ®* is a-admissible if (v, v3) > 1 gives a(P*vy, P*vy) > 1.
(iii) M has the property (B) if, for every sequence {v;, },>1 of M with a(vy, Uys1) > 1

and v, — v, the inequality o(v,, v) > 1 is satisfied for all n > 1.

The second category of special maps is an extension of the previous one which was

constructed by Mohammadi et al. one year later [30].

Definition 2.11 ([30]) Consider all nondecreasing maps ¥ : R>g — R>¢ belonging to
class IT such that, for all z > 0, 210:01 Y (z) < 0o and ¥ (z) < z. Let $ : M — P(M) and
a: M? — Rsg. Then

(i) 9: M — Pcran(M) is an a--contraction if, for each vy, vy € M,

a(vy, V) Ha(Hv1, Hva) < Y (d(vr, 1))

(i) 9 is a-admissible if, for each v; € M and v, € Huy, the inequality «(vy, v3) > 1
gives a(vy, v3) > 1 for each vs € Hu,.

(iii) M has the property (C,) if, for every sequence {v,},>1 of M with v, — v and
a(uy, Uys1) > 1, a subsequence {u,, } of {u,} exists such that o(v,,,v) > 1 for all
keN.

Next theorems are considered as the basis of our arguments until the end of this re-

search.
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Theorem 2.12 ([29]) Counsider the complete metric space (M, d), ¥ € I1,a : M? — R and
D* : M — M. Assume that:
(i) ®* is a-admissible and a-r-contraction;
(il) a(vo, P*vp) > 1 for some vy € M;
(iii) M has the property (B).
In that case, ®* has a fixed point.

Theorem 2.13 ([31]) Assuming M as a Banach space, let A # () belong to Pcrgn,cv(M).
For %1 and ¥, defined on A, the following assertions hold:
(i) Tiv+T' €A forv, v €A
(i) %1 is compact-continuous;
(iii) ¥, is a contraction.

Then v, € A exists such that v, = T1v, + Tyv,.

Theorem 2.14 ([30]) Consider the complete metric space (M, d), ¥ € T, a : M? — Ry,
and $): M — Pcpgn(M). Assume that:
(i) $ is a-admissible and a-yr-contraction;
(il) a(vo,v1) > 1 for some vy € M and v € Huy;
(ili) M has the property (Cy).
In that case, $) has a fixed point.

Theorem 2.15 ([28]) Consider (M, d) as a complete metric space. Assume that:
(i) ¥ €I is u.s.c coupled with liminf,_, .o (z — ¥ (2)) > 0 for z > 0;
(i) $: M — Pcrpn(M) satisfies the property Ha(Hv1, Hue) < Yr(d(vs, vo)) for
vy, Uy € M.
Then $) has a unique endpoint if and only if §) has the (AEP)-property.

3 Existence criteria for problem (1)

In the present situation of the current research, we start to follow the essential deduc-
tions on the existence notion for possible solutions of problem (1) through existing non-
linear techniques in the theory of fixed points of an assumed operator. To begin the de-
sired approach, the set M = {v(2) : v(2), “D}v(z) € C(J, R)} regarded as a Banach space is
equipped with ||u]|aq = sup,cj [v(2)] + sup,¢; IDiv(z)| for all v € M. In the next lemma,
the solution of the supposed problem (1) is exhibited in the framework of an integral equa-

tion which will be useful for our subsequent arguments.

Lemma 3.1 Let 0*>0,0<0*<1,1<8*<2, a,as,as,as € R*, and ¢ € C(J,R). In that
case, the solution of the fractional BVP which takes the structure

D [ D2lu(z) = p(2) (z€,af eRY);
v(0) =0,
a$Dv(0) + a,¢D) v(1) = 0,

a$D2v(0) + a,*F34 v(1) =0
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is illustrated as

Vaz + Voz?
aiC(o* + 6% +2)

_ 1 ‘ o*+1 ! o*+0*+1
v(z) = m/(; (z—-1)° Yo(r)dr + /0 1-1) o(t)dr

V6Z + V322 /1 *_g* 41
_ 1-7)7 % dr, )
t ooy, 7T e dr @
where
- 2V 2
Vl = ﬂ, Al = 2ﬂ3 + 144 + da )
ai r3-69re+6* I (3+0%)
—aa —V1ﬂ4 2V1V2
Vy=—, 3% e oo 4= S
Aq AT(2 +6%) '(3-68%)
2V1Vs3
= -1 Ve=V:+V 5
5 r(G-5% 6 5+ V1 (5)

are nonzero constants.

Proof Let u(z) be a solution of (3). With due attention to Proposition 2.4, three constants
o, €1, 2 € R exist such that

1 g . 2
v(z) = *—/ (z-1)° lp(r)dr + C—(i + % 62‘1 . (6)
aiT(o* +2) Jo o 1 o
Using v(0) = 0, we have ¢y = 0, so (6) becomes
1 z . 2
u(2) = 7f (2= 1) g(r)dr + 22 4 22
aiC(o* +2) Jo af  of
Now, we compute
1 z x a 20z
Cpl - 1 2
D = - dr + — + 222,
ou(2) w7 1) fo (z—1)" ¢(r)dr + o + o
1 z 2c
Cry2 o*-1 2
D v(z):*if (z-1)7 “p(r)dr + —,
0 oiC(o*) Jo o]
CDu(z) = 1 /z(z— )7 () dr + ﬂ (1<5*<2)
0 aiT(o* —8*+2) Jo aiT(3-68%)
and
. 1 z - az' " 2¢y2%"
RL~O o*+0%+1 1 2
J = - d .
0V = T e e D) /0 -7 POt e o)t e TG0
By using the second boundary condition a§D}v(0) + a,¢D3 v(1) = 0, this gives
1
a) oF st 41 2ﬂ2C2
7 1- dr + ——— =0. 7
mat oy [ A0 e dr s )
By using the third boundary condition a§®2v(0) + aﬂwjg* v(1) = 0, we get that
2 o U Y PR L S ®)
ascy + —————— -7 7)dt + + =0.
2T Tor+07+2) J, TQ2+6%) T(3+6%)

Page 7 of 24
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From (7), we have

—az 1 1 *_§%¥ 41 2C2
=2 = | q-q)y dr+ —=2 |
“ac [F(a*—5*+2)/0( v PO AT+ 55

and hence, by the above notations displayed in (5), we get

_ 1 1 oF_§* 41 2C2
Cl—vl[m/o‘ (1—'[) ¢(f)df+m] (9)

Inserting the obtained value for ¢; into (8), we reach

|: 2V1614 2614 :|
Cy 2(13 +

FG-89r(2+6%)  T(3+0%

1
a4 o*+0%+1
S N— . d
[(o* +60* +2) /0 (1-7) ¢(r)dz

Viay
I'o*-8*+2)'(2+

1
55 [ a-or e,

and by (5) this turns into

1
—ay * %
1-17)° +0%+1 d
Cy 9*+2)A( T) ¢(T) T

T AT(0" +

—614V1
+
AT (0% — 8% + 2)T(2 + 6%)

1
f (L= g (r)dr,
0

and so again by (5) it becomes
Cy = L /1(1 _ T)U*+9*+1¢(T)d‘f
F(O’* + 6% + 2) 0

Vs ! g1
_ 1-7)7 °F dr.
g [ A e
On the other hand, putting the value of ¢; in (9), we try to find ¢; as

~ 2V1V,
T T(3-68%(o* +06*

2V, Vs
+
I(o* -8 +2)0

+ L /1(1 _ 1.)(7*—(3*+l¢(1,) d'L',
F(U*—8*+2) 0

C1

1
o*+6%+1
) /0 1-1) ¢(r)dr

1
(3 - 6*) /0 (1 _ T)a*,a*+l¢(r) dr

which implies

T T(o*+6* +2)

+ L /1(1 _ r)o*—5*+1¢(r)dr
C(o*-8*+2) Jo

C1

1
/ (1 _ T)(T*+9*+1¢(T)d_[
0

P W /1(1 — 1) g (0) dr,
F(U* — 8% + 2) 0
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and so

C1 =

0*+0*+1
mf (L=2) " T e(r)de

V5+V1 *_g% 41
- s - 1- a + d .
+F(U*_5*+2)f0< 7 g (r) dr

Finally, in view of notations (5), we have

Va ! * 1641
I 1) +0"+ d
“ F(o*+9*+2)/0 1-1) dlr)de

+ L /1(1 _ T)o*—8*+1¢(_[) dr
C(o*=8*+2) Jo '

At last, we put values of ¢y, ¢1, ¢co computed by the above procedures in (6), and we reach

_ 1 ‘ _\o*+l
U(Z)_—osz‘(a*+2)/0 (z-1)7 "¢(r)dr

V4Z + V222 /1 *,0% 41
o e 1 _ o7+ + d
* aiT(o* + 0% +2) 1-7) o(r)de

Vez + V. "
62+ 3Z / 1_ )(7 *-§ +1¢(T)d‘[
afl(o* —6* +2)
This completes our proof about the structure of solutions for BVP (3). d

Inspired by the previous lemma, we now assume an operator ¥ : M — M defined by
1 z *
(Tu)(z) = T D /0 (z— 1) " o*(7,u(r), “Dyu(r)) dr
Vaz + Vyz? ! ]
e, 4T o, o) ar

Vez + VgZ

aiT(o* - 6% +2) / (1-0)710%(z,0(r), “Dgu(r)) dr
oy

It is to be noted that vy is regarded as a solution for supposed BVP (1) iff vy is a fixed point
for the newly-defined map %. Set:

. 1 [Va + Vs |Ve + V3|
Ql: * * s * * T * * ’
ail(o*+3) ofT(c*+0*+3) T (c*—6*+3)
Q* 1 |V4+2V2| |V6+2V3|
= + + ,
27 wiT(0*+2)  aiT(0*+6*+3)  aiT(o*-6*+3)
«_ _lENIVa+ Vs . IEN1Ve + Vs3]
P @iT(o* +60%+3)  aiT(0*—8%+3)
€111V + 2V, €11 Ve +2Vs5]

*_

= + .
4 aiT(o*+0*+3) of(0*—8*+3)

(10)

We are at this moment ready to express and verify the first theorem pertinent to the exis-
tence conditions of solutions for BVP (1).

Page 9 of 24
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Theorem 3.2 Let i € Il and x* : R? x R? — R be a map along with a continuous map
d*: J x M x M — M. Suppose that:
(i) for all vy, v}, vy, U5 € M with x*((v1(2), v2(2)), (V1(2), U5(2))) > 0 and 1* = 91%9’2”

we have

|<I>*(z, v1(2), vz(z)) - dJ*(z, v (2), Ué(z))| < A*t//(|u1 - v{| + |U2 -

);
(ii) there exists vy € M such that, for all z € J,
x*((vo(2), D0 (2)), (Tvo(2), “DTwo(2))) > 0,
and also
X*(11(2),“Dgu1(2), (v2(2), “Dgua(2))) = 0
implies
x*((Tu1(2), “D§Tu1(2)), (Twa(2), “ DT ua(2))) = 0

Jorallz € J and vy, vy € M;
(ili) for an arbitrary sequence {v,},>1 € M with v, — v and

X* ((Un(2), “D§n(@)), (Uni1(2), ‘DT (2))) > 0
forany n e N and z € J, the following inequality holds:
X ((0a(2),D}ua(2)), (v(2), S DETU(2))) = 0.
Then the given BVP (1) has at least one solution.

Proof Letuy, v, € M subjectto x*((v1(2), C@évl(z)), (v (2), C@évz(z))) > Oforeveryz e J.
In that case, one can estimate

|Tu1(2) - Tua(2)|

< mfo (z—1)7 1 @* (7, u1(x), “Dpui(r)) = D* (T, 1a(7), “DY 12 (7)) | T

|Vaz + Vo 22|
ofC(o* + 6% +2)

1
x/ 1 -7)7 0¥ (7, v (1), “Dfui (1)) = @* (7, Ua(T), “D} (7)) | de
0

|Vez + V322|
ofl(o* = 6% +2)

1
x / 1 - 7)1 @* (7, u1(2), “Dgun (1)) — ¥ (7, va(2), “DPun(r)) | dT
0

1

= mk*l/fﬂvl(f) - U2(T)| + |c©éU1(T) - CCD(I)Uz(T)D

Page 10 of 24
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|V4 + V5| .
a7 V(1@ 0@+ (D@~ D))
|Ve + V3| «
* o 53 V(0O - @]+ [“Doui(r) - “Dyua(r)])
1 |Va + Vs
<—)\F - - = 2 )\ -
= @T(0" +3) ¥ (v = vall) + @i (o + 0% +3) ¥ (v = vall
|Ve + V3|
_ 1T6T T3 4« -
G =57 +3) v (llvr = vall)
=1 Q5 (lvr - vall).
Similarly, we have
]CZ)éivl(z) - C@})‘sz(zﬂ < ;K*W(Hvl -u)
T oiT (0" +2)
V4 + 2V, N
o aTerl _
et e vy V-wl)
Ve +2Vs] .
2y (o - vall)

afl(o* —8* + 3)

=15y (lvr - vall).

Hence, |Tvi(z) — Tua(2)| < (7 + 25)A*Y (Jlur — v2l]) = ¥ (v1 — v3). We now build & on
M x M by

1 if x*((11(2), “ D1 (2), (12(2), “Dua(2))) > 0;

0 otherwise

a(vy, vy) =

for all vy, vy € M. Then we have a(vy, vy)d(Tvy, Tvy) < Y (d(v1,v,)) for all vy, vy € M.
From this, we see that ¥ is an « — ¥-contraction. Moreover, one can easily observe that it
is ¢-admissible and «(vg, Tvp) > 1 by the definition of x*.

Now, in this situation, for all #, we suppose that {v,} is a sequence which belongs to M

with v, = v and a(v,, v,41) > 1. In view of the structure of «,
X (a2, Dgun(2)), (Uns1(2), “ DT (2))) > 0.

Thus, by the hypothesis, we get
X (@), “Djun(2)), (v(2), “D3TV(2))) > 0.

It validates that «(uvy, v) > 1. Therefore, Banach space M has the property (B). From The-
orem 2.12, we find that T has v* € M as a fixed point, and in consequence, the supposed
BVP (1) contains a solution. The argument is finished. O

By following the argument, we focus on our intention to find other existence require-
ments of solutions for BVP (1) by means of another tool based on the fixed point.

Theorem 3.3 Counsider a continuous function ®* : J x M x M — M. Suppose that:
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(iv) A continuous function & is formulated on the closed interval J such that
2
[0 (201, 02) - 0 (2, 0], )| < £ (Zlvk - vzil)
k=1

Jorall z € J and vy, vy, v}, vy € M;
(v) There are a continuous function n* : J — R* and a nondecreasing function
¥ RY — RY such that

2
|®*(z, v, v2)| < N (DY (Z |Uk|>

k=1

forall z € J and vy, v, € M.
Then BVP (1) has at least one solution whenever

K'=Q5+Q;<1

by terms of constants Q5 and Q given by (10).

Proof Let |[n*|| = sup,.;n*(z)| and put m* = sup, ¢ ¥([|[v]]), and assume that there is

€ >0 such that

ez e + e,

where Qs are given in (10). We define a set A = {v € M : |[v] <€}, and it is easy to
verify that A, # # belongs to Pcr(M), Pcv (M), and Pgp(M) simultaneously. Now we

define two fractional operators T' and T2 on a set A, by
1 z %
Lu(z) = mfo (z—1)” " o*(7,u(r), “Dyu(r)) dr

and

V. V. x
u(z) = %/ (1 - 1)+ (‘L’ v(1), Cgou(r))

C6Z+ CgZ 1 *_§% 41 Cl
_— 1 - g * * ’ ) @ d .
+ P /0 (1-1) P (t u(1),“Dgu(r))dr

For all z € J and for vy, v, € A., we have
[T 01(2) + T 0a(2)|

1 z *
= ey IR (O] D)

|V +V| 0*+o*+1 %
aiT 91+02 +2)f - (@)Y (|va(0)] + |C©(1)U2(r)|)dr

[Ve + V3|

oiT (o - 5*+2)/ 1=0)7 @ (jua(®)] + [“Dgua(o)]) de

Page 12 of 24
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<m ” *H 1 + [V + Vs + |Ve + V3|
=" o +3) T aiT(o* + 67 +3) | aiT(o" - 6" +3)

= m*||n*]| 2.
Also

€D5T 1 (2) + C DT 0a(2)]

= m/ -0 @Y (Jui@)] + |“Dui(r)]) de
|V 2V | o*+0%+1 %
F(:’ ++ 9*2_'_ 2) ‘/. (1 7") o (I)W(|U2(T)| + |C®1U2(T)|)
[Ve +2V3] ! I
m/ =07 @y (o) + [“Dova(o)]) dr

1 V4 + 2V, |V + 2V3]|
=m ||77 H afT(o* +2) * afT(o* +6* + 3) " afT(o* - 8* + 3)
1 1 1

=m" ]2,
Hence [|T'v1(z) + T2uy(2)|| < €, which implies that T'v;(2) + T?u,(z) € A.. On the other

hand, since ®* is continuous, this ensures that ! will be continuous. Moreover, along
with these, we compute

"Zlu(z)’ m/ z—1)° +I‘CD (r u(T), CCDIU(I )‘dr
sl

and

Cylel 1 /z N0 [k Cyl
’ D% U(Z)ISQ7TF(0*+1) ; (z—1) |<I> (t,v(t), @Ov(r))’dr

1
=it

for all v € A.. Hence,

1 1 1 * *
”T U(Z)H = (aTI’(a* +3) * afC(o* + 2)) ||YI Hm ’

which guarantees that T is uniformly bounded on .A.. Now, in the next step, we show

that the operator T' is compact on A,, for this we assume that z, z, € J with z; > z;. Thus
we have

1T u(z2) - T'u(z1)]

1 Z " N
: mf [(z2 =07 = (@ = 1) [ @7 (7, 0(0), “Dpv(e) [ de

+ m‘/ (z2— 1) @ (7, v(1), “D}u(r)) | de
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1 “1 N .
= m/{) [z = 1) = (@ - 1) @)y (Jve)] + [“Du(r)|) de
1 2 *
' D / a0 @ ()] + Do)

[l [| 722

*42 o*+2 o*+2 o*+2
= TF( * 3)[( 1) ( 1) 2 1 ]

So |Tlu(zy) — T'u(z1)| — 0 when z; — z,. Also, in a similar manner,

€D v(z0) - €D T u(z1)|
[l [l 772
T aiT(o* +2)

)rr*+ o*+1 rr*+1]
)

[~z -z1)" " 4 (=) 42 -2

which implies that [CD}T'v(z;) — ‘DT u(z;)] — 0 as z; — z; hence [T'u(z) —
Tlu(z;)|| — 0 as z; — z,. Thus T! is equicontinuous and ! is relatively compact on
Ac. Now, by the Arzela—Ascoli theorem, it is compact. Finally, we prove that T is a con-
traction. For v, v, € A, we get
’Tzvl(z) - ‘Szvz(z)’
[Va+ Vs
T afT(o* +0% +2)
1
x f 1 -7 e (@) (Jui(r) = va(0)] + [ Djun(T) - CDJun(r)|) de
0
[Ve + V3|
afT(o* = 8% +2)

1
x / 1 -1 (@) (Jui(r) — va(1)] + [“Dyur(T) - CDJua(2)|) d,
0
also

€D5T%01(2) - “D;T (2|
[Va +2Vs|
T ajT(o*+6*+2)
1
x] 1 =) e () (Jur(e) = va(D)] + [“Dgur(r) - “Dgua(r)]) de
0
[Ve +2Vs3|
ofl(o* = 6% +2)

1
xf (1—r)“*"s**lf(r)({ul(r)—Ug(r)| + |C®(1)U1(‘E)—C©(1)U2(‘L')|)d‘[.
0

Therefore, we get
I§111Va + Vol I§111Ve + V3|
afl(o*+0*+3) ofl'(0* —6*+3)

€111 Va +2V5| . 5111 Ve +2Vs|
ajT(c*+0*+3) of(o*—6*+3)

sup|T?v;(2) - T2ua(2)| < |: }llvl -],
ze]

sup|“DyT?u1(2) - “Dp T 0a(2)| <

ze] N

:|||U1_U2||r



Baleanu et al. Advances in Difference Equations (2021) 2021:197 Page 15 of 24

where [|£]| = sup,; |£(2)|. Hence, || T2v1(z) — T2va(2) || < (3 + %) [u1 — val, which implies
that

|T201(2) - TPuae) | < K*[lvr = wal.

Thus, T2 is a contraction on A, with constant K* = Q3 + Q} < 1. So, from Theorem 2.13,

BVP (1) has at least one solution and the proof is completed. O

4 Existence criteria for problem (2)

In this part, we derive the existence of solutions to the inclusion BVP (2). The function
v € C(J, M) is called the solution of problem (2) when it satisfies the boundary conditions
and there is T € L!(J) such that Y(z) € $(z, v(z), “D}v(z)) for almost all z € J and

_ 1 ‘ _ \ot+l
v(z) = —ai‘F(o* ) /0 (z—1)° " Y(r)dr

Vaz + V2?2
* afT(o* +0* +2)
1

V. zZ+ V. 2 1 %o
e 6 3% / (1-7)" ¥y (r)dr
aiT(o* —=8*+2) Jo

1
f (1-7)° "y (r)de
0

for all z € J. For each v € M, we define the set of selections of the operator §) as

Gy = {T eLl'(D):Y(z) e 5’)(2, U(Z),CCD(I)U(Z)) for almost all z € J}.
Moreover, define the operator 91: M — P(M) by

N(v) = {p € M : there exists T € G, such that p(z) =7 (z) Vz € J}, (13)
where

_ 1 ‘ _\o*+l
n(z)_aifl“(a*+2)/o (z=1) "' Y(r)dr

Vaz + V222
+ —
oil(o* +6* +2)
Vez + V322
+ e —
ofC(o* = 8% +2)

1
/ (1-1)" "1 (r)de
0
1
/ (1-17)" "7 (r)dr.
0

Theorem 4.1 Let §):J x M x M — Pcp(M) be a multifunction. Assume that:
(vi) The multifunction $) is integrable and bounded and $(-,v1,v2) : J = Pcp(M) is
measurable for vi, vy, € M;
(vii) There exist w € C(J,[0,00)) and v € 11 such that

% 2
Hd(f_)(z, U11U2)157J(Z» 1]1,1;2)) = w(Z))L w(z |Uk - U/k|>
k=1

lleoll

forall z € J and vy, vy, U1, Uy € M, where A* = W;
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(vili) Thereis x*:R? x R?2 — R such that x*((v1, va), (U1, 12)) > 0 for all vy, Uy € M
(k = 1’2);

(ix) If {vn} is a sequence in M with v, — v and
X* (@), “DGun(2)), (Une1(2), “ D unin(2))) = 0
forallz € J and n > 1, then there exists a subsequence {un},} of {vn} such that
X ((vn; @), “Dgun; (2)), (v(2), “Dgu(2))) = 0

forzeJandj>1;
(x) There exist vg € M and p € N(vo) such that

x*((v0(2), “Dyv0(2), (p(2), “Dgp(2))) = 0 (z€ ),

in which 9: M — P(M) is defined by (13);
(xi) Forany v e M and p € N(v) with

X (v@),°D(E), (b(2),°Dip(2))) = 0,

there exists a member w* € M(v) such that

x*((p(2), “Dgp(2)), (W*(2), “Dyw*(2))) = 0

forallz € J.

In that case, the inclusion problem (2) has at least one solution.

Proof Obviously, the fixed point of 91: M — P(M) is the solution of BVP (2). Since the
multi-valued map z — 9(z, v(z), CCDév(z)) is closed-valued and measurable for all v € M,
so $ has a measurable selection and G, ,, is nonempty. We have to prove that 91(v) is

closed in M for v € M. Take {v,} in 9(v) that v, — v. For each n, Y,, € &, is chosen
such that

Uy(2) = m[ (z—1)° +1T () dT

V4Z + VZZ /1 *,0% 41
- e 1 _ o +07 + T d
¥ aiT(o* + 0% +2) 1-7) n(e)de

Vez + V3z *_g% 41
_ e TS 1 - ) 1y
F @l - +2)/( 2 () de

for all z € J. Since $) has compact values, we define a subsequence of {Y,} (again by the
same notation) which converges to Y € L!([0, 1]). Hence, YT € G, and

— 1 ‘ _ \o*+1
le) = V@ = e / (-0 1 T(r) dr

\Y% \% *
+ 42+ 2Z f (1 )a *+6 +1rY«( )d
oafC(o* + 6% +2)

Vez + V3z g
T U
1 - 0
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for all z € J, which gives v € 9(v) and D is closed-valued. As $) is compact-valued, it is a
simple task to affirm the boundedness of 9t(v) for arbitrary v € M. We have to prove that

M is an o — Y-contraction. For such a goal, we define

1 if x*(v(2), “Dv(2)), (V(2), CD§0(2)));

0 otherwise

a(v,0) =

forall v, v € X. Let v, 0 € X and A} € 91(0) and choose T € & 5 such that

* _ 1 ‘ _\ot+l
0= g J, G-

Vuz + V. X
oYzt Vazt / (1= 1)y (1) de
afl(o* + 0% +2)

Vez + V322 ok
T i B /(1—1)0 =y (7) dr
afC(o* =8*+2) Jo

for all z € J. We estimate

w(zZ)A*

llell

Ha(9(z,v(2), “Dfu(2)), 9 (2, 0(2), D5 0(2))) < ¥ (lur - v - D50 - D50

for all v,0 € M with x*((v(z),*Div(2)), (V(2), “D}0(2))) > 0 for almost all z € J. Thus
there exists 7 € H(z, v(z), C’D(l)u(z)) such that

w(z)L* . . .
’Tl(z)—n‘ < o W(|U1—U1|— |C@éU—C©(1)U|).
Now let ®8*: [0, 1] — P(M) be a multi-valued map as

w(z)A
el

B(2) - {ne/\/l Mi(@) -] < ¢(|Ul_al|_|%oo_c@go|)}

forallze J. As Yy and ¢ = le 1//(|v1 vl - |C®0U - c@élﬁl) are measurable, the multi-
valued function B*(-) N H(-, v(-),*Div(-) is too. Now let T, € H(z,v(z), “D}v(z)) pro-
vided

w(z2)A*

el

’Tl(z)—Tz(Z” < W(|U1—U/1|—|C©é/—c©(1)f)|)

for all z € J. Let us define 7 € 91(z) by

hy(z) = /(z )7 Y, (1) dr

*F(U*+2)
Viz + V22 /1 f ot
+ 1-17)7 " " Yy(r)dr
afl(o* + 0% +2) ( ) 2(7)
V6Z+V32

o*-5%+1
G0 = +2)/ (1-1) Ty(r)dr
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for all z € J. Let sup,.; |w(2)| = [lw]|. Then

* 1 ‘ o*+
’ﬁf—ﬁz|§m/0(z—t) Y1i(r) = Ta(0)| dr

Vi+V ! gt
e [ - ) - o) de
aiC(o* + 6% +2) Jo
|V + V3 /1 . stel
— 0T @) M1y (1) - Ta(o)|d
ST 5 12) O( 7) | T1(2) = Ya(r)| dr
Loy AT
< — — JE—
= aTo +3) lwlly (Ilv-131) o
Vi + V3 Loy A
+— — —
T 407 13) lwlly (v -131) ol
|Ve + V3| Ly A
e e L V4 (Rl

_ 1 s [Va+ Vs . | Ve + V3|
afl(o*+3) ofT(c*+60*+3) T (c*-6*+3)

’ A'*
XWNWWU—UWME
= Qilloly (lv-o1)

= QT)»*I/f(HU - 13||)-
Also we have

o} -Cos
- 1 | V4 +2Vs| |Ve + 2V3]|
+
T LefT(e*+2) ofT'(c*+60*+3) ofT(c*—6*+3)

*

]Ilwllllf(llv—f)ll)—

llell

=1y (Jlv - 9ll)
for all z € J. Hence
|75 = 15| = sup| 7 (2) — 5 (2)| + sup|“Dghi(2) — D3 (2)|
zel] ze]

<Ay (llv=ol) (925 + 23)

=y (llv-0l).

Thus a(v, 0)Hs(D(v), N(D)) < ¥(|lv — V) holds for all v,0 € M, which implies that
N is an a — Y -contraction. Now, let v € M and v € 91(v) be two functions such that
a(v,0) > 1. In this case, x*((v(z), “Diu(2)), (V(2), D 0(2))) > 0; s0, T € N(V) exists such
that x*((0(2), D} 0(2)), ((2), D (2))) > 0. It follows from this that « (0, ) > 1, which
means that the operator 91 is «-admissible. Now, suppose that vy € M and U € 9(v) are
such that x*((vo(2), “Divo(2)), (V(2), D} 0(2))) > 0 for any z € J. Subsequently, we have

Page 18 of 24
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a(vy, V) > 1. Consider {v,} € M coupled with v, — v and «(v,, U,,1) > 1. Then we get
X (a2, Dgun(2)), (Uns1(2), *D§uni(2))) > 0.

By using hypothesis (ix), there is a subsequence {up;} of {v,} such that
x* (v (), “Dguiy (2)), (v(2), “Dgu(2))) = 0 (Vz€ D).

Thus Ol(U,,],, v) > 1 (V)); that is, M has the property C,. Theorem 2.14 guarantees that 9
has a fixed point which is the solution of the inclusion BVP (2). O

Theorem 4.2 Counsider the multifunction $:J x M x M — P(M). Assume that:
(xii) ¥ :Rso — Rsg is u.s.c nondecreasing map with liminf,_, »(z — ¥ (2)) >0, ¥ (2) < z
forall z> 0;
(xiii) The operator $3:J x M x M — Pcp(M) is integrable bounded and
(- vivy) o I — Pep(M) is measurable for all vy, v, € M,
(xiv) There is w € C(J, [0, 00)) with

2
Hd(f)(zr U1, UZ) - Xj(zr ‘01’ 132)) = w(Z))»*l// (Z |U/< - ljk|>

k=1

for all vg, Oy € M (k =1,2), where A* =
(xv) M has the (AEP)-property.
Then the inclusion BVP (2) has a solution.

1.
Q*{+Q§ ’

Proof We have to prove that 91: M — P(M) includes endpoints. Firstly, we must prove
that 91(v) is closed for every v € M. Since the mapping z — $(z, v(z), C@év(z)) is closed-
valued and measurable for v € M, thus it has a measurable selection and & , # #. By
applying the same deduction done in the proof of Theorem 4.1, one may simply verify
that 91(v) is closed. Also, (v) is bounded because of the compactness of §). Finally, it
is simple to prove that H;(9t(v), N(x)) < ¥ (||lv — 7 |]) holds. Suppose that v,7 € M and
Iy € N(). Select Yy € G such that

* _ 1 ‘ _ yot+l
O T /0 (2 - 17 1Y) de

Viz + V2?2
* afT(o* +0* +2)
1

V +V 22 1 *_ gk
T R 62 ¥ Vs / (1-17)° %Y (r)dr
afT(o*=8*+2) Jo

1
/ (1-7)° " (r)de
0

forallze J. As
Ha(H(z, U,CQ(I)U) - .VJ(z,n(z),C@(l)n(z))) <w@\Y(lv-m|+ {c@(l)v -Din )
for all z € J, there exists w™* € $H(z, U(z),CQéu(z)) such that

1T1(2) - ¥ | < @A"Y (|u(2) - 7(2)| + |“Dgu(2) - D (2)])
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for all z € J. Consider the multi-valued map O* : ] — P (M) defined by
D*(2) = {@* e M:|T1(2) - *| < w(@A Y (|v(2) - 7(2)| - |“Dgulz) - Dy (2)]) }-

By the measurability of Y7 and ¢* = wA* Y (Jv — 7| - |C’D(1)U - C@énl), it is obvious that
the multifunction O*(-) N H(-, U(-),C’D(l)v(-)) will be also measurable. Now we take Y, €
9(z,v(2), “Dyv(2)) such that

I T1(2) - Y2(2)| < w(2) v(v-m|- ’CQ(I,U—C’D(I)ND

1
Q7 + Q3

for all z € J. Select A5 € 91(v) such that

1 z *
mz)z= ———— z—1)° 1y (r)de
1) afr(o*+2)/o< 1y 0)
Vaiz + Vo2? 1 ¥, g%
+*‘*—2/ (1-7)7 "1y (1) de
aiC(o* +0* +2) Jo
VGZ+V322

1
)fo (1-7)" 7y (r)de

+ _——
afl(o*=6*+2

for all z € J. By the same argument used in Theorem 4.1, we get
|75 = B3| = sup|if (2) - B3 (2)| + sup|c@(1)ff[(z) - C@éﬁ;(z)’
ze] ze]

< (@ + Q)2 v (llv-9l)
=y (llv-2l).

Hence, H,(M(v), N()) < ¥ (|lv — x|) for all v, w € M. By using hypothesis (xv), one can
easily find that 91 has the (AEP)-property. By Theorem 2.15, there exists v* € M such
that 91(v*) = {v*}. This implies that v* satisfies the given problem (2) and the proof is
completed. O

5 Examples
Here, we provide two simulative examples to review our findings by a numerical view.

Example 5.1 Consider the boundary value problem in the multi-term form as follows:

23| sin(v(z))\+zslci)(l)v(z)\

%8'2[2%%]11(2) = 8+162 (z€J:=[0,1]),
v(0) =0,

2¢DLu(0) + 3¢DFPu(1) = 0,

4€D20(0) + 5 REF2u(1) = 0,

(14)

where the numericaldatac* =0.2,6*=1.5,a1=2,a, =3,a3=4,a, =5, =2,and 0* =2

are chosen. Here, C@g) and Rﬁj(()) denote derivative and integral operators of the Caputo
and Riemann-Liouville types. Consider the continuous function ®*: J x R? — R as

_ 2|sin(s(2))] + 2°|“Dyr(2)|
- 8+ 16z '

D*(z,5(2),r(2))

Page 20 of 24
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For s1,8,71,75 € R, we have

|@*(2,51(2), 71(2)) = D*(2,52(2), 72(2)) |

[[sin(s1(2)) - sin(s2(2))| + [*Dgri(2) - “Dyra(2)]]

=

z
8+ 16z

=

8 +Zl6z[|sl(z)) - 5(2)| + |“Diri(2) - “Dyra(2)]].

Put&(z) = g5 forallze J, then |£]| = é =0.125. Also, consider the continuous and non-

decreasing function v : R* — R* defined by ¥/(v) = v for v € R*. Then

z

=" 16le(|u(z)| +|“D4u(2))).

|@*(z,v(2), C’D(l)(u(z)) | <

It is clear that n* : J — R* defined by n* = &3 is a continuous function with [|n*| =
0.125. On the other hand, we get V; = -1.5, A; = 5.5956, V, = —0.8935, V3 = —0.2233, V4 =
1.5950, V5 = 0.7559, Vg = —0.7441, Q7 = 0.7492, Q% = 1.1119, Q% = 0.0678, 2} = 0.0822.
Since K* = 0.1500 < 1, by using Theorem 3.3, boundary value problem (14) has at least

one solution.

Example 5.2 Consider the inclusion BVP in the multi-term form as follows:

3
z| arctan z|+z| arcsin(v(z)) |+ 27 | sin(C Z)(l)u(z))l ]

c@8.7[3 C@%] v(z) € [0, 3(20+60z)

v(0) =0,
11D5v(0) + 12¢D7v(1) = 0,
13¢D2v(0) + 14*£3¢u(1) = 0,

(zel:=[0,1]),

(15)

where the numerical data 6* = 0.7, §* = 1.7, af =3, 0* =4 and a; = 11, a3 = 12, a3 = 13,
ay = 14 are chosen. In view of the above data, we obtain V; = —1.090, A; = 25.7554,
Vy = —0.5435, V3 = 0.0049, V, = 1.0155, V5 = —=0.00119, Ve = -1.1019, Q] = 0.4485,
Q5 = 05798, Qf = 0.0182, 2} = 0.0182. Here, °D{) and R£3{) denote derivative and in-
tegral operators of the Caputo and Riemann—Liouville types. Let $:J x R? — R be a
multifunction defined by

. 3 .
z| arctan z| + 23| arcsin(s(z))| + =l sm(C@(l)r(z))l]

K5 (z, s(2), i”(Z)) = [0’ 3(20 + 60z)

For s1,8,71,72 € R, we have

Ha(H(z,51(2), 71(2)), (2, 52(2), 72(2)))
< ;—O%(|arcsin(sl(z)) _ arcsin(52(9))| + [sin(CD1r1 (2)) - sin(CDYr(2)])
=< 22—0%(|51(Z) —Sz(Z)| + |C®(l)r1(z) _CQ(I)VZ(Z)D
< ZZ_Ow(|51(Z) _S2(2)| + |C®(1)71(Z) —C’Dérz(z)‘)

< 0@V (|s12) - 52(2)| + |“Dpr1(2) - “Dgra(2)]) (79 i o )
1 2
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where QF + Q3 = 1.0283 and m = 0.97247. Choose the nonnegative function o €
C(J,[0,00)) defined by w(z) = 5 for all z € J. Then |w]|| = % = 0.05. Also, we consider the

nonnegative and nondecreasing u.s.c map ¥ : R>o — R defined by /(z) = § for almost
all z > 0. Note that lim,_, o, inf(z — ¥ (2)) > 0 holds with ¥ (z) < z (Vz > 0). At last, consider
N: M — P(M) by

N(v) = {p € M :there exists T € Gg,, s.t. p(z) = w(z) forae. z € J},

where we have

1.0155z — 0.5435z22
3I'(6.7)

z 1
m(z) = ﬁ /0 (z=D)Y'Y(r)dr + ./o (1-7)>"T(r)dr

—-1.1019z + 0.0049z% [!
il ad / Y(r)dr.
3I'(1) 0

Since operator 91 has the (AEP)-property, by using Theorem 4.2, there exists at least one
solution for the given BVP (15).

6 Conclusion

In the current research, we discussed some new conditions ensuring the existence of so-
lution for given two multi-term BVPs in two different equation and inclusion versions.
Indeed, we defined some operators based on the equivalent integral equation which be-
longed to a special category of o-admissible and «-yr-contractions. Also, we investigated
the (AEP)-property for such operators. At last, in two separate examples, the numerical
simulation of given BVPs was done. As a future and next project, one can apply these
techniques for the generalized BVPs having multi-strip, multi-point, multi-order integral
conditions simultaneously.
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