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1 Introduction

This paper is concerned with the following stochastic fractional kinetic equation (SFKE
for short) with zero initial condition (see, for example, Angulo et al. [1, 3], Angulo et al.
[2], and Marquez-Carreras [16]):

%u(t,x) =—(- A)%(—A)%u(t,x) +b(u(t,x)) + W(t,x) in[0,T] x RY,

(1)
u(0,x) =0, x e R4,

with T>0,d > 1, >0, y >0, b(-) is a measurable function and W denotes a fractional
noise. We will specify later the required conditions on the noise W. In the SEKE (1), I and
A are the identity and Laplacian operators, respectively, and the operators (I — A)% and
(—A)% have to be interpreted as the inverses of the Bessel potential and Riesz potential,
respectively. The fractional Riesz—Bessel operator was introduced by Angulo et al. in 3]
and the authors established the existence of the Riesz—Bessel motion.

The SFKE (1) (known also as Riesz—Bessel fractional diffusion equation, the fractional
diffusion equation or the fractional heat equation) driven by Gaussian white noise was in-
troduced by Angulo et al. [2] via the Eulerian approach. It was mainly used to model some
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physical phenomena, such as diffusion in porous media with fractal geometry, kinematics
in viscoelastic media, and propagation of seismic waves. In [2], the authors mainly studied
the SFKE (1) with additive Gaussian space-time white noise in bounded and unbounded
spatial domains. They connected it with the Eulerian theory of turbulence dispersion by
means of the advection—diffusion equation. They also gave a very interesting connection
with the Lagrangian theory.

Nowadays we can find a lot of applications of these equations in turbulence, ecology,
hydrology, geophysics, image processing, neurophysiology, economics and finance, etc.
(see Angulo et al. [2], Anh et al. [4, 5], Marquez-Carreras [16] and the references therein
for more details). The composition of the Bessel and Riesz potentials plays an important
role in describing the behavior of the process at the spatial macro and microscales. Apart
from the classical context of heat conduction, an equation of form the SFKE (1) witha =0
and y = 2 also arises in neurophysiology; see [21] for example. Diffusion operators in the
SFKE (1) with = 0 and y > 0 correspond to the generalized heat equation which have
been used to define hyperviscosity and to study its effect on the inertial-range scaling of
fully developed turbulence [13]. The presence of the Bessel operator is essential for a study
of stationary solutions of the SFKE (1). One can also see [4] and [5] for related models.

After the nice work of Angulo et al. [2], several authors have also studied this kind of
the SFKE (1) and other similar equations from a mathematical point of view. For exam-
ple, Angulo et al. [1] considered a more generalized type of space-time fractional kinetic

equation with Gaussian white noise or infinitely divisible noise as follows:

§Pn Pl dPo « y .
(A”atW . +A13W +Ao%>u(t,x) =—(I - A)2(=A)Zult,x) + X(¢, x),

with 8, > Bu_1>--->B1>B0>0,4;>0,i=0,...,n, and the fractional-in-time derivative

is defined in the Caputo—Djrbashian sense, i.e.,

Pu i, g | O ifp=men,
—(l,x) =

t —p-19" ;
3P oy Jo G =y P dr ifm-1<B<m,

where I'(-) is the gamma function. The solutions to the equation are proved in both
bounded and unbounded domains, in conjunction with bounds for the variances of the in-
crements. The role of each of the parameters in the equation is investigated with respect to
second- and higher-order properties. In particular, they also proved that the long-range
dependence may arise in the temporal solution under certain conditions on the spatial
operators. In [6], the authors provided a detailed review of the related literature. They
considered a more general class of fractional (both in time and space) evolution equation
defined on Dirichlet regular bounded open domains. They derived the sufficient condi-
tions for the definition of a weak-sense Gaussian solution. The Holder regularity of the
solution with respect to the time and space variables is also derived.

Meanwhile Mdrquez-Carreras [15] dealt with the SFKE (1) driven by a Gaussian noise
which is white in time and correlated in space. They proved the existence and unique-
ness of solution by means of a weak formulation and studied the Hélder continuity of this

solution. Moreover, they also proved the existence of a smooth density associated to the
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solution process and studied the asymptotic behavior of this density. Later on Mérquez-

Carreras [16] studied the following kind of stochastic partial differential equations:
a o .
Eu(t,x) = (- A)2u(t,x) + a(u(t,x)) + b(u(t,x)) W(t,x) with [0, T] x R?,

with & > 0 and the process W is a Gaussian noise, white in time and correlated in space.
The existence and uniqueness of solution and the Holder continuity of this solution was
proved. Moreover, they proved the existence of the density of the solution and that its
density was smooth.

In this paper, regarding the structure of the SFKE (1), we prove the existence and unique-
ness of the solution and the Holder continuity of this solution. Moreover, we show that the
equation of the solution is absolutely continuous with respect to Lebesgue’s measure on
R (with d < a + y) and establish the lower and upper bounds for its density by means of
Malliavin calculus.

We would like to list some differences between this study and all the papers mentioned
above. Firstly, the SFKE (1) we considered in this paper is driven by a more general Gaus-
sian noise (fractional in time and correlated in space) which extended the former noises
in Angulo et al. [2], Angulo et al. [1], and Marquez-Carreras [16]. Secondly, thanks to the
fractional noise, the properties of the solution are checked for any « > 0 and y > 0 and not
for a more restricted region. Moreover, these properties do not depend on the dimension
of x. Finally, we generalize some results of Balan and Tudor [7, 8] to the fractional opera-
tor setting. We study some new properties of the mild solution to the SFKE (1). Here, we
deal widely with the Holder continuity in time and in space. We also study some density
properties of the solution by using the techniques of Malliavin calculus; see, for example
Nualart and Quer-Sardanyons [19, 20], and Liu and Yan [14].

This article is organized as follows. In Sect. 2 we recall some preliminaries including
the fractional noise and Malliavin calculus. Section 3 is devoted to describe what we un-
derstand by a solution of the SFKE (1) and prove the existence and uniqueness of this
solution. We show that the solution of the SFKE (1) exists if (12) holds. In Sect. 4 we
check that spatially the solution of the SFKE (1) with b = 0 is a Gaussian field with zero
mean, stationary increments, and a continuous covariance function. We find its index
(see Definition 4.1). We also show that the solution is not stationary in time. Finally in
Sect. 5 we study the density properties of the solution of the SFKE (1), such as the ex-
istence of the density and related Gaussian-type lower and upper bounds for the den-

sity.

2 The preliminaries
This section is devoted to recalling some preliminaries about the fractional noise and re-

lated Malliavin calculus.

2.1 Fractional noise

Let us start by introducing some basic notions on Fourier transforms of functions: the
space of real valued infinitely differentiable functions with compact support is denoted by
D(R?) and by S(R¥) the Schwartz space of rapidly decreasing C* functions in R?. For
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¢ € LY (R?), we let F¢ be the Fourier transform of ¢
Fo(&) = / e (x) dx,
R4

so that the inverse Fourier transform is given by F~1¢(£) = (21)4 Fp(-£).

Similarly to [8] or [11] for the general case, on a complete probability space (2, F, %, P),
for H > 1/2, we consider a zero-mean Gaussian process W = {W(¢), ¢ € D([0, T] x R%)}
with covariance given by

T T
E(W(p)W($)) = ax /0 /0 /R (65Nt~ A ) dedydsa,

with oy = H(2H —1) and A(-) : R — R, is a non-negative definite function and its Fourier
transform F A = p is a tempered measure. Moreover, we assume that there is an integer
m > 1 such that

1
o <o

We call W the fractional noise; it has a spatial covariance A(-) and has the covariance of a
fractional Brownian motion with Hurst parameter H > 1/2 in time.
Let H be the completion of D([0, T] x R¥) endowed with the inner product

T T

(0, )n = aH/ / / o(t,2)p(s,y)|t — sI* > A(w - y) dxdyds dt
o Jo JRrM @)

T T
cau [ [ [ Fole TG -5t dsa
o Jo Jr

where F¢ refers to the Fourier transform with respect to the space variable only and the
last equality in (2) follows from the simple properties of the Fourier transform. The map

@ > W(p) defined in D([0, T] x R?) can be extended to an isometry between  and the
Gaussian space H" of W. For any ¢ € H, we denote this isometry by

T
o= Wp) =/o /Rd o(t,x) W (dt, dx).

Moreover, we can interchange the order of the integrals dsdt and p(d§), since for the
indicator functions ¢ and ¢, the integrand is a product of a function of (¢,s). Hence, we
have

T T
ot =an [ [ [ Fote TG 3@ e - dsaude),

The space H may contain distributions, but it contains the space || of measurable
functions ¢ : [0, T] = R? such that

T T
(0, 0) 12 =aH/ / /Rd|<ﬂ(t,x)||¢(Sry)||t—S|2H’2A(x—y)dxdydsdt<oo.
o Jo 2
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We shall make a standard assumption on the spectral measure u, which will prevail until
the end of the paper (see Dalang [10] for some details about this hypothesis).

Hypothesis 1 The measure  satisfies the following integrability condition:

1
/Rd 17 g d8) <o ®)

Remark 2.1 Since the spectral measure p is a non-trivial positive tempered measure, we

can ensure that there exist positive constants cj, ¢; and k such that
<[ ud)<e @
{16 1<k}

The following estimate (see, for example, [18]) will be needed in the sequel: If % <H<1
and f,g € L# ([a,b]), then

b pb
2H-2
[ [ st -y asdy < Cutfi g el ®)

[a,b] a,b])

where Cp > 0 is a constant depending only on Hurst parameter H.

2.2 Malliavin calculus
Since W = {W(t,%), (t,x) € [0, T] x R} is Gaussian, we might develop the Malliavin cal-
culus (refer to Nualart [18] for more details) with respect to fractional noise introduced
in Sect. 2.1 in order to study the density of the solution to the SFKE (1). We will also re-
call briefly the results in Nourdin and Viens [17] in order to establish the lower and upper
bounds for the density.

Recall the notation W(g) = fOT fRd o(t,x) W (dt, dx) for ¢ € H, and let S be the class of
smooth and cylindrical random variables of the form

F=f(W(g),.... W(gn),

where f € C;°(R") (the set of all functions with bounded derivatives of all orders) and
wi€H (i=1,...,nand n € N). For each F € S, define the derivative D, ,F by

)
DuFi= 3 2 (Wl Wip) (6
i=1

Let D2 be the completion of S under the norm
IFIIT, = E[IF* + |DF|13,]-

Then D'? is the domain of the closed operator D on L%(R2). We also denote by I, the
closure of S under the norm

IENI; = E[IFI> + |DyE?],
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with D,F = (DF, h)4. Let {h,,n > 1} be an orthonormal basis of . Then F € D"? if and
only if F € D, foreach n e Nand Y o, E|Dy, F|? < co.
On the other hand, the divergence operator § is the adjoint of the derivative operator D

characterized by
E(DF,u)y = IE(FS(u)), forany F € S,

with u € L2(Q; H). Then Dom(8), the domain of 8, is the set of all functions u € L2(Q; H)
such that

E[(DF,u)%| < CullFll3,

for all F € D2, where C,, is some constant depending on u.

Proposition 2.1 Let .%, := o (W (B),B C A} for A € B([0, T] x R?). I F is a square inte-
grable random variable that is measurable with respect to the o -field F sc, then

DF14=0 a.s.

Proposition 2.2 Let F € DY2. Then the distribution of the random variable F is absolutely
continuous with respect to Lebesgue measure if | DF ||%_£ >0a.s.

We remark the following results.

Remark 2.2
1. Let u = {u(t,x), (t,x) € [0, T] x R%} be an {#, ¢ € [0, T]}-adapted random field. By
Proposition 2.1, we have Dy, u(t,x) =0, a.s. forany 0 <s<t < T and x,y € R4,
2. Proposition 2.1 and Proposition 2.2 can be proved similarly to the work of
Nualart [18] with Wiener white noise replaced by fractional noise introduced in
Sect. 2.2.

Another important operator in the theory of Malliavin calculus is the generator of the
Ornstein—Uhlenbeck semigroup, which is usually denoted by L (see, for example, Nu-
alart [18]). It is related to the Malliavin derivative D and its adjoint § through the formula
8DF = —LF in the sense that F belongs to the domain of L if and only if it belongs to the
domain of §D.

The authors in [17] considered a random variable F € D' with mean zero and defined
the following function on R:

gr(2) =E((DF,-DL™'F), |F =z),

where L1 denotes the pseudo-inverse of L. Then Nourdin and Viens [17] proved the fol-

lowing.

Proposition 2.3 Assume that there exists a positive constant Cy, such that gr(F) > C; > 0,
a.s., then the law of F has a density p(-) whose support is R and satisfies, almost everywhere
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inR,

CEE [ [F
P& = e e"p{ /0 a0 ? } ©

An immediate consequence of the above proposition, is that, if one also has gr(F) < C,

a.s., then the density p(-) satisfies, for almost all z € R,

BIF| [ 2 ) JEE 2
——expy—— ——expy—— -
2C, TP\ 7o, [ =P =0 TP 2,

In order to deal with particular applications of this method, Proposition 3.7 in Nourdin
and Viens [17] established an alternative formula for gr(F). That is,

er®)= [ e BB ((DF, BEywlF)] d, )

where, for any random variable F defined in (22, F, P), F denotes the shifted random vari-

able in © x €/, for some probability space €2/, given by

F(a),w’) = F(e’fa) +4/1- 3—250)/), weQ o Q.

Notice that, indeed, F depends on the parameter ¢, but we have decided to drop its explicit
dependence for the sake of simplification. In Eq. (7), &’ stands for the expectation with
respect to .

3 Existence and uniqueness
In this section, we will study the Cauchy problem for the SFKE (1) driven by fractional
noise. Following Walsh [22], let us recall the notation of a mild solution to the SFKE (1).

Definition 3.1 An L”(Q2) .%;-adapted process u: [0, T] x R? x Q — R is a mild solution
to the SFKE (1) if

u(t,x) = /: /]Rd G(t—-s,x —y)b(u(s,y)) dyds + /: /]1;01 G(t —s,x —y)W(ds, dy), (8)

where G(t,x) is the fundamental solution (called also the Green function) of

%G@@+U—AﬁEA)

Y
2

G(t,x) = 0.

Moreover, according to [15], the Green function G(t,x) can be written as

)4
2

G(t,x)

/ %8 exp{—tlg]* (1 + &%) 2 ) dé, %)

T @) Jya

with i? = —1 and its Fourier transform FG(¢, -)(£) is given by

FG(t,)(€) = exp{-tlg|*(1 + [£]%) T ). (10)

Page 7 of 33
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When H > 1/2, it turns out that under relatively mild assumptions on the fundamental
solution G given by (9), the condition

T pT
o /0 /0 /R TG ) F G, )E)lu v u(df) dudv < 00 (11)

provides a necessary and sufficient condition for the stochastic integral with respect to
Gaussian process W given by fot Ja G(t = s, — y) W(ds, dy) to be well-defined in L7(2)
with p > 1. Hence the condition (11) is also the necessary and sufficient condition for the
existence of the solution in the linear case, i.e.

VA .
2

iu(t,x) + (= A)3(=A)Tu(t,x) = W(t ).

at

Next we firstly give an integrability condition on the spectral measure .

Hypothesis 2 The measure | satisfies the following integrability condition:

1 H(a+y)
/Rd(—1+ |5|2) u(dé) < oc. (12)

Before we prove the equivalence between (11) and (12). Let us now recall some of the
main examples of spatially covariances A(-) (or the tempered measure p), which will be
our guiding examples in the remainder of the present paper.

Example 3.1

1. Let A(x) = [1%, au;, [%:*72 be the covariance function of a fractional Brownian
sheets with H; > 1 and i =1,...,d. Then p(d§) = 1%, ap, &7 dg. Then (12) is
equivalent to Zil(ZHi —-1)>d-2H(a +y).

2. Let A(x) = yralx|~@? be the Riesz kernel of order A € (0,d) with the constant y; 4,
then (d&) = |€|7* d& and the condition (12) is equivalent to 2H (ax + ) + A > d.

3. Let A(x) = y» fooo w¥‘le’“’e‘% dw be the Bessel kernel of order A > 0 with the
constant ;. Then u(d€) = (1 + |& |2)‘% dé& the condition (12) is equivalent to
2H(x +y) + A >d.

4. Let A(0) < 0o (i.e. u is a finite measure). It corresponds to a spatially smooth noise W.

5. Suppose d =1 and A =g (i.e. i is the Lebesgue measure). This corresponds to a
(rougher) noise W which is “white in space”.

Proposition 3.1 Assume that the condition (12) holds, then (11) is satisfied.
Proof The proof of this proposition can be completed by using Proposition 3.2. d

Proposition 3.2 Denote

Ni(E) = fo /0 FGlu, )& F G, @) u— v/ dudy. (13)

Then we have

1 H(a+y) 1 H(a+y)
Cai| —— <N,(§) < Cso| —— ; 14
3.1(“'5'2) <Ni(B) < 3.2<1+|§|2> (14)
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with two positive constants Csy and Csy given by Csy = rai (e + 27) and Cs; =
ot R ) CHPHH @) with t € [0, T1.

Proof Recall that the Fourier transform FG(z,-)(§) of G(t,x) with respect to the spatial
variable x is given by (10). Then we can rewrite N;(£¢) defined by (13) as follows:

t t V2
Ny(§) = / / e I AHED 2 )y 2H=2 gy oy
o Jo

Now we want to find the lower and upper bound for N;(£). Firstly assuming that |§] < 1
and using the fact e™* < 1 for any x > 0, then one obtains

1 H(a+y)
Nt(é) < a;[ltZH < a;[ltZHZH(aﬂ/)(l " |$|2) ,

where we have used the fact that 1 < # when €] < 1.
Suppose now that |§| > 1, by means of the change of variables, inequality (5) and the

fact that 1 — e < 1 for all x > 0, we have
t t
/ / T UER ARV 2y 22 g
o Jo

1 HEIXA+E2)2 ptlE|% (14]E]2)7 2 "
) e i~ v dudy
(&I (1 + e Py 2 /0 /o

H* et ang Y2 oy
=Cu 2\y/2\2H ( -€ "
(IE1*(1 + |€[)72)

1
|E |2H(01+)/)

1 H(a+y)
S CHH2H2H(0(+)/) ,
1+&]2

< CH HZH

where we have used the fact ISW”% < (1+|25‘2 )Hey) if |€] > 1.

So combining the two estimates for N;(&) with |§] < 1 and || > 1, we have

1 H(a+y)
Ni(§) < C3.2<m) ,

with C3‘2 = a;lltZHzH(a‘ry) + CHHZHZH(OH'V),
Next let us proceed to prove the lower bound for N;(§). Suppose firstly £|§|*(1 + |§ %)
%, then, for any u € [0,¢],

Y
: <

Y r
2 2

ul§|“(1+151%)2 <elg|“ (1 +15%)

=

N =

Using e™* > 1 — x for any x > 0, we conclude that

e HEIARDE > 1 e (14 g )¢

Y
2

> 1-t|E|"(1+€1)
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e

N =

Hence one obtains that

t t
Ni(§) = / / e-(M+V)IE\"(1+Ié\2)% |t — v[H12 du dv
o Jo

I 2H-2
> - lu—v| dudy
4 Jo Jo

H(a+y)
> loe_lty{ 1 -
=4 1+ €2 ’
1

where for the last inequality we have used the fact that 1 > e O

Suppose now £|§]%(1 + |& )% > %, using the change of variables v’ = u|§|*(1 + |€ )% and

VvV =v|E]*(1+ |$|2)% and the fact 1 —e™ < x for all x > 0, we get

t t
o /
/ / e WP o2 g
0 JO

yI2

1 tlE1 (L+IE P2 polE|@ (1+1E1%) -
= e Vu—-v|*" " dudy
(&1« (1 +[§[2)772)2H fo /0

1 172 p1/2 -
Z(ISI”(1+|g|2)y/2)2H/O /0 e u—vI™  dudy

1 1 12 p1/2 -
= 4 (JE|*(1 + |E[2)r/2)2H /0 fo lu—v| dudv

1 1 H(a+y)
S [ —— ,
- aH22+2H 1+ |§;|2

where we have used the fact that |£]%(1 + |& |2)% <1+ |§‘|2)%. Thus we can conclude to

the following lower bound for N;(§):

1 H(a+y)
Ni(§) > C&l(m) ,

with C31 = fa (£ + 272). Thus the proof of this proposition is complete.

Remark 3.1 Note that Proposition 3.1 extends the case of stochastic heat equation in Balan
and Tudor [8] with condition (12) (i.e. @ = 0 and y = 2). Moreover, Proposition 3.1 is also
an improvement of Lemma 2.1 obtained in [15] and also generalizes the cases in Marquez-
Carreras [16] (with @ = 0 and y > 0). Moreover, we also prove the equivalence between (11)
and (12) in this paper.

Now we can state the main result in this section. The proof of this theorem could be
derived by the standard arguments with some estimates of the Green function G(t,x) and
some properties of the stochastic integral in (8). However, we have preferred to give the

complete proof. We shall also make the following hypothesis on the coefficient b.

Page 10 of 33
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(H.1): The function b satisfies the Lipschitz condition as follows:
|b(x) - b(y)| < Clx -y, Vx,yeR” (15)

Theorem 3.1 Assume that (12) holds and the coefficient b satisfies (H.1), then there exists
a unique solution u(t, x) to the SFKE (1) such that

sup E}u(t, x)‘p <00,
(£x)€[0,T]x R4

forany T >0andp > 2.

Firstly let us give a useful estimate associated with the Green function G(t,) given by

9).
Lemma 3.1 We have the following, with t € [0, T]:
d_
/ G(t,x) dx <t @7, (16)
R4

where the notation f < g means that there exist two constants ¢, C such that cg <f < Cg.

Proof Using the Plancherel theorem and equality (10), we can write

2, 1 _ 2
[ Gewrar- s | 7600 s

1
ZW/ exp{—2tlfla(1+|§|2)y/2}d$

R4
_ Sd_ /+oo rtexp{-2r* (1 + rz)y/z} dr
@2m) Jo ,
where we have used the integration in polar coordinates in the last equation above and S is
a positive constant resulting from the integration over the angular spherical coordinates.

Now using the fact 7%(1 + r2)?/2 > r**7 with r > 0, we get, with the change of variable
formula u = 2tr**7,

+00 /2 +00
/ ri1 exp{—2tr°‘ (1 + r2)y } dr < / i1 exp{—2tr"‘+y} dr
0 0

1 oo 4
_4__1 _
u™v e du
od+y Jo

1 < d )_L
r taﬂ/,
od+y a+y

On the other hand, using the fact (1 + r2)"/2 < (1 + r2)"2" with r > 0, we get with the
change of variable formula u = 2¢(1 + r2)% ,

__d_
= (2t @7

__d_
= ()@

where I’ (ﬁ) is a Gamma function.

+00 2
/ rtexp{-2tr* (1 + %)} dr
0

Page 11 of 33
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> / P expl-26(1+ )% ) dr

1 2 +00 u % %_1 2
= 5(2t)_mf ((Z) —1) uv e du
0

d +00 d 1
(2t) @ / uev e *dy, asu— oo,
0

where the last integral is finite. Then we can conclude the proof of this lemma.

Now let us prove the main result in this section.

Proof of Theorem 3.1 We use the Picard approximation to get a solution to (8). Define

t
u" (¢, x) = f / ) Gt —s,x—y)b(u"(s,y)) dyds
0 Jr
t
+ / f G(t —s,x —y)W(ds, dy).
0 JRA
Firstly, we will prove that

sup sup E\u(”)(t, x) |p < 00.
neNU0} (¢,x)e[0,T] x RY

It follows from (17) that for each n € N
E|u"V(t,x)|" < C,(AL(t,x) + B (t,%)),

where

p

t
Aén)(t, x)=E / / G(t-s,x —y)b(u(”) (s,y)) dyds
0 JR

and

¢ »
B;")(t, x)=E / / G(t-s,x—y)W(ds,dy)| .
0 JRY

Note that, by the Holder inequality and the fact that G(t —s, x — y) is R%-integrable for ¢ #s,

p-1

Al(an)(t,x) < Cp(/ot Rd‘G(t_s,x—y)| dde)
X E(/(; /Rd|b(u(”)(s,y))|p- \G(t—s,x—y)|dyds>
< C,,E[/;/Rd(l + |u(”)(s,y)|p) : |G(t—s,x—y)|dyds]

<G, /ot(l + sup 1E|u<n>(s,y)|P> (Ad|e(t—s,x—y)| dy) ds.

yeR4

Page 12 of 33
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For the term B;,")(t, x), since the stochastic integral fot Ja G(t = 5,2 — y)W(ds, dy) is Gaus-

sian, according to Proposition 3.2 and Eq. (12), we have

(n) g
B, (t,x) =E

fot f,;d G(t - s, - y) W(ds,dy)

14
2

scp,ﬂ(/o fo /R dfG(u,-)(s)fG(v,-)(s>|u—v|2“Zu(dsmudv) (20)

1 H(a+y)
<C, _ d .
= p,T,HAd(1+|§|2) u(d€) < oo

Combining (18), (19) and (20), we have

t
sup E!u(’”l)(t,x)’p < Cp/ (1 + sup E}u(")(s,y)’p) /d’G(t—s,x—y)‘ dyds. (21)
0 R

xeR4 yeR4

Then that fact that |G(¢ —s,x — y)| is R%-integrable for ¢ # s in (19) together with the Gron-

wall lemma ensures that

sup sup E|uV(¢,x)[" < oo,
0<t<T xcRd

and consequently {z" (t,x), n > 1} is well defined. Moreover, by Lemma 15 in Dalang [10],

one can obtain

sup sup Eiu(")(t, x) |p < Q0.
neNU{0} (¢,x)e[0,T] x RY

Secondly let us prove that {z(t,x), n > 1} converges in L?(S2). As for n > 2,

)

E(|u(”+1)(t, x) — u”(s, x)‘p)

ft/ G(t-s,x —y)[b(u(”) (5,9) - b(u("_l)(s,y))] dyds
0 JRrd

' 1 » (22)
< Cp/ /dEiu(")(s,y) ~u" V(5,9 |Gt - s,x — )| dyds
o Jr
t
< Cp/ sup E!u(”)(s,y) - u““”(s,y) |p (/ |G(t —5,x —y)| dy) ds.
0 yeRd R4
Then Gronwall’s lemma yields
sup  E(|u"D(tx) - u(t,%)]") < c0. (23)

>0 (tx)€[0,T]xR4
Hence, {1"(t,x)},=0 is a Cauchy sequence in L?(2). Let

u(t,x) = lim u"™(t,x).

n—00

Page 13 0f 33
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Then, for each (¢,x) € [0, T] x R¥,

sup E\u(t,x)|p < 00.
(tx)el0,T]xRE

Taking # — oo in LP(2) in both sides of (17) shows that u = {u(t,x); (¢,x) € [0, T] x R4}
satisfies (3.1).
The uniqueness can be checked by a standard argument. g

Remark 3.2

1. Our result Theorem 3.1 here is an extension of the one in Marquez-Carreras [15]
(when H = 1/2) to fractional noise. However, the noises considered in
Marquez-Carreras [15] is multiplicative.

2. The cases @ = 0 and y = 2, then Eq. (1) reduces to the classical stochastic heat
equation with fractional version considered in Balan and Tudor [8]. Then the
condition (12) is coherent with the results found in [8] for the stochastic heat
equation with fractional noise.

4 Index-f Gaussian random field

In this section we will prove that the solution to the SFKE (1) satisfies the following prop-
erty defined by Definition 4.1; see Marquez-Carreras [15] for example. As a related prob-
lem, we also study the sample paths of the solution to the SFKE (1).

Definition 4.1 Let X(£) be a Gaussian process that has zero mean, stationary increments,
and a continuous covariance function. Set %(0) = E[|X(¢+0)— X (¢)|%]. Then, if there exists
B € (0,1] such that

B =sup{B:5(6) =o(lI6]"), 6] — 0},
then X = {X(t),t € R?) is called an index-8 Gaussian field.

Example 4.1 From the above definition of index- 8 Gaussian random fields, it is the local
variance of their increments which determines the degree of fractality of the sample path.
For example, from the covariance function of fractional Brownian motion B” = {Bf(¢),¢ €
[0, 71},

E(B"()B"(s)) = %(tZH + 8 — |t — s,

it is seen that B is an index-H random field.

Moreover, from Angulo et al. [1], the following results hold with probability one.
1. dimy(graph(X)) =d + 1 — 8, where dimy; is the Hausdorff dimension which
quantifies the irregularity of a set and graph(X) := {(¢, X(¢)), t € R%}.
2. X is Holder continuous of order p strictly less than . However, for any p < 8, X fails
to satisfy any uniform Holder condition of order p.
In this section we essentially show that the solution to the SFKE (1) has similar properties
to the solution studied in Angulo et al. [1], Marquez-Carreras [15]. However before we
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state our main result in this section, we will firstly give another condition on the tempered
measure p which is slightly stronger than Hypothesis 2 because of the appearance of n €
(0,1).

Hypothesis 3 For some { € (0,1), the measure . satisfies the following integrability con-

dition:

L\ Hem
fR (Tmz) 1(dg) < oo, (24)

Let us denote
t
U(t,x) = f / G(t —s,x — y)W(ds, dy), (25)
0 JR4

which is the mild solution to the SFKE (1) with b = 0. Then we have

Theorem 4.1 Assume that the spectral measure  satisfies (24). Then, for a fixed t € [0, T
and x,x' € R, the spatial covariance function of U(t,x) given by (25) is

. ’ ”equZ o 2)y/2
R (-« :/ i) HOMEIAHEPY ) ey
((x =) ®d (1611 + € |2)r/2)2H

Moreover, at each fixed time t € [0, T,
o ifH(a +y)>1then U(t,-) is an index- 1 Gaussian field with p, € (0,1);
o ifH(a +y) <1 then U(t,-) is an index- B, Gaussian field with
B2 € (0,H(x +y)(1 =) for ¥ € (0,1).

Proof We first calculate the spatial covariance function for a fixed ¢ € [0, T]. By means of
the definition of the Fourier transform, a change of variable formula and Fubini’s theorem,

we obtain, for any x,x" € R%,

E(U(tx)U(t,x'))

t t
- / / FG(t-s1x=)E) - FG(—sm — ) )lss — oM 2u(d) ds, dis,
o Jo JRr4

t t
= /d/ f e EN FG(t - 51, VE) - e €% FG(t - s3,)(E)ls1 — 5|22 s, ds,u(dg)
R4 Jo Jo

t pt
. / o 2\y/2
— /deﬁ(‘?,xfx)/ / 67(2H1782)\EI (1+1&17) Is1 _32|2H72 ds; dszﬂ(ds)
R 0o Jo

_ [ i ”e_u”i([o,t\éwuﬂaz)vﬂ]) (d€)
" Jra (E[(1+ |z 1957

where we use the notation ||e™|| ) to denote the double integral

2
H([0,21€1% (1+1£12)7 /2]

EEIX(L+[E12)7 2 prlE] (14]€]2)7 72
/ / e 2y — 1o |72 duy dusy,
0 0
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which is finite. In fact using the change of variables formula u; = (£ — s1)|£|*(1 + |£]?)7/2
and uy = (£ — $9)|&|*(1 + |£[*)”’2, then we have

t pt . -

/ / e—(2t—51—s2)lé\ (1+€1%) sy — S2|2H_2 dsy ds,
o Jo
1 HEI AHIERT2 el (1418127 2H-2
= e—ul—MZ U — I/l2| —! du1 duz
(IE[(L+ [ /0 /0

1
= (&1 + |§|2)y/2)2H011}1 (tl&1* (1 + |;>:|2)V/2)2H
:a;[ltZH,

Moreover, for a fixed time ¢ € [0, T, the process U(¢,x) is a Gaussian field that has zero
mean, stationary increments and a continuous covariance function.
We now begin to study the index. For t € [0, T], x € R% and small 6 € R%, we have

o2(0) = E|U(t,x+6) - Ut,x)|°

t 2
=E / f (G(t—s,x +0-9)-G(t —S,x—y))W(ds,dy)
0 JR4
o (26)
= /O /0 /Rd}'(G(t—sl,x+9 —) = G(t—s1,x-1))(E)
x F(G(t—s2,5+0 =) = G(t — 52,6 = )) (€)Is1 = 82" (&) disy dis».
Then using the formula
f(G(t—s,x+9 - ) -Gt -s,x— -))(é)
= e CEDF (Gt -5,))(€) - eV F(Gle - s,))(8)
= N [ 1] F(Gle -5, ) ).
Then we can rewrite (26) as follows:
) ~ t t ~ L B -
o°(0) = /0 /0 /Rd F(Gt-si,x+0 =) =Gt —s1,x—)) (&)
X ]:(G(t —82,x+6 )= Gt —52,x — '))(§)|51 - 52|2H_2M(d‘§)d51 dsy
- f t / t i |76 21— 0P F (Gt - 51,)) () F (Gt -5, ) (€)
0 Jo JR4
X |s1 =557 u(d§) dsy dis, (27)

:[)/0 Rd|1_e—i<€,0>|2]-‘(G(t—sl,.))($)

x F(G(t = 52,7))(&)Is1 — 521" u(dE) dsy dsy

t t
. a 2yy /2
= / / d|1—6_1@’8)|2e_(2t_31_52)|€‘ 1+]&17)Y |S1 _S2|2H_2/L(d€)dsl dSZ.
0o Jo JR
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Using the fact R? = {|£]> < 1} U {|£|? > 1}, we can divide 02(9) into two parts 02(8)1 2.y
and 02(9)1{|§ 2>1; according to the value of [ |. Let us firstly estimate the term 02(9)1{‘$|2<1].
Recall the following inequality:

. .6
1-e ) =4sin2(($T>) < [EP10. (28)
Then with (4) in Remark 2.1, we have

t t
02 (0)1 ) < 10 B / / 151 — 5222 s, disy u(dE)
{1&12<1} 0 Jo

<o PR [ ) 29)
{1512<1}

<CloJ%.

For the proof of the second term ()1 2,,), we distinguish two cases depending on the
value of H(«x + y). We first study the case H(« + y) > 1. With inequality (28), we have

_ s
02(9)1{\s|2>1) SaHlt2H|9|2/ 5 w(dé)

o1 (1E19(1 + [§]2)r/2)2H

1
—1,2H 2
<oy t=|0] /|;>1 WH(CE) (30)

1 H(a+y)-1
—laH(a+y)-142H 2
<a;2 =710 dg).
= ! /.5>1<1+|s|2) )

Next, according to Hypothesis 3, we just need choose a constant v satisfying 0 < ¢ <

1- m, then we can conclude that
1 Hlery)-1 1 H(a+y)¥
dg) < d ‘
/;|>1(1+|§|2) M( é)_/;|>1<1+|€|2> 'u( §)<OO
This yields

1 H(a+y)-1
o*(O)L(eps1y Sa;;12H(W)_lt2H/ < > p(dg)le|®

g1 W1+ &2 (31)
=Cuil6/%,
with Cy; = (x;IlZH(“W)’lL&H f|g\>1( 1+|1‘;‘|2 )H(a+y)7ll/~(d€).
For the case H(« + y) < 1, we need the following inequality, with 0 <« < 1:
|1_efi(.§,9)|25417K|§|2K|6|2K‘ (32)

Then one gets

2H
2 -1,2H ~i(£,0) |2 1
0°(0)1 200 S b / l1-¢ <—> u(d&)
{1§1=>1} H |§|>1| | |E1*(1 + |%—|2)y/2

Page 17 of 33



Lu and Liu Advances in Difference Equations (2021) 2021:152 Page 18 of 33

<atra o [ u(de)

o1 |E]2H(ry)—x

H(a+y)—k
(7)o

S 4‘1_Ka_lt2H|9|2K /
" 1+]g2

[E1>1

1 1,2H) 2 1 Hamw
<4l * g 129 / (—) w(dé),
" les1 \ 1 + |2

provided we choose a positive constant « satisfying 0 < « < H(x + y)(1 — ). Then we
conclude that

1 H(a+y)y
( ) w(dé)

2 1-« ,—1,2H 2Kk
a“(0)1 <4 M at""|0
(©) {€2>1) = H 101 / 1+|€|2

l§1>1 (33)

= Cy0)01%*, O<k<H(a+y)1-v).

Combining the above estimates (29), (30), (31) and (33) for o2(9), we conclude that

Clo|* ifH+y)>1,
o20) < |’ (e +y) (34)
Clo)* ifH@+y)<l1,

with 8 €(0,1), ¥ € (0,1) and 0 <« < H(xx + y)(1 — ). O

Next let us move to the case of U with respect to the time variable. The result is given
as follows.

Theorem 4.2 Assume that the measure . satisfies Hypothesis 3 for some n € (0,1). Then,
forteR,, v € Rsuch thatt +t € R, and x,z € R?, the spatial-temporal covariance func-
tion of U(t + T,x) and U(t,z) is

R(t,x-2)= / oilEn—2) =TI (14151)7 2
R4
(35)
t+t ot o 2
% f / e—(2t—51—82)I$\ (1+&1%) Is1 —S2|2H_2dsl dSZM(df)'
0 0

Moreover, U(-,x) is asymptotically in time with an index-f Gaussian field with 0 < B <

H(1 - ).

Since the process U is not stationary in time but as ¢ tends to infinity, it converges to a

stationary process. That means the limiting-time process is stationary in time and space.

Proof Fort € [0, T] and t € R such that ¢ + t € [0, T] and x, z € R?, with Fubini’s theorem,

]E(Ll(t + r,x)LI(t,z))

t+1 t
= / / i FG(t+1—s1,8—)E)FG(t — 52,2~ )(E)Is1 — 527> 1u(dE) dsy sy
0 0

t+7T t
:/ / / [TIFG( 4 T =51, )E)F G 52, ) )lsr — 2P pa(dE) sy sy
0 0 JR
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t+T t
: a 2yy/2
:/de—n<é,x—z>/ / BT QHED R g o H2 g e ()
R 0 0

In the following we should prove that the integral [;*" [ e (+7-si+t=s2)l6*(1+[¢] D —

52|22 ds, ds, is finite. Actually with (5) one gets

o y/2 _
/ / —(t+T—s1+t—52)|&| (1+|S\ ) | _S2|2H 2d51 d52

_ o 2\y/2 H
([ g T eY Y )
0

(/ {(t—s2)|s|°f(1+|5|2)w2} >”
X expy — 77 ds,
0

H 2H 51% (14152 12 1% (1+]612)7 /2
- —(t+7) S — ST
S oo B G e

On the other hand, one gets

T t
_ — - a 2yy/2 _
/ / e (t+T—s1+t—s52)|E|¥ (1+]&]7) |S1 —S2|2H 2d51 dS2
¢ t o 2yy/2
:/ / e—(l+r—sl+t—52)\5| (1+|€1%) |Sl _52|2H—2 dSl dSz

t+t t
(t4 751 +E—50)|E|* 2yy/2 _
+f / e (t+T—s1+t—s2)|E|¥(1+|€]%) |51 _S2|2H stl dSz
t 0

= 11 + 12.

With the change of variables formula and the definition of the norm in H, one can get

L = 1 w —TIE[*A+E2) 2| u
A\ EEareprr) ¢ le™ [ sqomemanerym

2H
_, reH 1 e TEHER ey Leo,
2H -1\ [E]*(1 +|§|2)r"

(36)

where I'(-) is the gamma function. For the second term I5, one can show that it tends to
zero as t — 0o. Thus we complete the proof of (35).

We now tackle the second part of this theorem. We assume that x € R4, ¢ € [0, T] and
7 € R such that ¢ + t € [0, T]. Then we have

E|L[(t+r,x)—LI(t,x)|2

2

G(t+1—s,x—y)W(ds,dy) - // (t-s,x—y)W(ds,dy)

R4

G+t —sx-y)W(ds, dy) (37)

e

+E

R4

)

/O-t/Rd(G(t+ T-s,x-y) — Gt —s,x—y))W(ds,dy)

= 2(A1 + Az)

Page 19 of 33
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We firstly study the term A;. In fact according to the inner product (2) and Fourier trans-
form for G we have

2
A =E

4T
/ / G(t+t —s,x—y)W(ds,dy)
¢ R4

t+7T t+7T
=/ / FG(t+1—581,5—)(&)
t t R4

x FG(t + T — s, — )(E)ls1 — 2| > u(dE) dsy dsy

t+7T t+7T " 2y2
:/ / / oD AHED P g o M2 g e (e (38)
R4 J¢ t
t+7T t+7T o 2ny2
:/ / / oD AHED P g o 22 g e (e
lEl<1Jt t

4T 4T o 2y2
+/ / / ¢ QD=2 AHERY 2 g o 2H-2 e e (e
lEl>1 Jt ¢

= Al,l + Alyz.

By means of the inequalities (5) and 1 — e™* < x for all x > 0, we can prove that

BT (g slgr 2 2H
A1 =Cq e H ds| wu(dg)
[E1<1 \J¢

H*H el e 2

=C .
Hflégl (&1« + |§|2)y/z)zH( e

<Cu / p(d)|e P,
[&]<1

) w(dg) (39)

and also with (5), by choosing some constant 8 = 1 — 5 € (0, 1), we can prove that under
Hypothesis 3

BT (g g2 H
A1p <Cq e H ds| wu(dg)
[E1>1 \J¢

H* ~ r\s|“(1;i\s\2>1’/2

-C .
H/|S>1 (&1 + |§|2)y/2)2H( e

H g @ A+E[2)Y 2 | ome
= ,/ l—e a7 )" ude)
" Jigsr (€11 + |§|2)y/2)zH( )

) (dg)

(40)

1
2HO
= Cut fw e M)

1 2H(a+y)(1-6)
<1+|s|2) )

< 2H(a+y)(1—9)CHT2H9 /
[§1>1

= Cyolt|??,6 =1-n€(0,1),

with £ € [0,T],7 € Rsuch that t + T € [0, T] and

1 2H(a+y)(1-0)
(1+|s|2) s

C42 — CH2H(ol+y)(179)/
[&1>1

Page 20 of 33
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Combining (38), (39) and (40), we conclude that
Ay = Cuslt?, 0=1-n€(0,1),

with Cy3 = Cy f\élsl n(d§) + Cyp. Finally let us study the second term, A,,

2

AzzEfo /Rd(G(t+r—s,x—y)—G(t—s,x—y))W(ds,dy)

= /;/:A;{d}"(G(t+t—sl,x—~)—G(t—51,x—'))(f)

X F(Gt + 1T —sp,0— ) = G(t — 50,2 )) (§)Is1 — 527" pu(dl) dsy dis

t t
= f f /d o @t=s1-s)I§|* (141§ %) 2 - e TIEI g2 |2|S1 — 5o |22 1 (dE) ds, ds,
o Jo JR

t t
o 2\y/2 o 2\y/2
_ d‘l_e—rm (1+1€12)Y ’2/ / eI EI P g o H2 ge e (dE)
R 0 0

t t
o 2\y/2 o 2\y/2
/ |1 - eI ERY |2/ / el SRS gy — ) |2P2 sy dsy pu(dlE)
[gl=1 o Jo

t t
+/ |1_e—z|s|“<1+\s|2>”2|2/ / - ts1-s) £l (L4 272
|£]>1 0 Jo

x [s1 — 527 dsy dsypu(dE)

= A2,1 +A2,2. (41)

With similar calculations to (39) and the fact that 1 — e™ < x for all x > 0, we can bound

Ay as follows with 6 =1 -1 € (0,1):
Ay < CthH/ |1 _ e—r\él‘”(mélz)m|29M(d5)

[El=1 (42)

s@ﬁf (elel(1+ [€2)")” < Coalt .
|&]<1

Let B € (0, H(1 —n)) with n € (0, 1). For the double integral fot f(; et (g P 2 g

52|22 ds, ds, in A, 5, by means of (5), we can bound it as follows:

t t
o 2yy/2
//e—m—srsz)m AR P g o 2H-2 g e
0 JO

_ 1 eI g2 pelgl (14152 A 22
(g1 (L + |E2)r2)2H /0 /0 e Uy — | duy dus
<Cy H> (1- e’w 2H

(1] (1 + [§]2)r/2)2H
< CyH 1

|€_- |2(a+y)H :
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Thus with the inequality |1 — ™| < 217#|1 — ¢*|# for some B € (0,H(1 - 1)) C (0,1) and
the fact 1 — e™ < x for all x > 0, we have with Hypothesis 3

oH etz 1
AZ,ZSCHH /léﬂ‘l | |§|2a+yHM(dE)

2H
1- e—rlé\“(l+lé\2)1’/2‘2ﬁ 1 (dg)
|E|(“+V) ®

< CyHM2> 2 /
[§1>1

2(H-B)
< CHH22 2P| PP /Sl <|E|1 ) () (43)
>1

1\ HAe)
(1+|s|2) wldk)

< CHH2H22—2/5+(H—;3)(a+y) |‘L’ |2ﬂ /
1§1>1

< Cuslt?,0< B <H(1-1),

with Cyg = CyH?122-28+H-B)la+y) fé\>1(1+|s\2)H A)e+y) i (dE). Putting together (37), (38),
(39), (40), (41), (42) and (43), we then can conclude that with 6 =1 -7 € (0,1) and 8 €
(0,H(1-n))

E|U(t+7,0) - U(t,0)|” < Caz (17127 + [11) < Cyglt]?. 0

Finally in this section, as a related problem, we can also get the following path Holder
regularity of U(t, x) with respect to the time and space variables, respectively, by following
similar arguments to the proof of Theorem 4.1 and Theorem 4.2.

Proposition 4.1 Assume that the spectral measure u satisfies Hypothesis 3 for some v €
(0,1). Then, forevery t,s € [0, T], T >0, x,y € Rd,p >2,8€(0,H1-)) and B, € (0,1)
and B3 € (0,H(a + y)(1 — ¥)), we have

]E|U(t,x) - U(S,x)|p < Cyolt —s|PP1;
and

Carolx—yIP22 ifHa +y)>1,
]E|U(t,x)—L[(t,y)|p§ a10lx =yl if H( ¥) (44)
C4.11|9C—)’|pﬂ3 ifH(a+y) <1

5 Analysis of the density

This section is devoted to a study of the density of the solution to the SFKE (1) at any
fixed (¢,x) € [0, T] x R¥. This will be done by using Malliavin calculus. The aim in this
section is two-fold. Firstly we will prove that the solution to the SFKE (1) at any fixed
(t,x) € [0,T] x R? is a random variable whose equation admits a density. Secondly we
apply the results obtained by Nourdin and Viens [17] to the SFKE (1) to obtain the upper
and lower Gaussian-type estimates for the density (see recent work by Nualart and Quer-
Sardanyons [19, 20], and Liu and Yan [14]).

5.1 Existence of the density
The main result in this subsection is stated as follows.
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Theorem 5.1 We set the conditions of Theorem 3.1 and d < o + y, furthermore we also
assume that b(-) € CY(R) with bounded Lipschitz continuous derivative. Then, for any fixed
(t,x) € [0, T] x R, the equation of the solution to Eq. (1) is absolutely continuous with
respect to the Lebesgue measure.

Before giving the proof of Theorem 5.1, we firstly give the following.

Proposition 5.1 Assume that the spectral measure p satisfies Hypothesis 2, suppose also
that d < a + y and the coefficient b(-) is C'(R) with bounded Lipschitz continuous deriva-
tive. Then, for any fixed (t,x) € [0, T] x R%, the random variable u(t,x) belongs to D and
satisfies

D, u(t,x)= Gt —v,x —2) + / / G(t—s,%—y)b' (u(s,y))Dyquls,y) dy ds, (45)
v JRA

forullO<v§tandx€Rd.

Proof Let u"(t,x)(n > 1) be the solution of Eq. (17). Since b is Lipschitz, by a standard
argument, one can see that the sequences " converges to u in L?(S2) for any p > 2 and
(t,x) € [0, T] x R? as n — oco. Then a similar argument to that in Zhang and Zheng [23]
shows that, for each n € N and & € H, u™ (¢, x) € Dy,

Dyt ) = /Ot /Rd G(t —s,x~ )b (4" (s,9)) Dy (s, 5) dy ds 6
+(G(t—-x— ')’h)H'

Since u(t,x) — u(t,x) as n — oo in the L?(2) sense, there exists a random field u;,(z, x)
such that D,u(t,x) — u(t,x) as n — oo uniformly on (t,x) € [0, T] x R%, and the latter
satisfies

up(t,x) =/0 A;{dG(t—s,x—y)b’(u(s,y))uh(s,y)dyds+(G(t— X - ')’h>7-t‘ (47)

Hence, from the closeness of the operator Dy, it follows that u(t, x) € Dy, Dyu(t, x) = uy,(¢, x)
and

Dyu(t,x) = / /RdG(t —5,% —y)b/(u(s,y))Dhu(s,y) dyds + <G(t — X =), h)?—t (48)
0

Next we proceed to proving that u(t, x) € D2, Recall the sequence {/,,,n > 1} introduced
in Sect. 2. By (48), one gets

]}1‘,|Dhnu(t,x)|2
2

=K /0 ./Rd G(t—s,x—y)b’(u(s,y))Dhnu(s,y) dyds+<G(t_ X — ')’h")y

< cs.ME[ /0 A (G5 —y))Z(Dhnms,y))zdyds]

+ Co1a(Gt — 2 =), s, (49)
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with two positive constants Cs ;1 and Cs 5. Set

U, (t) = sup EZ|Dhnu(t,x)|2.

xeRE 24

Then, by (49), the Holder inequality with p = g = 2 and estimates (16) for the Green

function, we have

U,(t) < C5.1,3E|:/ /d(G(t —-85,X —y))zum(s) dyds:| + C5.1.4|| Gt —-x— )”3{
o Jr (50)

t
<GCsis+ C5.1.6/ (t- S)_% Upn(s) ds.
0
Then the Gronwall lemma yields
1-_d_
Upu(t) < Cs17exp{Cs1sT @7},

where Cs17 and Cs; g are independent of m. Let m — oo to get

supE Z‘Dhn u(t,x)‘2 <00,

xeR 7

That means that u(t,x) € D2,
Since u(t, x) is .#;-adapted, there exists a measurable function D, ,u(t,x) € H such that
D, u(t,x)=0ifv>tandforanyhe H
Dyu(t,x) = <Du(t,x),h>H. (51)
From (48), (51) and Fubini’s theorem, it follows that
(Du(t, x),h)H

= /0 /]Rd G(t-s,x —y)b’(u(s,y))(Du(s,y), h)H dyds + (G(t —x— ')'h>7{

- </O‘t/Rd G(t —s,x —y)b' (u(s,y))Dul(s,y) dy ds, h> +{Glt - x~ ')’h>H'

H

Therefore
t
D, u(t,x) = / / G(t—-s,x —y)b'(u(s,y))Dv,zu(s,y) dyds+ G(t —v,x —y).
v JRA

Thus we can conclude the proof of this proposition. O

We also need the following lemma concerning the estimates for the L2-norm of the
Malliavin derivative Du(t, x).

Page 24 of 33
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Lemma 5.1 Fore € (0,t) and d < a + v, there exist two positive constants Cs 1.9 and Cs1.19

such that
! 2 1-_d_
sup Sup]E / f’Dv,zu(s,y)| dzdv <C5‘1‘98 a+y (52)
Se[f—Svt]yeRd t—e JRA
and
s sup swps( [ [ E(DLaen)) ded) < Copne-o o
LR seft-e,t] yeRd t—s JRA

Proof We will only deal with the proof of (52), since (53) can be checked by using exactly

the same arguments. For s € [t — ¢, t], set

Lg(s,y):IE(‘/ / |DV,Zu(s,y)|2dzdv>.
t-¢ JRA

Then from the proof of Proposition 5.1, we get

sup  Lg(s,y) < o0.
(s,)€[0,T] xR4

Let us invoke the linear equation (45) satisfied by the Malliavin derivative Du(s,y) for
(s,9) € [t —&,t] x RY, then

Ls(s,y)§2[/ /|G(s—v,x—z)|2dzdv
t—¢ JRA

+//E
t-g JRA

i=2(Le(s,9) + Lea(s, ). (54)

2
dzd vi|

/ /d G(s—ri,y— Zl)b/(u(rl;Zl))Dv,zu(thl)le dry
v JR

With the estimate (16) associated with the Green function G(t,x), we have
2 __d_
/ ‘G(t—s,y—z)’ dz < C*(t —s) @7, (55)
R4
Then
s _d_ 1d_
Lea(s,y) < C*f (s=v) @7 dv < Csyne 7. (56)
t—e

For the second term L, (s, y), we apply the Holder inequality, the fact that &’ is bounded

and Fubini’s theorem, so that we end up with
Lep(s,y) < Csine / / |G(s =1,y —21) |2
t-¢ JRA

X (/ / E(DV,Zu(rl,zl))zdzdv> dz, dry.
t—¢ JRA

(57)
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Then, from (54), (55), (56), (57), we obtain

sup E(/ / |Dv,zu(,0,y)f2dzdv>
(py)elt-¢,s]x R4 t—g JRA

d d

1--4_ __d_
<Csrng @ + C5.1.128/ (s—r) o sup
t—¢ (v,m)elt—e,r] xR

x IE( / D, u(z, m)|? dzdv) dr.
t-c JRY

Now we can conclude by using Gronwall's lemma (for example, Lemma 15 in
Dalang [10]). O

Furthermore according to Bouleau and Hirsch’s criterion, if a random variable F in the
space D? satisfies the non-degeneracy condition |[DF|3 > 0, a.s., then the law of F is

absolutely continuous with respect to the Lebesgue measure.

Proof of Theorem 5.1 We will adopt a technical argument which has been proposed by

many authors (see, e.g., Cardon—Weber [9]) to prove Theorem 5.1. It suffices to prove that
||Du(t,x)||H > 0.

Notice that (see, e.g., Jiang et al. [12])
IDullz >0 1Dl a0 1ypy > O-

Hence we only need to prove that [|Du/l ;2o xgd) > 0 a.s. For 0 < & < ¢, recall (45), we have

t t
/ / D, u(t, )| dzdr > / / |D, u(t, )| dzdr
0o JRrd t-¢ JRA (58)

= C5,1.13 (Il(trx, 8) - IZ(t,x) 8));

where
! 2
Il(t,x,8)=/ ‘G(t—r,x—z)’ dzdr
t—¢ JRE
and

t
bit,x,) = f /
t—e JRA

According to (16), there exists a constant C, > 0 such that

¢ 2
/ /d G(t—ri,x— zl)b’(u(rl, zl))D,,zu(rl,zl) dzydri| dzdr.
r JR

d
L(t,%,6) = Cos' @7, (59)

Page 26 of 33
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By (56) and Lemma 5.1, one gets

t r
E‘Iz(t,x,8)| 5/ f |G(t—r1,x—z1)’E</ 1/ |D,,Zu(r1,z1)|2dzdr) dzi dr,
t—c JRA t—-c JRA

d t
SC5,1.14€1_W‘/. / |G(t—r1,x—z1)|dzldr1 (60)
t-s JRY

o 3d_
< Csase” 2%,

Then, for each ¢y > 0, according to (58), (59) and (60),

t
P(/ /’D,,zu(t,x)|2dzdr>0> > sup P(C5,1‘16(11(t,x,8)—Iz(t,x,e)) >0)
0o JR

£€(0,60]

> sup P(L(t,x,¢) < Cs11701 (4%, )

£€(0,69] (61)
>1- inf { ———E|L(¢x,¢) }
ge(o,go]{ CSllSEI_% i 2 |
. I,L
>1- inf C5’1,198 2042y =1,
£€(0,60]
Thus the proof of this theorem is complete. O

5.2 Lower and upper bounds for the density

Let us consider T > 0 and let u = {u(t,x), (¢,x) € [0, T] x R?} be the unique mild solution
to Eq. (1). This section is devoted to proving the following result concerning with the
Gaussian-type estimates for the density of u(z,x) at any fixed (¢,x) € [0, T] x R,

Theorem 5.2 Fix t € [0, T] and x € R?. Suppose that Hypothesis 3 is satisfied for some
1 € (0,1). Moreover, the coefficient b(-) is of class C*(R?) and has a bounded Lipschitz con-
tinuous derivative. Then the density of the random variable u(t,x) satisfies the following:
for almost every z € R

Bt ol pl e <ty < Bl | S e

Csaat Cso1tM1 T Coont?  Csaat?M

where m = Bu(t,x) and Cs .1 and Cs 5 are positive constants depending on H, |V |00, 0, T .
Under Hypothesis 3, one can conclude this lemma from the proof of Proposition 3.2.

Lemma 5.2 Letd<o+y,d>1and T > 0. Then under Hypothesis 3, we have:
1. There exists a positive constant ky such that for any t € [0, T']

an [ / f FGu, )€ F G, @ - v p(dg) dudv = kat™. (63)
0o Jo Jrd

2. There exists a positive constant ky such that, for any t € [0, T,

ax / | / [ F G TG @ = v () dudy < kot (64)
0o Jo JRrd
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Remark 5.1 It is worth mentioning that the integrability condition (12) was sufficient for
us to prove the existence of density for the solution u(t, x) at any fixed point (¢,x) € [0, T] x
R¢. However, as will be made clearer in Lemma 5.2, we will really need lower and upper
bounds of the form (63) and (64) in order to obtain lower and upper bounds for the density
of u(t,x) at any fixed (¢,x) € [0, T] x R,

Remark 5.2 It is interesting to note that the lower and upper bounds obtained in this
proposition did not include the parameter « and y.

Theorem 5.2 will be a consequence of Theorem 3.1 in [17] and Proposition 5.1. We use
the notation F = u(t, x) — Eu(t, x) and we recall that we will need to find almost sure lower
and upper bounds for the random variable g¢(F), which is given by

er®)= [ E[E ((OF, BF)w) F]de
(65)

_ / " R ((Dutt, x), Do ), ) IF] de,
0

where DF = (DF)(e~*» + V1 — e X o).

Proposition 5.1 Fix T > 0 and assume that d < a + y and the function b(-) is of C'(R?)
with a bounded Lipschitz continuous derivative. Then, for all t € [0, T, there exist positive
constants Cso1 and Csn

Cs21t™ < gp(F) < G520t (66)

In order to prove Proposition 5.1, we will also need the following lemma, whose proofis
similar to that of Lemma 5.1, Lemma 4.6 in Nualart and Quer-Sardanyons [19] or Lemma 5
in Nualart and Quer-Sardanyons [20].

Lemma 5.3 For § € (0,1] and assuming d < a + y and Hypothesis 3 holds, there exist two

positive constants Cs a3 and Cs o 4 such that depending on || ||, ¢ and the constant k; in

(64) such that
(r,y)e[(lsil))t,t]de]E[”Du(r’y ) ||§-L([(1—6)t,t}de)|F ]=Goaa@0)™, as. (67)
and
sup sup BB (D) [y ] < Co2a00, as (69)

21 (r)el(1-8)6,t] xRY

Proof From (45) in Theorem 5.1, and applying the Minkowski inequality, we get
”D”(t’ x) ||7-L([(1—5)t,t]><]Rd)

< |G- x-#],

([(1-8)¢, ] x RY) (69)

t
] [ 650 DB sy .
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As a consequence, we have the following estimate:

E[HDu(t’x)||H([(1—6)t,t]><]Rd)|F]

<|G--x- *)H H([(1-8)t,6] xRY) (70)
Wl [ 655 - DIELDu s Fl s
Let

Y,:=  sup  E[|Du(r,
(r%)€[0,6] xRE

x)”H 1-5)t,t] de)|F]

Then according to (64), we have proved that

t d
Y, < Cs27(56)* + / (t—s) 2@ Y, ds.
0

Then a suitable generalization of the Gronwall-type lemma (see, for example, Lemma 15
in Dalang [10]) allows us to conclude the proof. The estimation (68) can be checked using
exactly the same arguments. O

Proof of Proposition 5.1 We first recall that the Malliavin derivative of u(¢,x), (t,x) €
[0, T] x R satisfies D, ,u(s,y) > 0, for all (v,z) € [0, T] x R%, a.s. This is because the Malli-
avin derivative solves the linear equation (45). Let us deal with the proof of (66) in two
steps. Our method used here is essentially due to Nualart and Quer-Sardanyons [19] and
[20].

Step 1. The lower bound. Fix § € (0,1] and let us first derive the lower bound of (66).
Since the Malliavin derivative of u(¢,) is non-negative, Eq. (65) yields

gr(F) > /0 e *E[E'((Du(t, ), Dult, x)> (1-8)e£]xRY) )IF]ds. (71)

By (45), we can decompose the right-hand side of the above (71) in a sum of four terms:

Oo(t,28) = | Gt — % =) |3 1syuat iy (72)
O1(t,x;8) = E[/t/ G(t—s,x—y)b/(u(s,y))
0 JRrd
(73)

X (G(t X =), Du(s,y)) ((1-8)t.4] X]Rd)dydsw]
Oy(t,x;8) = /00 e_E]E[E’(/t/d G(t—s,x—y)b’(@)

0 o Jr (74)

(G(t— X =), Du(s,y)) (=81 XRd)dyds|F>i|do,

O3(t,x;8) = *E[E’ G(t—s,x-y)b'(u(s,9))G(t - r,x - 2)

[l LA

x b'(u (r,z))(Du(s,y) Du(r,z)) (1=8)2.]xR4) drdsdydz|F)] do.
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Firstly we notice that with d < o + y and (63) in Lemma 5.2,
Oo(t,%;8) > k1 (5)*.
Thus we can write
gr(F) > ki (82)* - |®1(t,x;8) + Oq(t,x;8) + ®3(t,x;5)\. (76)

Thus we will need to obtain the upper bounds for the terms ©;(¢,x;§),i = 1,2, 3. We apply
Fubini’s theorem, the boundedness of »’, the estimate (64) in Lemma 5.2 and the bound
(67) in Lemma 5.3. Then we have the following estimate:

|®1(t,x;8)|

=< Gsa9 ”G(t —nx=) ||7-L([(1—5)t,t]><]Rd) H b ”oo

t
X |:/(1_w /ﬂ;d{G(t—s,x—y)|EHDu(s,y)||H([(1_8)t,t]xw) dyds|Fi|

(77)
< Csa10| Gt -+,

x—") ||H([(1—6)t,t]><Rd) “b, ”oo

t
X sup E”Du(s,y)“ e xRA / |G(t—s,x—y)|dyds
(s,y)€l(1-8)t, ] x R4 HAA=9)aRE (1-8)t JR4

2H+1- 4
< Cs11(88)™" " T,

In order to get an upper bound for |©;(,x; )|, one can proceed using exactly the same
arguments as for |©(¢,«;3)|, but apply (68) in Lemma 5.3 instead of (67) in Lemma 5.3.
Hence one obtains

d

|©a(t,%8)| < Cs214(80)™ 172, (78)

Let us finally estimate |©3(¢, «; 8)|. For this, we apply Fubini’s theorem, the fact that &’ is
bounded, the Cauchy—Schwartz inequality, and we finally invoke Lemma 5.3,

’®3(t!x;8)’

+00 t t
<caslrl [ [[ [ [ [ 6u-ss-nce-sz-y
0 (1-8)t JRA J(1-5)t /R4

% (ELIDU ) sy E (IDHE D prsns VD) dsdydi] do.

At this point, we apply the Cauchy—Schwartz inequality with respect to the conditional
expectation with respect to F. One can use the bounds (67) and (68) in Lemma 5.3 and
obtain
d
|©3(t,%;8)| < Cs217(88) 7@y, (79)

Eventually, plugging the bounds (77), (78), (79) into (76), we have with d <« + y

_d __ d
gr(F) > ky(80)*" - [C5.2.19(5t)2H+17 Hory) 4 C5.2.17(5t)2H+17W]'
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Hence we have
d
gr(F) = [k 827 - 52H(C5.2.19(5T)1_2<“*” + C5.2.17(5T)1_ﬁ)].

Hence if we assume that § <1 A %, it only remains to choose a positive quantity § suf-
__d__ _d_
ficiently small such that the quantity §*[k; — (C5219(8 T ) T2@s) 4 Cspr(8T)"77)] s

strictly positive, then we can write
ge(F) = Cs1 2"

Thus, the lower bound in (66) has been proved.

Step 2. The upper bound. The upper bound in (66) is almost an immediate consequence
of the computations which we have just performed for the lower bound. More precisely,
according to gr(F) and the considerations in the first part of the proof, we have the follow-
ing:

3
gr(F) <) 04(t,59),

i=0

where we notice that we have substituted § by 1 in ©,(¢,x;8),i = 0, 1, 2,3. We have already

seen that, fori=1,2,
1©(t,x;1)| < Cop1at2 - Tam
and
’@3(t,x; 1)| = C5.2.17t2H+1_ﬁ.
So we just need to bound (¢, x; 1), which follows directly from (64). Thus
gr(F) < kst + 2C5,2,14t2H+1_2(ai+y) + C5.2.17t2H+1_%.
Therefore we conclude that
gr(F) < Cso0t,

with the positive constants Cs 55 depending on T'. Therefore the proof of this proposition
is complete. d

Proof of Theorem 5.2 For any fixed (¢t,x) € [0, T] x R, we know that the random variable
F = u(t,x) — E(u(t,x)) is centered and belongs to D2 and by (66); we have 0 < Cs,,£* <
gr(F) for all ¢ € [0, T]. We then apply Theorem 3.1 and Corollary 3.3 in Nourdin and
Viens [17], and find that the probability density p : R > R of the random variable F is
given by

_E|u(t,x)—E(u(t,x))| _ z y }
p(z) = 2@ CXP{ /0 =0 dy
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for almost every z € R. Then the density p of the random variable u(z, x) satisfies

(80)

Elu(t, x) — E(u(t,x))| =) }
) - dyt.
P e~ Eute, ) ‘”‘p{ /o 0

In order to conclude the proof, we only need to apply the bounds obtained in Proposi-
tion 5.1 to (80). O

Acknowledgements
The authors thank their friends and reviewers for their valuable suggestions, which substantially improved the quality of
the paper.

Funding
Not applicable.

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors declare that this study was accomplished in collaboration with the same responsibility. All authors read and
approved the final manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 8 July 2020 Accepted: 10 February 2021 Published online: 04 March 2021

References

1. Angulo, JM,, Anh, V.V, McVinish, R, Ruiz-Medina, M.D.: Fractional kinetic equations driven by Gaussian or infinitely
divisible noise. Adv. Appl. Probab. 37, 366-392 (2005)

2. Angulo, JM,, Ruiz-Medina, M.D., Anh, V.V, Grecksch, W.: Fractional diffusion and fractional heat equation. Adv. Appl.
Probab. 32, 1077-1099 (2000)

3. Anh, V.V, Angulo, J.M, Ruiz-Medina, M.D.: Possible long-range dependence in fractional random fields. J. Stat. Plan.
Inference 80, 95-110 (1999)

4. Anh, V.V, Leonenko, N.N.: Spectral analysis of fractional kinetic equations with random data. J. Stat. Phys. 104,
1349-1387 (2001)

5. Anh, V.V, Leonenko, N.N., McVinish, R.: Models for fractional Riesz—Bessel motion and related processes. Fractals 9,
329-346 (2001)

6. Anh, V.V, Leonenko, N.N., Ruiz-Medina, M.D.: Space-time fractional stochastic equations on regular bounded open
domains. Fract. Calc. Appl. Anal. 19, 1161-1199 (2016)

7. Balan, RM, Tudor, CA.: The stochastic heat equation with fractional-colored noise: existence of the solution. ALEA
Lat. Am. J. Probab. Math. Stat. 4, 57-87 (2008); Latin Amer. J. Probab. Math. Stat. 6, 343-347 (2009) (erratum)

8. Balan, RM, Tudor, C.A.: The stochastic wave equation with fractional noise: a random field approach. Stoch. Process.
Appl. 120, 2468-2494 (2010)

9. Cardon-Weber, C.: Cahn-Hilliard stochastic equation: existence of the solution and its density. Bernoulli 7, 777-816
(2000)

10. Dalang, R: Extending the martingale measure stochastic integral with applications to spatially homogeneous SPDE's.
Electron. J. Probab. 4(6), 1-29 (1999)

11. Hu, Y, Huang, J, Nualart, D, Tindel, S.: Stochastic heat equations with general multiplicative Gaussian noises: Holder
continuity and intermittency. Electron. J. Probab. 20(55), 1-50 (2015)

12. Jiang, Y, Wei, T, Zhou, X.: Stochastic generalized Burgers equations driven by fractional noises. J. Differ. Equ. 252,
1934-1961 (2012)

13. Jiménez, J.: Hyperviscous vortices. J. Fluid Mech. 279, 169-176 (1994)

14. Liy, J, Yan, L. Solving a nonlinear fractional stochastic partial differential equation with fractional noise. J. Theor.
Probab. 29,307-347 (2016)

15. Mérquez-Carreras, D.: Generalized fractional kinetic equations: another point of view. Adv. Appl. Probab. 41, 893-910
(2009)

16. Mérquez-Carreras, D.: Generalized stochastic heat equation. In: Malliavin Calculus and Stochastic Analysis: A
Festschrift in Honor of David Nualart. Springer Proceedings in Mathematics and Statistics, vol. 34, pp. 281-297.
Springer, New York (2013) https://doi.org/10.1007/978-1-4614-5906-4

17. Nourdin, I, Viens, FG.: Density formula and concentration inequalities with Malliavin calculus. Electron. J. Probab. 14,
2287-2309 (2009)

18. Nualart, D.: The Malliavin Calculus and Related Topics, 2nd edn. Springer, Berlin (2006)


https://doi.org/10.1007/978-1-4614-5906-4

Lu and Liu Advances in Difference Equations (2021) 2021:152 Page 33 of 33

20.

21
22.

23.

. Nualart, D, Quer-Sardanyons, L.: Gaussian density estimates for solutions to quasi-linear stochastic partial differential

equations. Stoch. Process. Appl. 119, 3914-3938 (2009)

Nualart, D., Quer-Sardanyons, L.: Optimal Gaussian density estimates for a class of stochastic equations with additive
noise. Infin. Dimens. Anal. Quantum Probab. Relat. Top. 14, 25-34 (2011)

Walsh, J.B.: A stochastic model of neural response. Adv. Appl. Probab. 13, 231-281 (1981)

Walsh, J.B.: An introduction to stochastic partial differential equations. In: Ecole d'été de Probabilités de St. Flour XIV.
Lect. Notes in Math,, vol. 1180, pp. 266-439. Springer, Berlin (1986)

Zhang, T, Zheng, W.: SPDEs driven by space-time white noises in high dimensions: absolute continuity of the law
and convergence of solutions. Stoch. Stoch. Rep. 75, 103-128 (2003)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	On a class of stochastic fractional kinetic equation with fractional noise
	Abstract
	MSC
	Keywords

	Introduction
	The preliminaries
	Fractional noise
	Malliavin calculus

	Existence and uniqueness
	Index-beta Gaussian random ﬁeld
	Analysis of the density
	Existence of the density
	Lower and upper bounds for the density

	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Publisher's Note
	References


