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1 Introduction
The integral equations of Urysohn—Stieltjes (U-S) type have been studied by some authors;
see, for example, [3, 5, 11-15], and [16—22], and reference therein.

The quadratic Chandrasekhar integral equation

Loy
x(t) = a(t) +x(t)f mbl(s)x(s) ds, tel=][0,1]
0

has been studied in some papers; see, for example, [1, 4, 7-10], and [24] and references
therein.
Our aim is to study the existence of solutions x € C[0, 1] of the U-S nonlinear functional

integral inclusion

1 1
x(t)—a(t)e/ F(t,s,x(s),/ h(s,Q,x(Q)) dgg'z(S,@)) dsgi(t,s), tel=[0,1]. (1.1)
0 0
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As applications, we will prove the existence of solutions x € C[0, 1] of the nonlinear Chan-
drasekhar functional integral inclusion

Los

1
x(t) —a(t) € / %F(bl(s)x(s), by(s)x(0) d@) ds, tel=][0,1],
0

0o s+6

and the Chandrasekhar quadratic integral equation

1 1
() = a(t) + /0 %bl(s)x(s)-( /0 ﬁbz(s)x(e)de)ds, tel=101].

The paper is organized as follows. In Sect. 2, we establish the existence and uniqueness
results for single-valued nonlinear U-S equations. We also prove the continuous depen-
dence of the unique solution on the g; (i = 1,2). As an application, we discuss some partic-
ular cases by presenting the existence of solutions of nonlinear Chandrasekhar quadratic
functional integral equations. In Sect. 3, we add conditions to our problem in order to
obtain a new existence result with an application. Our results are generalized in Sect. 4,
where we discuss the existence of solutions for set-valued equation (1.1) with continu-
ous dependence on the set Sy and demonstrate a particular case of inclusion by present-
ing the existence of solutions for set-valued Chandrasekhar nonlinear functional integral
equations.

2 Single-valued problem

Here we consider the nonlinear single-valued functional integral equation of U-S type

1 1
x(t) = a(t) + / f(t, s,x(s),/ h(s, G,x(G)) dogo (s, 9)) dsg(t,s), tel0,1]. (2.1)
0 0

2.1 Existence of solutions |
Consider the U-S functional integral equation (2.1) under the following assumptions:
(i) a:[0,1] — [0,1] is a continuous function, with a = sup, (o1 [a(?)].
(i) a) f:[0,1] x [0,1] X R x R — R is a continuous function, and there exist two
continuous functions m11, ky : [0,1] x [0,1] — R such that

[f(t,5,%,9)| < mi(t,s) + ki (8, 8)(Ix] + [y]).

b) h:[0,1] x [0,1] x R — R is a continuous function, and there exist two
continuous functions m1,, k5 : [0, 1] x [0,1] — R such that

|h(t, S,x)‘ <my(t,s) + ka(Z,)|x].

c) k=suplki(t,s):t,s €[0,1]}, and m = sup{m;(¢,s) : t,s € [0,1],i = 1,2}.
(iii) g;:[0,1] x R— R, i=1,2, are continuous functions with

w= max{sup|gi(t, 1)‘ + sup|gi(t, 0)|,on [0, 1]}.

(iv) Forall 1,5, €I, ty < £y, the functions s — g;(t,,s) — gi(¢1,s) are nondecreasing on
[0,1].
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(v) g(0,s)=0forse[0,1].

(vi) kp+k*u®<1.
Let E be a Banach space with the norm || - ||g, and let I = [0, 1]. Denote by C = C(I, E) the
space of all continuous functions on I taking values in the space E. This space becomes a

Banach space with supnorm
ll%llc = sup | x() -
tel

Remark 2.1 (see [11]) Note that the function s — g(¢,s) is nondecreasing on the interval
[0,1]. Indeed, for s3,s; € [0, 1] with s7 < s, from assumptions (iv) and (v) we obtain

g(trSZ) _g(trsl) = [g(t:SZ) _g(OrSZ)] - [g(t’sl) —g(O,Sl)] > 0.

Lemma 2.2 ([11]) Assume that a function g satisfies assumption (v). Then for arbitrary
1,82 € I with s < s, the function t — g(t,s2) — g(t,$1) is nondecreasing on I.

Indeed, take £, ¢, € [0,1] such that #; < £,. Then by assumption (vi) we get

[8(t2,52) —g(t2,51)] — [g(t1, 52) —g (11, 51) ] = [(t2, 52) —g(t1,52) ] - [¢(t2, 51) — (81, 51)] = O.

For the existence of at least one solution of the U-S nonlinear functional integral equa-

tion (2.1), we have the following theorem.

Theorem 2.3 Let the assumptions (i)—(vi) be satisfied. Then the functional integral equa-
tion (2.1) has at least one solution x € C[0,1].

Proof Define the operator A by

1 1
Ax(t) = a(t) + / f(t, s,x(s),/ h(s, G,x(G)) doga (s, 9)) dgi(t,s), tel, (2.2)
0 0
and define let the set
Qr= {XGRI |x| SI"} gC[O,l],

where

_a+mu+kmy?
T 1-[kp+ k2p?)’

It is clear that Q, is a nonempty, bounded, closed, and convex set.
Let x € Q,. Then

|Ax t) |

a(t) +/ f(t 5,%(s), / (5,6,x(0)) dogal(s, 0)) dsg1(t,5)

|a t)| / P(t s,x(s)/ (5,0,x(0)) doga(s, 6 ))

dsgl (t» S)
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1 1
<a +/ (ml(t,s) +k1(t,s)(|x(t)| +f |h(s,9,x(9))|d9g2(s,9)>) dsgi(t,s)
0 0
1
<a+ / (ml(t,s) + kl(t,s)(|x(t)|
0
1
+ / (Vl’lz(s,e) + kZ(S) 9)|x(9)| degz(& 0))) dsgl(t, S)>
0
1
<a+ / (m (L, s) + ki (t, s)(|x(t)| +(m + kr)p) dyg (¢, 5)
0
<a+ (m + k(r +(m+ kr)u))u <r.

This proves that the operator A : Q, — Q, and the class {Ax} is uniformly bounded on Q,.
Then, for x € Q, and y(s) = fol h(s,6,x(0)) doga(s,0), define the set

9(8) = Sup{ v(tZISxx;y) _f(tbsy x;)/)’ : tll t2’S € [0! 1], tl < t2! (23)

|ty —t1] <8, |x| <7 |yl <r}.

Then from the uniform continuity of the function f : [0,1] x [0,1] x Q, x Q, — R and
assumption (ii) we deduce that 6(§) — 0 as § — 0, independently of x € Q,.
Now let £, € [0,1], |t — £1] < 8. Then we have

|Ax(t:) — Ax(ty)]

1 1
a(ty) +/ f(tz,s,x(S),/ h(S,er(H)) degz(s,f))) dgi (£, 5)
0 0

1 1
—a(tl)—/ f<t1,s,x(S),/ h(s,0,x(6)) degz(s,G)) dsgi(t1,9)
0 0

=< \d(tz) - ﬂ(t1)| +

1 1
/ f<tz,s,x(8), f h(s,e,x(e))dggz(s,m)dsgl(rz,w
0 0

1 1
_/ f(tlrs)x(s)’/ h(s,@,x(@)) d9g2(319)> dsgl(tlxs)
0 0
= \ﬂ(tz) —ﬂ(t1)|

+

1 1
/0 S (t2,5,%(),5(5)) dsga (£2,5) — /0 S (t1,8,%(5),5(5)) dsga (2, 5)

1 1
+ / f(t1,8,%(5),5(5)) dsg (£2,5) — / S(t1,5,%(5),9(5)) dsg (81, 5)
0 0
1
<la(t,) - a(t)| +/0 |(F (2205, %(5), 5(5)) = f (£1,5,%(5), (5)) | dsgi (£2,5)
1
. /0 1 (61,5,%(5),¥(6)) | s [0 5) - 1 (61,5
1
< la(ty) - a(t)] + fo 6(5) d,g1(t2,5)
1
. fo (m1(6,9) + ka(65)(12] + ) o1 (12,) 1 (61,5)]-

This inequality means that the class of functions {Ax} is equicontinuous.

Page 4 of 17
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Therefore by the Arzela—Ascoli theorem [25] A is compact.
Let {x,} C Qy, ¥, — x. Then

Axy(t)

1 1
= ﬂ(t) + / f(t) S,xn(s)rf h(S, eyxn(e)) d@gz(s) 0)) dsgl(t) S),
0 0

lim Ax,(t)

1 1
= lim ((l(t) +/ f(t’srxn(s)}/ h(s,@,xn(Q)) d@gz(s’e)) dsgl(t’s)>’
n—oQ 0 0
and from assumption (ii) (see [23]) we get

lim Ax,(t)

n—00

1 1
=a(t) + / lim f(t, s,x,,(s),/ h(s,@,xn(é)) dggz(s,e)) dsgi(t,s)
0 0

n—00

1 1
=al(t) +/ f(t,s, lim x,,(s),/ h(s,@, lim xn(9)> d5g2(8,9)> dsg(t,s)
0 n—0oQ 0 n—0o0
1 1
=a(t) + / f(t,s,x(s),/ h(s,0,x(0)) dggz(s,G)) dg (t,s)
0 0
= Ax(t).
This proves that Ax,(f) — Ax(¢) and A is continuous.
Now (see [23]) A has at least one fixed point x € Q,, and (2.1) has at least one solution
x € Q, C C[0,1]. d
2.2 Uniqueness of the solution
To prove the existence of a unique solution of U-S functional integral equation (2.1), let
us replace condition (ii) by

(if)*  a) the function f:I x I x R x R — R is continuous and satisfies the Lipschitz
condition

[f(t,s,xl,yl) —f(t,s,xz,y2)| < k1(|x1 — %] + |0 —y2|).
b) h:I x1Ix R— Ris continuous and satisfies the Lipschitz condition
‘h(t, $,%) — h(t,s,y)‘ <kylx -yl
By condition (ii)* we have
If (£:5,5(5), 7(5)) | = |f(£,5,0,0)| < |f(£,5,%(5),¥(5)) = f(£,5,0,0)| < ky(Ix] + [y]).
Then

V(t,s,x(s),y(s))| < kl(|x| + |y|) + Lfl(t,s,O, 0)

’

Page 5of 17
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and
If (£,5,%(5), ¥(s)) | < kv (|| + y]) + 121,
where 1 = sup,,.,c;; |f (¢,5,0,0)], and
|h(t,5,%(5))| - |h(t,s,0)| < |h(t,5,%(s)) - h(t,s,0)| < kylx.
Then

|h(t,s,x(s))| <kylx| + [fg(t,s,

and
|h(t,s,x(s))| < kylx| + my,

where my = sup,, . 14(t,s,0)|, m = max{m;, m,}, and k = max{k;, k,}.

Theorem 2.4 Let conditions (i), (ii)*, (iii), and (iv)—(v) be satisfied with uk + k*u? < 1.
Then the functional integral equation (2.1) has unique solution x € C[0,1].

Proof Let x1, x, be solutions of the integral equation (2.1). Then
|x1(t) - xz(t)|

1 1
= a(t) + / f(t7 $,%1 (S)!/ h(S, 97 X1 (9)) d@gz(sﬁ 9)) dsgl(tﬁs)
0 0

1
—a(t)+/ f(t $,%2(8), / s,@ x2(9)) d9g2(5,9)> dsgi(2,s)

/ }j(t S,xl(s)/ 5,9 x1(9) dggz(s,9)>

—f(t,s,xz(s),/o h(s,@,xz(G)) dogo (s, 9))

dsgl (tv S)

1 1
5/ k1(|x1(5)—xz(5)| +/ | (h(s,60,%1(6)) — h(s,0 xz(9)))|degz(s,9)> dig(t,9)
0 0
1 1
S/ kl(\xl(S)—xz(S” +/ k2(|x1(9)—x2(9)|)deg2(5»9)> dsgi(t,s)
0 0

1
SlkﬂMM—m®MbM1xﬁws$Uﬂ

2 2
< kllxy —xallpe + k= [lcr — %2l ™
Hence we have

lla =22l < (wk + K202 ||y — 2|
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and
(1= (n+Kp?)) I -2l <0,
which implies
x1(2) = %2(2). O

2.2.1 Continuous dependence of solution on functions g(t,s)
Here we show that the solution of U-S functional integral equation (2.1) continuously de-

pends on the functions g;.

Definition 2.5 The solutions of functional integral equation (2.1) continuously depends

on the functions g;(t,s), i = 1,2, if for every € > 0, there exists § > 0 such that
gt -g ) <8 = |x-x] <e.

Theorem 2.6 Let the assumptions of Theorem 2.4 be satisfied. Then the solution of (2.1)

depends continuously on functions g;(t,s), i = 1,2.

Proof Let § > 0 be such that |g;(t,s) — g/ (¢,s)| <6 forall £ > 0. Then
|x(2) — &7 (8) |

1 1
a(t) + / f <t,s,x(S), / h(s,6,x(0)) degz(s,0)> dsgi(t,s)
0 0

1 1
—a(t) + / f(t, s,x*(s),/ h(s,Q,x*(G)) d9g5(5,9)> dsgi (t,s)
0 0
1 1
< MJ f(t,s,x(s),/o h(s,@,x(@)) dggz(s,e)) dsg1(t,s)
1 1

- / f(tysyx*(s))/ h(s,@,x*(@)) d9g2(sr9)) dsgl(t’ S)

0 0

1 1
+/ f<t,s,x*(S),/ h(S,H,x*(G))degz(s,G)) dsgi1(t,s))
0 0

1 1
_ / f(t,s,x*(s), / h(s,@,x*(@))dgg;(s,9)>dsgf(t,s)
0 0

! 1
< /0 P(t,s,x(s), /0 h(S,@,x(Q))degz(S,g))

1
—f(t, S, x*(s),/0 h(s, 9,x*(9)) dog (s, 9)) | dsgi(t,s)

1 1
+|/0 f(t,s,x*(s),/o h(s,@,x*(@))dggz(sﬂ))

1
_f<t,s,x*(s),/o h(s,0,x%(6)) dgg;(s,e)) digi(t,s)

1
5/0 kl(lx(S)—x (s)]
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1
+/ |h(s,0,(9)) —h(s,@,x*(@))|d9g2(s,9)> dsg1(t,5)
0
1

+

1
/ f(t, Syx*(s);/ h(S; 9,96*(9)) d@gZ(S) 0)) dsgl(t)s))
0 0

1 1
- / f (t,s,x*(S), / h(s,6,x*(0)) degi‘(s,Q)) dsgi(t,s))
0 0
1 1
+/ f(t,s,x*(s),/ h(s,@,x*(@))dggg‘(s,é’)) dsg1(2,5))
0 0

1 1
- / f (t,s,x*(S), / h(s,0,x(6)) dogi‘(s,H)) dsgi (t,5))
0 0

1 1
< / k<|x(s)—x*(s)|+ / /<|x(e)—x*(e)|d9g2(s,e))dsgl(t,s>
0 0

1 1
+/0 L/(t,s,x*(s),‘/; h(s,@,x*(@))dggg(s,9)>

1
—f(t,s,x*(s), /(; h(s, 0,x*(9)) dog; (s, 9))

1 1
+/(; }j(t,s,x (s),/O h(s,0,x (9))d9g2(s,9))

1 1
5/ k<|x(s)—x*(s)|+/ k|x(8)—x*(9)|d9g2(s,9)) d.gi(t,s)
0 0
1
k
LA
1 1
+/0 P(t,s,x*(S),/o h(s,G,x*(G))dagf(s,9)>

1 1
<[ k(|x(s)—x*(s)|+ / k|x(e>—x*(e>|deg2(s,e))dsgl(t,s>
0 0

dsgl (t’ S))

[dsei(t,s) - digi (t,9)]

1 1
/h(s,e,x*(G))degz(s,G)—/ h(s,é’,x*(f)))dag;‘(s,@)‘)dsgl(t,S))
0 0

[ds&i(t,s) - dig{ (t,9)]

1 1
+ / k( / |h(s,e,x*(9>)|[d9g2(s,e)—dgg;(s,e)])dsgl(t,s))
0 0
1 1
+/(; [m+k<|x*(s)| +/0 |h(s,9,x*(9))|d9g§(s,9)>}[dsgl(t,s)—dsgi"(t,s)]
1 1
5/ k<|x(8)—x*(3)|+/ k|x(9)—x*(9)|degz(s,9)) dsgi(t,9)
0 0
1 1
+/ k(/ [m+k|x*(0)|][dgg2(s,9)—dggz‘(s,e)]) d.gi(t,s)
0 0

1 1
+ / [m + k<|x*(s)| + / [m + k|x*(0)|] dgg;‘(s,e))] [dsgi(t,9) — dig} (£,5)]
0 0

<kup|x—a*| + Kp?|x - x| + klm + krlpfga(s, 1) - g5(s,1)]

+ [m+ klr + m+ kel |u[gi(t, 1) - g{ (£, 1)].
Taking the supremum over ¢ € I, we get

o = x| < k|| —x*|| + K20 |2 = *|| + (ki + krlpad + [m + k[r + kr + m]]ué.

Page 8 of 17
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Then

(2km + 2kr + K°r + m)ud
1—(kp + k2u?) -

-] <
Now we get that the solution of (2.1) continuously depends on the functions g;, i = 1,2. O
3 Existence of solutions Il
Now we replace assumptions (ii) a), (vi) by

(ii*) a*) f:[0,1] x [0,1] x R x R — R is a function, and there exist two continuous
functions my, ky : [0,1] x [0,1] — R such that
Lf(f:s,x’)’)| = ml(t’s) + kl(t>5)|x| : |}’|
(vi*) There exists a positive root / of the algebraic equation

w2? ¢ (k,uzm - l)l +(a+mp)=0.

Theorem 3.1 Let the assumptions of Theorem 2.3 be satisfied with (ii) a) and (vi) replaced
by (ii*) a*) and (vi*), respectively. Then equation (2.1) has at least one solution x € C[0, 1].

Proof Define the operator A* by

A*x(t) = a(t) + /01f<t, s,x(s), /01 h(s,Q,x(Q)) d9g2(5,9)> dsgi(t,s), tel0,1],
and define the set

Q ={xeR:Ixl <1} < C([0,1]),
where [ is a positive root of the algebraic equation

WA + (k,uzm - l)l +(a+mp)=0.

It is clear that Q; is a nonempty, bounded, closed, and convex set.
Now let x € Q;. Then

|A*x(t)|

1 1
d(t) + / f<t; S,JC(S),/ h(S; G:x(e)) d@gZ(Sr 9)> dsgl(t)s)
0 0

1
§a+/ }'/(t,s,x(s),/lh(s,O,x(Q))degz(S,G))
0 0
1 1
<a+ / (ml(t,s)+k1(t,s)<|x(t)| : ‘ f h(s,0,(0)) degz(s’f?)))
o 0

1 1
§a+/ (ml(t,5)+/<1(t,S)(|x(t)|-/ (m2(s,0) + ka(s,0)|(0)| doga(s,0)) dega (¢, 5)
0 0

dsgl (t’ S)

dgi(t,s)
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1
<a+ f (m1(6,5) + i (6,5 ([(0)| - (m + K1) diga 6,5)
0

<a+(m+k(l-(m+ku))pn <L

This proves that A* : Q; — Q; and the class {A*x} is uniformly bounded on Q;.
Now for x € Q, and y(s) = fol h(s,0,x(0)) doga(s,0), define the set

9(8) = Sup{ V(tQIS;x;y) _f(tlysy x;)’)| : tl, tZ’S € [0! 1]7 tl < tZ!
|t2_t1| <8,|x| < l,|J/| Sl}'
Then from the uniform continuity of the function f : [0,1] x [0,1] x Q; x Q; — R and
assumption (ii*) we deduce that 6(§) — 0 as § — 0, independently of x € Q;.

Now let £, #; € [0,1] be such that |£, — #1] < 8. Then we have

|A*x(t2) - A*x(tl) |

1 1
ﬂ(tz) + / f<t2; S,?C(S),‘/ h(& 9’ x(e)) dOgZ(Si 9)) dsgl (tZ,S)
0 0

1 1
~alt) - /0 f(tl,s,x(s), /0 h(s,e,x(e))dggxs,e)) i (t1,9)

< |a(t) - alty)| +

1 1
/ f(tz,s,x(S), / h(s,G,x(G))degz(s,9)> dsgi(t2,)
0 0

1 1
- / f(tl,s,x@), / h(s,e,xw))dggz(s,e))dsgl(tl,s)
0 0

= \ﬂ(tz) - ﬂ(t1)|

+

1 1
/0 S (t2,8,%(5),5(5)) dsga (£2,5) — /O S (t1,8,%(5),5(5)) dsga (2, 5)

1 1
+ / £ (21,5,%(5), ¥(5)) dsga (t2,) - / S (£1,5,%(5), ¥(5)) dsga (t1,9)
0 0

1
<la(ts) - a(n)| + /0 |(f (22,5, %(5), 5(5)) = f (1,5, %(5), 5(5)) ) | dsgi (22, 5)

1
+ /0 V(tl' S x(s),y(S)) ’ dy [g1 (t2,8) — g1 (t1, s)]

< la(ty) - a(ty)|

1 1
+ / 0(5) digi(ta,5) + / (m(6,5) + ki (6,9) (1] - 1)) i1 (12,9) 1 (11,9)].
0 0

This inequality means that the class of functions {A*x} is equicontinuous. Therefore A* is
compact by the Arzela—Ascoli theorem [25].
Let {x,} C Q;, x, — x. Then

1 1
A*xy(0) = alt) + / f(t,s,xn(S), f (5,6, %,(6) degz(s,m) dgi(6,9)
0 0
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Jim 4750 = fim ()
1 1
+/ f(t,s,x,,(s),/ h(s,@,x,,(@)) d9g2(5,9)> dsgl(t,s)),
0 0
and by assumption (ii*) (see [23]) we get
ILrI;oA*xn(t)
1 1
=al(t) +/ lim (t,s,x,,(s),/ h(s,@,x,,(@)) dggg(s,G)) dsgi(t,s)
0 n— o0 0
1 1
= af(t) +/0 f(t,s, nli)rrolox,,(s),‘/o h(s,@,nlingox,,(e)) d9g2(8,9)> dsg1(t,s)
1 1
=a(?) +/ f(t,s,x(s),/ h(s,0,x(0)) dggz(s,é)) digi (t,5) = A*x(t).
0 0

This proves that A*x,(t) — A*x(¢) and A* is continuous. So (see [23]) A* has at least one
fixed point x € Q,, and (2.1) has at least one solution x € Q; C C([0, 1]). O

3.1 Application
Let in equation (2.1), (¢, s, x(s)) = b (£)x(s),

tin& forte(0,1],s€1,

gi(t,s) =
fort=0,s€l,

and

sn®? forse(0,1],0 €1,

S

gZ(S!G) =
0 fors=0,0 €1.

Then g1, g, satisfy our assumptions (iii)—(v), and we obtain the nonlinear Chandrasekhar

functional integral equation

t+s

- 1
x(t) = alt) + / —f(t,s,x(s), / Lbz(s)x(e)am) ds. (3.1)
0 0o S+ 6
Let, in equation (3.1), f(t,s,x(s), y(s)) = b1(s)x(s) - y(s), where
Lo
= —b 0)do.
99 = [ o)
Then we obtain the Chandrasekhar quadratic functional integral equation of the form
Loy Log
x(t) = a(t) +/ ——b1(s)x(s) - (/ —bg(s)x(e)d9> ds. (3.2)
o L+s 0o S+6

Now, under the assumptions of Theorem 3.1, the Chandrasekhar quadratic functional in-
tegral equation (3.2) has at least one solution x € C[0, 1].
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3.2 Example

Consider the following Chandrasekhar quadratic functional integral equation:

x(t) =

et Loyt 2cos(s)x(s) < /‘ Lo sin(s)
5)) 0

—_— . 0)de |ds. (3.3
9re o t+s 7e»(1+ cos?( s+6 4(1+sin2(s))x() ) s (33)

First, note that equation (3.3) is a particular case of equation (3.2) if we put

—t

a(t) = m,

sin(t)
4(1 + sin®(¢))
2 cos(s)x(s)

f(t,s,x(s),y(s)) =—""— . 9(s),

7e%(1 + cos2(s))

h(t,s,x(s)) = x(s),

B Lo sin(s)
y(S)— A mmx(e)d@

_ 2 cos(s) _ sin(s) . _2 _1
bi(s) = 7¢25(1+cos?(s))’ ba(s) = 4(1+sin?(s))’ with ky = 7 and k; = 4’

Thus conditions (i), (ii*) and (iii) are satisfied with a = %, k= i, and m = 0. By all facts

established above, we deduce that condition (vi*) of the form
WK + (kpPm = 1)+ (@ + mp) = 0

has a positive solution /. For example, if / = 0.1 or / = 33, then assumption (vi*) will be
satisfied if we choose one of this values.

As all the conditions of Theorem 3.1 are satisfied, equation (3.3) has at least one solution
x € C[0,1].

4 Set-valued problem

Consider the U-S nonlinear functional integral inclusion (1.1),

1 1
x(t) € a(t) + / F(t, s,x(s),/ h(s,@,x(@)) dggg(s,e)) dsgi(t,s), tel,
0 0

under the following assumptions:
(i) a:[0,1] — [0,1] is a continuous function.
(ii)**  (a) F:[0,1] x [0,1] X R X R — P(R), is a Lipschitzian set-valued map with a
nonempty compact convex subset of 2%, with a Lipschitz constant k; > 0:

|E(t, 5,20, 1) = F(£,8,%2,2) | < k1 (121 = 2] + [y1 = y2l).
Remark. From this assumption and Theorem 1 from [2, Sect. 9, Chap. 1] on

the existence of Lipschitzian selection we deduce that the set of Lipschitz

selections of F is not empty and there exists f € F such that

[f (&, 5,51, 51) = f (£:5,%2,32) | < ki (Joe1 — %2 + [y1 = 32l).

Page 12 of 17
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(b) &:[0,1] x [0,1] x R — R is a continuous function such that
|h(t,5,%)| < ma(t,9) + ko2, 9) %

(©) k=38up(gero,1)x[o11 Ki(tss) and 11 = SUP; 1,17 [0,1] 75 5).-
(iii) g;:[0,1] x R— R, i =1,2, are continuous with

= max{sup!gi(t,w(t))’ + sup}g,»(t,O)’ on [0, l]}.
(iv) For all t1,£, € [0,1], 41 < £y, the functions s — gi(£5,s) — gi(t1,s) are nondecreasing
on [0,1].

(v) g(0,s) =0 foranys e [0,1].
(vi) kp+K2p?<1.

4.1 Existence of solution
Theorem 4.1 Let assumptions (i)—(ii)***, and (iv)—(vi) be satisfied. Then (1.1) has at least
one solution x € C[0,1].

Proof By assumption (ii)***-(a) it is clear that the set of Lipschitz selection of F is
nonempty. So, the solution of the single-valued (2.1) where f € Sr is a solution to (1.1).
Note that the Lipschitz selection f : [0,1] x [0,1] x R x R — R satisfies
|f(t,51x1,y1) —f(t,S,x2,y2)| < k1(|x1 = x| + 1 —)’2|)'
From this condition with m; = sup, ;. [f(¢,5,0,0)| we have
f (£,5,5(5),7(5)) | = |f(£,5,0,0)| < |[f (£, 5,%(5),9(5)) = f(£,5,0,0)| < ky (Ix] + [y]).

Then

[f(t,s,x(s),y(s))| <ki(lxl +Iyl) + [f(t, 5,0,0)

’

and

If (2,5,%(), 5(5)) | < Ka (Il + Iyl) + rma,

that is, assumption (ii) of Theorem 2.3 is satisfied. So, all conditions of Theorem 2.3 hold.
Note that if x € C([, R) is a solution of (2.1), then x is a solution to (1.1). a

4.1.1 Continuous dependence on the set of selection Sr
Here we study the continuous dependence on the set S¢ of all selections of the set-valued
function F.

Definition 4.2 The solution of (1.1) continuously depends on the set Sg if for all € > 0,
there exists § > 0 such that if

[f(t.5,5%,9) - f*(t,s,%9)| <8, f.f*eSptel0,1],

then ||x —x*|| < €.
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Now we have the following theorem.

Theorem 4.3 Let the assumptions of Theorem 4.1 be satisfied with
’h(t,s,x) - h(t,s,y)’ <ky|x—y|.

Then the solution of (1.1) continuously depends on the set Sy of all Lipschitzian selections
of F.

Proof For two solutions x(¢) and x*(£) of (1.1) corresponding to two selections f,f* € Sr,

we have
|x(t) - x*(t)|

1 1
a(t) + f f (t,s,x(S), / f(s,G,x(G))dagz(s,G)) dg(t,s)
0 0

1 1
—a(t) + / f (t,s,x*(s>, / h(s,0,%*(9)) d9g2(5,9)>)dsg1(t,5)
0 0

1 1
S/O P(t,s,x(s),/o h(s,@,x(@))d9g2(5,9)>
1

_f*<t,s,x*(s),/ h(s,@,x*(@))dggz(s,9)>)

0

1 1
S/O ‘f(t,s,x(s),/o h(s,@,x(Q))d9g2(5,9)>

1
_f(t,s,x*(s),/o h(s,@,x*(@)) d9g2(5,9)>

1 1
+/0 p(t,s,x*(s),/; h(s,@,x*(@))dggg(s,9)>

1
_f’"(t,s,x*(s),/0 h(s,@,x*(Q))dggz(s,Q))

1 1
S/O P(t,s,x(s),/o h(s,@,x(@))d9g2(5,9)>

1
_f<t,s,x*(s),/o h(s,@,x*(@))dggg(s,9)>

1 1

< / "/(t, s, %(s), h(s, 9,x(9)) doga(s, 9))
0 0
1

—f(t, $,x%(s), /0 h(s, 9,x(9)) dog (s, 9))

1 1
+/0 p(t,s,x*(s),/; h(s,@,x(@))dggg(s,9)>

1 1
_f<t,s,x*(s),/o h(s,0,x%(6)) dggg(s,e)) dsgl(t,s)+8/0 dsgi (t,s)

dg(t,s)

dsgl (t: S)

dsgl (tr S)

1
dag(ts) + 5 f dgi(t,5)
0

dsgl (ty S)

1 1
< / kl(ix(s)—x*<s>|+ / |h(s,e,x<e>)—h(s,e,x*(e>)|d@gz<s,e)>dsgl(r,s)
0 0
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1
8| dalt
+ /0 g1(,8)
1 1
5/ kl(lx(S)—x*(S)| +/ kzlx(9)—x*(9)|dagz(s,9)) digi (£, 9)
0 0

1
+5/ dsg1(2,s).
0

Now, taking the supremum over ¢ € I, we get
||x -x* || < ku”x -x* H + k2t Hx —x* || + 8.
Hence

. Su _
”x—x H = 1— (kp + K22) =€

Thus from last inequality we get
-] e
This proves the continuous dependence of the solution on the set Sg. O

4.2 Set-valued Chandrasekhar nonlinear quadratic functional integral inclusion
Now, as an application of the nonlinear set-valued functional integral equations of U-S
type (1.1), we have the following. Let the functions g; be defined by

tin& forte(0,1],s€l,

gi(t,s) =
0 fort=0,s€l,

and

sn®? forse(0,1],0 €1,

£(s5,0) = B
fors=0,0 €1.

Let, in (1.1), K(¢, s, x(s)) = ba(s)x(s) and F(t,s,x(s), y(s)) = F(b1(s)x(s), y(s)), where

y(s) = /0 ﬁbz(s)x(e)de.

Further, since the functions g; satisfy assumptions (iii)—(v) (see [6]), we obtain the nonlin-
ear Chandrasekhar functional integral inclusion

t

1
mF(bl(s)x(s), fo S%@bz(s)x(e)d@)ds, te[0,1]. (4.1)

1
x(t) € a(t) + /
0

Now we can state the following existence result for (4.1).

Theorem 4.4 Under the assumptions of Theorem 4.1, inclusion (4.1) has at least one con-
tinuous solution x € C[0, 1].
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4.3 Example

Consider the following nonlinear Chandrasekhar functional integral inclusion:

1 —2t 1
x(t) € te™ + / b mea) / 5 ﬁx(@)d@ds, te0,1]. (4.2)
0

o t+s m+et s+0 el

Note that this inclusion is a particular case of inclusion (4.1) if we choose F: [0,1] x R —
28" in (4.2) as follows:

1
F(by(s)x(s), y(s)) = [o, 521 -(s) /O Sje (ﬁx(e)de ds:|.

Further, note that now the terms involved in (4.1) have the form

s 1 oy, h(t,s,x(s)):ﬁ

a(t) = te™, ¥(s) = /: x(0),

s+0s2+1

with by(s) = ﬁ and by(s) = e}ﬁ .

Letf:[0,1] x R— R be a continuous map. Note that if f € S, then we have

If (B1()x1(5), y1(5)) —f (b1(s)x2(5), ¥2(s)) | < VT 1 — 2]

b
e(mr +1)

and
1
|h(t,s,21(2)) = h(t,s,%:(0)| < ;|x1 —%2].

Thus conditions (i) and (ii)* are satisfied with a = e, k; = Wﬁil)’ and ky = eiz

(
Moreover, we have

ku + k*u? = 0.102607 < 1.

This shows that assumption (vii) is satisfied. So, as all the conditions of Theorem 4.4 are

satisfied, inclusion (4.2) has at least one solution x € C[0, 1].
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