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1 Introduction
During the most recent couple of decades, the theory of convex functions has been widely
considered because of its applications in the theory of optimization and biological systems
[15, 31]. In modern days many generalizations of different convexities and combinations
of such concepts appears in the literature. These notions adapted and generalized those
inequalities which belong to the classical convexity. Hermite–Hadamard type inequalities
are significant and very important on the basis of geometric interpretation. Dragomir in
[7], presented the definition of convex functions on R

2, with coordinates in a rectangle.
He considered a bi-dimensional interval � = [α,β] × [φ,ϕ] with 0 ≤ α < β < ∞, 0 ≤ φ <
ϕ < ∞. Indeed, a function ρ : � → R, will be called convex on the coordinates on �, if
the partial mappings ρy : [φ,ϕ] →R, ρy(u) = ρ(u, y) and ρx : [α,β] →R, ρx(v) = ρ(x, v) are
convex for all y, v ∈ [α,β] and for all x, u ∈ [φ,ϕ], respectively. A function on � is said to
be convex if it satisfies the following inequality:

ρ
(
âx + (1 – â)u, ây + (1 – â)v

) ≤ âρ(x, y) + (1 – â)ρ(u, v) (1.1)

for all (x, y), (u, v) ∈ � and â ∈ [0, 1]. Every convex function is coordinated convex but the
converse is not true [7]. Dragomir in [7], presented Hadamard type inequalities related
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to one dimensional case. Further the researchers present many generalizations of the co-
ordinated convex functions and introduced new inequalities, we refer the reader to [2–
31, 33–35, 37]. The contributions of Noor [27], Yang [38], Sarikaya [32], Chen [6] and Set
et al. [36] in this regards are remarkable.

The aim of this paper is to develop new trapezium type inequalities of coordinated
distance-disturbed (�1, h1)–(�2, h2)-convex functions of higher orders (σ1,σ2) by using
the Katugampola (k1, k2)-fractional integrals. We establish our results for many spe-
cial cases like coordinated distance-disturbed (�1, s1)–(�2, s2)-convex functions, coordi-
nated distance-disturbed �1�2-convex functions, coordinated distance-disturbed (h1, h2)-
convex functions, coordinated distance-disturbed (s1, s2)-convex functions. Here results
are proved for coordinated distance-disturbed h-convex functions, coordinated distance-
disturbed s-convex functions and coordinated distance-disturbed convex functions. At
the end, a brief conclusion is given.

2 Preliminaries
Definition 2.1 ([26]) Let ψ : [α,β] → R be termed convex if the inequality holds on an
interval [α,β] ⊆R as

ψ
(
tl + (1 – t)r

) ≤ tψ(l) + (1 – t)ψ(r),

where l, r ∈ [α,β] and t ∈ [0, 1].

This inequality provides bounds of the mean value of a continuous convex function is
given by the following theorem.

Theorem 2.2 If � : U → R is a convex function on the interval U of real numbers, such
that α,β ∈ U with α < β , then

�

(
α + β

2

)
≤ 1

β – α

∫ β

α

�(ξ ) dξ ≤ �(α) + �(β)
2

.

Theorem 2.3 ([7]) Suppose that ρ : � → R is convex on the coordinates on �. Then the
following inequalities hold:

ρ

(
α + β

2
,
φ + ϕ

2

)

≤ 1
2

[
1

β – α

∫ β

α

ρ

(
x,

φ + ϕ

2

)
dx +

1
ϕ – φ

∫ ϕ

φ

ρ

(
α + β

2
, y

)
dy

]

≤ 1
(β – α)(ϕ – φ)

∫ β

α

∫ ϕ

φ

ρ(x, y) dy dx

≤ 1
4

[
1

β – α

∫ β

α

[
ρ(x,φ) + ρ(x,ϕ)

]
dx +

1
ϕ – φ

∫ ϕ

φ

[
ρ(α, y) + ρ(β , y)

]
dy

]

≤ ρ(α,φ) + ρ(α,ϕ) + ρ(β ,φ) + ρ(β ,ϕ)
4

.

A formal definition of coordinated convex function may be stated as follows.



Kashuri et al. Advances in Difference Equations        (2021) 2021:120 Page 3 of 34

Definition 2.4 Let ρ : � →R be coordinated convex function on �, then the inequality

ρ
(
tx + (1 – t)u, sy + (1 – s)v

) ≤ tsρ(x, y) + t(1 – s)ρ(x, v)

+ (1 – t)sρ(u, y) + (1 – t)(1 – s)ρ(u, v)

holds for all (x, y), (x, v), (u, y), (u, v) ∈ � and s, t ∈ [0, 1].

Let us recall some fundamental definitions and results which are helpful in developing
main results. Further details can be found in [21–24, 26–35].

Definition 2.5 The left- and right-sided Riemann Liouville fractional integrals Iμ

α+ψ and
Iμ
β–ψ of order with μ > 0, on a finite interval [α,β], are defined as

Iμ

α+ψ(x) =
1


(μ)

∫ x

α

(x – t)μ–1ψ(t) dt, x > α,

and

Iμ
β–ψ(x) =

1

(μ)

∫ β

x
(t – x)μ–1ψ(t) dt, x < β ,

respectively. Here 
 represents the usual Gamma function defined by


(t) =
∫ ∞

0
xt–1e–x dx, R(t) > 0.

Definition 2.6 Let ρ ∈ L1[α,β] and k > 0. The left and right k-Riemann–Liouville inte-
grals of order μ > 0 with α ≥ 0 are denoted by

Iμ,k
α+ ρ(x) =

1
k
k(μ)

∫ x

α

(x – τ )
μ
k –1ρ(τ ) dτ , x > α,

and

Iμ,k
β– ρ(x) =

1
k
k(μ)

∫ β

x
(τ – x)

μ
k –1ρ(τ ) dτ , x < β ,

respectively. Note that when k → 1, then it reduces to the classical Riemann–Liouville
fractional integral.

Definition 2.7 Let ρ ∈ L1(�). The Riemann–Liouville integrals Jμ,ν
â+,ĉ+, Jμ,ν

â+,d̂–
, Jμ,ν

b̂–,ĉ+
and

Jμ,ν
b̂–,d̂–

of order μ,ν > 0 with â, ĉ ≥ 0 are defined by

Jμ,ν
â+,ĉ+ρ(x, y) =

1

(μ)
(ν)

∫ x

â

∫ y

ĉ
(x – j1)μ–1(y – j2)ν–1ρ(j1, j2) dj2 dj1, x > â, y > ĉ,

Jμ,ν
â+,d̂–

ρ(x, y) =
1


(μ)
(ν)

∫ x

â

∫ d̂

y
(x – j1)μ–1(j2 – y)ν–1ρ(j1, j2) dj2 dj1, x > â, y < d̂,

Jμ,ν
b̂–,ĉ+

ρ(x, y) =
1


(μ)
(ν)

∫ b̂

x

∫ y

ĉ
(j1 – x)μ–1(y – j2)ν–1ρ(j1, j2) dj2 dj1, x < b̂, y > ĉ,
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and

Jμ,ν
b̂–,d̂–

ρ(x, y) =
1


(μ)
(ν)

∫ b̂

x

∫ d̂

y
(j1 – x)μ–1(j2 – y)ν–1ρ(j1, j2) dj2 dj1, x < b̂, y < d̂,

respectively. Furthermore,

J0,0
â+,ĉ+ρ(x, y) = J0,0

â+,d̂–
ρ(x, y) = J0,0

b̂–,ĉ+
ρ(x, y) = J0,0

b̂–,d̂–
ρ(x, y) = ρ(x, y)

and

J1,1
â+,d̂–

ρ(x, y) =
1


(μ)
(ν)

∫ x

â

∫ d̂

y
ρ(j1, j2) dj2 dj1.

Similar to Definition 2.5, Sarikaya [32] introduced the following fractional integrals:

Jμ

â+ρ

(
x,

ĉ + d̂
2

)
=

1

(μ)

∫ x

â
(x – j1)μ–1ρ

(
j1,

ĉ + d̂
2

)
dj1, x > â,

Jμ

b̂–
ρ

(
x,

ĉ + d̂
2

)
=

1

(μ)

∫ b̂

x
(j1 – x)μ–1ρ

(
j1,

ĉ + d̂
2

)
dj1, x < b̂,

Jν
ĉ+ρ

(
â + b̂

2
, y

)
=

1

(ν)

∫ y

ĉ
(y – j2)ν–1ρ

(
â + b̂

2
, j2

)
dj2, y > ĉ,

Jν

d̂–ρ

(
â + b̂

2
, y

)
=

1

(ν)

∫ d̂

y
(j2 – y)ν–1ρ

(
â + b̂

2
, j2

)
dj2, y < d̂.

Sarikaya gave the following remarkable results in [32].

Theorem 2.8 Let ρ : � ⊂R
2 →R be a coordinated convex function on � := [â, b̂]×[ĉ, d̂] ∈

R
2 with 0 ≤ â < b̂, 0 ≤ ĉ < d̂ and ρ ∈ L1(�). Then one has the inequalities:

ρ

(
â + b̂

2
,

ĉ + d̂
2

)
≤ 
(μ + 1)
(ν + 1)

4(b̂ – â)μ(d̂ – ĉ)ν

× [
Jμ,ν
â+,ĉ+ρ(b̂, d̂) + Jμ,ν

â+,d̂–
ρ(b̂, ĉ) + Jμ,ν

b̂–,ĉ+
ρ(â, d̂) + Jμ,ν

b̂–,d̂–
ρ(â, ĉ)

]

≤ ρ(â, ĉ) + ρ(â, d̂) + ρ(b̂, ĉ) + ρ(b̂, d̂)
4

.

Now, we are in a position to introduce the following extended Riemann–Liouville inte-
grals.

Definition 2.9 Let ρ ∈ L1(�) and k1, k2 > 0. The (k1, k2)-Riemann–Liouville integrals
Iμ,ν,k1,k2

â+,ĉ+ , Iμ,ν,k1,k2
â+,d̂–

, Iμ,ν,k1,k2
b̂–,ĉ+

and Iμ,ν,k1,k2
b̂–,d̂

of order μ,ν > 0 with â, ĉ ≥ 0 are defined by

Iμ,ν,k1,k2
â+,ĉ+ ρ(x, y)

=
1

k1k2
k1 (μ)
k2 (ν)

∫ x

â

∫ y

ĉ
(x – j1)

μ
k1

–1(y – j2)
ν

k2
–1

ρ(j1, j2) dj2 dj1, x > â, y > ĉ,
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Iμ,ν,k1,k2
â+,d̂–

ρ(x, y)

=
1

k1k2
k1 (μ)
k2 (ν)

∫ x

â

∫ d̂

y
(x – j1)

μ
k1

–1(j2 – y)
ν

k2
–1

ρ(j1, j2) dj2 dj1, x > â, y < d̂,

Iμ,ν,k1,k2
b̂–,ĉ+

ρ(x, y)

=
1

k1k2
k1 (μ)
k2 (ν)

∫ b̂

x

∫ y

ĉ
(j1 – x)

μ
k1

–1(y – j2)
ν

k2
–1

ρ(j1, j2) dj2 dj1, x < b̂, y > ĉ

and

Iμ,ν,k1,k2
b̂–,d̂–

ρ(x, y)

=
1

k1k2
k1 (μ)
k2 (ν)

∫ b̂

x

∫ d̂

y
(j1 – x)

μ
k1

–1(j2 – y)
ν

k2
–1

ρ(j1, j2) dj2 dj1, x < b̂, y < d̂,

respectively. Note that when k1, k2 → 1, then it reduces to Definition 2.7.

Noor et al. in [27], introduced the notion of coordinated �1�2-convex functions to gen-
eralize the �1-convex functions as follows.

Definition 2.10 Let � ⊂ R
2 be a rectangle. A function ρ : � → R is said to be two di-

mensional (coordinated) �1�2-convex function, if

ρ
([

tx�1 + (1 – t)u�1
] 1

�1 ,
[
ry�2 + (1 – r)v�2

] 1
�2

)

≤ trρ(x, y) + t(1 – r)ρ(x, v) + (1 – t)rρ(u, y) + (1 – t)(1 – r)ρ(u, v)

for all (x, y), (x, v), (u, y), (u, v) ∈ � and r, t ∈ [0, 1].

Theorem 2.11 ([27]) Let ρ : � ⊂R
2 →R be a �1�2-convex function on the coordinates on

�, then the following inequalities hold:

ρ

([
â�1 + b̂�1

2

] 1
�1

,
[

ĉ�2 + d̂�2

2

] 1
�2

)

≤ �1�2

(b̂�1 – â�1 )(d̂�2 – ĉ�2 )

∫ b̂

â

∫ d̂

ĉ
x�1–1y�2–1ρ(x, y) dy dx

≤ ρ(â, ĉ) + ρ(â, d̂) + ρ(b̂, ĉ) + ρ(b̂, d̂)
4

.

Yang in [38], generalized this concept by defining a larger class of coordinated convex
functions termed coordinated (�1, h1)–(�2, h2)-convex function as follows:

Definition 2.12 Let ĥ1, ĥ2 : J → R be two non-negative and non-zero mappings. A map-
ping ρ : � → R is said to be (�1, ĥ1)–(�2, ĥ2)-convex function on the coordinates on �, if
the mappings ρy : [â, b̂] →R, ρy(u) = ρ(u, y) and ρx : [ĉ, d̂] →R, ρx(v) = ρ(x, v) are (�1, ĥ1)-
convex with respect to u on [â, b̂] and (�2, ĥ2)-convex with respect to v on [ĉ, d̂], respec-
tively, for all y ∈ [ĉ, d̂] and x ∈ [â, b̂].
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From the above definition, we can say that, if ρ is a coordinated (�1, ĥ1)–(�2, ĥ2)-convex
function, then the following inequality holds:

ρ
([

tx�1 + (1 – t)u�1
] 1

�1 ,
[
ry�2 + (1 – r)v�2

] 1
�2

)

≤ ĥ1(t)ĥ2(r)ρ(x, y) + ĥ1(t)ĥ2(1 – r)ρ(x, v)

+ ĥ1(1 – t)ĥ2(r)ρ(u, y)

+ ĥ1(1 – t)ĥ2(1 – r)ρ(u, v).

Remark 2.13 If �1 = �2 = 1, then the function ρ will be reduced to coordinated (ĥ1, ĥ2)-
convex function.

Remark 2.14 If ĥ1(t) = ts1 and ĥ2(t) = ts2 , then the function ρ will be called a coordinated
(�1, s1)–(�2, s2)-convex function.

Remark 2.15 If ĥ1(t) = ts1 , ĥ2(t) = ts2 and �1 = �2 = 1, then the function ρ will be called a
coordinated (s1, s2)-convex function.

Yang in [38], gave the following two interesting results.

Theorem 2.16 Let ρ : � → R be a (�1, ĥ1)–(�2, ĥ2)-convex function on the coordinates
on �. Then one has the inequalities

1
4ĥ1( 1

2 )ĥ2( 1
2 )

ρ

([
â�1 + b̂�1

2

] 1
�1

,
[

ĉ�2 + d̂�2

2

] 1
�2

)

≤ �1�2

(b̂�1 – â�1 )(d̂�2 – ĉ�2 )

∫ b̂

â

∫ d̂

ĉ
x�1–1y�2–1ρ(x, y) dy dx

≤ [
ρ(â, ĉ) + ρ(â, d̂) + ρ(b̂, ĉ) + ρ(b̂, d̂)

]∫ 1

0
ĥ1(t) dt

∫ 1

0
ĥ2(t) dt.

Theorem 2.17 Let ρ : � → R be a (�1, ĥ1)–(�2, ĥ2)-convex function on the coordinates
on �. Then one has the inequalities

1
4ĥ1( 1

2 )ĥ2( 1
2 )

ρ

([
â�1 + b̂�1

2

] 1
�1

,
[

ĉ�2 + d̂�2

2

] 1
�2

)

≤ �1

4ĥ1( 1
2 )(b̂�1 – â�1 )

∫ b̂

â
x�1–1ρ

(
x,

[
ĉ�2 + d̂�2

2

] 1
�2

)
dx

+
�2

4ĥ2( 1
2 )(d̂�2 – ĉ�2 )

∫ d̂

ĉ
y�2–1ρ

([
â�1 + b̂�1

2

] 1
�1

, y
)

dy

≤ �1�2

(b̂�1 – â�1 )(d̂�2 – ĉ�2 )

∫ b̂

â

∫ d̂

ĉ
x�1–1y�2–1ρ(x, y) dy dx

≤ �1

2(b̂�1 – â�1 )

[∫ b̂

â
x�1–1ρ(x, ĉ) dx +

∫ b̂

â
x�1–1ρ(x, d̂) dx

]∫ 1

0
ĥ2(t) dt
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+
�2

2(d̂�2 – ĉ�2 )

[∫ d̂

ĉ
y�2–1ρ(â, y) dy +

∫ d̂

ĉ
y�2–1ρ(b̂, y) dy

]∫ 1

0
ĥ1(t) dt

≤ [
ρ(â, ĉ) + ρ(â, d̂) + ρ(b̂, ĉ) + ρ(b̂, d̂)

]∫ 1

0
ĥ1(t) dt

∫ 1

0
ĥ2(t) dt.

Definition 2.18 ([21]) Xp
ĉ (â, b̂) (ĉ ∈ R, 1 ≤ p ≤ ∞) is the set of those complex valued

Lebesgue measurable functions ρ of [â, b̂] for which ‖ρ‖Xp
ĉ

< ∞, where the norm is defined
by

‖ρ‖Xp
ĉ

=
(∫ b̂

â

∣∣tĉρ(t)
∣∣p dt

t

) 1
p

< ∞ for 1 ≤ p < ∞, ĉ ∈ R,

and for the case p = ∞,

‖ρ‖Xp
ĉ

= ess sup
â≤t≤b̂

[
tĉ∣∣ρ(t)

∣
∣], ĉ ∈R.

Katugampola introduced a new fractional integral which generalizes the Riemann–
Liouville and Hadamard fractional integrals in a single form as follows; see [18–24, 26–30].

Definition 2.19 Let [â, b̂] ⊆ R be a finite interval. Then the left- and right-sided Katugam-
pola fractional integrals of order μ > 0 of ∈ Xp

ĉ (â, b̂) with â ≥ 0 are defined by

rIμ

â+ρ(x) =
r1–μ


(μ)

∫ x

â

tr–1

(xr – tr)1–μ
ρ(t) dt

and

rIμ

b̂–
ρ(x) =

r1–μ


(μ)

∫ b̂

x

tr–1

(tr – xr)1–μ
ρ(t) dt

with â < x < b̂ and r > 0, provided the integrals exist.

Definition 2.20 Let [â, b̂] ⊆R be a finite interval and k > 0. Then the left- and right-sided
Katugampola k-fractional integrals of order μ > 0 of ρ ∈ Xp

ĉ (â, b̂) with â ≥ 0 are defined
by

rIμ,k
â+ ρ(x) =

r1– μ
k

k
k(μ)

∫ x

â

tr–1

(xr – tr)1– μ
k
ρ(t) dt

and

rIμ,k
b̂–

ρ(x) =
r1– μ

k

k
k(μ)

∫ b̂

x

tr–1

(tr – xr)1– μ
k
ρ(t) dt

with â < x < b̂ and ρ > 0, provided the integrals exist. Note that when k → 1, then it reduces
to Definition 2.19.

Katugampola fractional integrals into two dimensional case may be given as follows.
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Definition 2.21 Let ρ ∈ Xp(�). The Katugampola fractional integrals �1,�2 Iμ,ν
â+,ĉ+, �1,�2 Iμ,ν

â+,d̂–
,

�1,�2 Iμ,ν
b̂–,ĉ+

and �1,�2 Iμ,ν
b̂–,d̂–

of order μ,ν > 0 with â, ĉ ≥ 0 are defined by

�1,�2 Iμ,ν
â+,ĉ+ρ(x, y)

=
�

1–μ
1 �1–ν

2

(μ)
(ν)

∫ x

â

∫ y

ĉ

t�1–1s�2–1

(x�1 – t�1 )1–μ(y�2 – s�2 )1–ν
ρ(t, s) ds dt, x > â, y > ĉ,

�1,�2 Iμ,ν
â+,d̂–

ρ(x, y)

=
�

1–μ
1 �1–ν

2

(μ)
(ν)

∫ x

â

∫ d̂

y

t�1–1s�2–1

(x�1 – t�1 )1–μ(s�2 – y�2 )1–ν
ρ(t, s) ds dt, x > â, y < d̂,

�1,�2 Iμ,ν
b̂–,ĉ+

ρ(x, y)

=
�

1–μ
1 �1–ν

2

(μ)
(ν)

∫ b̂

x

∫ y

ĉ

t�1–1s�2–1

(t�1 – x�1 )1–μ(y�2 – s�2 )1–ν
ρ(t, s) ds dt, x < b̂, y > ĉ,

and

�1,�2 Iμ,ν
b̂–,d̂–

ρ(x, y)

=
�

1–μ
1 �1–ν

2

(μ)
(ν)

∫ b̂

x

∫ d̂

y

t�1–1s�2–1

(t�1 – x�1 )1–μ(s�2 – y�2 )1–ν
ρ(t, s) ds dt, x < b̂, y < d̂,

respectively, and �1,�2 > 0. Moreover,

�1,�2 I0,0
â+,ĉ+ρ(x, y) = �1,�2 I0,0

â+,d̂–
ρ(x, y) = �1,�2 I0,0

b̂–,ĉ+
ρ(x, y) = �1,�2 I0,0

b̂–,d̂–
ρ(x, y) = ρ(x, y)

and

�1,�2 I1,1
â+,d̂–

ρ(x, y) =
∫ x

â

∫ d̂

y
t�1–1s�2–1ρ(t, s) ds dt.

Similar to Definition 2.19, we introduce the following fractional integrals:

�1 Iμ

â+ρ

(
x,

[
ĉ�2 + d̂�2

2

] 1
�2

)
=

�
1–μ
1


(μ)

∫ x

â

t�1–1

(x�1 – t�1 )1–μ
ρ

(
t,

[
ĉ�2 + d̂�2

2

] 1
�2

)
dt, x > â,

�1 Iμ

b̂–
ρ

(
x,

[
ĉ�2 + d̂�2

2

] 1
�2

)
=

�
1–μ
1


(μ)

∫ b̂

x

t�1–1

(t�1 – x�1 )1–μ
ρ

(
t,

[
ĉ�2 + d̂�2

2

] 1
�2

)
dt, x < b̂,

�2 Iν
ĉ+ρ

([
â�1 + b̂�1

2

] 1
�1

, y
)

=
�1–ν

2

(ν)

∫ y

ĉ

s�2–1

(y�2 – s�2 )1–ν
ρ

([
â�1 + b̂�1

2

] 1
�1

, s
)

ds, y > ĉ,

�2 Iν

d̂–ρ

([
â�1 + b̂�1

2

] 1
�1

, y
)

=
�1–ν

2

(ν)

∫ d̂

y

s�2–1

(s�2 – y�2 )1–ν
ρ

([
â�1 + b̂�1

2

] 1
�1

, s
)

ds, y < d̂.

It is important to notice that, if �1 = �2 = 1, then the Katugampola fractional integrals
reduce to Riemann–Liouville fractional integrals given in Definition 2.7.

Similarly, we can define the extended Katugampola fractional integrals in the two di-
mensional case as follows.
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Definition 2.22 Let ρ ∈ Xp(�) and k1, k2 > 0. The Katugampola (k1, k2)-fractional inte-
grals �1,�2 Iμ,ν,k1,k2

â+,ĉ+ , �1,�2 Iμ,ν,k1,k2
â+,d̂–

, �1,�2 Iμ,ν,k1,k2
b̂–,ĉ+

and �1,�2 Iμ,ν,k1,k2
b̂–,d̂–

of order μ,ν > 0 with â, ĉ ≥ 0
are defined by

�1,�2 Iμ,ν,k1,k2
â+,ĉ+ ρ(x, y)

=
�

1– μ
k1

1 �
1– ν

k2
2

k1k2
k1 (μ)
k2 (ν)

∫ x

â

∫ y

ĉ

t�1–1s�2–1

(x�1 – t�1 )1– μ
k1 (y�2 – s�2 )1– ν

k2
ρ(t, s) ds dt, x > â, y > ĉ,

�1,�2 Iμ,ν,k1,k2
â+,d̂–

ρ(x, y)

=
�

1– μ
k1

1 �
1– ν

k2
2

k1k2
k1 (μ)
k2 (ν)

∫ x

â

∫ d̂

y

t�1–1s�2–1

(x�1 – t�1 )1– μ
k1 (s�2 – y�2 )1– ν

k2
ρ(t, s) ds dt, x > â, y < d̂,

�1,�2 Iμ,ν,k1,k2
b̂–,ĉ+

ρ(x, y)

=
�

1– μ
k1

1 �
1– ν

k2
2

k1k2
k1 (μ)
k2 (ν)

∫ b̂

x

∫ y

ĉ

t�1–1s�2–1

(t�1 – x�1 )1– μ
k1 (y�2 – s�2 )1– ν

k2
ρ(t, s) ds dt, x < b̂, y > ĉ,

and

�1,�2 Iμ,ν,k1,k2
b̂–,d̂–

ρ(x, y)

=
�

1– μ
k1

1 �
1– ν

k2
2

k1k2
k1 (μ)
k2 (ν)

∫ b̂

x

∫ d̂

y

t�1–1s�2–1

(t�1 – x�1 )1– μ
k1 (s�2 – y�2 )1– ν

k2
ρ(t, s) ds dt, x < b̂, y < d̂,

respectively, and �1,�2 > 0. Note that when k1, k2 → 1, then it reduces to Definition 2.21.

We also introduce the following useful fractional integrals:

�1 Iμ,k1
â+ ρ

(
x,

[
ĉ�2 + d̂�2

2

] 1
�2

)

=
�

1– μ
k1

1
k1
k1 (μ)

∫ x

â

t�1–1

(x�1 – t�1 )1– μ
k1

ρ

(
t,

[
ĉ�2 + d̂�2

2

] 1
�2

)
dt, x > â,

�1 Iμ,k1
b̂–

ρ

(
x,

[
ĉ�2 + d̂�2

2

] 1
�2

)

=
�

1– μ
k1

1
k1
k1 (μ)

∫ b̂

x

t�1–1

(t�1 – x�1 )1– μ
k1

ρ

(
t,

[
ĉ�2 + d̂�2

2

] 1
�2

)
dt, x < b̂,

�2 Iν,k2
ĉ+ ρ

([
â�1 + b̂�1

2

] 1
�1

, y
)

=
�

1– ν
k2

2
k2
k2 (ν)

∫ y

ĉ

s�2–1

(y�2 – s�2 )1– ν
k2

ρ

([
â�1 + b̂�1

2

] 1
�1

, s
)

ds, y > ĉ,
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�2 Iν,k2
d̂–

ρ

([
â�1 + b̂�1

2

] 1
�1

, y
)

=
�

1– ν
k2

2
k2
k2 (ν)

∫ d̂

y

s�2–1

(s�2 – y�2 )1– ν
k2

ρ

([
â�1 + b̂�1

2

] 1
�1

, s
)

ds, y < d̂.

Definition 2.23 Let h1, h2 : J →R be two non-negative and non-zero functions. Assume
that σ1,σ2 > 0. A mapping ρ : � → R is said to be a distance-disturbed (�1, h1)–(�2, h2)-
convex function on the coordinates on � with modulus μ1,μ2 > 0 of higher orders (σ1,σ2),
if the partial mappings ρy : [â, b̂] →R, ρy(u) = ρ(u, y) and ρx : [ĉ, d̂] →R, ρx(v) = ρ(x, v) are,
respectively, distance-disturbed (�1, h1)-convex with modulus μ1 > 0 of order σ1 > 0 with
respect to u on [â, b̂] and distance-disturbed (�2, h2)-convex with modulus μ2 > 0 of order
σ2 > 0 with respect to v on [ĉ, d̂], for all y ∈ [ĉ, d̂] and x ∈ [â, b̂].

From the above definition, we can say that, if f is a coordinated distance-disturbed
(�1, h1)–(�2, h2)-convex function with modulus μ1,μ2 > 0 of higher orders (σ1,σ2), then
the following inequality holds:

ρ
([

tx�1 + (1 – t)u�1
] 1

�1 ,
[
ry�2 + (1 – r)v�2

] 1
�2

)

+ μ1t(1 – t)
(
u�1 – x�1

)σ1 + μ2r(1 – r)
(
v�2 – y�2

)σ2

≤ h1(t)h2(r)ρ(x, y) + h1(t)h2(1 – r)ρ(x, v) + h1(1 – t)h2(r)ρ(u, y)

+ h1(1 – t)h2(1 – r)ρ(u, v).

Remark 2.24 If μ1,μ2 → 0+, then Definition 2.23 will be reduced to Definition 2.12.

Remark 2.25 If �1 = �2 = �, then the function f will be reduced to coordinated distance-
disturbed (�, h1)–(�, h2)-convex function of higher orders. If �1 = �2 = 1, then the function
f will be reduced to coordinated distance-disturbed (h1, h2)-convex function of higher or-
ders.

Remark 2.26 If h1(t) = ts1 and h2(t) = ts2 , then the function f will be called a coordinated
distance-disturbed (�1, s1)–(�2, s2)-convex function of higher orders. If h1(t) = ts1 , h2(t) =
ts2 and �1 = �2 = �, then the function f will be called a coordinated distance-disturbed
(�, s1)–(�, s2)-convex function of higher orders. If h1(t) = ts1 , h2(t) = ts2 and �1 = �2 = 1,
then the function f will be called a coordinated distance-disturbed (s1, s2)-convex function
of higher orders.

3 Main results
In this section we give the trapezium type inequalities by using distance-disturbed (�1, h1)-
(�2, h2)-convex functions with modulus μ1,μ2 > 0 of higher orders (σ1,σ2), where σ1,σ2 > 0
on the coordinates on �.

Theorem 3.1 Suppose that ρ : � →R is a distance-disturbed (�1, h1)-(�2, h2)-convex func-
tion of higher orders on the coordinates on � and ρ ∈ L1(�). Then one has the inequali-
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ties

1
4h1( 1

2 )h2( 1
2 )

ρ

([
â�1 + b̂�1

2

] 1
�1

,
[

ĉ�2 + d̂�2

2

] 1
�2

)
+ A

≤ �

μ
k1
1 �

ν
k2
2 
k1 (μ + k1)
k2 (ν + k2)

4(b̂�1 – â�1 )
μ
k1 (d̂�2 – ĉ�2 )

ν
k2

× [
�1,�2 Iμ,ν,k1,k2

â+,ĉ+ ρ(b̂, d̂)

+ �1,�2 Iμ,ν,k1,k2
â+,d̂–

ρ(b̂, ĉ) + �1,�2 Iμ,ν,k1,k2
b̂–,ĉ+

ρ(â, d̂) + �1,�2 Iμ,ν,k1,k2
b̂–,d̂–

ρ(â, ĉ)
]

≤ μν

4k1k2

[
ρ(â, ĉ) + ρ(â, d̂) + ρ(b̂, ĉ) + ρ(b̂, d̂)

]

×
∫ 1

0

∫ 1

0
ı

μ
k1

–1
1 ı

ν
k2

–1
2

[
h1(ı1) + h1(1 – ı1)

][
h2(ı2) + h2(1 – ı2)

]
dı1 dı2

–
μ1[(b̂�1 – â�1 )σ1 + (â�1 – b̂�1 )σ1 ] + μ2[(d̂�2 – ĉ�2 )σ2 + (ĉ�2 – d̂�2 )σ2 ]

2
, (3.1)

where

A = –
μν

16k1k2

[
μ1k2

ν

(
1

2b̂�1

) μ
k1

C1 +
μ2k1

μ

(
1

2d̂�2

) ν
k2

C2

]

and

C1 =
∫ â�1 +b̂�1

â�1 –b̂�1
ı
σ1
1

[
ı1 – â�1 + b̂�1

] μ
k1

–1 dı1, C2 =
∫ ĉ�2 +d̂�2

ĉ�2 –d̂�2
ı
σ2
2

[
ı2 – ĉ�2 + d̂�2

] ν
k2

–1 dı2.

Proof Let x�1 = ı1â�1 + (1 – ı1)b̂�1 , y�1 = (1 – ı1)â�1 + ı1b̂�1 and u�2 = ı2ĉ�2 + (1 – ı2)d̂�2 , v�2 =
(1 – ı2)ĉ�2 + ı2d̂�2 , then, by coordinated distance-disturbed (�1, h1)-(�2, h2)-convexity of
higher orders of ρ , we have

ρ

([
â�1 + b̂�1

2

] 1
�1

,
[

ĉ�2 + d̂�2

2

] 1
�2

)

= ρ

([
x�1 + y�1

2

] 1
�1

,
[

u�2 + v�2

2

] 1
�2

)

≤ h1

(
1
2

)
h2

(
1
2

)[
ρ(x, u) + ρ(x, v) + ρ(y, u) + ρ(y, v)

]

–
μ1

4
(
y�1 – x�1

)σ1 –
μ2

4
(
v�2 – u�2

)σ2 .

Multiplying by μν

4k1k2
ı

μ
k1

–1
1 ı

ν
k2

–1
2 and integrating over ([0, 1] × [0, 1]), one has

1
4h1( 1

2 )h2( 1
2 )

ρ

([
â�1 + b̂�1

2

] 1
�1

,
[

ĉ�2 + d̂�2

2

] 1
�2

)

≤ μν

4k1k2

∫ 1

0

∫ 1

0
ı

μ
k1

–1
1 ı

ν
k2

–1
2

[
ρ(x, u) + ρ(x, v) + ρ(y, u) + ρ(y, v)

]
dı1 dı2
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–
μν

16k1k2h1( 1
2 )h2( 1

2 )

×
∫ 1

0

∫ 1

0
ı

μ
k1

–1
1 ı

ν
k2

–1
2

[
μ1

(
y�1 – x�1

)σ1 + μ2
(
v�2 – u�2

)σ2]dı1 dı2. (3.2)

Note that by the change of variable, we have for the first integral on the right-hand side of
the inequality (3.2)

∫ 1

0

∫ 1

0
ı

μ
k1

–1
1 ı

ν
k2

–1
2

[
ρ(x, u) + ρ(x, v) + ρ(y, u) + ρ(y, v)

]
dı1 dı2

=
�1�2

(b̂�1 – â�1 )
μ
k1 (d̂�2 – ĉ�2 )

ν
k2

[∫ b̂

â

∫ d̂

ĉ

x�1–1y�2–1

(b̂�1 – x�1 )1– μ
k1 (d̂�2 – y�2 )1– ν

k2
ρ(x, y) dy dx

+
∫ b̂

â

∫ d̂

ĉ

x�1–1y�2–1

(b̂�1 – x�1 )1– μ
k1 (y�2 – ĉ�2 )1– ν

k2
ρ(x, y) dy dx

+
∫ b̂

â

∫ d̂

ĉ

x�1–1y�2–1

(x�1 – â�1 )1– μ
k1 (d̂�2 – y�2 )1– ν

k2
ρ(x, y) dy dx

+
∫ b̂

â

∫ d̂

ĉ

x�1–1y�2–1

(x�1 – â�1 )1– μ
k1 (y�2 – ĉ�2 )1– ν

k2
ρ(x, y) dy dx

]
.

Now applying Definition 2.22 of the Katugampola (k1, k2)-fractional integral, the first in-
equality of (3.1) is obtained. For the second inequality on the right-hand side of (3.1), we
use the coordinated distance-disturbed (�1, h1)-(�2, h2)-convexity of higher orders of ρ as
follows:

ρ(x, u) = ρ
([

ı1â�1 + (1 – ı1)b̂�1
] 1

�1 ,
[
ı2ĉ�2 + (1 – ı2)d̂�2

] 1
�2

)

≤ h1(ı1)h2(ı2)ρ(â, ĉ) + h1(ı1)h2(1 – ı2)ρ(â, d̂) + h1(1 – ı1)h2(ı2)ρ(b̂, ĉ)

+ h1(1 – ı1)h2(1 – ı2)ρ(b̂, d̂) – μ1
(
b̂�1 – â�1

)σ1 – μ2
(
d̂�2 – ĉ�2

)σ2 , (3.3)

ρ(x, v) = ρ
([

ı1â�1 + (1 – ı1)b̂�1
] 1

�1 ,
[
(1 – ı2)ĉ�2 + ı2d̂�2

] 1
�2

)

≤ h1(ı1)h2(1 – ı2)ρ(â, ĉ) + h1(ı1)h2(ı2)ρ(â, d̂) + h1(1 – ı1)h2(1 – ı2)ρ(b̂, ĉ)

+ h1(1 – ı1)h2(ı2)ρ(b̂, d̂) – μ1
(
b̂�1 – â�1

)σ1 – μ2
(
ĉ�2 – d̂�2

)σ2 , (3.4)

ρ(y, u) = ρ
([

(1 – ı1)â�1 + ı1b̂�1
] 1

�1 ,
[
ı2ĉ�2 + (1 – ı2)d̂�2

] 1
�2

)

≤ h1(1 – ı1)h2(ı2)ρ(â, ĉ) + h1(1 – ı1)h2(1 – ı2)ρ(â, d̂) + h1(ı1)h2(ı2)ρ(b̂, ĉ)

+ h1(ı1)h2(1 – ı2)ρ(b̂, d̂) – μ1
(
â�1 – b̂�1

)σ1 – μ2
(
d̂�2 – ĉ�2

)σ2 , (3.5)

and

ρ(y, v) = ρ
([

(1 – ı1)â�1 + ı1b̂�1
] 1

�1 ,
[
(1 – ı2)ĉ�2 + ı2d̂�2

] 1
�2

)

≤ h1(1 – ı1)h2(1 – ı2)ρ(â, ĉ) + h1(1 – ı1)h2(ı2)ρ(â, d̂) + h1(ı1)h2(1 – ı2)ρ(b̂, ĉ)

+ h1(ı1)h2(ı2)ρ(b̂, d̂) – μ1
(
â�1 – b̂�1

)σ1 – μ2
(
ĉ�2 – d̂�2

)σ2 . (3.6)
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Adding inequalities (3.3), (3.4), (3.5) and (3.6), we arrive at the result

ρ(x, u) + ρ(x, v) + ρ(y, u) + ρ(y, v)

≤ [
ρ(â, ĉ) + ρ(â, d̂) + ρ(b̂, ĉ) + ρ(b̂, d̂)

]

× [
h1(ı1)h2(ı2) + h1(ı1)h2(1 – ı2)

+ h1(1 – ı1)h2(ı2) + h1(1 – ı1)h2(1 – ı2)
]

– 2μ1
[(

b̂�1 – â�1
)σ1 +

(
â�1 – b̂�1

)σ1]

– 2μ2
[(

d̂�2 – ĉ�2
)σ2 +

(
ĉ�2 – d̂�2

)σ2]. (3.7)

Multiplying (3.7) by μν

4k1k2
ı

μ
k1

–1
1 ı

ν
k2

–1
2 and integrating over ([0, 1]× [0, 1]), one has the second

inequality of (3.1) by applying Definition 2.22, which then completes the proof. �

Corollary 3.2 Taking k1, k2 → 1 in Theorem 3.1, we have

1
4h1( 1

2 )h2( 1
2 )

ρ

([
â�1 + b̂�1

2

] 1
�1

,
[

ĉ�2 + d̂�2

2

] 1
�2

)
+ A�

≤ �
μ
1 �ν

2
(μ + 1)
(ν + 1)
4(b̂�1 – â�1 )μ(d̂�2 – ĉ�2 )ν

× [
�1,�2 Iμ,ν

â+,ĉ+ρ(b̂, d̂)

+ �1,�2 Iμ,ν
â+,d̂–

ρ(b̂, ĉ) + �1,�2 Iμ,ν
b̂–,ĉ+

ρ(â, d̂) + �1,�2 Iμ,ν
b̂–,d̂–

ρ(â, ĉ)
]

≤ μν

4
[
ρ(â, ĉ) + ρ(â, d̂) + ρ(b̂, ĉ) + ρ(b̂, d̂)

]

×
∫ 1

0

∫ 1

0
ı
μ–1
1 ıν–1

2
[
h1(ı1) + h1(1 – ı1)

][
h2(ı2) + h2(1 – ı2)

]
dı1 dı2

–
μ1[(b̂�1 – â�1 )σ1 + (â�1 – b̂�1 )σ1 ] + μ2[(d̂�2 – ĉ�2 )σ2 + (ĉ�2 – d̂�2 )σ2 ]

2
, (3.8)

where

A� = –
μν

16

[
μ1

ν

(
1

2b̂�1

)μ

C�
1 +

μ2

μ

(
1

2d̂�2

)ν

C�
2

]

and

C�
1 =

∫ â�1 +b̂�1

â�1 –b̂�1
ı
σ1
1

[
ı1 – â�1 + b̂�1

]μ–1 dı1, C�
2 =

∫ ĉ�2 +d̂�2

ĉ�2 –d̂�2
ı
σ2
2

[
ı2 – ĉ�2 + d̂�2

]ν–1 dı2.

Corollary 3.3 Taking μ1,μ2 → 0+ in Theorem 3.1, we get

1
4h1( 1

2 )h2( 1
2 )

ρ

([
â�1 + b̂�1

2

] 1
�1

,
[

ĉ�2 + d̂�2

2

] 1
�2

)

≤ �

μ
k1
1 �

ν
k2
2 
k1 (μ + k1)
k2 (ν + k2)

4(b̂�1 – â�1 )
μ
k1 (d̂�2 – ĉ�2 )

ν
k2
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× [
�1,�2 Iμ,ν,k1,k2

â+,ĉ+ ρ(b̂, d̂)

+ �1,�2 Iμ,ν,k1,k2
â+,d̂–

ρ(b̂, ĉ) + �1,�2 Iμ,ν,k1,k2
b̂–,ĉ+

ρ(â, d̂) + �1,�2 Iμ,ν,k1,k2
b̂–,d̂–

ρ(â, ĉ)
]

≤ μν

4k1k2

[
ρ(â, ĉ) + ρ(â, d̂) + ρ(b̂, ĉ) + ρ(b̂, d̂)

]

×
∫ 1

0

∫ 1

0
ı

μ
k1

–1
1 ı

ν
k2

–1
2

[
h1(ı1) + h1(1 – ı1)

][
h2(ı2) + h2(1 – ı2)

]
dı1 dı2. (3.9)

Corollary 3.4 Taking k1, k2 → 1 in Corollary 3.3, we obtain

1
4h1( 1

2 )h2( 1
2 )

ρ

([
â�1 + b̂�1

2

] 1
�1

,
[

ĉ�2 + d̂�2

2

] 1
�2

)

≤ �
μ
1 �ν

2
(μ + 1)
(ν + 1)
4(b̂�1 – â�1 )μ(d̂�2 – ĉ�2 )ν

× [
�1,�2 Iμ,ν

â+,ĉ+ρ(b̂, d̂) + �1,�2 Iμ,ν
â+,d̂–

ρ(b̂, ĉ) + �1,�2 Iμ,ν
b̂–,ĉ+

ρ(â, d̂) + �1,�2 Iμ,ν
b̂–,d̂–

ρ(â, ĉ)
]

≤ μν

4
[
ρ(â, ĉ) + ρ(â, d̂) + ρ(b̂, ĉ) + ρ(b̂, d̂)

]

×
∫ 1

0

∫ 1

0
ı
μ–1
1 ıν–1

2
[
h1(ı1) + h1(1 – ı1)

][
h2(ı2) + h2(1 – ı2)

]
dı1 dı2. (3.10)

Remark 3.5 If μ = 1 = ν , then Corollary 3.4 becomes Theorem 2.16 which was proved in
[38].

Remark 3.6 If h1(t) = t = h2(t), then Remark 3.5 coincides with Theorem 2.11 which was
proved in [27].

Corollary 3.7 Taking �1 = �2 = 1 in Corollary 3.4, we have

1
4h1( 1

2 )h2( 1
2 )

ρ

(
â + b

2
,

ĉ + d̂
2

)

≤ 
(μ + 1)
(ν + 1)
4(b̂ – â)μ(d̂ – ĉ)ν

[
Iμ,ν

â+,ĉ+ρ(b̂, d̂) + Iμ,ν
â+,d̂–

ρ(b̂, ĉ) + Iμ,ν
b̂–,ĉ+

ρ(â, d̂) + Iμ,ν
b̂–,d̂–

ρ(â, ĉ)
]

≤ μν

4
[
ρ(â, ĉ) + ρ(â, d̂) + ρ(b̂, ĉ) + ρ(b̂, d̂)

]

×
∫ 1

0

∫ 1

0
ı
μ–1
1 ıν–1

2
[
h1(ı1) + h1(1 – ı1)

][
h2(ı2) + h2(1 – ı2)

]
dı1 dı2.

This result coincides with Theorem 2.1 of [36], if h1(t) = h2(t) = h(t). Furthermore, if
μ = ν = 1, it reduces to Theorem 7 of [23].

Remark 3.8 If h1(t) = h2(t) = t then Corollary 3.7 coincides with Theorem 2.8.

Corollary 3.9 Suppose that ρ : � → R is distance-disturbed (�1, s1)-(�2, s2)-convex func-
tion of higher orders on the coordinates on � and ρ ∈ L1(�). Then one has the inequali-
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ties

2s1+s2–2ρ

([
â�1 + b̂�1

2

] 1
�1

,
[

ĉ�2 + d̂�2

2

] 1
�2

)
+ A

≤ �

μ
k1
1 �

ν
k2
2 
k1 (μ + k1)
k2 (ν + k2)

4(b̂�1 – â�1 )
μ
k1 (d̂�2 – ĉ�2 )

ν
k2

× [
�1,�2 Iμ,ν,k1,k2

â+,ĉ+ ρ(b̂, d̂) + �1,�2 Iμ,ν,k1,k2
â+,d̂–

ρ(b̂, ĉ)

+ �1,�2 Iμ,ν,k1,k2
b̂–,ĉ+

ρ(â, d̂) + �1,�2 Iμ,ν,k1,k2
b̂–,d̂–

ρ(â, ĉ)
]

≤ μν

4k1k2

[
ρ(â, ĉ) + ρ(â, d̂) + ρ(b̂, ĉ) + ρ(b̂, d̂)

]

×
{

1
(μ + s1)(ν + s2)

+
B(ν, s2 + 1)

(μ + s1)

+
B(μ, s1 + 1)

(ν + s2)
+ B(ν, s2 + 1)B(μ, s1 + 1)

}

–
μ1[(b̂�1 – â�1 )σ1 + (â�1 – b̂�1 )σ1 ] + μ2[(d̂�2 – ĉ�2 )σ2 + (ĉ�2 – d̂�2 )σ2 ]

2
,

where B(x, y) =
∫ 1

0 j x–1(1 – j )y–1 dj , for all x, y > 0, is the Beta function.

Corollary 3.10 Suppose that ρ : � → R is distance-disturbed (�, s1)-(�, s2)-convex func-
tion of higher orders on the coordinates on � and ρ ∈ L1(�). Then one has the inequalities

2s1+s2–2ρ

([
â� + b̂�

2

] 1
�

,
[

ĉ� + d̂�

2

] 1
�
)

+ B

≤ �
μ
k1

+ ν
k2 
k1 (μ + k1)
k2 (ν + k2)

4(b̂� – â�)
μ
k1 (d̂� – ĉ�)

ν
k2

× [�,�Iμ,ν,k1,k2
â+,ĉ+ ρ(b̂, d̂) + �,�Iμ,ν,k1,k2

â+,d̂–
ρ(b̂, ĉ)

+ �,�Iμ,ν,k1,k2
b̂–,ĉ+

ρ(â, d̂) + �,�Iμ,ν,k1,k2
b̂–,d̂–

ρ(â, ĉ)
]

≤ μν

4k1k2

[
ρ(â, ĉ) + ρ(â, d̂) + ρ(b̂, ĉ) + ρ(b̂, d̂)

]

×
{

1
(μ + s1)(ν + s2)

+
B(ν, s2 + 1)

(μ + s1)
+

B(μ, s1 + 1)
(ν + s2)

+ B(ν, s2 + 1)B(μ, s1 + 1)
}

–
μ1[(b̂� – â�)σ1 + (â� – b̂�)σ1 ] + μ2[(d̂� – ĉ�)σ2 + (ĉ� – d̂�)σ2 ]

2
,

where

B = –
μν

16k1k2

[
μ1k2

ν

(
1

2b̂�

) μ
k1

B1 +
μ2k1

μ

(
1

2d̂�

) ν
k2

B2

]

and

B1 =
∫ â�+b̂�

â�–b̂�

ı
σ1
1

[
ı1 – â� + b̂�

] μ
k1

–1 dı1, B2 =
∫ ĉ�+d̂�

ĉ�–d̂�

ı
σ2
2

[
ı2 – ĉ� + d̂�

] ν
k2

–1 dı2.
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Corollary 3.11 Suppose that ρ : � → R is distance-disturbed (s1, s2)-convex function of
order 2 on the coordinates on � and ρ ∈ L1(�). Then one has the inequalities:

2s1+s2–2ρ

(
â + b̂

2
,

ĉ + d̂
2

)
+ D

≤ 
k1 (μ + k1)
k2 (ν + k2)

4(b̂ – â)
μ
k1 (d̂ – ĉ)

ν
k2

× [1,1Iμ,ν,k1,k2
â+,ĉ+ ρ(b̂, d̂) + 1,1Iμ,ν,k1,k2

â+,d̂–
ρ(b̂, ĉ)

+ 1,1Iμ,ν,k1,k2
b̂–,ĉ+

ρ(â, d̂) + 1,1Iμ,ν,k1,k2
b̂–,d̂–

ρ(â, ĉ)
]

≤ μν

4k1k2

[
ρ(â, ĉ) + ρ(â, d̂) + ρ(b̂, ĉ) + ρ(b̂, d̂)

]

×
{

1
(μ + s1)(ν + s2)

+
B(ν, s2 + 1)

(μ + s1)
+

B(μ, s1 + 1)
(ν + s2)

+ B(ν, s2 + 1)B(μ, s1 + 1)
}

–
[
μ1(b̂ – â)2 + μ2(d̂ – ĉ)2],

where

D = –
μν

16k1k2

[
μ1k2

ν

(
1

2b̂

) μ
k1

D1 +
μ2k1

μ

(
1

2d̂

) ν
k2

D2

]
,

D1 =
∫ â+b̂

â–b̂
ı2
1 [ı1 – â + b̂]

μ
k1

–1 dı1, D2 =
∫ ĉ+d̂

ĉ–d̂
ı2
2 [ı2 – ĉ + d̂]

ν
k2

–1 dı2.

To prove our next result, we need Proposition 3.12.

Proposition 3.12 Let ρ : I = [â, b̂] ⊆ (0,∞) → R be a distance-disturbed (�, h)-convex
function of higher order σ > 0 and ρ ∈ L1[â, b̂]. Then, for α,μ, k > 0, the following double
inequality holds:

1
h( 1

2 )
ρ

([
â� + b̂�

2

] 1
�
)

+
αμ

4k
(
b̂� – â�

)σ W

≤ �
μ
k 
k(α + k)
(b̂� – â�)

μ
k

[�Iα,k
â+ ρ(b̂) + �Iα,k

b̂–
ρ(â)

]

≤ α

[
ρ(â) + ρ(b̂)

k

]∫ 1

0
t

α
k –1[h(t) + h(1 – t)

]
dt

– μ
αk

(α + k)(α + 2k)
[(

b̂� – â�
)σ +

(
â� – b̂�

)σ ]
, (3.11)

where

W =
∫ 1

0
t

α
k –1(2t – 1)σ dt.
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Proof Since ρ is a distance-disturbed (�, h)-convex function of higher order σ > 0 on [â, b̂],
taking x� = tâ� + (1 – t)b̂� and y� = (1 – t)â� + tb̂�, for all t ∈ [0, 1], we have

1
h( 1

2 )
ρ

([
â� + b̂�

2

] 1
�
)

≤ ρ
([

tâ� + (1 – t)b̂�
] 1

�
)

+ ρ
([

(1 – t)â� + tb̂�
] 1

�
)

–
μ

4
(2t – 1)σ

(
b̂� – â�

)σ . (3.12)

Multiplying both sides of (3.12) by t
α
k –1 and integrating w.r.t. t over [0, 1], we obtain

k
αh( 1

2 )
f
([

â� + b̂�

2

] 1
�
)

≤
∫ 1

0
t

α
k –1ρ

([
tâ� + (1 – t)b̂�

] 1
�
)

dt

+
∫ 1

0
t

α
k –1ρ

([
(1 – t)â� + tb̂�

] 1
�
)

dt –
μ

4
(
b̂� – â�

)σ

∫ 1

0
t

α
k –1(2t – 1)σ dt. (3.13)

By a change of variable in (3.13), we get

k
αh( 1

2 )
ρ

([
â� + b̂�

2

] 1
�
)

≤ �

(b̂� – â�)
α
k

[∫ b̂

â

x
α
k –1

(b̂� – x�)
α
k
ρ(x) dx +

∫ b̂

â

x
α
k –1

(x� – â�)
α
k
ρ(x) dx

]

–
μ

4
(
b̂� – â�

)σ W .

Applying Definition 2.20 of Katugampola k-fractional integrals, one has the first inequality
of (3.11). For the second inequality on the right-hand side of (3.11), by using the distance-
disturbed (�, h)-convexity of higher order σ > 0 of ρ , we have

ρ
([

tâ� + (1 – t)b̂�
] 1

�
)

+ ρ
([

(1 – t)â� + tb̂�
] 1

�
) ≤ [

ρ(â) + ρ(b̂)
](

h(t) + h(1 – t)
)

– μt(1 – t)
[(

b̂� – â�
)σ +

(
â� – b̂�

)σ ]
.

Multiplying by t
α
k –1 on both sides and integrating over [0, 1], we obtained the second in-

equality of (3.11). �

Corollary 3.13 Taking μ → 0+ in Proposition 3.12, we have

1
h( 1

2 )
ρ

([
â� + b̂�

2

] 1
�
)

≤ �
α
k 
k(α + k)
(b̂� – â�)

α
k

[�Iα,k
â+ ρ(b̂) + �Iμ,k

b̂–
ρ(â)

]

≤ α

[
ρ(â) + ρ(b̂)

k

]∫ 1

0
t

α
k –1[h(t) + h(1 – t)

]
dt. (3.14)

Remark 3.14 If α = k = 1, then Corollary 3.13 coincides with Theorem 5 of [8].

Remark 3.15 If � = k = 1 and h(t) = t, then Corollary 3.13 coincides with Theorem 2 of
[35].

Now, using Proposition 3.12 we can give the following result.
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Theorem 3.16 Suppose that ρ : � → R is a distance-disturbed (�1, h1)-(�2, h2)-convex
function of higher orders on the coordinates on � and ρ ∈ L1(�). Then one has the in-
equalities

1
h1( 1

2 )h2( 1
2 )

ρ

([
â�1 + b̂�1

2

] 1
�1

,
[

ĉ�2 + d̂�2

2

] 1
�2

)

≤ �

μ
k1
1 
k1 (μ + k1)

2h2( 1
2 )(b̂�1 – â�1 )

μ
k1

[
�1 Iμ,k1

â+ ρ

(
b̂,

[
ĉ�2 + d̂�2

2

] 1
�2

)
+ �1 Iμ,k1

b̂–
ρ

(
â,

[
ĉ�2 + d̂�2

2

] 1
�2

)]

+
�

ν
k2
2 
k2 (ν + k2)

2h1( 1
2 )(d̂�2 – ĉ�2 )

ν
k2

[
�2 Iν,k2

ĉ+ ρ

([
â�1 + b̂�1

2

] 1
�1

, d
)

+ �2 Iν,k2
d̂–

ρ

([
â�1 + b̂�1

2

] 1
�1

, c
)]

+
μν�1μ2(d̂�2 – ĉ�2 )σ2

8k1k2(b̂�1 – â�1 )
μ
k1

W2(F1 + F2) +
μν�2μ1(b̂�1 – â�1 )σ1

8k1k2(d̂�2 – ĉ�2 )
ν

k2
W1(F3 + F4)

≤ �

μ
k1
1 �

ν
k2
2 
k1 (μ + k1)
k2 (ν + k2)

(b̂�1 – â�1 )
μ
k1 (d̂�2 – ĉ�2 )

ν
k2

× [
�1,�2 Iμ,ν,k1,k2

â+,ĉ+ ρ(b̂, d̂) + �1,�2 Iμ,ν,k1,k2
â+,d̂–

ρ(b̂, ĉ) + �1,�2 Iμ,ν,k1,k2
b̂–,ĉ+

ρ(â, d̂)

+ �1,�2 Iμ,ν,k1,k2
b̂–,d̂–

ρ(â, ĉ)
]

≤ ν�

μ
k1
1 
k1 (μ + k1)

2k2(b̂�1 – â�1 )
μ
k1

[
�1 Iμ,k1

â+ ρ(b̂, ĉ) + �1 Iμ,k1
â+ ρ(b̂, d̂) + �1 Iμ,k1

b̂–
ρ(â, ĉ) + �1 Iμ,k1

b̂–
ρ(â, d̂)

]

×
∫ 1

0
ı

ν
k2

–1
2

[
h2(ı2) + h2(1 – ı2)

]
dı2

– μ2
μν�1k2

2k1(ν + k2)(ν + 2k2)(b̂�1 – â�1 )
μ
k1

[(
d̂�2 – ĉ�2

)σ2 +
(
ĉ�2 – d̂�2

)σ2](F1 + F2)

+
μ�

ν
k2
2 
k2 (ν + k2)

2k1(d̂�2 – ĉ�2 )
ν

k2

[
�2 Iν,k2

ĉ+ ρ(â, d̂) + �2 Iν,k2
ĉ+ ρ(b̂, d̂) + �2 Iν,k2

d̂–
ρ(â, ĉ) + �2 Iν,k2

d̂–
ρ(b̂, ĉ)

]

×
∫ 1

0
ı

μ
k1

–1
1

[
h1(ı1) + h1(1 – ı1)

]
dı1

– μ1
μν�2k1

2k2(μ + k1)(μ + 2k1)(d̂�2 – ĉ�2 )
ν

k2

[(
b̂�1 – â�1

)σ1 +
(
â�1 – b̂�1

)σ1](F3 + F4)

≤ μν

k1k2

[
ρ(â, ĉ) + ρ(â, d̂) + ρ(b̂, ĉ) + ρ(b̂, d̂)

]

×
∫ 1

0

∫ 1

0
ı

μ
k1

–1
1 ı

ν
k2

–1
2

[
h2(ı2) + h2(1 – ı2)

][
h1(ı1) + h1(1 – ı1)

]
dı2 dı1

– μ2
μν�1k2

2k1(ν + k2)(ν + 2k2)(b̂�1 – â�1 )
μ
k1

[(
d̂�2 – ĉ�2

)σ2 +
(
ĉ�2 – d̂�2

)σ2](F1 + F2)

– μ1
μν�2k1

2k2(μ + k1)(μ + 2k1)(d̂�2 – ĉ�2 )
ν

k2

× [(
b̂�1 – â�1

)σ1 +
(
â�1 – b̂�1

)σ1](F3 + F4), (3.15)
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where

F1 =
∫ b̂

â

x�1–1

(b̂�1 – x�1 )1– μ
k1

dx, F2 =
∫ b̂

â

x�1–1

(x�1 – â�1 )1– μ
k1

dx,

F3 =
∫ d̂

ĉ

y�2–1

(d̂�2 – y�2 )1– ν
k2

dy, F4 =
∫ d̂

ĉ

y�2–1

(y�2 – ĉ�2 )1– ν
k2

dy,

and

W1 =
∫ 1

0
ı

μ
k1

–1
1 (2ı1 – 1)σ1 dı1, W2 =

∫ 1

0
ı

ν
k2

–1
2 (2ı2 – 1)σ2 dı2.

Proof Since ρ : � → R is a distance-disturbed (�1, h1)-(�2, h2)-convex function of higher
orders (σ1,σ2), then partial mapping ρx : [ĉ, d̂] → R defined by ρx(v) = ρ(x, v) for all x ∈
[â, b̂] is distance-disturbed (�2, h2)-convex of order σ1 on [ĉ, d̂]. Similarly, ρy : [â, b̂] → R

defined by ρy(u) = ρ(u, y) for all y ∈ [ĉ, d̂] is distance-disturbed (�1, h1)-convex of order σ2

on [â, b̂]. Then, by Proposition 3.12 and applying the distance-disturbed (�2, h2)-convexity
of ρx, we have

1
h2( 1

2 )
ρx

([
ĉ�2 + d̂�2

2

] 1
�2

)
+

νμ2

4k2

(
d̂�2 – ĉ�2

)σ2 W2

≤ �
ν

k2
2 
k2 (ν + k2)

(d̂�2 – ĉ�2 )
ν

k2

[
�2 Iν,k2

ĉ+ ρx(d̂) + �2 Iν,k2
d̂–

ρx(ĉ)
]

≤ ν

[
ρx(ĉ) + ρx(d̂)

k2

]∫ 1

0
ı

ν
k2

–1
2

[
h2(ı2) + h2(1 – ı2)

]
dı2

– μ2
νk2

(ν + k2)(ν + 2k2)
[(

d̂�2 – ĉ�2
)σ2 +

(
ĉ�2 – d̂�2

)σ2],

1
h2( 1

2 )
ρ

(
x,

[
ĉ�2 + d̂�2

2

] 1
�2

)
+

νμ2

4k2

(
d̂�2 – ĉ�2

)σ2 W2

≤ �
ν

k2
2 
k2 (ν + k2)

(d̂�2 – ĉ�2 )
ν

k2

[
�2 Iν,k2

ĉ+ ρ(x, d̂) + �2 Iν,k2
d̂–

ρ(x, ĉ)
]
.

Or

≤ ν

[
ρ(x, ĉ) + ρ(x, d̂)

k2

]∫ 1

0
ı

ν
k2

–1
2

[
h2(ı2) + h2(1 – ı2)

]
dı2

– μ2
νk2

(ν + k2)(ν + 2k2)
[(

d̂�2 – ĉ�2
)σ2 +

(
ĉ�2 – d̂�2

)σ2]. (3.16)

Integrating inequality (3.16) w.r.t. x over [â, b̂] after multiplying by

μ�1x�1–1

2k1(b̂�1 – â�1 )
μ
k1 (b̂�1 – x�1 )1– μ

k1
and

μ�1x�1–1

2k1(b̂�1 – â�1 )
μ
k1 (x�1 – â�1 )1– μ

k1
,
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respectively, we obtain

μ�1

2k1h2( 1
2 )(b̂�1 – â�1 )

μ
k1

∫ b̂

â

x�1–1

(b̂�1 – x�1 )1– μ
k1

ρ

(
x,

[
ĉ�2 + d̂�2

2

] 1
�2

)
dx

+
μν�1μ2(d̂�2 – ĉ�2 )σ2

8k1k2(b̂�1 – â�1 )
μ
k1

W2

∫ b̂

â

x�1–1

(b̂�1 – x�1 )1– μ
k1

dx

≤ μν�1�2

2k1k2(d̂�2 – ĉ�2 )
ν

k2 (b̂�1 – â�1 )
μ
k1

×
[∫ b̂

â

∫ d̂

ĉ

x�1–1y�2–1ρ(x, y)

(b̂�1 – x�1 )1– μ
k1 (d̂�2 – y�2 )1– ν

k2
dy dx

+
∫ b̂

â

∫ d̂

ĉ

x�1–1y�2–1ρ(x, y)

(b̂�1 – x�1 )1– μ
k1 (y�2 – ĉ�2 )1– ν

k2
dy dx

]

≤ μν�1

2k1k2(b̂�1 – â�1 )
μ
k1

[∫ b̂

â

x�1–1ρ(x, ĉ)

(b̂�1 – x�1 )1– μ
k1

dx +
∫ b̂

â

x�1–1ρ(x, d̂)

(b̂�1 – x�1 )1– μ
k1

dx
]

×
∫ 1

0
ı

ν
k2

–1
2

[
h2(ı2) + h2(1 – ı2)

]
dı2

– μ2
μν�1k2

2k1(ν + k2)(ν + 2k2)(b̂�1 – â�1 )
μ
k1

[(
d̂�2 – ĉ�2

)σ2 +
(
ĉ�2 – d̂�2

)σ2]

×
∫ b̂

â

x�1–1

(b̂�1 – x�1 )1– μ
k1

dx (3.17)

and

μ�1

2k1h2( 1
2 )(b̂�1 – â�1 )

μ
k1

∫ b̂

â

x�1–1

(x�1 – â�1 )1– μ
k1

ρ

(
x,

[
ĉ�2 + d̂�2

2

] 1
�2

)
dx

+
μν�1μ2(d̂�2 – ĉ�2 )σ2

8k1k2(b̂�1 – â�1 )
μ
k1

W2

∫ b̂

â

x�1–1

(x�1 – â�1 )1– μ
k1

dx

≤ μν�1�2

2k1k2(d̂�2 – ĉ�2 )
ν

k2 (b̂�1 – â�1 )
μ
k1

×
[∫ b̂

â

∫ d̂

ĉ

x�1–1y�2–1ρ(x, y)

(x�1 – â�1 )1– μ
k1 (d̂�2 – y�2 )1– ν

k2
dy dx

+
∫ b̂

â

∫ d̂

ĉ

x�1–1y�2–1ρ(x, y)

(x�1 – â�1 )1– μ
k1 (y�2 – ĉ�2 )1– ν

k2
dy dx

]

≤ μν�1

2k1k2(b̂�1 – â�1 )
μ
k1

[∫ b̂

â

x�1–1ρ(x, ĉ)

(x�1 – â�1 )1– μ
k1

dx +
∫ b̂

â

x�1–1ρ(x, d̂)

(x�1 – â�1 )1– μ
k1

dx
]

×
∫ 1

0
ı

ν
k2

–1
2

[
h2(ı2) + h2(1 – ı2)

]
dı2
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– μ2
μν�1k2

2k1(ν + k2)(ν + 2k2)(b̂�1 – â�1 )
μ
k1

[(
d̂�2 – ĉ�2

)σ2 +
(
ĉ�2 – d̂�2

)σ2]

×
∫ b̂

â

x�1–1

(x�1 – â�1 )1– μ
k1

dx. (3.18)

Now again by Proposition 3.12 and applying the distance-disturbed (�1, h1)-convexity of
ρy, we have

1
h1( 1

2 )
ρy

([
â�1 + b̂�1

2

] 1
�1

)
+

μμ1

4k1

(
b̂�1 – â�1

)σ1 W1

≤ �

μ
k1
1 
k1 (μ + k1)

(b̂�1 – â�1 )
μ
k1

[
�1 Iμ,k1

â+ ρy(b̂) + �1 Iμ,k1
b̂–

ρy(â)
]

≤ μ

[
ρy(â) + ρy(b̂)

k1

]∫ 1

0
ı

μ
k1

–1
1

[
h1(ı1) + h1(1 – ı1)

]
dı1

– μ1
μk1

(μ + k1)(μ + 2k1)
[(

b̂�1 – â�1
)σ1 +

(
â�1 – b̂�1

)σ1].

Or

1
h1( 1

2 )
ρ

([
â�1 + b̂�1

2
, y

] 1
�1

)
+

μμ1

4k1

(
b̂�1 – â�1

)σ1 W1

≤ �

μ
k1
1 
k1 (μ + k1)

(b̂�1 – â�1 )
μ
k1

[
�1 Iμ,k1

â+ ρ(b̂, y) + �1 Iμ,k1
b̂–

ρ(â, y)
]

≤ μ

[
ρ(â, y) + ρ(b̂, y)

k1

]∫ 1

0
ı

μ
k1

–1
1

[
h1(ı1) + h1(1 – ı1)

]
dı1

– μ1
μk1

(μ + k1)(μ + 2k1)
[(

b̂�1 – â�1
)σ1 +

(
â�1 – b̂�1

)σ1]. (3.19)

Integrating (3.19) w.r.t. y over [ĉ, d̂] after multiplying by

ν�2y�2–1

2k2(d̂�2 – ĉ�2 )
ν

k2 (d̂�2 – y�2 )1– ν
k2

and
ν�2y�2–1

2k2(d̂�2 – ĉ�2 )
ν

k2 (y�2 – ĉ�2 )1– ν
k2

,

respectively, we have

ν�2

2k2h1( 1
2 )(d̂�2 – ĉ�2 )

ν
k2

∫ d

c

y�2–1

(d̂�2 – y�2 )1– ν
k2

ρ

([
â�1 + b̂�1

2

] 1
�1

, y
)

dy

+
μν�2μ1(b̂�1 – â�1 )σ1

8k1k2(d̂�2 – ĉ�2 )
ν

k2
W1

∫ d̂

ĉ

y�2–1

(d̂�2 – y�2 )1– ν
k2

dy

≤ μν�1�2

2k1k2(d̂�2 – ĉ�2 )
ν

k2 (b̂�1 – â�1 )
μ
k1

×
[∫ b̂

â

∫ d̂

ĉ

x�1–1y�2–1ρ(x, y)

(b̂�1 – x�1 )1– μ
k1 (d̂�2 – y�2 )1– ν

k2
dy dx
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+
∫ b̂

â

∫ d̂

ĉ

x�1–1y�2–1ρ(x, y)

(x�1 – â�1 )1– μ
k1 (d̂�2 – y�2 )1– ν

k2
dy dx

]

≤ μν�2

2k1k2(d̂�2 – ĉ�2 )
ν

k2

[∫ d̂

ĉ

y�2–1ρ(â, y)

(d̂�2 – y�2 )1– ν
k2

dy +
∫ d̂

ĉ

y�2–1ρ(b̂, y)

(d̂�2 – y�2 )1– ν
k2

dy
]

×
∫ 1

0
ı

μ
k1

–1
1

[
h1(ı1) + h1(1 – ı1)

]
dı1

– μ1
μν�2k1

2k2(μ + k1)(μ + 2k1)(d̂�2 – ĉ�2 )
ν

k2

[(
b̂�1 – â�1

)σ1 +
(
â�1 – b̂�1

)σ1]

×
∫ d̂

ĉ

y�2–1

(d̂�2 – y�2 )1– ν
k2

dy (3.20)

and

ν�2

2k2h1( 1
2 )(d̂�2 – ĉ�2 )

ν
k2

∫ d̂

ĉ

y�2–1

(y�2 – ĉ�2 )1– ν
k2

ρ

([
â�1 + b̂�1

2

] 1
�1

, y
)

dy

+
μν�2μ1(b̂�1 – â�1 )σ1

8k1k2(d̂�2 – ĉ�2 )
ν

k2
W1

∫ d̂

ĉ

y�2–1

(y�2 – ĉ�2 )1– ν
k2

dy

≤ μν�1�2

2k1k2(d̂�2 – ĉ�2 )
ν

k2 (b̂�1 – â�1 )
μ
k1

×
[∫ b̂

â

∫ d̂

ĉ

x�1–1y�2–1ρ(x, y)

(b̂�1 – x�1 )1– μ
k1 (y�2 – ĉ�2 )1– ν

k2
dy dx

+
∫ b̂

â

∫ d̂

ĉ

x�1–1y�2–1ρ(x, y)

(x�1 – â�1 )1– μ
k1 (y�2 – ĉ�2 )1– ν

k2
dy dx

]

≤ μν�2

2k1k2(d̂�2 – ĉ�2 )
ν

k2

[∫ d̂

ĉ

y�2–1ρ(a, y)

(y�2 – ĉ�2 )1– ν
k2

dy +
∫ d̂

ĉ

y�2–1ρ(b̂, y)

(y�2 – ĉ�2 )1– ν
k2

dy
]

×
∫ 1

0
ı

μ
k1

–1
1

[
h1(ı1) + h1(1 – ı1)

]
dı1

– μ1
μν�2k1

2k2(μ + k1)(μ + 2k1)(d̂�2 – ĉ�2 )
ν

k2

[(
b̂�1 – â�1

)σ1 +
(
â�1 – b̂�1

)σ1]

×
∫ d̂

ĉ

y�2–1

(d̂�2 – y�2 )1– ν
k2

dy. (3.21)

Adding inequalities (3.17), (3.18), (3.20), (3.21) and applying Definition 2.22, one obtains

�

μ
k1
1 
k1 (μ + k1)

2h2( 1
2 )(b̂�1 – â�1 )

μ
k1

[
�1 Iμ,k1

â+ ρ

(
b̂,

[
ĉ�2 + d̂�2

2

] 1
�2

)
+ �1 Iμ,k1

b̂–
ρ

(
â,

[
ĉ�2 + d̂�2

2

] 1
�2

)]

+
�

ν
k2
2 
k2 (ν + k2)

2h1( 1
2 )(d̂�2 – ĉ�2 )

ν
k2

[
�2 Iν,k2

ĉ+ ρ

([
â�1 + b̂�1

2

] 1
�1

, d̂
)

+ �2 Iν,k2
d̂–

ρ

([
â�1 + b̂�1

2

] 1
�1

, ĉ
)]
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+
μν�1μ2(d̂�2 – ĉ�2 )σ2

8k1k2(b̂�1 – â�1 )
μ
k1

W2(F1 + F2) +
μν�2μ1(b̂�1 – â�1 )σ1

8k1k2(d̂�2 – ĉ�2 )
ν

k2
W1(F3 + F4)

≤ �

μ
k1
1 �

ν
k2
2 
k1 (μ + k1)
k2 (ν + k2)

(b̂�1 – â�1 )
μ
k1 (d̂�2 – ĉ�2 )

ν
k2

× [
�1,�2 Iμ,ν,k1,k2

â+,ĉ+ ρ(b̂, d̂) + �1,�2 Iμ,ν,k1,k2
â+,d̂–

ρ(b̂, ĉ)

+ �1,�2 Iμ,ν,k1,k2
b̂–,ĉ+

ρ(â, d̂) + �1,�2 Iμ,ν,k1,k2
b̂–,d̂–

ρ(â, ĉ)
]

≤ ν�

μ
k1
1 
k1 (μ + k1)

2k2(b̂�1 – â�1 )
μ
k1

[
�1 Iμ,k1

â+ ρ(b̂, ĉ) + �1 Iμ,k1
â+ ρ(b̂, d̂) + �1 Iμ,k1

b̂–
ρ(â, ĉ) + �1 Iμ,k1

b̂–
ρ(â, d̂)

]

×
∫ 1

0
ı

ν
k2

–1
2

[
h2(ı2) + h2(1 – ı2)

]
dı2

– μ2
μν�1k2

2k1(ν + k2)(ν + 2k2)(b̂�1 – â�1 )
μ
k1

[(
d̂�2 – ĉ�2

)σ2 +
(
ĉ�2 – d̂�2

)σ2](F1 + F2)

+
μ�

ν
k2
2 
k2 (ν + k2)

2k1(d̂�2 – ĉ�2 )
ν

k2

[
�2 Iν,k2

ĉ+ ρ(â, d̂) + �2 Iν,k2
ĉ+ ρ(b̂, d̂) + �2 Iν,k2

d̂–
ρ(â, ĉ) + �2 Iν,k2

d̂–
ρ(b̂, ĉ)

]

×
∫ 1

0
ı

μ
k1

–1
1

[
h1(ı1) + h1(1 – ı1)

]
dı1

– μ1
μν�2k1

2k2(μ + k1)(μ + 2k1)(d̂�2 – ĉ�2 )
ν

k2

[(
b̂�1 – â�1

)σ1 +
(
â�1 – b̂�1

)σ1](F3 + F4),

which are the second and third inequalities of (3.15). For the last inequality of (3.15), ap-
plying Proposition 3.12 to the last part of the above inequality, we have

ν�

μ
k1
1 
k1 (μ + k1)

2k2(b̂�1 – â�1 )
μ
k1

[
�1 Iμ,k1

â+ ρ(b̂, ĉ) + �1 Iμ,k1
â+ ρ(b̂, d̂) + �1 Iμ,k1

b̂–
ρ(â, ĉ) + �1 Iμ,k1

b̂–
ρ(â, d̂)

]

×
∫ 1

0
ı

ν
k2

–1
2

[
h2(ı2) + h2(1 – ı2)

]
dı2

– μ2
μν�1k2

2k1(ν + k2)(ν + 2k2)(b̂�1 – â�1 )
μ
k1

[(
d̂�2 – ĉ�2

)σ2 +
(
ĉ�2 – d̂�2

)σ2](F1 + F2)

+
μ�

ν
k2
2 
k2 (ν + k2)

2k1(d̂�2 – ĉ�2 )
ν

k2

[
�2 Iν,k2

ĉ+ ρ(â, d̂) + �2 Iν,k2
ĉ+ ρ(b̂, d̂) + �2 Iν,k2

d̂–
ρ(â, ĉ) + �2 Iν,k2

d̂–
ρ(b̂, ĉ)

]

×
∫ 1

0
ı

μ
k1

–1
1

[
h1(ı1) + h1(1 – ı1)

]
dı1

– μ1
μν�2k1

2k2(μ + k1)(μ + 2k1)(d̂�2 – ĉ�2 )
ν

k2

[(
b̂�1 – â�1

)σ1 +
(
â�1 – b̂�1

)σ1](F3 + F4)

≤ μν

k1k2

[
ρ(b̂, ĉ) + ρ(â, ĉ) + ρ(b̂, d̂) + ρ(â, d̂)

] ∫ 1

0
ı

μ
k1

–1
1

[
h1(ı1) + h1(1 – ı1)

]
dı1

×
∫ 1

0
ı

ν
k2

–1
2

[
h2(ı2) + h2(1 – ı2)

]
dı2
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– μ2
μν�1k2

2k1(ν + k2)(ν + 2k2)(b̂�1 – â�1 )
μ
k1

[(
d̂�2 – ĉ�2

)σ2 +
(
ĉ�2 – d̂�2

)σ2](F1 + F2)

– μ1
μν�2k1

2k2(μ + k1)(μ + 2k1)(d̂�2 – ĉ�2 )
ν

k2

[(
b̂�1 – â�1

)σ1 +
(
â�1 – b̂�1

)σ1](F3 + F4).

For the first inequality of (3.15), we again use Proposition 3.12, which then completes the
proof. �

Corollary 3.17 Taking k1, k2 → 1 in Theorem 3.16, we have

1
h1( 1

2 )h2( 1
2 )

ρ

([
â�1 + b̂�1

2

] 1
�1

,
[

ĉ�2 + d̂�2

2

] 1
�2

)

≤ �
μ
1 
(μ + 1)

2h2( 1
2 )(b̂�1 – â�1 )μ

[
�1 Iμ

â+ρ

(
b̂,

[
ĉ�2 + d̂�2

2

] 1
�2

)
+ �1 Iμ

b̂–
ρ

(
â,

[
ĉ�2 + d̂�2

2

] 1
�2

)]

+
�ν

2
(ν + 1)
2h1( 1

2 )(d̂�2 – ĉ�2 )ν

[
�2 Iν

ĉ+ρ

([
â�1 + b̂�1

2

] 1
�1

, d̂
)

+ �2 Iν

d̂–ρ

([
â�1 + b̂�1

2

] 1
�1

, ĉ
)]

+
μν�1μ2(d̂�2 – ĉ�2 )σ2

8(b̂�1 – â�1 )μ
U2(G1 + G2) +

μν�2μ1(b̂�1 – â�1 )σ1

8(d̂�2 – ĉ�2 )ν
U1(G3 + G4)

≤ �
μ
1 �ν

2
(μ + 1)
(ν + 1)
(b̂�1 – â�1 )μ(d̂�2 – ĉ�2 )ν

× [
�1,�2 Iμ,ν

â+,ĉ+ρ(b̂, d̂) + �1,�2 Iμ,ν
â+,d̂–

ρ(b̂, ĉ) + �1,�2 Iμ,ν
b̂–,ĉ+

ρ(â, d̂) + �1,�2 Iμ,ν
b̂–,d̂–

ρ(â, ĉ)
]

≤ ν�
μ
1 
(μ + 1)

2(b̂�1 – â�1 )μ
[
�1 Iμ

â+ρ(b̂, ĉ) + �1 Iμ

â+ρ(b̂, d̂) + �1 Iμ

b̂–
ρ(â, ĉ) + �1 Iμ

b̂–
ρ(â, d̂)

]

×
∫ 1

0
ıν–1
2

[
h2(ı2) + h2(1 – ı2)

]
dı2

– μ2
μν�1

2(ν + 1)(ν + 2)(b̂�1 – â�1 )μ
[(

d̂�2 – ĉ�2
)σ2 +

(
ĉ�2 – d̂�2

)σ2](G1 + G2)

+
μ�ν

2
(ν + 1)
2(d̂�2 – ĉ�2 )ν

[
�2 Iν

ĉ+ρ(â, d̂) + �2 Iν
ĉ+ρ(b̂, d̂) + �2 Iν

d̂–ρ(â, ĉ) + �2 Iν

d̂–ρ(b̂, ĉ)
]

×
∫ 1

0
ı
μ–1
1

[
h1(ı1) + h1(1 – ı1)

]
dı1

– μ1
μν�2

2(μ + 1)(μ + 2)(d̂�2 – ĉ�2 )ν
[(

b̂�1 – â�1
)σ1 +

(
â�1 – b̂�1

)σ1](G3 + G4)

≤ μν
[
ρ(â, ĉ) + ρ(â, d̂) + ρ(b̂, ĉ) + ρ(b̂, d̂)

]

×
∫ 1

0

∫ 1

0
ı
μ–1
1 ıν–1

2
[
h2(ı2) + h2(1 – ı2)

][
h1(ı1) + h1(1 – ı1)

]
dı2 dı1

– μ2
μν�1

2(ν + 1)(ν + 2)(b̂�1 – â�1 )μ
[(

d̂�2 – ĉ�2
)σ2 +

(
ĉ�2 – d̂�2

)σ2](G1 + G2)

– μ1
μν�2

2(μ + 1)(μ + 2)(d̂�2 – ĉ�2 )ν
[(

b̂�1 – â�1
)σ1 +

(
â�1 – b̂�1

)σ1](G3 + G4),
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where

G1 =
∫ b̂

â

x�1–1

(b̂�1 – x�1 )1–μ
dx, G2 =

∫ b̂

â

x�1–1

(x�1 – â�1 )1–μ
dx,

G3 =
∫ d̂

ĉ

y�2–1

(d̂�2 – y�2 )1–ν
dy, G4 =

∫ d̂

ĉ

y�2–1

(y�2 – ĉ�2 )1–ν
dy,

and

U1 =
∫ 1

0
ı
μ–1
1 (2ı1 – 1)σ1 dı1, U2 =

∫ 1

0
ıν–1
2 (2ı2 – 1)σ2 dı2.

Corollary 3.18 Taking μ1,μ2 → 0+ in Theorem 3.16, we get

1
h1( 1

2 )h2( 1
2 )

ρ

([
â�1 + b̂�1

2

] 1
�1

,
[

ĉ�2 + d̂�2

2

] 1
�2

)

≤ �

μ
k1
1 
k1 (μ + k1)

2h2( 1
2 )(b̂�1 – â�1 )

μ
k1

[
�1 Iμ,k1

â+ ρ

(
b̂,

[
ĉ�2 + d̂�2

2

] 1
�2

)
+ �1 Iμ,k1

b̂–
ρ

(
â,

[
ĉ�2 + d̂�2

2

] 1
�2

)]

+
�

ν
k2
2 
k2 (ν + k2)

2h1( 1
2 )(d̂�2 – ĉ�2 )

ν
k2

[
�2 Iν,k2

ĉ+ ρ

([
â�1 + b̂�1

2

] 1
�1

, d̂
)

+ �2 Iν,k2
d̂–

ρ

([
â�1 + b̂�1

2

] 1
�1

, ĉ
)]

≤ �

μ
k1
1 �

ν
k2
2 
k1 (μ + k1)
k2 (ν + k2)

(b̂�1 – â�1 )
μ
k1 (d̂�2 – ĉ�2 )

ν
k2

× [
�1,�2 Iμ,ν,k1,k2

â+,ĉ+ ρ(b̂, d̂) + �1,�2 Iμ,ν,k1,k2
â+,d̂–

ρ(b̂, ĉ)

+ �1,�2 Iμ,ν,k1,k2
b̂–,ĉ+

ρ(â, d̂) + �1,�2 Iμ,ν,k1,k2
b̂–,d̂–

ρ(â, ĉ)
]

≤ ν�

μ
k1
1 
k1 (μ + k1)

2k2(b̂�1 – â�1 )
μ
k1

[
�1 Iμ,k1

â+ ρ(b̂, ĉ) + �1 Iμ,k1
â+ ρ(b̂, d̂) + �1 Iμ,k1

b̂–
ρ(â, ĉ) + �1 Iμ,k1

b̂–
ρ(â, d̂)

]

×
∫ 1

0
ı

ν
k2

–1
2

[
h2(ı2) + h2(1 – ı2)

]
dı2

+
μ�

ν
k2
2 
k2 (ν + k2)

2k1(d̂�2 – ĉ�2 )
ν

k2

[
�2 Iν,k2

ĉ+ ρ(â, d̂) + �2 Iν,k2
ĉ+ ρ(b̂, d̂)

+ �2 Iν,k2
d̂–

ρ(â, ĉ) + �2 Iν,k2
d̂–

ρ(b̂, ĉ)
]

×
∫ 1

0
ı

μ
k1

–1
1

[
h1(ı1) + h1(1 – ı1)

]
dı1

≤ μν

k1k2

[
ρ(â, ĉ) + ρ(â, d̂) + ρ(b̂, ĉ) + ρ(b̂, d̂)

]

×
∫ 1

0

∫ 1

0
ı

μ
k1

–1
1 ı

ν
k2

–1
2

[
h2(ı2) + h2(1 – ı2)

][
h1(ı1) + h1(1 – ı1)

]
dı2 dı1. (3.22)
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Corollary 3.19 Taking k1, k2 → 1 in Corollary 3.18, we obtain

1
h1( 1

2 )h2( 1
2 )

ρ

([
â�1 + b̂�1

2

] 1
�1

,
[

ĉ�2 + d̂�2

2

] 1
�2

)

≤ �
μ
1 
(μ + 1)

2h2( 1
2 )(b̂�1 – â�1 )μ

[
�1 Iμ

â+ρ

(
b̂,

[
ĉ�2 + d̂�2

2

] 1
�2

)
+ �1 Iμ

b̂–
ρ

(
â,

[
ĉ�2 + d̂�2

2

] 1
�2

)]

+
�ν

2
(ν + 1)
2h1( 1

2 )(d̂�2 – ĉ�2 )ν

[
�2 Iν

ĉ+ρ

([
â�1 + b̂�1

2

] 1
�1

, d̂
)

+ �2 Iν

d̂–ρ

([
â�1 + b̂�1

2

] 1
�1

, ĉ
)]

≤ �
μ
1 �ν

2
(μ + 1)
(ν + 1)
(b̂�1 – â�1 )μ(d̂�2 – ĉ�2 )ν

× [
�1,�2 Iμ,ν

â+,ĉ+ρ(b̂, d̂) + �1,�2 Iμ,ν
â+,d̂–

ρ(b̂, ĉ) + �1,�2 Iμ,ν
b̂–,ĉ+

ρ(â, d̂) + �1,�2 Iμ,ν
b̂–,d̂–

ρ(â, ĉ)
]

≤ ν�
μ
1 
(μ + 1)

2(b̂�1 – â�1 )μ
[
�1 Iμ

â+ρ(b̂, ĉ) + �1 Iμ

â+ρ(b̂, d̂) + �1 Iμ

b̂–
ρ(â, ĉ) + �1 Iμ

b̂–
ρ(â, d̂)

]

×
∫ 1

0
ıν–1
2

[
h2(ı2) + h2(1 – ı2)

]
dı2

+
μ�ν

2
(ν + 1)
2(d̂�2 – ĉ�2 )ν

[
�2 Iν

ĉ+ρ(â, d̂) + �2 Iν
ĉ+ρ(b̂, d̂) + �2 Iν

d̂–ρ(â, ĉ) + �2 Iν,k2
d̂–

ρ(b̂, ĉ)
]

×
∫ 1

0
ı
μ–1
1

[
h1(ı1) + h1(1 – ı1)

]
dı1

≤ μν
[
ρ(â, ĉ) + ρ(â, d̂) + ρ(b̂, ĉ) + ρ(b̂, d̂)

]

×
∫ 1

0

∫ 1

0
ı
μ–1
1 ıν–1

2
[
h2(ı2) + h2(1 – ı2)

][
h1(ı1) + h1(1 – ı1)

]
dı2 dı1. (3.23)

Remark 3.20 If μ = 1 = ν , then Corollary 3.19 gives Theorem 2.17, which was proved in
[38].

Remark 3.21 If �1 = �2 = 1 and h1(t) = h2(t) = t, then Remark 3.20 reduced to Theorem 2.8,
which was proved in [32].

Corollary 3.22 Let ρ be a distance-disturbed (�, h1)–(�, h2)-convex function on the coor-
dinates on � and ρ ∈ L1(�), then one has following inequalities:

1
h1( 1

2 )h2( 1
2 )

ρ

([
â� + b̂�

2

] 1
�

,
[

ĉ� + d̂�

2

] 1
�
)

≤ �
μ
k1 
k1 (μ + k1)

2h2( 1
2 )(b̂� – â�)

μ
k1

[�

Iμ,k1
â+ ρ

(
b̂,

[
ĉ� + d̂�

2

] 1
�
)

+ �Iμ,k1
b̂–

ρ

(
â,

[
ĉ� + d̂�

2

] 1
�
)]

+
�

ν
k2 
k2 (ν + k2)

2h1( 1
2 )(d̂� – ĉ�)

ν
k2

[�

Iν,k2
ĉ+ ρ

([
â� + b̂�

2

] 1
�

, d̂
)

+ �Iν,k2
d̂–

ρ

([
â� + b̂�

2

] 1
�

, ĉ
)]

+
μν�μ2(d̂� – ĉ�)σ2

8k1k2(b̂� – â�)
μ
k1

W2(H1 + H2) +
μν�μ1(b̂� – â�)σ1

8k1k2(d̂� – ĉ�)
ν

k2
W1(H3 + H4)
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≤ �
μ
k1

+ ν
k2 
k1 (μ + k1)
k2 (ν + k2)

(b̂� – â�)
μ
k1 (d̂� – ĉ�)

ν
k2

× [�,�Iμ,ν,k1,k2
â+,ĉ+ ρ(b̂, d̂) + �,�Iμ,ν,k1,k2

â+,d̂–
ρ(b̂, ĉ) + �,�Iμ,ν,k1,k2

b̂–,ĉ+
ρ(â, d̂) + �,�Iμ,ν,k1,k2

b̂–,d̂–
ρ(â, ĉ)

]

≤ ν�
μ
k1 
k1 (μ + k1)

2k2(b̂� – â�)
μ
k1

[�Iμ,k1
â+ ρ(b̂, ĉ) + �Iμ,k1

â+ ρ(b̂, d̂) + �Iμ,k1
b̂–

ρ(â, ĉ) + �Iμ,k1
b̂–

ρ(â, d̂)
]

×
∫ 1

0
ı

ν
k2

–1
2

[
h2(ı2) + h2(1 – ı2)

]
dı2

– μ2
μν�k2

2k1(ν + k2)(ν + 2k2)(b̂� – â�)
μ
k1

[(
d̂� – ĉ�

)σ2 +
(
ĉ� – d̂�

)σ2](H1 + H2)

+
μ�

ν
k2 
k2 (ν + k2)

2k1(d̂� – ĉ�)
ν

k2

[�Iν,k2
ĉ+ ρ(â, d̂) + �Iν,k2

ĉ+ ρ(b̂, d̂) + �Iν,k2
d̂–

ρ(â, ĉ) + �Iν,k2
d̂–

ρ(b̂, ĉ)
]

×
∫ 1

0
ı

μ
k1

–1
1

[
h1(ı1) + h1(1 – ı1)

]
dı1

– μ1
μν�k1

2k2(μ + k1)(μ + 2k1)(d̂� – ĉ�)
ν

k2

[(
b̂� – â�

)σ1 +
(
â� – b̂�

)σ1](H3 + H4)

≤ μν

k1k2

[
ρ(â, ĉ) + ρ(â, d̂) + ρ(b̂, ĉ) + ρ(b̂, d̂)

]

×
∫ 1

0

∫ 1

0
ı

μ
k1

–1
1 ı

ν
k2

–1
2

[
h2(ı2) + h2(1 – ı2)

][
h1(ı1) + h1(1 – ı1)

]
dı2 dı1

– μ2
μν�k2

2k1(ν + k2)(ν + 2k2)(b̂� – â�)
μ
k1

[(
d̂� – ĉ�

)σ2 +
(
ĉ� – d̂�

)σ2](H1 + H2)

– μ1
μν�k1

2k2(μ + k1)(μ + 2k1)(d̂� – ĉ�)
ν

k2

[(
b̂� – â�

)σ1 +
(
â� – b̂�

)σ1](H3 + H4), (3.24)

where

H1 =
∫ b̂

â

x�–1

(b̂� – x�)1– μ
k1

dx, H2 =
∫ b̂

â

x�–1

(x� – â�)1– μ
k1

dx,

and

H3 =
∫ d̂

ĉ

y�–1

(d̂� – y�)1– ν
k2

dy, H4 =
∫ d̂

ĉ

y�–1

(y� – ĉ�)1– ν
k2

dy.

Corollary 3.23 Let ρ : � → R be a distance-disturbed (�1, s1)-(�2, s2)-convex function on
the coordinates on � and ρ ∈ L1(�). Then one has the inequalities

2s1+s2ρ

([
â�1 + b̂�1

2

] 1
�1

,
[

ĉ�2 + d̂�2

2

] 1
�2

)

≤ 2s2–1�
μ
k1
1 
k1 (μ + k1)

(b̂�1 – â�1 )
μ
k1

[
�1 Iμ,k1

â+ ρ

(
b̂,

[
ĉ�2 + d̂�2

2

] 1
�2

)
+ �1 Iμ,k1

b̂–
ρ

(
â,

[
ĉ�2 + d̂�2

2

] 1
�2

)]
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+
2s1–1�

ν
k2
2 
k2 (ν + k2)

(d̂�2 – ĉ�2 )
ν

k2

×
[

�2 Iν,k2
ĉ+ ρ

([
â�1 + b̂�1

2

] 1
�1

, d̂
)

+ �2 Iν,k2
d̂–

ρ

([
â�1 + b̂�1

2

] 1
�1

, ĉ
)]

+
μν�1μ2(d̂�2 – ĉ�2 )σ2

8k1k2(b̂�1 – â�1 )
μ
k1

W2(F1 + F2) +
μν�2μ1(b̂�1 – â�1 )σ1

8k1k2(d̂�2 – ĉ�2 )
ν

k2
W1(F3 + F4)

≤ �

μ
k1
1 �

ν
k2
2 
k1 (μ + k1)
k2 (ν + k2)

(b̂�1 – â�1 )
μ
k1 (d̂�2 – ĉ�2 )

ν
k2

× [
�1,�2 Iμ,ν,k1,k2

â+,ĉ+ ρ(b̂, d̂) + �1,�2 Iμ,ν,k1,k2
â+,d̂–

ρ(b̂, ĉ)

+ �1,�2 Iμ,ν,k1,k2
b̂–,ĉ+

ρ(â, d̂) + �1,�2 Iμ,ν,k1,k2
b̂–,d̂–

ρ(â, ĉ)
]

≤ ν�

μ
k1
1 
k1 (μ + k1)

2k2(b̂�1 – â�1 )
μ
k1

[
�1 Iμ,k1

â+ ρ(b̂, ĉ) + �1 Iμ,k1
â+ ρ(b̂, d̂) + �1 Iμ,k1

b̂–
ρ(â, ĉ) + �1 Iμ,k1

b̂–
ρ(â, d̂)

]

×
[

k2

ν + k2s2
+ B

(
ν

k2
, s2 + 1

)]

– μ2
μν�1k2

2k1(ν + k2)(ν + 2k2)(b̂�1 – â�1 )
μ
k1

[(
d̂�2 – ĉ�2

)σ2 +
(
ĉ�2 – d̂�2

)σ2](F1 + F2)

+
μ�

ν
k2
2 
k2 (ν + k2)

2k1(d̂�2 – ĉ�2 )
ν

k2

[
�2 Iν,k2

ĉ+ ρ(â, d̂) + �2 Iν,k2
ĉ+ ρ(b̂, d̂) + �2 Iν,k2

d̂–
ρ(â, ĉ) + �2 Iν,k2

d̂–
ρ(b̂, ĉ)

]

×
[

k1

μ + k1s1
+ B

(
μ

k1
, s1 + 1

)]

– μ1
μν�2k1

2k2(μ + k1)(μ + 2k1)(d̂�2 – ĉ�2 )
ν

k2

[(
b̂�1 – â�1

)σ1 +
(
â�1 – b̂�1

)σ1](F3 + F4)

≤ μν

k1k2

[
ρ(â, ĉ) + ρ(â, d̂) + ρ(b̂, ĉ) + ρ(b̂, d̂)

]

×
{

k1k2

(μ + k1s1)(ν + k2s2)
+

k2B( μ

k1
, s1 + 1)

ν + k2s2
+

k1B( ν
k2

, s2 + 1)
μ + k1s1

+ B
(

μ

k1
, s1 + 1

)
B
(

ν

k2
, s2 + 1

)}

– μ2
μν�1k2

2k1(ν + k2)(ν + 2k2)(b̂�1 – â�1 )
μ
k1

[(
d̂�2 – ĉ�2

)σ2 +
(
ĉ�2 – d̂�2

)σ2](F1 + F2)

– μ1
μν�2k1

2k2(μ + k1)(μ + 2k1)(d̂�2 – ĉ�2 )
ν

k2

[(
b̂�1 – â�1

)σ1 +
(
â�1 – b̂�1

)σ1](F3 + F4).

Corollary 3.24 Taking �1 = �2 = � in Corollary 3.23, we have

2s1+s2ρ

([
â� + b̂�

2

] 1
�

,
[

ĉ� + d̂�

2

] 1
�
)

≤ 2s2–1�
μ
k1 
k1 (μ + k1)

(b̂� – â�)
μ
k1

[�

Iμ,k1
â+ ρ

(
b̂,

[
ĉ� + d̂�

2

] 1
�
)

+ �Iμ,k1
b̂–

ρ

(
â,

[
ĉ� + d̂�

2

] 1
�
)]
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+
2s1–1�

ν
k2 
k2 (ν + k2)

(d̂� – ĉ�)
ν

k2

[�

Iν,k2
ĉ+ ρ

([
â� + b̂�

2

] 1
�

, d̂
)

+ �Iν,k2
d̂–

ρ

([
â� + b̂�

2

] 1
�

, ĉ
)]

+
μν�μ2(d̂� – ĉ�)σ2

8k1k2(b̂� – â�)
μ
k1

W2(H1 + H2) +
μν�μ1(b̂� – â�)σ1

8k1k2(d̂� – ĉ�)
ν

k2
W1(H3 + H4)

≤ �
μ
k1

+ ν
k2 
k1 (μ + k1)
k2 (ν + k2)

(b̂� – â�)
μ
k1 (d̂� – ĉ�)

ν
k2

× [�,�Iμ,ν,k1,k2
â+,ĉ+ ρ(b̂, d̂) + �,�Iμ,ν,k1,k2

â+,d̂–
ρ(b̂, ĉ) + �,�Iμ,ν,k1,k2

b̂–,ĉ+
ρ(â, d̂) + �,�Iμ,ν,k1,k2

b̂–,d̂–
ρ(â, ĉ)

]

≤ ν�
μ
k1 
k1 (μ + k1)

2k2(b̂� – â�)
μ
k1

[�Iμ,k1
â+ ρ(b̂, ĉ) + �Iμ,k1

â+ ρ(b̂, d̂) + �Iμ,k1
b̂–

ρ(â, ĉ) + �Iμ,k1
b̂–

ρ(â, d̂)
]

×
[

k2

ν + k2s2
+ B

(
ν

k2
, s2 + 1

)]

– μ2
μν�k2

2k1(ν + k2)(ν + 2k2)(b̂� – â�)
μ
k1

[(
d̂� – ĉ�

)σ2 +
(
ĉ� – d̂�

)σ2](H1 + H2)

+
μ�

ν
k2 
k2 (ν + k2)

2k1(d̂� – ĉ�)
ν

k2

[�Iν,k2
ĉ+ ρ(â, d̂) + �Iν,k2

ĉ+ ρ(b̂, d̂) + �Iν,k2
d̂–

ρ(â, ĉ) + �Iν,k2
d̂–

ρ(b̂, ĉ)
]

×
[

k1

μ + k1s1
+ B

(
μ

k1
, s1 + 1

)]

– μ1
μν�k1

2k2(μ + k1)(μ + 2k1)(d̂� – ĉ�)
ν

k2

[(
b̂� – â�

)σ1 +
(
â� – b̂�

)σ1](H3 + H4)

≤ μν

k1k2

[
ρ(â, ĉ) + ρ(â, d̂) + ρ(b̂, ĉ) + ρ(b̂, d̂)

]

×
{

k1k2

(μ + k1s1)(ν + k2s2)
+

k2B( μ

k1
, s1 + 1)

ν + k2s2

+
k1B( ν

k2
, s2 + 1)

μ + k1s1
+ B

(
μ

k1
, s1 + 1

)
B
(

ν

k2
, s2 + 1

)}

– μ2
μν�k2

2k1(ν + k2)(ν + 2k2)(b̂� – â�)
μ
k1

[(
d̂� – ĉ�

)σ2 +
(
ĉ� – d̂�

)σ2](H1 + H2)

– μ1
μν�k1

2k2(μ + k1)(μ + 2k1)(d̂� – ĉ�)
ν

k2

[(
b̂� – â�

)σ1 +
(
â� – b̂�

)σ1](H3 + H4),

where H1, H2, H3 and H4 are defined in Corollary 3.22.

Corollary 3.25 Taking � = 1 and σ1 = σ2 = 2 in Corollary 3.24, we get

2s1+s2ρ

(
â + b̂

2
,

ĉ + d̂
2

)

≤ 2s2–1
k1 (μ + k1)

(b̂ – â)
μ
k1

[
Iμ,k1

â+ ρ

(
b̂,

ĉ + d̂
2

)
+ Iμ,k1

b̂–
ρ

(
â,

ĉ + d̂
2

)]

+
2s1–1
k2 (ν + k2)

(d̂ – ĉ)
ν

k2

[
Iν,k2

ĉ+ ρ

(
â + b̂

2
, d̂

)
+ Iν,k2

d̂–
ρ

(
â + b̂

2
, ĉ

)]
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+
μνμ2(d̂ – ĉ)2

8k1k2(b̂ – â)
μ
k1

W �
2
(
H�

1 + H�
2
)

+
μνμ1(b̂ – â)2

8k1k2(d̂ – ĉ)
ν

k2
W �

1
(
H�

3 + H�
4
)

≤ 
k1 (μ + k1)
k2 (ν + k2)

(b̂ – â)
μ
k1 (d̂ – ĉ)

ν
k2

× [1,1Iμ,ν,k1,k2
â+,ĉ+ ρ(b̂, d̂) + 1,1Iμ,ν,k1,k2

â+,d̂–
ρ(b̂, ĉ)

+ 1,1Iμ,ν,k1,k2
b̂–,ĉ+

ρ(â, d̂) + 1,1Iμ,ν,k1,k2
b̂–,d̂–

ρ(â, ĉ)
]

≤ ν
k1 (μ + k1)

2k2(b̂ – â)
μ
k1

[
Iμ,k1

â+ ρ(b̂, ĉ) + Iμ,k1
â+ ρ(b̂, d̂) + Iμ,k1

b̂–
ρ(â, ĉ) + Iμ,k1

b̂–
ρ(â, d̂)

]

×
[

k2

ν + k2s2
+ B

(
ν

k2
, s2 + 1

)]

– μ2
μνk2(d̂ – ĉ)2

k1(ν + k2)(ν + 2k2)(b̂ – â)
μ
k1

(
H�

1 + H�
2
)

+
μ
k2 (ν + k2)

2k1(d̂ – ĉ)
ν

k2

[
Iν,k2

ĉ+ ρ(â, d̂) + Iν,k2
ĉ+ ρ(b̂, d̂) + Iν,k2

d̂–
ρ(â, ĉ) + Iν,k2

d̂–
ρ(b̂, ĉ)

]

×
[

k1

μ + k1s1
+ B

(
μ

k1
, s1 + 1

)]

– μ1
μνk1(b̂ – â)2

k2(μ + k1)(μ + 2k1)(d̂ – ĉ)
ν

k2

(
H�

3 + H�
4
)

≤ μν

k1k2

[
ρ(â, ĉ) + ρ(â, d̂) + ρ(b̂, ĉ) + ρ(b̂, d̂)

]

×
{

k1k2

(μ + k1s1)(ν + k2s2)
+

k2B( μ

k1
, s1 + 1)

ν + k2s2

+
k1B( ν

k2
, s2 + 1)

μ + k1s1
+ B

(
μ

k1
, s1 + 1

)
B
(

ν

k2
, s2 + 1

)}

– μ2
μνk2(d̂ – ĉ)2

k1(ν + k2)(ν + 2k2)(b̂ – â)
μ
k1

(
H�

1 + H�
2
)

– μ1
μνk1(b̂ – â)2

k2(μ + k1)(μ + 2k1)(d̂ – ĉ)
ν

k2

(
H�

3 + H�
4
)
,

where

H�
1 =

∫ b̂

â

dx

(b̂ – x)1– μ
k1

, H�
2 =

∫ b̂

â

dx

(x – â)1– μ
k1

,

H�
3 =

∫ d̂

ĉ

dy

(d̂ – y)1– ν
k2

, H�
4 =

∫ d̂

ĉ

dy

(y – ĉ)1– ν
k2

,

and

W �
1 =

4k1

μ + 2k1
–

4k1

μ + k1
+

k1

μ
, W �

2 =
4k2

ν + 2k2
–

4k2

ν + k2
+

k2

ν
.
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Corollary 3.26 Taking k1, k2 → 1 in Corollary 3.25, we have

2s1+s2ρ

(
â + b̂

2
,

ĉ + d̂
2

)

≤ 2s2–1
(μ + 1)
(b̂ – â)μ

[
Iμ

â+ρ

(
b̂,

ĉ + d̂
2

)
+ Iμ

b̂–
ρ

(
â,

ĉ + d̂
2

)]

+
2s1–1
(ν + 1)

(d̂ – ĉ)ν

[
Iν

ĉ+ρ

(
â + b̂

2
, d̂

)
+ Iν

d̂–ρ

(
â + b̂

2
, ĉ

)]

+
μνμ2(d̂ – ĉ)2

8(b̂ – â)μ
W �

4
(
H�

5 + H�
6
)

+
μνμ1(b̂ – â)2

8(d̂ – ĉ)ν
W �

3
(
H�

7 + H�
8
)

≤ 
(μ + 1)
(ν + 1)
(b̂ – â)μ(d̂ – ĉ)ν

× [1,1Iμ,ν
â+,ĉ+ρ(b̂, d̂) + 1,1Iμ,ν

â+,d̂–
ρ(b̂, ĉ) + 1,1Iμ,ν

b̂–,ĉ+
ρ(â, d̂) + 1,1Iμ,ν

b̂–,d̂–
ρ(â, ĉ)

]

≤ ν
(μ + 1)
2(b̂ – â)μ

[
Iμ

â+ρ(b̂, ĉ) + Iμ

â+ρ(b̂, d̂) + Iμ

b̂–
ρ(â, ĉ) + Iμ

b̂–
ρ(â, d̂)

]

×
[

1
ν + s2

+ B(ν, s2 + 1)
]

– μ2
μν(d̂ – ĉ)2

(ν + 1)(ν + 2)(b̂ – â)μ
(
H�

5 + H�
6
)

+
μ
(ν + 1)
2(d̂ – ĉ)ν

[
Iν

ĉ+ρ(â, d̂) + Iν
ĉ+ρ(b̂, d̂) + Iν

d̂–ρ(â, ĉ) + Iν

d̂–ρ(b̂, ĉ)
]

×
[

1
μ + s1

+ B(μ, s1 + 1)
]

– μ1
μν(b̂ – â)2

(μ + 1)(μ + 2)(d̂ – ĉ)ν
(
H�

7 + H�
8
)

≤ μν
[
ρ(â, ĉ) + ρ(â, d̂) + ρ(b̂, ĉ) + ρ(b̂, d̂)

]

×
{

1
(μ + s1)(ν + s2)

+
B(μ, s1 + 1)

ν + s2
+

B(ν, s2 + 1)
μ + s1

+ B(μ, s1 + 1)B(ν, s2 + 1)
}

– μ2
μν(d̂ – c)2

(ν + 1)(ν + 2)(b̂ – â)μ
(
H�

5 + H�
6
)

– μ1
μν(b̂ – â)2

(μ + 1)(μ + 2)(d̂ – ĉ)ν
(
H�

7 + H�
8
)
,

where

H�
5 =

∫ b̂

â

dx
(b̂ – x)1–μ

, H�
6 =

∫ b̂

â

dx
(x – â)1–μ

,

H�
7 =

∫ d̂

ĉ

dy
(d̂ – y)1–ν

, H�
8 =

∫ d̂

ĉ

dy
(y – ĉ)1–ν

,

and

W �
3 =

4
μ + 2

–
4

μ + 1
+

1
μ

, W �
4 =

4
ν + 2

–
4

ν + 1
+

1
ν

.
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Corollary 3.27 Taking μ1,μ2 → 0+ in Corollary 3.26, we obtain

2s1+s2ρ

(
â + b̂

2
,

ĉ + d̂
2

)

≤ 2s2–1
(μ + 1)
(b̂ – â)μ

[
Iμ

â+ρ

(
b̂,

ĉ + d̂
2

)
+ Iμ

b̂–
ρ

(
â,

ĉ + d̂
2

)]

+
2s1–1
(ν + 1)

(d̂ – ĉ)ν

[
Iν

ĉ+ρ

(
â + b̂

2
, d̂

)
+ Iν

d̂–ρ

(
â + b̂

2
, ĉ

)]

≤ 
(μ + 1)
(ν + 1)
(b̂ – â)μ(d̂ – ĉ)ν

[
Iμ,ν

â+,ĉ+ρ(b̂, d̂) + Iμ,ν
â+,d̂–

ρ(b̂, ĉ)

+ Iμ,ν
b̂–,ĉ+

ρ(â, d̂) + Iμ,ν
b̂–,d̂–

ρ(â, ĉ)
]

≤ ν
(μ + 1)
2(b̂ – â)μ

[
Iμ

â+ρ(b̂, ĉ) + Iμ

â+ρ(b̂, d̂) + Iμ

b̂–
ρ(â, ĉ) + Iμ

b̂–
ρ(â, d̂)

]

×
{

1
ν + s2

+ B(ν, s2 + 1)
}

+
μ
(ν + 1)
2(d̂ – ĉ)ν

[
Iν

ĉ+ρ(â, d̂) + Iν
ĉ+ρ(b̂, d̂) + Iν

d̂–ρ(â, ĉ) + Iν

d̂–ρ(b̂, ĉ)
]

×
{

1
μ + s1

+ B(μ, s1 + 1)
}

≤ μν
[
ρ(â, ĉ) + ρ(â, d̂) + ρ(b̂, ĉ) + ρ(b̂, d̂)

]

×
{

1
(μ + s1)(ν + s2)

+
B(μ, s1 + 1)

ν + s2
+

B(ν, s2 + 1)
μ + s1

+ B(μ, s1 + 1)B(ν, s2 + 1)
}

.

Remark 3.28 If μ = ν = 1 and s1 = s2 = s, then the inequalities in Corollary 3.27 coincide
with Theorem 2.1 of [1].

4 Conclusion
In this paper two inequalities of trapezium type are presented for the Katugampola (k1, k2)-
fractional integrals taking coordinated distance-disturbed (�1, h1)-(�2, h2)-convexity of
higher orders (σ1,σ2) into account. The special cases are discussed to see the compati-
bility with the previously known results. It is found that the results are highly compatible
and they can be extended for other types of convexities. We omit here their proofs and
the details are left to the interested reader working in the same domain. We hope that cur-
rent work will attract the attention of researchers working in mathematical inequalities,
fractional calculus, differential equations, difference equations, applied mathematics and
other related fields.
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12. Farid, G., Rehman, A.U., Tariq, B., Waheed, A.: On Hadamard-type inequalities form-convex functions via fractional

integrals. J. Inequal. Spec. Funct. 7(4), 150–167 (2016)
13. Fernandez, A., Mohammed, P.O.: Hermite–Hadamard inequalities in fractional calculus defined using Mittag-Leffler

kernels. Math. Methods Appl. Sci. 1–18 (2020). https://doi.org/10.1002/mma.6188
14. Gorenflo, G., Mainardi, F.: Fractional calculus: integrals and differential equations of fractional order. In: Fractals and

Fractional Calculus in Continuum Mechanics, pp. 223–276. Springer, Wien (1997)
15. Grinalatt, M., Linnainmaa, J.T.: Jensen’s inequality, parameter uncertainty and multiperiod investment. Rev. Asset

Pricing Stud. 1(1), 1–34 (2011)
16. Han, J., Mohammed, P.O., Zeng, H.: Generalized fractional integral inequalities of Hermite–Hadamard-type for a

convex function. Open Math. 18, 794–806 (2020)
17. Hudzik, H., Maligranda, L.: Some remarks on s-convex functions. Aequ. Math. 48, 100–111 (1994)
18. Katugampola, U.N.: New approach to a generalized fractional integral. Appl. Math. Comput. 218(3), 860–865 (2011)
19. Katugampola, U.N.: New approach to generalized fractional derivatives. Bull. Math. Anal. Appl. 6(4), 1–15 (2014)
20. Katugampola, U.N.: Mellin transforms of generalized fractional integrals and derivatives. Appl. Math. Comput. 257,

566–580 (2015)
21. Kilbas, A.A.: Hadamard type fractional calculus. J. Korean Math. Soc. 38(6), 1191–1204 (2001)
22. Kilbas, A.A., Srivastava, H.M., Trujillo, J.J.: Theory and Application of Fractional Differential Equations. Elsevier,

Amsterdam (2006)
23. Latif, M.A., Alomari, M.: On the Hadamard-type inequalities for h-convex functions on the coordinates. Int. J. Math.

Anal. 3(33), 1645–1656 (2009)
24. Miller, S., Ross, B.: An Introduction to the Fractional Calculus and Fractional Differential Equations. Willey, New York

(1993)
25. Mohammed, P.O., Brevik, I.: A new version of the Hermite–Hadamard inequality for Riemann–Liouville fractional

integrals. Symmetry 610, 12 (2020)
26. Niculescu, C.P., Persson, L.E.: Convex Functions and Their Applications. A Contemporary Approach. CMC Books in

Mathematics (2004) New York, USA
27. Noor, M.A., Awan, M.U., Noor, K.I.: Integral inequalities for two-dimensional pq-convex functions. Filomat 30(2),

343–351 (2016)
28. Noor, M.A., Qi, F., Awan, M.U.: Some Hermite–Hadamard type inequalities for log-h-convex functions. Analysis 33, 1–9

(2013)

https://doi.org/10.1016/j.aej.2020.03.039
https://doi.org/10.1002/mma.6188


Kashuri et al. Advances in Difference Equations        (2021) 2021:120 Page 34 of 34

29. Özdemir, M.E., Set, E., Sarikaya, M.Z.: New some Hadamard’s type inequalities for coordinatedm-convex and
(α,m)-convex functions. Hacet. J. Math. Stat. 40(2), 219–229 (2011)

30. Podlubni, I.: Fractional Differential Equations. Academic Press, San Diego (1999)
31. Ruel, J.J., Ayres, M.P.: Jensen’s inequality predicts effects of environmental variations. Trends Ecol. Evol. 14(9), 361–366

(1999)
32. Sarikaya, M.Z.: On the Hermite–Hadamard-type inequalities for coordinated convex function via fractional integrals.

Integral Transforms Spec. Funct. 25(2), 134–147 (2014)
33. Sarikaya, M.Z., Budak, H.: Generalized Hermite–Hadamard type integral inequalities for fractional integrals. Filomat

30(5), 1315–1326 (2016)
34. Sarikaya, M.Z., Saglam, A., Yildirim, H., Basak, N.: On some Hadamard type inequalities for h-convex functions. J. Math.

Inequal. 2(3), 335–341 (2008)
35. Sarikaya, M.Z., Set, E., Yaldiz, H., Basak, N.: Hermite–Hadamard’s inequalities for fractional integrals and related

fractional inequalities. Math. Comput. Model. 57(9–10), 2403–2407 (2013)
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