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1 Introduction

During the most recent couple of decades, the theory of convex functions has been widely
considered because of its applications in the theory of optimization and biological systems
[15, 31]. In modern days many generalizations of different convexities and combinations
of such concepts appears in the literature. These notions adapted and generalized those
inequalities which belong to the classical convexity. Hermite—Hadamard type inequalities
are significant and very important on the basis of geometric interpretation. Dragomir in
[7], presented the definition of convex functions on R?, with coordinates in a rectangle.
He considered a bi-dimensional interval A = [, 8] X [¢, 9] with0 <a < B <00, 0<¢ <
¢ < 00. Indeed, a function p : A — R, will be called convex on the coordinates on A, if
the partial mappings p, : [6,¢] = R, p,() = p(1,5) and p, : [, B] = R, p(v) = p(,v) are
convex for all y,v € [, B] and for all x, u € [¢, ¢], respectively. A function on A is said to

be convex if it satisfies the following inequality:
plax+ (1 -a)u,ay+ (1 -ay) <aplxy) + (1-a)p(u,v) (1.1)

for all (x,9), (4, v) € A and a € [0, 1]. Every convex function is coordinated convex but the

converse is not true [7]. Dragomir in [7], presented Hadamard type inequalities related
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to one dimensional case. Further the researchers present many generalizations of the co-
ordinated convex functions and introduced new inequalities, we refer the reader to [2—
31, 33-35, 37]. The contributions of Noor [27], Yang [38], Sarikaya [32], Chen [6] and Set
et al. [36] in this regards are remarkable.

The aim of this paper is to develop new trapezium type inequalities of coordinated
distance-disturbed (£1,%1)—(£2, hy)-convex functions of higher orders (01,03) by using
the Katugampola (ki, k2)-fractional integrals. We establish our results for many spe-
cial cases like coordinated distance-disturbed (£1,s1)—(£2,5s5)-convex functions, coordi-
nated distance-disturbed ¢ £,-convex functions, coordinated distance-disturbed (%1, /1,)-
convex functions, coordinated distance-disturbed (s, s3)-convex functions. Here results
are proved for coordinated distance-disturbed /-convex functions, coordinated distance-
disturbed s-convex functions and coordinated distance-disturbed convex functions. At

the end, a brief conclusion is given.

2 Preliminaries
Definition 2.1 ([26]) Let ¥ : [«, 8] — R be termed convex if the inequality holds on an
interval [, B] C R as

l/f(tl +(1- t)r) <ty())+ (1 -8)¢Y(r),
where [,r € [a, 8] and £ € [0, 1].

This inequality provides bounds of the mean value of a continuous convex function is
given by the following theorem.

Theorem 2.2 If ¥ : U — R is a convex function on the interval U of real numbers, such
that a, B € U with a < B, then

o+ p 1 [P (o) + W(B)
‘I’( 5 >Sm/a W(é)dSS#-

Theorem 2.3 ([7]) Suppose that p : A — R is convex on the coordinates on A. Then the
following inequalities hold:

a+B d+¢
p( 2 2 )
[ 1 B ) 1 ¢ (a+p
<alama ] o550 )are g [ (%55 )
1 B re
S(ﬁ—a)(w—fﬁ)/a /(,) Pl y)dy dx
B
< i[ﬁ%a / [(5,0) + plx, )] dx +

- ple, @) + pla, ) + p(B,¢) + p(B, 0)
< 2 )

4
/¢ [o(e,9) + p(B,9)] dy]

A formal definition of coordinated convex function may be stated as follows.
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Definition 2.4 Let p: A — R be coordinated convex function on A, then the inequality

,o(tx + (1 -Du,sy+(1 —s)v) <tsp(x,y) + t(1 -s)p(x,v)

+ (1 =sp(u,y)+ (1 -6)(1 —5)p(u,v)
holds for all (x,y), (x,v), (u,y), (u,v) € A and s, ¢ € [0,1].

Let us recall some fundamental definitions and results which are helpful in developing
main results. Further details can be found in [21-24, 26-35].

Definition 2.5 The left- and right-sided Riemann Liouville fractional integrals I/, v and
If;_l/f of order with u > 0, on a finite interval [«, 8], are defined as

1 X
() = — / x-* @) dt, x>a,
T'() Ja
and
B = i [ 0y, x<p
“vX) = —— - X y X<pP,
P I(w) Jx
respectively. Here I" represents the usual Gamma function defined by
(o]
1N =/ xte™dx, R(¢)>0.
0

Definition 2.6 Let p € L1[«, ] and k > 0. The left and right k-Riemann-Liouville inte-
grals of order ¢ > 0 with & > 0 are denoted by

1
kT ()

X
I(’j;kp(x): /(x—r)%_lp(t)dr, x>,

and

B
Ig’_kp(x) = ﬁ(ﬂ«) /x (t —x)%_lp(l')dl', x< B,

respectively. Note that when k — 1, then it reduces to the classical Riemann—Liouville
fractional integral.

Definition 2.7 Let p € L;(A). The Riemann-Liouville integrals J." , ]ZU&-’ ]5—']}& and
fg,'v;,, of order u,v >0 with &,¢ > 0 are defined by

1 x oy
fL,v" ) Il - n-l - vl ) d d ) A; A)
JorzrP(%,) F(M)F(U)/@ /E =)= 12" e 2)djadyn, x>a,y>c¢

L el
JH, p(x,y):if / E= ) =" o(n R)dpdn, x>ay<d,
rayrw) Ji J,

a+,d—

, 1 bory .
T o) = —— f f 1= = 1) U ) dpdys, x<bysé
F(/'L)F(V) x Jé

2—,C+
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and

1 b rd
) = e )" (=" o0 ) dd, b,y<d,
Ty o pxy) F(M)F(v)fx/y(jl (2 =9)"" P 2)dpadn, x<by<
respectively. Furthermore,

Jalep@y) =100 peey) =120 o) =13° p,y) = p(x.9)

and

1 X 1:1
X, == s J2)djpdy.
7 p(ey) = (M)F(v)f& /y P 2)dj2dn

Similar to Definition 2.5, Sarikaya [32] introduced the following fractional integrals:

i (&?) = %,u,) /;(x—]l)u_lp(hy 2;2’:> dn, x>a,
]§p<x,¥)=%ﬂ)/z(h—x)“—1p<h,2;a)d11, x<b,
]ev+:0<;l +b ) / =) ( ];,Jz>djz» y>¢,
]§_p<&+b ) /(Jz—y)” ! ( Jz)djz, y<d.

Sarikaya gave the following remarkable results in [32].

Theorem 2.8 Let p: Q C R? — R bea coordinated convex function on Q := [a, l;] x [c, cAi] c
R2withO<a< 1;, 0<c«< d and p € L1(R2). Then one has the inequalities:

~

< a+b ¢+ d)<F(M+1)F(v+1)

P ) = ~

2 2 4(b - ay(d - &)Y

x il od)+ 2" p(b,&)+ 1, p@d)+])", p(@d)]

a+,

_ p@d)+p@d) +p(b,3) + p(b,d)
— 4 .

Now, we are in a position to introduce the following extended Riemann-Liouville inte-

grals.

Definition 2.9 Let p € L1(2) and ki, ky > 0. The (ki, k2)-Riemann—Liouville integrals

Jrevkiks - pvkik 1“ v kl k2 and 175K of order w, v > 0 with 4, ¢ > 0 are defined by

a+,C+ G+,d—

Jk1k:
IZ+VC+1 zp(x’ y)

T e X - Jl ()/ .12 o1 12)djad, x>&’y>e’
klkZFkl sz //
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[ﬂ,v,kl,kz
a+,d—

o(x,9)
1 x rd L Lo ~
=mﬁ/(?€—h)k1 (=% p(2)dpdn, x>a,y<d,

1 2 a y

& v,k1,k2
b—c+

p(x,9)

1 by o v .
zm/ /(Jl—x)k1 Y= )R o ) dpdy, x<bysé
1 2 X c

and
15_’,”;_1”(2p(x,y)
1 b d | Y1 A ~
=m//(h—x)kl (=% p(,)2)dpd)n, x<by<d,
1 2 X y

respectively. Note that when k;, k; — 1, then it reduces to Definition 2.7.

Noor et al. in [27], introduced the notion of coordinated ¢;¢;-convex functions to gen-

eralize the £;-convex functions as follows.

Definition 2.10 Let A C R? be a rectangle. A function p : A — R is said to be two di-
mensional (coordinated) £;£,-convex function, if

p([ex + (1 - t)uel]ﬁ, [y +(1- r)vez]i)
<trp(x,y) +t(L=r)px,v)+ (1 -rp(uy) + (1 -t)(1 -r)p(uv)
for all (x,y), (x,v), (u,9), (,v) € A and r, ¢t € [0, 1].

Theorem 2.11 ([27]) Let p: Q2 C R? — R be a £1£,-convex function on the coordinates on
Q, then the following inequalities hold.:

At BT [+ h
P 2 12
0.0 b pd
142 ﬁ [ xel—lyég—lp(x’y) dydx
a c

< ~ A~
T (bt —an)@n - )

_ P@?)+p@d)+pb,e)+ p(b,d)
< i .

Yang in [38], generalized this concept by defining a larger class of coordinated convex
functions termed coordinated (€1, /11)—(£5, h;)-convex function as follows:

Definition 2.12 Let /1,,/1 : ] — R be two non-negative and non-zero mappings. A map-
ping p: A — R is said to be (¢;, izl)—(ﬂz, izz)—convex function on the coordinates on A, if
the mappings p, : [4, b] — R, py(u) = p(u,y) and p, : [¢, d] = R, p(v) = p(x,v) are (£1, /1y)-
convex with respect to u on [a, l;] and (Eg,izz)—convex with respect to v on [¢, 21], respec-
tively, for all y € [¢,d] and x € [4, ).
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From the above definition, we can say that, if p is a coordinated (¢, le)—(ﬁz, izz)-convex
function, then the following inequality holds:

1 1
,()([tx‘Zl +(1- t)z/l]ﬁ, [ry’z2 +(1- r)vez]a)
< In(®)ha(Mp(@,y) + I (O (1 7)p(x, )
+ (1= Oy (r) plu, y)
+ (1= £)ha(1 = 7)p(u,v).
Remark 2.13 If £1 = £, = 1, then the function p will be reduced to coordinated (ill,ilz)—

convex function.

Remark 2.14 If ill(t) =1 and 512(1,*) = 2, then the function p will be called a coordinated
(€1,81)—(£4,s7)-convex function.

Remark 2.15 If izl(t) =, ilz(t) =2 and ¢; = £, = 1, then the function p will be called a
coordinated (sg, $)-convex function.

Yang in [38], gave the following two interesting results.

Theorem 2.16 Let p: 2 — R be a (El,le)—(fg,flz)—convexfunction on the coordinates
on Q. Then one has the inequalities

1 ({@fl +1§f1}zﬁ [am;zfz}é)
~ ~ ,0 ’
4y (L)ha() 2 2

< ke [y ) dyds
S an@e—em o LT PP

A ~ A A 1 ~ 1 A
< [,0(21, ¢) + pla,d) + p(b,c) + p(b, d)]/o hi(t) dt/o hy(t) dt.

Theorem 2.17 Let p: Q2 — R be a (El,izl)—(ﬁg,fzz)—convexfunction on the coordinates
on Q. Then one has the inequalities

1 ([&h +13£1}% [a‘fz +£i’-’2}%>
= ~ /Y ’
4y (5)ha(3) 2 2
2 ~ 1
0 /b o ( [632+d‘52}6>
<— 5 x 1ol x, dx
ahy (D)t —an) Ja 2
~ ~ 1
62 4 -1 &Zl +bl1 2
Y~ 1~ _ ) d
+ 4]/12(%)(6#2 —6‘52)/6 yoop ) yay

< ale! 17y o, ) dy dx
T (b -ah)dn -e) Ja

b
< m[/ £ p(x, c)dx+/ﬂ x7 1 p(x, d)dx]/ hz(t)dt
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£y /.?1 lo=1 (~ /al—l 7 :|/1A
+— a,y)dy + 2 b,y)d hi(t)dt
2(d€2_252)[6 ¥y play)dy Y p(b,y)dy \ 1(2)

A A A~ A 1 A~ 1 ~
<[p@0) + p(a,d) + p(b,&) + p(h,d)] /0 J(t) dt /0 iy (t) dt.

Definition 2.18 ([21]) X‘;(&, lAa) (ceR,1<p < o0)is the set of those complex valued
Lebesgue measurable functions p of [4, b] for which || pllyr < 0o, where the norm is defined
by ‘

b pdt\? R
lpllyr = /|tc,0(t)| " <oo forl<p<oo,ceR,
¢ a

and for the case p = 0o,

ol = ess sup [£]p@)]], ceR.

a<t<b

Katugampola introduced a new fractional integral which generalizes the Riemann—
Liouville and Hadamard fractional integrals in a single form as follows; see [18—24, 26—30].

Definition 2.19 Let [4, 5] € R beafinite interval. Then the left- and right-sided Katugam-
pola fractional integrals of order u > 0 of € X! (a, b) with & > 0 are defined by

" rl—u X tr—l 4
s = t)at
o) = s [ et

and

rl—;/. b tr—l

T(w) Jo @ =)t

o(t)dt

ryu _
IZ,_,O(JC) =

with @ <x <band r> 0, provided the integrals exist.

Definition 2.20 Let [a, l;] C R be a finite interval and k > 0. Then the left- and right-sided
Katugampola k-fractional integrals of order i > 0 of p € Xf (4, b) with & > 0 are defined
by

- X tr—l
1K p(x) = 4 ) / o(2)dt

and

1-£

T Zv tr—l
1K o (x) = — / t)dt
) P KTx(1e) Jx (¢ —xr)-% 0

with @ < x < band p > 0, provided the integrals exist. Note that when k — 1, then it reduces
to Definition 2.19.

Katugampola fractional integrals into two dimensional case may be given as follows.
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Definition 2.21 Let p € X”(<). The Katugampola fractional integrals ‘21", , 21",
111/3215’”A+ and 13112]5_’”;1_ of order p,v > 0 with 4, ¢ > 0 are defined by

=

@112]:;”” P (x’ y)

1 l’-gl v tfl 1.00-1
toore |, | @ — iy sy P B 2 Gy G

R p,y)

ei—ugé_u x pd fha-1gta-1 )
=L 2 _ t,s)dsdt, a,y < d,
FGOr(v) / (i =ty (s —yays P Bl x> <
R W 1C%))

b—,c+

1 l’-gl v tfl 1.62-1 “
T(w)() / / (£ —xtr)l-r(yt2 —s’fz)l’”p(t’S)det’ #<by>5

and
01, ZQIM» ,O(x;y)
Ei l’vgé v b d tél 1o00-1 A A
=1 2 t,s)dsdt, x<b,y<d,
T W) J, /; (t0 — xb1) 1w (sl2 — yla)i-v (L) y

respectively, and £;, £5 > 0. Moreover,

41, EZISJ?H (x,9) = (31,!3212;:)&_/)(%)/) 41, EzIO_OA p(,y) = Zl,legf;l_p(x,y) =p(x,y)

and

s pd
whpl ply) = / / t171s"27 o (8, 5) ds dit.
sa— P y

Similar to Definition 2.19, we introduce the following fractional integrals:

0 PCI LR b E}f" * tht 2 1 g n
1 _ N
I‘“p(x'[ 2 } >_F(M) p (x“—t‘l)l“p(t'[ 2 } )dt’ o
1 o 1
"Kz +d€2 2 b tﬁl—l 152 +dK2 7y N
o i
o [5]) - x@a_xw(f’[ I EE
1 1
al + bﬁl [ al + bﬂl [
e A
0o (510t [ (5] o

~l1 i,el ﬁ el—v d S€2—1 &51 + 251 H R
ZZIY a”+ — 2 d d.
d—"([ 2 ] ’y) row ), (sfz—yfz)l-qu 2 } ’S) vIs

It is important to notice that, if ¢; = £, = 1, then the Katugampola fractional integrals

reduce to Riemann-Liouville fractional integrals given in Definition 2.7.

Similarly, we can define the extended Katugampola fractional integrals in the two di-
mensional case as follows.
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Definition 2.22 Let p € X?(2) and kj,k; > 0. The Katugampola (ki, k»)-fractional inte-

1, zzlu,v k1 J<2 1, ZZIW K1 /<2, 1, zzlu Y klka €162 povkike
b—,d—

S of order u,v >0 with a,¢ >0

grals and

are defined by

b2k b, )

g klﬁ kz tzluzzl
—p(t,s)dsdt, x>a,y>¢c,
k1kzrk1(M)FkZ(V)/ ./ (1 — ) (yt2 —st2)' %z

2] ZZIM Vkl kzp(x’ )
Z klz / /\;1 tfl—l lo—1 . "
i p(t s)dsdt, x>a,y<d,
" kikaT (W Tk (v) (1 — ) (5t — yi2)'”

ll,lzlﬂ sV kl ko (x’ )

P S

Zl lez 2 / /y th lslg 1 R R

= - p(ts)dsdt x<by>c,
kika 'ty (1) Ty (v) (th _xh)l_% (yt2 — 552)

and

ll,lzlﬂ‘)kl kz,O(x )
i b t1-1g6r-1
0 e, / / tr1ist2 A A
= T p(t s)dsdt, x<b,y<d,
klkZF/q(/‘L)sz( ) (th - xh) (552 yta)™

respectively, and £, £2 > 0. Note that when &, k; — 1, then it reduces to Definition 2.21.
We also introduce the following useful fractional integrals:
o2 2{‘52 zL
04 itk c*+ 2
o[ =57])
K
51 K x -1 ol 4 gl % R
= olt| —— dt, x>a,
kil () o (gt — )50 2
A 1
2 4 40%
09 ok c- + 2
e[
Y -1 6,
th1- 2+ dn2n A
/ Mp(t,[i] 2>dt, x<b,
lekl () Jx (gt — gty H0 2
~ 1
0 Uil
2o 70,k a‘'t+ b 1
2[“2‘)([ 2 } ’y>

1-2

) Ez ky y 552*1 p<|:AEI+b£1:|Z1 )ds y>e
koTu) Je (o ) 2

Page 9 of 34
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09 ko Zlel + ];Zl %
Lo | =5
=% d £o-1 ~0y L P
£y s a’t +b"1]na A
=T / 1-”’0<[ 5 ] ,s)ds, y<d.
21k (l)) y (S€2 _yKZ) 5

Definition 2.23 Let /11,4, : ] — R be two non-negative and non-zero functions. Assume

that 01,072 > 0. A mapping p : 2 — R is said to be a distance-disturbed (£1, /11)—(£2, h12)-
convex function on the coordinates on 2 with modulus (1, 1o > 0 of higher orders (o1, 07),
if the partial mappings py : [4, bl —> R, py(u) = p(u,y) and py : [C, d] — R, px(v) = p(x,v) are,
respectively, distance-disturbed (£1, /1;)-convex with modulus u; > 0 of order o; > 0 with
respect to u on [a, l;] and distance-disturbed (£,, /13)-convex with modulus p; > 0 of order

o, > 0 with respect to v on [c, d], for all yele, d] and x € [4, D).

From the above definition, we can say that, if f is a coordinated distance-disturbed
(£1, h1)—(£y, hy)-convex function with modulus w1, iy > 0 of higher orders (07,03), then

the following inequality holds:

p([ex +(1- t)ull]ﬁ, [ry2+(1- r)véz]%)

o1

+ u1t(1-1¢) (1/1 —xll) + tor(l — r)(vZ2 —3/2)02
< hi(O)ha(r)p(x, y) + hi(O)h(1 = 1) p(x,v) + hi(1 = £)ha(r) p(u, y)
+h1(1=-t)hy(1 =7r)p(u,v).

Remark 2.24 If 1, s — 0%, then Definition 2.23 will be reduced to Definition 2.12.

Remark 2.25 If £; = €5 = £, then the function f will be reduced to coordinated distance-
disturbed (¢, /11)—(¢, hy)-convex function of higher orders. If £; = €5 = 1, then the function
f will be reduced to coordinated distance-disturbed (/;, #;)-convex function of higher or-

ders.

Remark 2.26 If hy(t) = t** and hy(t) = t*2, then the function f will be called a coordinated
distance-disturbed (€1, 51)—(€3,52)-convex function of higher orders. If /4 (£) = £1, hy(t) =
t2 and ¢, = £, = ¢, then the function f will be called a coordinated distance-disturbed
(¢,51)—(¢,s3)-convex function of higher orders. If 4;(¢) = £°, hy(¢) = £*2 and £; = {5 =1,
then the function f will be called a coordinated distance-disturbed (s3, s3)-convex function

of higher orders.

3 Main results
In this section we give the trapezium type inequalities by using distance-disturbed (¢4, /11)-
(£2, hy)-convex functions with modulus (1, (42 > 0 of higher orders (o1, 02), where 01,02 > 0

on the coordinates on Q.

Theorem 3.1 Suppose that p : Q@ — Risa distance-disturbed (€1, h1)-(£3, hy)-convex func-
tion of higher orders on the coordinates on Q2 and p € L1(2). Then one has the inequali-



Kashuri et al. Advances in Difference Equations (2021) 2021:120

ties

1 PN U El P CP R I
(][]
4hy(3)ha(3) 2 2

efl €T (0 + k)T (v + k)
(bfl — ﬂfl)/q (dfz — sz)

[ll lg[ﬂ RINSH k2p(b d)

a+,c+

stk o gy g ot kil oG 3y g ek p g, )]

,‘f—[p(a,a +p@d)+ p(b,2) + p(b,d)]

L

b - a7 + @

hl(ll) + (1= 11)|[2(12) + ha(1 = 13) | diy iy

— b+ pal(@ -
2

g2y + (@2 - d2))

) (3.1)

where

23 v
k 1\~ k 1 \&
A=— mv H1K2 h 1C1+M21 - 2C2
16kiky | v \2bt no\2dt

and

€ 4t
C2 = / l2 [l2 — C[2 + d@z] dl2
£

t2-gt

01450
Cl :/ ll [l1 —ﬂel + bzl] dll,

al1-b4

Proof Let x'1 = 134" + (1 —11)b", y1 = (1 —17)a"" + 116" and 42 = 15,8 + (1 - 15)d"2, v*2 =
(1 —1p)c% + 12;152, then, by coordinated distance-disturbed (£3, 41)- (€3, /13)-convexity of

higher orders of p, we have

A b Te 43RG
(=)

2y [l 402 5
<h

2 )
1\, (1
1 <§>h2<§) (o) + o0, v) + p(y, 1) + (3, )]
i
4

1 (y“ _le)rn _ %(sz _

Mzz)az.

v

k3

£
Multiplying by 2= T

1 all + b & e 4 4o )
4h1<l)hz<l)p<[ 2 } [ 2 } )
oy A
4/<1/<2 2

and integrating over ([0, 1] x [0, 1]), one has

<

,o(x, u) + p(x,v) + p(y, u) + p(y,v)] diy diy

Page 11 of 34
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v
16k kohy (5)ha(3)

1 1 pn 4 v_
X / / zF 1l2k2 1[,u1(y[1 —xel)g1 + ,bLg(VeZ - uel’)@] diidis. (3.2)
o Jo

Note that by the change of variable, we have for the first integral on the right-hand side of
the inequality (3.2)

/ / z2k2 ,o(x, u) + p(x,v) + p(y,u) + p(y, v)] diydiy
E Y 151 —1,,00-1
- : [ f / T eydyds
(bh _atyk(Je — )R (bt — x01) R (e — yi2) Tk
[1 1,00-1
/ / S eydyds
(b - le - (2 —¢t2)' h
31 lyfz 1
/ / m p(x,y)dydx
x(1 — ael) kl (dEZ — KZ)

ll lyfz 1
/ / - px,y) dydxi|
(xer — ,,1@1) k1 (yt2 —c¢t2) R

Now applying Definition 2.22 of the Katugampola (ki, k»)-fractional integral, the first in-

equality of (3.1) is obtained. For the second inequality on the right-hand side of (3.1), we
use the coordinated distance-disturbed (€1, /11)- (€2, h1)-convexity of higher orders of p as

follows:

p,u) = p([na' +(1- 11)1351]ﬁ [1282 + (1~ 12)21‘2]%)
< (1) (12)p(@,8) + b (1)a(1 = 12)p(&, d) + I (1 = 11)ha(12) (b, )
+ (1= 1)ha(1 = 1)p(b,d) - 11 (B = ") - pa(d™ - )7, (3.3)
PG v) = p([1na" + (1= 1)B )T, [(1 - 12)6 + 1,d2]75)
< () (1= 12)p(&,8) + 1 (1)2(12)p(@, d) + (1 = 1) ha(1 = 12)p(b, )
+ (1= 1)h(2)p(b d) — pa (B - &)™ - 11 (62 - d2)™, (3.4)
pOu) = p([(1 = 10)a" + b, [198%2 + (1 - 19)d2] )
< (1= 1)ha(2)p(@8) + (1 - 1)ha(1 — 12)p(@,d) + I (1) (12) p (b, )
+ I D)ha(1 = 12)p(b d) — pa (@ = 5)" - pa (@2 — &), (3.5)

and

p0n) = p([(L= )" + "], [(1 - )E" + 2] %)
<hi(1-11)h(1 -13)p(@,c) + h1(1 —11)hy(12) p(a, d) + 1y (1) hy(1 - lz)p(i), 3
o5 ) a6 ) - o -2 oo
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Adding inequalities (3.3), (3.4), (3.5) and (3.6), we arrive at the result

p,u)+ p(x,v) + p(y,u) + p(0, )
<[p(@2) + p(@,d) + p(b,8) + p(b, d)]
x [ (1) (12) + Iy (1) (1 - 1)
+ (1 —11)hy(i2) + 1 (1 —11)ha(1 - 12)]
—ou[(B - at) + (@ - )]
— o[ (A - )7 + (&2 - d2)), (37)

v

“ -1 £-1
Multiplying (3.7) by £ e k2 11 zzk 2 and integrating over ([0, 1] x [0, 1]), one has the second
inequality of (3.1) by applying Definition 2.22, which then completes the proof. O

Corollary 3.2 Taking ky,ky — 1 in Theorem 3.1, we have

1 Al + b [e 4420

s )
4h1(35)ha(3) 2 2

T (n+ 1D (v + 1)

T 4B —aty(de - ety
[Elézﬂlv p(b d)

a+,c+

£1,L2 v SRSy AN L E1LE Y ~on
+ I&ha_p(b, C)+ Ii,_,@,p(“’ d) + IE_,a_p(a, c)]
my A A aA PN P
= [p@d +p@d)+p(b,8) + p(b,d)]

/ / e i) + (1 =10)][h2(2) + ha(1 = 1) diy diy

(B — @)+ @h - b)) + o [(d2 - 62)7 + (62 — d2)™] 38)
2 ’ '
where
are ol LN (LN
16 v \2pta) ' op\2ge)
and
al14p4 R . 2 1ate ) .
(o4 :/ 1 i —a" + 61" diy, C; :/ 152[12 =2 +d2]" ds.
#1-bl ea_gta

Corollary 3.3 Taking {11, 1y — 0% in Theorem 3.1, we get

1 ([&£1+2ZIF [emzzfz}%)
1% )
4hy (3)h(3) 2 2

®oov
- €32 Toy (1 + k) Try (v + k)
T4k —atyk (G — gy

Page 13 of 34
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09,89 VKK 7
x [ ]Ez+,2+ 'O(b’ d)
stk o ) 4 oAk oG d) 4 e R o 3, 6]

< g @D 0@ + 030 + p(b D)

/ / l2k2 hl(l1)+l’l1( —ll)][hz(lz) +h2(1 —lz)] dlldlz. (39)

Corollary 3.4 Taking ki,k, — 1 in Corollary 3.3, we obtain

1 PO Ch L eI R b
4h1<§)h2(§)”<[ 2 } [ 2 } )
T (n+ 1) (v +1)
- 4([,41 _&zl)u(;ﬂz _ ¢y
x [2Ly ob,d)+ 2L pb,e) + L, pad)+ 2L, p(a,0)]

averP bh—,d—

v A oA An PN
= (0@ + p@d) + pb,6) + p(b, )]

[ [ D ) -, @10

Remark 3.5 If 1 = 1 = v, then Corollary 3.4 becomes Theorem 2.16 which was proved in
[38].

Remark 3.6 If hy(t) = t = hy(t), then Remark 3.5 coincides with Theorem 2.11 which was
proved in [27].

Corollary 3.7 Taking {1 = {5 =1 in Corollary 3.4, we have

1 <a+be+a)
o )
am Mm@\ 2 7 2

<I’(pc+1) v+1)
T ab—a)n(d -2y

v A oA A n PN
= = [0@d + p@d) + pb,6) + p(b,d)]

Disy P o(b,d) +I’” p(b %) +I” p(zz d) +1“ p(a,c)]

/ / il h() + hi(1 = 1) [2t2) + ho(1 = 13)] diy dis.

This result coincides with Theorem 2.1 of [36], if /&;(¢) = hy(¢) = h(t). Furthermore, if
i =v =1, it reduces to Theorem 7 of [23].

Remark 3.8 If h1(t) = hy(£) = ¢ then Corollary 3.7 coincides with Theorem 2.8.

Corollary 3.9 Suppose that p : Q — R is distance-disturbed (£1,s1)-(£,2)-convex func-
tion of higher orders on the coordinates on Q2 and p € L,1(2). Then one has the inequali-

Page 14 of 34
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ties

PP B |
251+52_2p<|:all ;bel:l‘l ’ |:C‘Z2 ;dez]fz) T A

Zkl Ekz Ty (e + k)i (v + ko)
(b‘fl - all)/q (dlz - Clz)kz

[L’1£21;L+Ucli1 ko (b d)+€1 52111 Vkl ko (b )

+ Zl,lzlg:)é/ihkzp(&’ d)+ 01, 52[# ) k1 kzp(ﬂ, C)]
<iﬂ{maa+m&%+méa+m2%]
P— 4k1/(2 ol ) bl )

{ 1 B(v,sy +1)
X +
(1 +s1)(V +52) (1 +51)
B(u,s1 +1)

L Blwsi+l)

(v +s7)
pa (B9 — @ty + (@h = b)Y ] + pol(d® — 2)72 + (812 — d2)7]
2

+B(v,85 + 1)B(t, 81 + 1)}

’

where B(x,y) = fol 7Y = j»tdy, for all x,y > 0, is the Beta function.

Corollary 3.10 Suppose that p : Q@ — R is distance-disturbed (£,s1)-(£, sp)-convex func-
tion of higher orders on the coordinates on Q and p € L1(Q2). Then one has the inequalities

e ([a+ D dadtr
201274 g , +B
2 2

~o
ky

Trkl (//« + kl)l"kz(v + kZ)
4(b‘ —dﬁ)kl (dl _ c@)kz
[(Z !ZIIL ,k1,ko (l;, (’Z) " Z,Zlft,vlkl ,kzp(ZJ, E)

a+,c+ +,d—

Lk
=

+ ek 0,0 pisviki ko
1 h (zzd)+ I S p(a,c)]

< 4,( A [p(&,ﬁ) + p(a,d) + p(b,¢) + p(b,d)]

8 { 1 . B(v,s5 + 1) .\ B(u,s1 + 1)
(1 +51)(V +83) (u +51) (v +52)
(Bt = at)7t + @' = b)) + pal(d - 272 + (& - db)™)

+B(v,s3 + 1)B(u, 81 + 1)}

where

at+bt p g etidt
31:/ iy [zl—a +b]’< dis, BZ:/ 1y [12—0 +dl] dlz
a el-gt
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Corollary 3.11 Suppose that p : Q — R is distance-disturbed (s1,s,)-convex function of

order 2 on the coordinates on Q2 and p € L1(2). Then one has the inequalities:

g2, Zz+b,6+d oD
2 2

_ Tl + k)T (v + ko)
T ab-ah@-ok

RINSPS [ ,k1,k N
% [1,11{411 1 2p(b,d)+1,115+va_1 Z,O(b,C)

a+,c+

Llgvikika a2y L1gvkiky s
+ 1}37,@+ ola,d) + 1217,517 p(a,c)]

WY oo A s 5 oA
< g @D 0@ + 06,0 + p(b D)

N { 1 . B(v,sy +1) s B(u,s1 +1)
(m+s)(v+s2)  (u+s1) (v +s7)

— (11 - @) + pa(d - 8%,

+B(v,s3 + 1)B(t, 81 + 1)}

where
” v
k 1\~ k 1\k
_ [m 2<_A> Tp, 4 ki (_) 2D2],
16kiko| v \2) no\2d
a+b w evd v
2 A -1 2 A ~q - —1
Dy :/ 17l —a+ bl dy, D, :/ 15[in—c+dlRe di.
a-b e-d

To prove our next result, we need Proposition 3.12.

Proposition 3.12 Let p : I = [a, ZJ] C (0,00) = R be a distance-disturbed (£, h)-convex

function of higher order o > 0 and p € L1[a,b]. Then, for a, i, k > 0, the following double
inequality holds:

1 A+ bt QA 2 apyo
ar([50] ) e e
<z’%irk(a+{<)
T (Bt-ant
@ +p®)7] (1
sa[%}/o tE[h(e) + h(1 - )] dt

ak
(o + k) (o + 2k)

[ p(B) + 17 p(@)]

~

_ [(b°-a")° + (a* - b)), (3.11)

where

1
W= / £t - 1)° dt.
0
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~

Proof Since p is a distance-disturbed (¢, %)-convex function of higher order o > 0 on [a, b],
taking & = ta’ + (1 — )b’ and y* = (1 — )&’ + tb*, for all £ € [0, 1], we have

AR YAT U o1
Llp([“ +b ] )gp([tauu_t)b@]z)+p([(1_t);zf+tbé]«)
n(l) 2

-1 (b -a)". (3.12)

Multiplying both sides of (3.12) by t%'and integrating w.r.t. t over [0, 1], we obtain

k al+ bt
aa((57])

1
5/ ([t + (1 - 0bt]) dt
0

1 1
+/ t%-lp([(l—t)&‘fu@“]%)dt—%(i;‘_zﬁ)"/ tE1(2t - 1)° dt. (3.13)
0 0

By a change of variable in (3.13), we get

@_y

k al+ bt ¢ L byt
—1,0<[ ] )5 — a[/ _ g,o(x)dx+/ ﬁp(x)dx}
ah(3) 2 (bt —-at)x LJa (bt —xb)* a (xt—abx

- -atyw.

Applying Definition 2.20 of Katugampola k-fractional integrals, one has the first inequality
of (3.11). For the second inequality on the right-hand side of (3.11), by using the distance-
disturbed (¢, 1)-convexity of higher order o > 0 of p, we have

p([tat + (1= 0b]") + p([(A = 0 +1b°]") < [p@ + pB)] () + h(1 - 1))
- [ - ) + (@ - 5],

Multiplying by %71 on both sides and integrating over [0, 1], we obtained the second in-
equality of (3.11). O

Corollary 3.13 Taking ;r — 0" in Proposition 3.12, we have

1 A DT\ 0ET(a +k .
(4421 -

@p 2 (b —abt)¥
~ 7 1
fa[M] / e [h(e) + (1 - 1)) . (3.14)
k 0

Remark 3.14 If @ = k = 1, then Corollary 3.13 coincides with Theorem 5 of [8].

Remark 3.15 If £ = k =1 and h(¢) = t, then Corollary 3.13 coincides with Theorem 2 of
[35].

Now, using Proposition 3.12 we can give the following result.
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Theorem 3.16 Suppose that p : 2 — R is a distance-disturbed (£1, h1)-(£y, hy)-convex
function of higher orders on the coordinates on Q2 and p € L1(2). Then one has the in-

equalities

1 <[%+bﬁ]f [em;ﬂz]é)
P ,
i (3)ha(3) 2 2
“ 1 N
- Zlkl T, (e + k1) [lefﬁ’klp(l} |: L’2+dl2:|i )+L’11y,k1p(& [ e2+dezi|z ):|
T -ami L 2 - 2

k5 0L PO PSR R b
iy VAL [[215;“/)([“—1 +bl}“,d)+fzzf’k2p<[—l L 1][ c)]
2n(3)(d —e2)" 2 - 2

) dt _ o202 4 bt — gty
N uv 1,U«2A( i Wo(Fy + ) + 28 2,U«1A( a i Wi(F;3 + Fy)
8k1/<2(b‘-’1 —at)k 8kiky(d"2 - ct2) R

efl e i, (1 + ki) Thy (v + k)
(bfl - afl)h (d‘fz - sz)kz

[81 Y BSE kzp(b d) el'ezlgjéi]i]‘kzp(l;’ o)+ ll'ezlg;vélil’bp(&; a)

a+,c+

IA

21 ZZIMV]Q kZp(a C)]

VEEFk(M+k1) PN P K on ka5
— = O p(b,8) + L p(b,d) + 6115_, Yp(a,c) + 15115_7 Yp(a,d)]

2, (b0 — g1y k

IA

1 v
X / l2k2 [l’lz(lz) + h2(1 — 12)] d12
0

u uvliky ] 21(32 _ 6(32)02 (Aiz dlz)lTZ](Fl +F)

2k1(v + ko) (v + 2k) (b1 — a1kt

Mz T, (v + k)

[ezlg;kzp(&, d)+ lzls;kzp(l;, d)+ Zzls’kzp(&, ) + lz]{;'kzp(l;, 0]
2k1 (de - 052)k2 - -
1 %71
X / lll [hl(l1)+h1(1—l1)]dl1
0

o uvlsky [(l’;el _&61)01 + (&51 _ 261)01]([—'3 + Fy)

ey (11 + k) (1 + 2ky) (@2 — E2) Rz

[p(&, &)+ pa,d) + p(b,2) + p(b,d)]

| /\

kk

/ / T ) 4 (1 = )] [ ) + (1= 1)) dia iy

— [ty pvlik x - [(&(32 _ 6@2)”2 (Aiz d@z)UZ](F +Ey)
2k1(v + ko) (v + 2ky) (b8 — glr) Rt
uvlaky
M1 » -
2k + k) (e + 2k ) (d'2 — cf2) ke

[(bzl 21)‘71 n (%1 bll)"l](Fa + Fy), (3.15)
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b £1-1
X
P = / g
a (xll_azl) ky
d to—1
y 2

d
[ g —
¢ (y2—g) R

and
1 %71 1 ki,l
Wl = / lll (2[1 - 1)01 dll, Wz = f l22 (2[2 - 1)02 dlz.
0 0

Proof Since p : Q2 — R is a distance-disturbed (£1, #11)-(£2, h3)-convex function of higher
orders (o1, 05), then partial mapping p, : [c, Zi] — R defined by p,(v) = p(x,v) for all x €
[a, i)] is distance-disturbed (¢4, h15)-convex of order o7 on [, 21]. Similarly, p, : [4, l;] —-R
defined by p,(u) = p(u,y) for all y € [¢, d] is distance-disturbed (€1, h1)-convex of order o,
on [4,b]. Then, by Proposition 3.12 and applying the distance-disturbed (£,, /13)-convexity

of p,, we have

Y A@ 1
11 px<[c *+d 2:|12> + w(&u&z —6‘2)"2\/\’/2
h2(§) 2 4-/(2

B €52 Tiy (v + ky)
T (@b )k

A . 1 v _
EV[W]\/O l2k2 1[h2(l2)+h2(1—12)]dl2

(212 pald) + 212 ()]

Uk2
M Y ) + 2ky)

AL "e 1
o(n[EE ] ) e e - eyw
ha(3) 2 4k

(@ -2 @ -2

ki
< 2,2 T, (v + ko)

L’zlv,kz Zi ezlv,kz A
~ v [ o+ p(x) ) + a ,O(x, C)]
(dt2 — )k ¢

A g 1 v_
[ ] )
0

k 2

— V—kz Afz_%z a2 Ay 05\ 02
W o s g L7 %)+ (€7 =) (3.16)

Integrating inequality (3.16) w.r.t. x over [4, b) after multiplying by

1 1

uﬂlxll’

~ R s ) 1=
2ky(bYr —atr)k (kb — glr) R

/;LEﬁClli

Uy (bt — a1k (b — xt1)

and
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respectively, we obtain

ey b xl-1 IR Ty
~ T / A I ,O(x, [ ] ) dx
2Uahr(3)b0 —ah Ja (bt - xt) "k 2

¢ d(z_ A b l1-1
s 11 c?) W/ i x _dx
8kiky (b1 — at1)ht @ (bt —xt)H

vyl

<
= 7=
k

Uik (dl2 — é2)%a (b1 — gty

l] 1 32 1
[/ f p(x,y) dydx
(b1 —x1)' 4 @2 — y2)
b pd 5171 2—-1
+/ / ~ yﬁ px.y) dydx]
a Je (ph _xil) kl (y*2 _542) 5}
¢ b 0-1 ¥, b F-1 a
= iLV . 0 [/ Ax p(x1C)u dx+/ - p—(x )l dx]
2kiky(blr —atr)k La (pf —xt) ko a (b — xfl)

1 v 1
X / 1276 [hg(lg) + h2(1 - lz)] d12
0

1o PO [(a )" (¢ -2)"]
2k (v + k) (v + 2Kky) (B4 — a‘fl)kl

b b1
y / T (317)
a (b _xfl)l_ﬁ

and

A b Zl1-1 ¢ 4 g%
it ka5
2kihy(3) (b4 —at )k Ja o (xtr —gh) TR

vl d(z _ Yoo b x€1—1
K 112( ) Wz/

8kyky(bt1 — at1) ki i (0 —ah)h
uvlily

k(@2 — 62)a (b1 - atn)h

51 1 Kz l
0 e
(xt1 _(,151 kl (d‘fz _yfz)l_E
fl 1 52 1

S

xil _afl kl (yez _ 052)1 k2

¢ b K11 b 0q-1 ’g

- wh [/ o, c)# dx+/ L(x)ﬂdx}
ik (bt — gty Lo (w1 — 1)~k @ (xtr— g0 R

1 v
x / 0 o) + (1 = 1)) dlea
0

dx

=
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Vglkz ~ N . N
TH2 . - —[(d2 -22) + (e - d?)7]
2k (v + ko) (v + 2kr) (D1 — gt )k
b K01
X —dx. (3.18)
(xtr — &51)1*ﬁ

Now again by Proposition 3.12 and applying the distance-disturbed (¢;, /1;)-convexity of

py, we have
1 al + b4 % UL
bfl ’\61 UIW
hl(é)"yq 2 }> " W

“
€0 Thy (0 + ky) A .
< [ oy (0) + 1 (@)

(b1 — gyt

- 7 1 o
<M[M]/ llkl 1[h1(l1)+h1(1—11)]dl1
0

- kl
PR e gy @ b)),
(e + k) (e + 2k7)
Or
1 ({amz% :|‘311)+MM1(bzl ) w
mH\ 2 4k, '

[L
er k b
< TR sy gt ]
(b1 —ath

/\, b, 1
<M[W}/ llkl 1[1’11(11)"’1"1(1_11)]('111
0

_ pki 201 ALINOL L (A€ 71101
Ml—(ﬂ+k1)(ﬂ+2k1)[(b a ) + (a b ) ] (3.19)

Integrating (3.19) w.r.t. y over [c, d) after multiplying by

vlyyte d vﬂzye 2-1
an

2Uer (A2 — 22)Fa (Gl — yt2) K 2Uer (A2 — 22)Fa (ylo — pt2)1 K

respectively, we have

vt a .)/5271 a4 ph ({L
; = / A P <|: ] ,_)/) dy
2kah ()(d2 —¢2)R2 Je (dl2 —yt2) TR 2

¢ b 1 _ 51 o1 d lr—1

HVZHI( )W1/Ay __d

Sk eyl S @ _yn)h
vl

<
= 7=
k

Uik (Al — é2)%a (b — gty

l] 1 32
g e
(bt — ) @a - fz)
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Z] 1 Zz 1
/ / p(%,) dydx]
(x&r _ﬂll B (dlz - 132)
Y] d 52 1 d -1 1;,
- wtr [/ p(a,y) dy+/ ¥ o( ly)v dy}
2k1k2(d£2 — 282)5 ¢ (dfz _yzz) 2 ¢ (dlz _ylg) sy

1 B_q
X / llkl [hl(l1)+h1(1—l1)] dll
0

- wbh pga_atyn s 3t - 59))
2y (1 + ko) + 2k ) (@82 - 22) o
i -1
x / T Y (3.20)
(df2 —yt2) R

and

vl d oyl At baa
1 - f 1L '0(|: B ] 0’) dy
2/(2]’11(5)(6122 - C‘Z2 (y[2 sz) ko

Y4 bfl _ gtyo1 d 01
s 2 ( ) Wl/ y S
Sklkz(dez - Cez)kZ ()/52 — 2@2) )
,uvﬂlﬁg

Uiky (A — 22)%a (Bt — gy

Kl -1 Ez 1
e
(bt — x) Y (¥t _Cffz)1 53

b pd X011 52 1
+ / f p@y) dydx:|

a Je (gt _;zzl kl (yt2 _sz)l ey

¢ d 52 1 d lo—1 E,
L b U play) dy+/ L‘lﬁvdy]

2k ko (dl2 — 022 (yt2 - cfz ¢ (Y —th) R

1 n 4
x/ 0t )+ (1 -0)]dn
0

=

— uu€2k1 _ _ [(éh _&@1)01 + (&ll _Z’gl)al]
2ka (e + ki) (1 + 2k )(d%2 — c2) R

P o1
) / L (3.21)
¢ (de _yﬁz) “ky

Adding inequalities (3.17), (3.18), (3.20), (3.21) and applying Definition 2.22, one obtains

%F k ol 4 gt oy 0l 4 gt =
(1 k1 (M + k1) |:(31[:;+k1 (];, [C + ] 2) + lllg,klp(&’ |:C + :| 2 ):|
21’12( )bt —a‘-’l)kl 2 - 2

561—‘1( (l) + /Q) P2 al 4+ i)zl ﬁ ~ k al + 1;21 %
+ 2 2 . 5211%210 ,d +l213,2p ,?J
23 —ey LT 2 @ 2
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¢ d(iz _ a0 Y b€1 af1)o1
MV 1( c?) Wi (Fy + Fy) + puvlapu( ) Wy(Fs + Fy)

8k1k2(be1 - ﬂll)kl 8/(1/(2(6#2 - Cez)k2

5 0B T (4 k)T v + ko)
(bfl - ﬂfl)'q (d‘fz - sz)kz

01,0 vk D 01,0 vk ke DA
x [ 21;;;: 2p(b,d) +% Zlfw:‘ 2p(b,¢)

IA

4 Loty povkiky 01,60 pvkLky oA A
Ib P ,O(ﬂ,d) I—,d— p(a,c)]

v@ Fkl (/’L +k1)
Uer (b1 — a1y

IA

SO 0(B,0) + L p(b,d) + 1N p(a,@) + 1M p(a,d)]

1 v 4
X/ lzkz [/’12(12)+h2(1—12)]d12
0

» wvliks [(@2 - &2)7 + (62 - d)?|(Fy + F)

2k1(v +ko)(v + 2k) (b1 — a1kt

Mz T, (v + ko)

C[2L @, d) + 21 p (b d) + 1 p(@,8) + 212 p (B, 2)]
2k1 (d*> - ¢2) 2 B -

o+

1 B_q
X / llkl [hl(l1)+h1(1—l1)]dl1
0

. uvlsky i pu _&61)61 + (&61 _ Z,ll)al](Fg, + Fy),

2y (e + k) + 2k )(d2 — &t2) R

which are the second and third inequalities of (3.15). For the last inequality of (3.15), ap-
plying Proposition 3.12 to the last part of the above inequality, we have

L
vﬁlkl Ty, (4 +k1)[

ik AL e0,0) + 1L p(b,d) + U1 (@) + 11 pa, )]
2ky (bt — gl )k

1 Vg
X / l2k2 [l’lz(lz) + hz(l — 12)] d12
0

o wvliky i [(21‘32 _2132)02 (AZZ dlz)o'z](Fl +F,)

2k1(v +ko)(v + 2k) (b1 — a1kt

Mz Ty, (v + ko)

ok 5 d v,k b k AA v,k A
2k ot (2L p@d) + 212 p(b,d) + 21" p(a,8) + 21" p(b,2)]
1 —C

1 n 4
X / llkl [hl(l1)+h1(1—l1)] dll
0

¢ P (@ - b))
o wvlaky i [ =) + (@ = 5) (B + Fa)
2k + k) (o + 2k)(d%2 - 262) "2
BV e+ p@d 1 pbui) s p@] [
< L2 [0(b,0) + p(@8) + plbd) + pla )] f n' ) +in@-w)]dn
142 0

1 v
x / 0 o) + (1 = 1)) dlea
0
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o puvliky i C[(@% - 22) 4 (62 - A2) ) (Fy + Ey)
2k (v + ko) (v +2ko) (b1 —at) ks
. uvlaky [(l;h _&51)61 +(ah - 261)01](173 + Fy).

2ep (11 + k) (g + 2Ky ) (A2 — E2) 2

For the first inequality of (3.15), we again use Proposition 3.12, which then completes the
proof. O

Corollary 3.17 Taking ki, ko, — 1 in Theorem 3.16, we have

1 ({&m%]d [efu&ﬁz]é)
hi(3 )hz(%) 2 ' 2
N €1 ~ 1
__ 4T+ a5, &2 +d2 7% caro(a, ¢+ d25
= o —any L " 2 - 2
~ 2 1 N A 1
N Z;FEU D fup ) a' + b1 n a)eer at + b1 T R
an(@e-eay L 2 *- 2

O paa(de - o (b1 —ah)”
DT G Gy o PO I 6 )
8(btr — atryn 8(d" —c2)
B e (u+ 1) (v+1)
T (b - aty(de - ey

x [VeL p(b,d) + VL p(b,0) + VLY plad) + TRL, p(@e)]

a+,c+
- Ve T(n+1)

! el]l‘« b l11M b d (1111 Y A,El’
= S B8 L p b, L @0 1 (]

1
X / l;_l [hz(lz) + h2(1 - 12)] dlz
0

uvly Ao AINGD  (aly 0\O2
- ; d” -7 + (&2 -d")"](Gi1+ G
M22(v+1)(v+2)(b51_&el)u[( ) (e )”1(G1+ Ga)

;LE”F(\) +1)

£y v ¢ O v R o a L
(dlZ _ gty [ 2] (ﬂ,d) + 21”/0(17 d) + 2[ p(g,c) + Zfa_p(b,c)]

1
X f 4 @) + (1 -1)]dn
0

nvts [(;;zl _

~01)°1 b1 701)\01
K = a +(at-b (G3 + Gy)
! 2w + 1) (e + 2)(db2 - clo)y ) ( ) ] 3 4

<uwv[p@e) +p(@d) + p(b,2) + p(b,d))]

/ / N Mo (2) + a1 = 1) ][I (1) + (1 - 1)] dia diy

JIAY oY Moo AENTY  (apy o0
- M ~ dZ_CZ +62_d2 (G +G)
0w+ D + 24 —ah e )7+ ( )”](G1 + G,

,LLU'EZ ~p N0l y S o
— — bl_ 1 1 bl G G )
M T s 2@ a0 @) (@ )G Gy
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where

and

1 1
u, = f l{‘_l(le - 1) dy, u, = f 1;’1(212 - 1)2d,.
0 0

(2021) 2021:120

b xli-1
G2 = /& —(le ~ &Zl )l—l’v dx,
d lo—1
J
Gi= /; 7@[2 sy dy,

Corollary 3.18 Taking i1, jto — 0% in Theorem 3.16, we get

1 ([&fl +13@1]% [
mOmO 2 ]

s
0 Th (1 + k) [@1 ok

o) —anh

Ef_zf‘kz(v+k2) [1

2 (3) (@2 - 2t2) ks

222+2142]%>
LT 4 d 7 o
<b [72 ] )+€111f:_’1,0(a,|:7
~ 1 N
a + b . a
A7)0 el(5F

®ov
- Zfl Ezkz iy (e + k1)Thy (v + k)

(Bt — at)t (0 - p2) R

[(Zlézlltvhkzp(b d) £1Z21MV1<1/<2 (1;,6)

a+,c+

a+,d—

+ [lyzZIf\,L,U,kl,k2p(2z’ Zi) + 21,5215_,v§l<_1,k2p(&’ 8)]

b-i+

< Vf iy (0 + k1)
2o (b1 — ael)kl

a+

1 v
X / l2k2 [hz(lz) + h2(1 - lz)] dl2
0

,U,Ez T, (v + k)
2k1 (dt> - &) f

ks n oAy L tapika (G
+ 1;1_ ola,c) + [21_ p(b,c)]

['3212”;1(2 o(a,d) + lzls;kz o(b,d)

1 r_y
xf 0t )+ (1 -n)]dn
0

= kik

v

1 1 4 v
x/ / 02 [ha() + (1= )] [In() + (1= 0)] dis diy.
0 Jo

—[p(&, &)+ pa,d) + p(b,) + p(b,d)]

)
)]

[ 0,8 + 1L p(b,d) + 1 (@) + 1 pa, )]

(3.22)
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Corollary 3.19 Taking ki, k, — 1 in Corollary 3.18, we obtain

1 ([&‘uéﬁ]ﬁ [efu;ﬂz]%)
p ,
i (3)ha(3) 2 2
__ UTm+1) |:131 » (]; [352 +Zifzi|%) o ( ,[ez2+3521|é)]
T 2kp(3)(b - atye 2P 2 2
~ ~ 1 R ~ 1
s E;F(Av +1) o ,o( alv+ b4 ,;i) Lo, at + b4 m ,2>
2 (3)de —epr L 2 - 2

- K'fﬁ;l"(u, + 1D (v+1)
- (Z;Zl — &Zl)u(gﬂz — ¢y

[81 521;L+vc+ (@, Zi) L1, EZI::JrVd (l;, E) £, 152121;1) p(&, d) £, ZZIZ udip(& 2)]

- veiT(u+1)
2(b" — atryr

(A2 p(b,&) + I, p(b,d) + I} p(@,8) + 11} p(a,d)]

1
X [ l;_l [hz(lg) + h2(1 - 12)] dlg
0

%[W pland) + I, b + 21_p(@nd) + 21 (5, 2]
1
x/ 7 () + (1= 11)] diy
0
< w[p@e) +p@d)+ pb,2) + p(b,d)]

f / Py () + (1= 12)| [l (1) + I (1 = 10) ] dra diy. (3.23)

Remark 3.20 If 1 = 1 = v, then Corollary 3.19 gives Theorem 2.17, which was proved in
[38].

Remark3.21 If €1 = £, = 1 and & (¢) = hy(¢) = £, then Remark 3.20 reduced to Theorem 2.8,

which was proved in [32].

Corollary 3.22 Let p be a distance-disturbed (£, h1)—(¢, hy)-convex function on the coor-
dinates on Q and p € L1(2), then one has following inequalities:

1 ([&MIQ@T [euéﬂ]%)
p )
m(Hh(d) 2 2
M A 1 A 1
e k) T¢ Tet+die et+dir
< L laluvh) [15;k1p<b,[c : } )+‘1§_’k1p(&,[c . } )}
2y (L) (bt - at)k 2 2
(R0 + k) [ At bt Ak
] e 5] )
2h(5)(d" - &)k 2 2

Y EZZ l () V4 E( _ styo1
M‘Vz([‘[l +Hp) + MWI(HB +H,)

8kiky (B! — &)kt 8kyky(dt — &) %
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Hv
ky

"R (1 + k)Tiy (v + ko)
(i, _ al)kl (dl _ Cz)k2
[‘3 flu BNSES (l;, cAi) bk del ko (Z] o) + Z,[Ig:}g,lil,kzp(&’ 21) + e,zlgjélil,kzp(&, 2)]

a+,c+

Lk

=

"
ER Ty (o + k - \
s”lf‘—(’”j)[ 25 p(b, &) + 1 pb,d) + I p(a,8) + 1 p(a, )

2r (b — ) -

1 v 54
x f 1,2 [hat2) + ha(1 = 12)] ds
0

vek: NN RN
— W2 ks ~ i (dé—cl) 2+(ce—dl) 2](H1+H2)
2k1(v + ko) (v + 2ky) (Bt —at)k

¥ MeE sz(v + kZ)

@l — 2% (10 d) + 120k, + 1 p@d) + 1 p(b, )]
las—c")™

1 r 4
xf 0t )+ (1 -n)]dn
0

“ uvlky Y
1 ~ v -
2k (1 + ky) (e + 2k )(d —c) R

5%[ p(@8) + pla,d) + p(b,8) + p(b,d)]

/ / lzkLz h2(12)+h2(1—12)][h1(11) +h1(1—11)] diydn

— it R N O A
2k (v + ko) (v + 2o (B — )

Ek 7~ o A 2O\O
—m HVERL [(B' - a")™ + (@' = b)) (Hs + Hy), (3.24)
2ka(p + ki) (i + 2k )(dt = cb) R

where

and

d 0-1 d -1
H3=/ Ay—l,Ldy’ H4=/ %djﬂ
¢ (dt _yﬁ) 5} ¢ (yti - TR

Corollary 3.23 Let p: Q — R be a distance-disturbed (€1, s1)-(£2,s2)-convex function on
the coordinates on Q and p € L1(2). Then one has the inequalities

~ 1 ~ 1
g1 a + b0 [ +dR2
2 ’ 2

”w
1k d2 4 g ¢ v dnn
3 2270 T (0 + K1) ll[f“klp l;, 24 4025 N fl]fbkl,o 3, 24 40275
N o a+ b-
(b -arh ’ :
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L2 lzkz T, (v + k)

@t — ¢to) ks

vy (@7 + D9 ao iy (@7 + b8 o)
2 Vs s 57V e Tv ~

¥4 d(z A[z ) V4 b 1 _ [1 o1
5 Bvhaal S Wi(E, + Fy) + 2021 " W (Es + Fy)
8k1k2(b‘51 —ah)k 8k1k2(d’~’2 —cl)k

v

Zf_l E? Ty (e + k)i (v + ko)
(bt — at)h (A0 — o)

[(31 (321/“)/(1 kzp(b d)+£1 ZZIMVkl kzp(b C)

a+,c+

IA

+ ZZIZ_VC/? kzp((l d) + lezllLVkl kzp((l C)]

Ve T (s k)
2k2(b‘31 — a‘fl)kl

X ko +B v +1
—,s
U+k2.92 k2 2
uvliky

~ 12 - [(@% =&2)7 + (2 -d?)|(F + F)
2k1(v + ko) (v + 2ky)(b%r — gt )k

[0 (0,0 + L p(b,d) + 11 p(@,0) + 11 (3 )]

I’LE sz(v + k2)
2/(1 (dt> — &) k2

X ki s1+1
M+k131 k1’ !

o wvlaky [(i)il _&51)51 N (&el _ 1;131)01](1:3 +Fy)

ey (11 + k) (. + 2ky) (@2 — E2) Kz

C[21 o d) + L p (b d) + 1 p(a ) + 1 p(h,0)]

< — / 5 [P(&,ﬁ) +p(a,d) + p(b,&) + p(b,d)]
kiky sz(,f—l,Sl +1) le(%,Sz +1)
(e + kys1)(v + kasa) v+ kasy ’ W+ kisy
+B ,s1+1)B i,sz+1
/1 /(2
L1k ~ o fn o
~ 2 R (@2 = 82)7 4 (¢ - a2)”|(F + Fy)
2k1(v + k) (v + 2ky) (b8 — glr)k
@ k ~ o ~ * o
— HVE2KT ; [(bh _&51) 1, (ah _bh) 1](F3 +Ey).

2y (e + k) + 2k )(d2 — &t2) R

Corollary 3.24 Taking £; = £5 = £ in Corollary 3.23, we have

~ 1 A 1
o142 at+btt et +die
P2 L2

221 h Ty (w4 k) [ S Tetvat
< kLl [lf"klp(b [C : ]
T (btoank AN
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N 251’1€é1‘k2(v + ko) e]f’kzp P AT 5 +elf’k2p at+ bt s
(@t — ek o 2 ’ d- 2 ’

) vl b[ _ o1

£) wlm® a0 Gy

(3 —
4 vl Wiy (H, + Hy) +
8kyko(dl — 20)Fa

8k1k2(b‘Z - a‘)"l

- gﬁ+5[‘k1(u + k)T, (v + k)

(bt -ank @ -t
[eelzivc/ilkz (b d)+ZZIMVk1k2p(b c)+ZZIMVk1k2p(a d)+€Z1MVk1k2p(a,C)]

O Ty (u + K
< "kl(b?—(“;;)[ 125 p(b,2) + 1% p (b, d) + 10 p(@,0) + I p(a, )]
2ko —a")"l
X ka +B sp+1
Vv +k252 kg, 2
E/ ~ o A 0\ O
o peRe ~ o dt - Ee) 24 (ce —d‘)) 2](H1 + H>)
2y (v + ko) (v + 2r) (B — &)t

(T k. N ~ o~ n
%f@%%&QVﬁz(w R p(b,d) + 1 p(a,0) + 1 p (b, 0)]
1 —c)"2

X ki +B< + 1)
,S
M+k151 /(1 !

" pvbls B =AY 4 (@ = ) (s + Ha)
2k (1 + k) (e + 2kp )(db — ¢ R
[p(a &)+ pa,d) + p(b,0) + p(b,d)]

k
k2B(H;SI +1)

k1k2
(1 + k181) (v + kosy) v+ ks
kiB(%,80 + 1)
+L+B(ﬁ,sl+l) ( ,sz+1)}
n+ kis1 ky ky
El ~ o ~ OO
s i (@ =) + (&8 - a) 2 (H, + Hy)
2k (v + ko) (v + 2ky) (bt —at) .
Ek ~ o A AN
Sl LB - a7+ (@ - ) (Hs + Ha),

- M1 < N
2k (1 + k) (e + 2k )(dt - ¢6) R

where Hy, Hy, Hs and H, are defined in Corollary 3.22.

Corollary 3.25 Taking £ =1 and o1 = 03 = 2 in Corollary 3.24, we get

251+52p<21+b’2+d>
2 2
- 232—1Fk1 (M: kl) I:I({;kl (@) ¢+ d) +]fl“’k1p(2{, ¢+ d):|
Y = 2 2
b-a)h

ZS1 T, + k) |:Iu’k2,0(& + b,;l) +IY’k2,0(& -!2- b,&)]

(A C) kz c+
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Corollary 3.26 Taking ki,k, — 1 in Corollary 3.25, we have

o152 a+b t+d
P22
so—1 N, . AL
_Lw[,ﬁp(b,“d)mp(;l,“d)]
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1
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1
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S TETFEET AL
< w[p(@e) + p(a,d) + p(b,&) + p(b, d)]

1 B(u, 1) B, 1
X + (81 + )+ s+ )+B(u,sl+1)B(v,sz+1)
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and
. 4 4 1 . 4 4 1
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Corollary 3.27 Taking i1, uo — 0 in Corollary 3.26, we obtain
1092, a+ b’ c+d
2 2
292710 (1 + 1 < C+d c+d
e (155 o5
(b — ﬂ)ll 2 b 2

rluxv+n[ (&+2A> ; (&+2A)]
—— | L.p Jd)+I p ,C
(d-2¢)y 2 d- 2
F(M +1)I(v+1)

(b ﬂ)”'(d C)V [a+c+
I’” p(a d)+1 p p(a,0)]

(b,d) + 1 p(b,2)

< vI(w + 1)

26— [Z4, 0(b,¢) +1L p(b d) +1” " p(a,¢) +Ilfip(&,;i)]

1
X + B(v,s5 + 1)
V+ 8

,uI“(v +1)

22y
dr=

< wo[p@2) + p(a,d) + p(b,¢) + p(b, d)]
B(,u,,sl +1) . B(v,s5 +1)

{(/Hsl ) | ves s

[ C+p(a,d) +Ic+p(b d) +I” ola,c) +I§_p(l;,2)]

+B(u, 81 + 1)}

X

+B(u,s1 + 1)B(v, sy + 1)}.

Remark 3.28 If = v =1 and s; = 55 = 5, then the inequalities in Corollary 3.27 coincide
with Theorem 2.1 of [1].

4 Conclusion

In this paper two inequalities of trapezium type are presented for the Katugampola (k1, k»)-
fractional integrals taking coordinated distance-disturbed (€1, %1)-(€2, h)-convexity of
higher orders (o1,07) into account. The special cases are discussed to see the compati-
bility with the previously known results. It is found that the results are highly compatible
and they can be extended for other types of convexities. We omit here their proofs and
the details are left to the interested reader working in the same domain. We hope that cur-
rent work will attract the attention of researchers working in mathematical inequalities,
fractional calculus, differential equations, difference equations, applied mathematics and
other related fields.
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