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1 Introduction
The main purpose of this paper is investigation of the existence and the forms of transcen-

dental entire solutions with finite order of second-order differential difference equations

Pf(z1,22) |
( f(ZIZ Z2)> +£(z1 + c1,22 + €)% = 82
0z]
and
9*f(z1,22)\*
(%) +[far+ ez + ) —flz1,20)] = £@),
1

where g(z1,2,) is a polynomial in C2. In general, for the Fermat-type functional equation

fm+g"=1, (1.1)
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Gross [6] discussed the existence of solutions of equation (1.1) and showed that the entire
solutions are f = cos a(z), g = sina(z) for m = n = 2, where a(z) is an entire function. Montel
[7] proved that there are no nonconstant entire solutions for equation (1.1) for m = n > 2.

Recently, Han and Lii [8] gave a description of meromorphic solutions for the functional
equation (1.1) when g(z) = f'(z), m = n, and 1 is replaced by e***#, where «, 8 € C, and
obtained the following results.

Thereom A (See [8, Theorem 1.1]) The meromorphic solutions f of the differential equa-
tion

f1@)+ () (@) = e (12)

must be entire functions, and the following statements hold:
(A) Forn =1, the general solutions of (1.2) are f(z) = ezz:lﬂ +ae”* fora # -1 and
f(2) = ze**F + ae?.

(B) For n =2, either « = 0 and the general solutions of (1.2) are f(z) = eg sin(z + b), or

az+p

flz)=de 2.
(C) Forn=> 3, the general solutions of (1.2) are f(z) = deaZ;ﬁ.
Here o, B,a,b,d € C with d"(1+(5)") =1 forn > 1.

They also proved that all the trivial meromorphic solutions of f"(z) + f"(z + ¢) = e***#
are the functions f(z) = de5" with d"(1 +e*°)=1forn>1 (see [8, p. 99]).

An equation is called differential-difference equation (DDE) if the equation includes
derivatives and shifts or differences of f (see [9]). In many previous papers [10—15], Naf-
talevich [11, 12] in 1995 discussed the meromorphic solutions of complex differential-
difference equations with one complex variable by using the operator theory and iteration
method, but recently, many researchers have begun to discuss this kind of equations by
using the difference analogues of Nevanlinna theory (see [16—19]). In particular, Liu et al.
[3-5] investigated the existence of entire solutions with finite order of the Fermat-type

differential-difference equations

f@*+flz+c)’=1, (1.3)
f@*+[fz+0)-f@] =1. (1.4)

They proved that the transcendental entire solutions with finite order of equation (1.3)
must satisfy f(z) = sin(z £ Bi), where B is a constant, ¢ = 2kr or ¢ = (2k + 1)z with integer
k, and the transcendental entire solutions with finite order of equation (1.4) must satisfy
f(z) = 12sin(2z + Bi), where ¢ = (2k + 1)z with integer k, and B is a constant. In 2019, Liu
and Gao [20] further studied the entire solutions of second-order differential and differ-

ence equation with single complex variable and obtained the following:

Thereom B (See [20, Theorem 2.1]) Let f be a transcendental entire solution with finite

order of the complex differential-difference equation

f'@)P*+f(z+0)* = Q2.
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Then Q(z) = cic; is a constant, and f(z) satisfies

) eaz+b + cze—az—b

f@)=——FF—

2a?
) .
with a,b € C such that a* =1 and ¢ = “’g“’“aw,kez.

Now let us recall some previous results on Fermat-type partial differential equations
with several complex variables (including [21-25]). Khavinson [22] in 1995 pointed out
that any entire solution of the partial differential equation (%)2 + (%)2 =1in C? is nec-
essarily linear. This partial differential equation in real variable case occurs in the study of
characteristic surfaces and wave propagation theory, and it is the two-dimensional eiconal
equation, one of the main equations of geometric optics (see [26, 27]). In 2005, Li [28] dis-

cussed the partial differential equation of Fermat-type

au\> [ ou\’
(—”) + (—”) s (1.5)
821 322
where g is a polynomial or an entire function in C?, and obtained some results on the
forms of entire solution of equation (1.5).

Thereom C ([28, Theorem 2.1]) Let g be a polynomial in C2. Then u is an entire solution
of the partial differential equation (1.5) if and only if

(i) u=f(c1z1 + c2z0); o1

(i) u=1(z1 +iz2) + P2(21 — iz2),
where f is an entire function in C satisfying f'(c1z1 + ¢222) = :I:e%g(z), ¢1 and ¢y are two
constants satisfying ¢ + c3 = 1, and ¢, and ¢, are entire functions in C satisfying ¢;(z1 +
iz2) P (21 — iz5) = 1@

Very recently, Xu and Cao [1, 2, 29] investigated the existence of solutions for some
Fermat-type partial differential-difference equations with several variables by using the
difference logarithmic derivative lemma of several complex variables and obtained the
following theorem (see [29-31]).

Thereom D (See [1, Theorem 1.2]) Let ¢ = (c1, ¢2) be a constant in C2. Then any transcen-
dental entire solution with finite order of the partial differential-difference equation

(8f(zl,22)

2
) +f(z1+c1,20 +0)t=1
821

has the form of f(z1,22) = sin(Az; + B), where A € C is a constant satisfying AeAt = 1, and
B € C is a constant; in the particular case ¢ = 0, we have f(z1,z;) = sin(z; + B).

Theorems B, C, and D suggest the following questions as open problems.

Question 1.1 What will happen when the right side of those equations, 1, is replaced by
a function e in Theorem D, where g is a polynomial in C??

f (21,22
9z1

) is replaced by

Question 1.2 What will happen when i ;Z;Z'zz) or 2X@2) i Theo-

021022
rem D?
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2 Results and some examples

In view of the above questions, this paper is concerned with description of entire solutions
for several second-order partial differential-difference equations of Fermat type of more
general form. The main tools used in this paper are the Nevanlinna theory and difference
Nevanlinna theory with several complex variables. Our principal results generalize the
previous theorems given by Xu and Cao [1] and Liu, Cao, and Cao [5]. Throughout this
paper, for convenience, we assume that z + w = (z1 + w1,22 + wy) for any z = (z1,23), w =
(w1, ws). We now state the main results of this paper.

Theorem 2.1 Let c = (cy,c3) € C? and ¢, #0. If the partial differential-difference equation

3%f (z1, 2
7f( 12 z) +f(z1 + 1,2 + €3)? = 811 (2.1)
0z}
admits a transcendental entire solution f (z1, z2) of finite order, then g(z1, z,) must be a linear
function of the form g(z1,z2) = A1z1 + Agzy + B, where A1, Ay, B € C. Further, f(z1,2,) must
satisfy one of the following cases:
(i)

2
4(6% + l)e%g(zl’ZZ),

f(zl:ZZ) = A%%_

with §(#0), A1, Az, B € C satisfying

2
§°-1 A2 = e%(AlcﬁAzcz);
42+ 1)i !
(ii)
Flenz) = A%leLl(Z)+Bl +A%16L2(Z)+32

241,43,

where Ll(Z) = Allzl +A12Z2 + Bl, LQ(Z) = A2121 +A2222 + Bz, Aﬂ,Ajz,B]’ eC (] = 1,2)
satisfy

Li(2) 7La(2),  g(2) = L1(2) + La(2) + By + Ba,
and
—iA} e = A2 200 = 1,
The following examples show that the forms of solutions are precise to some extent.
Example2.1 Let Ay =2,A,=1,B=0,and

2
Sflz1,2) = %ez”%”-

Then p(f) = 1, and f(z1, z) is a transcendental entire solution of equation (2.1) with g(z) =
221 + 2o, ¢1 = i, and ¢y = 2.
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Example 2.2 Let L(z) = izy + %22, Ly(2) = —iz1 — %zz, B; =By =0, and

iz1+1 _iz_2
elzl+222 +e 1Z1—3522

f(zerZ) = - )

Then p(f) = 1, and f(z1, z) is a transcendental entire solution of equation (2.1) with g(z) =
—%zz, ¢ =7m,and ¢y = —7i.

From Theorem 2.1 we easily get the following:

Corollary 2.1 Let ¢ = (¢c1,¢) € C?, ¢y #0, and let g(z1,2,) be not a linear function of the
form L(z) = A1z1 + Aazy + B, where Ay,A,, B € C. Then the partial differential-difference
equation

(32f(21;Z2)

2
922 ) +f(z1 + c1,23 + €)= 12 (2.2)
21

admits no transcendental entire solution of finite order.

The following example shows that the condition ¢, # 0 in Corollary 2.1 cannot be re-
moved.

Example 2.3 Letf(z1,2;) = %e“ +2-2775 Then f(z1,2,) is a transcendental entire solution

of finite order of equation (2.2) with ¢ = (c1,¢2) = (274,0) and g(z1,22) = 221 + 225 — 47 Z3.

Remark 2.1 In addition, in view of Theorem 2.1, we can obtain the conclusions of Theo-
rem 1.2 in [1] ife =1, 8 =0, and g(z) = 2kmi, k € Z, in equation (2.1).

For the difference counterpart of Theorem 2.1, we have the following:

Theorem 2.2 Let ¢ = (c1,¢3) € C?, ¢y #0. If the partial differential-difference equation

%f(z1,22) \*
(%) +[f(z1 + 1,20+ 2) —f(zl,zz)]2 = efl@122) (2.3)
1
admits a transcendental entire solution f (z1, z2) of finite order, then g(z1, zo) must be a linear
function of the form g(z1,z;) = A1z1 + Axzy + B with Ay, Ay, B € C. Further, f(z1,2z,) must
satisfy one of the following cases:

(i)

4% +1)

1
Tﬁg(zmz) +21G1(22) + Ga(22),
1

f(zl’ ZZ) =

where G1(zy) is a finite-order entire period function in z; with period c,, §(#0),
Ay, Ay, B € C satisfying

2

-1

Ga(z2 + €2) = Ga(22) — €1G1(22), TEETT) ‘iﬂ 1)Af +1 = ediari) _ piglere),
i(E2 +
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(ii)

A%leLl(Z)‘*'Bl + A%IeLz(ZHBz

2 A, +21G1(22) + Ga(22),

f(zl: 22) =

where G1(zy) is a finite-order entire period function in z, with period c,,
Ll(Z) = Allzl + A1222 + Bl, LZ(Z) = A2121 + A2222 + Bz, Al']',Bl' eC SLZtl'Sfj/

Ga(z2 + €2) = Ga(22) — €1G1(22), Li(2) # La(2),

8(2) = L1(2) + L2(2) + B1 + By,
and
(1 _ iA%l)e—(AllCl*'AlZCZ) =1, (1 + iA%l)e_(AZIC”AZZCZ) -1

The following examples explain the existence of transcendental finite-order entire solu-
tions of (2.3).

Example 2.4 Let A =2, Ay = -1, G1(z2) = €2, Gy(z2) = €22 — 2562, B= 0, and

5
flz1,20) = % a-3% 4 (21 — z0)€? + €22

Then p(f) = 1, and f(z1, z) is a transcendental entire solution of equation (2.3) with g(z) =

2z1 — 29, €1 = 27mi, and ¢ = 27i.

Z)
Example 2.5 Let L1(z) = z1 + 23, L2(2) = 21 — 23, G1(2) = e“)g 2 Galzy) = log Z)emg( )
Bl = 32 =0, and
ef1tz2 4 g1 22 lOg(—i) i
Z21,27) = ———+ | 21 — z log(~i)
f( 1,22) 5 ( 1 log 2 2 ]e

Then f(z;,2;) is a transcendental finite-order entire solution of equation (2.3) with g(z) =

221, €1 = %10g 2,and ¢y = % log(-i).
In view of Theorem 2.2, we obtain the following:

Corollary 2.2 Let ¢ = (c1,¢2) € C?, ¢y #0, and let g(zy,2,) be not a linear function of the
form L(z) = A1z1 +Agzo + Bwith Ay, Ay, B € C. Then the partial differential-difference equa-
tion

2 2
(%ﬁ) +[flz + ez + ) —f(zl,zz)]2 = e8122) (2.4)
1

has no transcendental entire solution of finite order.

The following example shows that the condition ¢, # 0 in Corollary 2.2 cannot be re-

moved.
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Example2.6 Letf(z1,z;) = € +2-4712] Then f(z1,2,) is a transcendental finite-order entire
solution of equation (2.4) with ¢ = (c1, ¢z) = (2774,0) and g(z1,22) = 221 + 22z, — 87iz}.
When 2/122) i replaced by ¥/e12) i Theorems 2.1 and 2.2, we have the following:
3 021029
Theorem 2.3 Let c = (c1,¢2) € C2, ¢1 #0, ¢y #0. If the partial differential-difference equa-
tion

3*f(z1,22)\*
f(z1,22) +f(z + 1,20 + ) = 812 (2.5)
821322

admits a transcendental entire solution of finite order, then g(z1,z2) must be a linear func-
tion of the form g(z1,2,) = A121 + Aazy + Bwith Ay, Aq, B € C. Further, f(z1, z,) must satisfy
one of the following cases:

(i)

2
LE + l)e%g(zl,zz)

f(zl:ZZ) = A1A2§

with £(#0), A1, Ay, B € C satisfying

2
é:Z_ 1) ALA, = eg(A1€1+A2€2)
(i)
fla1,2) = A At @B 4 Ay Agpel2@ B2
1,%2) = ’

2A11A12421 A7

where LI(Z) =A1121 +A1222 +Bl, LQ(Z) =A2121 +A2222 +Bz,AI‘1,Aj2,B/ eC (] = 1,2)
satisfy

Li(2) #L2(2),  g(2) = L1(2) + L2(2) + By + B,
and
—l‘AnAlzeiLl(C) = l‘AzlAzzeiLZ(c) =1.

Example 2.7 Let Ay =2,A,=2,B=0, and

2
Sflz1,2) = %ez”zz.

Then p(f) = 1, and f(z1, z) is a transcendental entire solution of equation (2.5) with g(z) =
221 + 229, ¢1 =i, and ¢y = 7wi.

Example 2.8 Let Ll(Z) =21+ 2y, L2(Z) =21 — 2y, Bl = Bz = 0, and

el +z2 _ ezl —22

f(zerZ) = 9
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Then p(f) = 1, and f(z1, z) is a transcendental entire solution of equation (2.5) with g(z) =

T

i and ¢y = i

2z1,¢1 =
From Theorem 2.3 we get the following:

Corollary 2.3 Letc = (c1,¢2) € C?, ¢c; #0, ¢y #0, and let g(z1,z,) be not a linear function of
the form L(z) = A1z1 + Axzy + B with Ay, Ay, B € C. Then the partial differential-difference

equation

(32f(21:22)

2
2 _ glz1,22)

+f(z1+ci,z04+¢)" =¢€° 2.6

8z1822> S p72 ¥ 6) 26)

admits no transcendental entire solution of finite order.

The following example shows that the condition ¢; #0, ¢; # 0 in Corollary 2.3 cannot be

removed.

Example 2.9 Let f(z1,2;) = €23 Then f(z1,2,) is a transcendental finite-order entire so-
lution of equation (2.6) with ¢ = (c1,¢;) = (2774,0) and g(z1,22) = 22, + 225.

Theorem 2.4 Let ¢ = (c1,¢;) #(0,0) € C2. If the partial differential-difference equation

(32f(z1,22)

321322

2
) +[flen + ez + ) —fla1,20)] = 82 (2.7)

admits a transcendental entire solution of finite order, then g(z1,z,) must be a linear func-
tion of the form g(z1,z2) = A121 + Aazy + B with Ay, Ay, B € C. Further, f(z1,z2) must satisfy
one of the following cases:

(i)

4(&% + D i

Ayt 2) 4 Gs(z1) + D121 + Ga(z2) + Doz,

f(Zl,Z2) =

where G3(z1) and Ga(za) are finite-order entire periodic functions in z; and z, with
periods c1 and cy, respectively, and £(#0), A1, Az, B, D1, D, € C satisfy
£2-1

74 (52 1)A1A2 +1= e%(AlclJrAzEZ) = e%g(cl'CZ), D1C1 + D2C2 =0;
i +

(i)

A Ayt @B 4 Ay Agpel2@) B2
Sflz1,20) = A A A +Gs(21) + Diz1 + Ga(22) + Dazo,
1412421422

where Gs3(z1) and Gy(zy) are finite-order entire periodic functions in zy and z, with
periods 1 and c,, respectively, L1(z) = An1z1 + A1222 + B1, La(2) = Asiz1 + Anza + By,
Aj1,Ap,B; € C (j = 1,2) satisfy

Li(2) # La(2), g(2) = L1(2) + Ly(2) + By + Bo, Dici +Dycy =0,
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and
(1-iApAp)e Anarine) o 1 (14 iAy Agy)eAnerne) o,

Example 2.10 Let Ay =2, Ay =2, B=0, G3(z1) = €1, G4(z2) = €*?2, and

Z1,22) = ﬁezzﬁz@ +e 471 + ¥ + 225,
5

Then p(f) = 1, and f (21, 22) is a transcendental entire solution of equation (2.7) with g(z) =
221 + 223, ¢1 = wi, and ¢y = —Fi.

6mi
Example 2.11 Let L1(z) = z1 + 22, Ly(2) = 21 — 225, B; = B, = 0, G3(2) = elog[—2(2+i)]zl, Gul2) =

67i 2z
eos-)-log1-2012 and

Panss) A2 6 log 10 67i
+ elogl2@w] ?l _ z1 + eloI=)-log(I=2) z

2 4 log(-2 - 2i)

f(ZhZz) =

Then p(f) = 1, and f(z1, z) is a transcendental entire solution of equation (2.7) with g(z) =

log[-2(2+i log(1-i)-log(1-2i)
3 3 ‘

2z1 —29,€1 = J ,and ¢ =

In view of Theorem 2.4, we obtain the following:

Corollary 2.4 Let c = (c1,¢2) #(0,0) € C?, and let g(z1,2,) be not a linear function of the
form L(z) = A1z1 + Agzo + Bwith A1, Ag, B € C. Then the partial differential-difference equa-
tion

(32f(21122)

2
22,02 ) + [f(z1 +C1,20 +C3) —f(zl,zg)]2 = efle12) (2.8)

admits no transcendental entire solution of finite order.
In view of Theorems 2.1 and 2.3, we also get the following:

Corollary 2.5 Let f be a finite-order transcendental entire solution of the partial differen-

tial equation

2 2 > ’
(Ha®) e () fear -

023 02102
Then f(z1,z2) must be of the form

eL(z) +B _ e—L(z)—B

fz1,22) = 5

= sin(—i(L(z) + B)),

where L(z) = A1z1 + Aazy with A1, Ay, B € C satisfying A} =1 and A2A3 = 1.
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3 Some lemmas
The following lemmas play the key role in proving our results.

Lemma 3.1 ([32, 33]) For an entire function F on C" with F(0) # 0, put p(ng) = p < oo.
Then there exist a canonical function fr and a function gr € C" such that F(z) = fr(z)e%©.
For the particular case n = 1, fr is the canonical Weierstrass product.

Remark 3.1 Here p(nr) is the order of the counting function of zeros of F.

Lemma 3.2 ([34]) If g and h are entire functions on the complex plane C and g(h) is an
entire function of finite order, then there are only two possible cases:
(a) the internal function h is a polynomial, and the external function g is of finite order;
(b) the internal function h is not a polynomial but a function of finite order, and the
external function g is of zero order.

Lemma 3.3 ([35, Theorem 1.106]) Suppose that ay(z),a:1(z),...,a,(z) (n > 1) are mero-
morphic functions on C" and gy(2),£1(2),...,2.(2) are entire functions on C” such that

gi(2) — gx(2) are not constants for 0 < j <k < n.If
Y a4i2)e9? =0
j=0

and
T (r,a;) = o(T(r)), j=0,1,...,n,
where T (r) = ming<jck<n T'(r,e978), then aj(z) =0 (j=0,1,2,...,n).

Lemma 3.4 ([35, Lemma 3.1]) Letfj(#0),j = 1,2, 3, be meromorphic functions on C" such
that fi is not constant, f + fo + f3 = 1, and

> 1
Z{Nz <r,f> +2N(r, J;)} <AT(rfi) + O(log* T(r,f))

j=1 /

for all r outside possibly a set of finite logarithmic measure, where ). < 1 is a positive number.
Then either f, =1 or f3 = 1.

Remark 3.2 Here N(r, }‘) is the counting function of zeros of f in |z| < r, where the simple

zero is counted once, and the multiple zero is counted twice.

4 The proof of Theorem 2.1

Proof Let f(z1,25) be a transcendental finite-order entire solution of equation (2.1). We

first rewrite (2.1) in the form

9%f(z1,2)) 9 9
Bz% f(21 +C1,27 + Cz)
+ =1
8(z1,22) 8(z1,22)
e e
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or
*f(z1,29) *f(z1,29)
Bz% f(Z1 +C1,22 + C2) az% f(Zl +C1,22 + Cz)
- -1 (4.1)
8(z1,22) g(z1,2) 2(21,29) 8(z1,22)
e 2 e 2 e 2 e 2

Since f is a finite-order transcendental entire function and g is a polynomial, by Lem-

mas 3.1 and 3.2 there exists a polynomial p(z) such that

i+l = )
e 2 e 2
4.2
o (42)
R
e 2 e 2
Denote
g(2) g(2)
y1(z) = 5 +p(2), Vz(Z)=T—p(Z). (4.3)

By combining with (4.2) it follows that

3’f(z) @ 4 en®

) 4.4
022 2 44
Y1) _ or2(2)
flere= = (4.5)
2i
This leads to
—iQy(z)e" @-ri(z+e) | in(z)eyz(Z)fm (zt0) _ gra(z+d)-yi(z+e) — 1, (4.6)
where
I\ 3\
Ql(z>——y eyl Qz(Z)——y ).
0z1 0z1

We consider two cases.

Case 1. If e2z+9)-11(z+9) s 3 constant, then y»(z + ¢) — y1(z + ¢) is a constant. Set y(z +
¢) - yi(z +¢) =k, k € C. In view of (4.3), p(z) is a constant. Let £ = e”¥). Then equations
(4.4)—(4.5) can be represented as

32 @ )
SO _je®, flero) =K, (4.7)
0z]
where K = £ K, = =, L and K2 +K2=1.
This leads to

K, (32 0, (z+0)-g(2)
2 (08 + 98 ) ) -, (4.8)
2K3 321 0z1

Page 11 of 24
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Since g(z) is a polynomial, (4.8) implies that g(z + ¢) — g(2) is a constant in C. Otherwise, we
obtain a contradiction from the fact that the left-hand side of this equation is not transcen-
dental but the right-hand side is transcendental. Thus it follows that g(z) = L(z) + H(s) + B,
where L(z) = A1z1 + Apzs, A1 #0, and H(s) is a polynomial in s in C, s = ¢321 — ¢122.

We will prove that H(s) = 0. If deg, H = n, then equation (4.8) implies

H 2H H\?
4A1czd +c2d—+2 (d—) = {o,

ds ds? ds
that is,
LT 22dH2
19275 T e = o= 26 ds )’

where ¢, € C. By comparing the degree of s in both sides of the above equation we have
2(n — 1) = n — 1, that is, n = 1. Thus the form of L(z) + H(s) + B is still the linear form
of A1z1 + Ayzy + B, which means that H(s) = 0. Hence it follows that g(z) = L(z) + B =
A1z1 + Agzy + B. By combining with (4.6)—(4.8) we conclude that

f(zlyZZ) [(Ze 2 _ I<2€2 [A121+A222+B (A1C1+A262)]

S 1 (A1c1+Aac
A = e2\A11t42 2),

which implies that

f(Zl,Zz 2/{(1 et gA;él %g(zmﬁ' (4.9)
1
This completes the proof of Theorem 2.1(i).
Case 2. e"2#*91(+9) g not a constant. Obviously, Q;(z) = 0 and Q(z) = 0 cannot hold
Y;

at the same time. Otherwise, it would follows from (4.6) that e?2+9-71(+9) = _1 3 contra-
diction. If Q;(z) = 0 and Q(z) # 0, then from (4.6) this yields that

l‘Q2(Z)eJ/2(Z)—V1(Z+C) _ enEFad-rile+e) — 1 (4.10)

Thus we conclude that 7271+ js a nonconstant because e*2#+9-71+9) i not a constant.
Moreover, it follows that e2+9)-2( s not a constant. Otherwise, y»(z + ¢) = y»(2) + ¢,
where ¢ € C. Then from (4.10) we have [iQy(z)e™¢ — 1]er2(+9-1(+) = 1 which is a contra-

diction with the nonconstant e”2#*9-11(+) Thys (4.10) can be written in the form
in(z)erz(Z) — 2zt _ prilzte) — (. (4.11)

By applying Lemma 3.3 for (4.11) we easily get a contradiction. If Q,(z) = 0 and Q;(z) #0,
by using the same argument as before, we can get a contradiction. Hence we have that

Q1(2) # 0 and Qx(2) # 0.
Since y1(z), y2(z) are polynomials and e"2#*9-71¢+9) is not a constant, by applying
Lemma 3.4 to (4.6) it follows that

—iQi(r)e"@ MG =1 or jQy(z)e? @ 1EI) =1, (4.12)
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Subcase 2.1. Suppose that —iQ,(z)e”@ 79 = 1. Then it follows from (4.6) that
iQy(2)er2@—12+9 = 1, This means that y,(z) — y1(z + ¢) = ¢1 and y5(2) — ya(z + ¢) = 4o,
where ¢1, ¢, € C. Hence we have that y,(z) = L1(z) + H1(s) + By and y»(z) = Ly(z) + Hy(s) + Bs,
where L;(z) = Aj1z1 + Ajpzo, Hj(s), j = 1,2, are polynomials in s = ¢2z) — 122, Aj1,Ap, B; € C,
j=1,2. In view of the definitions of Q;, Qy, similarly to the argument in Case 1, we
can conclude that H;(s) = Hy(s) = 0. In addition, it follows that L;(z) # Ly(z). Otherwise,
¥a(z + ¢) — y1(z + ¢) is a constant, which implies that e”2*9-71(+9 is a constant, a contra-

diction. Substituting these into (4.12), we have
l‘A%le_Ll(C) — iA%Ie—(AuCHAuCz) =1, iA%le_LZ(C) — iA%le_(AZIC”AnCZ) =1.

By combining with (4.5) we have

1@)+B1-L1(c) _ ,La(2)+Ba~La(c) 2 ,L1(2)+B; 2 ,la(2)+By
A3 + A7,
: = 2 42
2i 2A1,A%;

f(2) =

From the definitions of y;(z) and y»(z) we can see that

g(2) = y1(2) + y2(2) = L(2) + B,

where L(z) = L1(z) + Ly(z), B= By + B,.

Subcase 2.2. Suppose that iQy(z)e”?®@ 7+ = 1. Then it follows from (4.6) that
—iQi(z)en1@ 12+ = 1, This means that y5(z) — y1(z + ¢) = ¢ and y1(z) — »(z + ¢) = &,
where ¢1,%, € C. Thus it follows that y1(z + 2¢) — y1(2) = =¢1 — &2 and Ya(z + ¢) — a(z) =
—¢1 — 3. We can obtain that y,(z) = L(z) + H(s) + By and y»(z) = L(z) + H(s) + B, where
L(z) = a1z1 + ayz,, and H(s) is a polynomial in s = ¢321 — €12, a1, a2, B1, By € C. This yields
that y»(z + ¢) — y1(z + ¢) = By — By, which implies that e72(z+9-v1(z+9) g constant, a contra-
diction.

This completes the proof of Theorem 2.1. d

5 The proof of Theorem 2.2

Proof Let f(z1,z2) be a finite-order transcendental entire solution of equation (2.3). We

first rewrite (2.3) in the form

9%f(z1,22) ) 9
9z flzi+ 20+ 02) = flz1,22) \* 1

&(z1,22) + 8(z1,22) -

2 e 2
or
02f(2) 92f(2)
022 z+c)—f(z 022 z+c)—fl(z
( g, fle+o) f())( g fle+o f())zl. 61)

8@ 2@ 4@ 4@

e 2 e 2 e 2 e 2
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Since f is a finite-order transcendental entire function and g is a polynomial, by Lem-
mas 3.1 and 3.2 there exists a polynomial p(z) in C? such that

9%/ (2)
0 flar)f()
‘%;) +lfz+@fz :ep(z)’

e e

27 (5.2)
5 f@0f@) _ pplo)

£(2) £(2) - :

e 2 e 2

Denote
g(2)
n(z) ==>—

5 +p(2), ya(2) = ‘% -p(2).

(5.3)
By combining with (5.2) it follows that

0%f (z1,22) ~ 1@ 4 or2(2)
8z2 2 ’

(5.4)
Fles ) —f@) = er1@) _ on2(2)

5.5
I hiS leads to

Q3(2)e"1 @@+ |, (z)e?@n(erd) _ gnalzra-nlzre) = 1,

(5.6)
where

az% 821

32 I\ 32 3\
Qs(z) =1~ ( );1 + (ﬁ) ) Qa(z) =1 +i<£ + (ﬁ) )
0z zZy 821

We consider two cases.

Case 1. If e72*91(+9) js g constant, then y,(z + ¢) — y1(z + ¢) is a constant. Set y (z +c)—

vi(z +¢) =k, k € C. In view of (5.3), this yields that p(z) is a constant. Let & = e??
equations (5.4)—(5.5) can be represented as

92 .
f(2) K
0z7

. Then

. flz+ 0 —f(2) = Ke',

(5.7)
where Kj =

This leads to
K, (9? d (e+0)=g(@)
=2 —‘g + £ 1=
21(1 BZI 321

Since g(z) is a polynomial, (5.8) implies g(z + c) —g(z), and thus e must be a constant
Denote g(z + ¢) — g(z) =

¢, where ¢ is a constant in C. By using the same argument as in

Case 1 of Theorem 2.1, we obtain that g(z) = L(z) + B, where L(z) = A1z; + Ayzp, Be C
By combining with (5.8) it follows that

- ,andK2+K22_1

(5.8)

g(z+c)—g(2)
2

K,

A2 %(A1€1+A262)'
4K,

(5.9)
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Solving the first equation in (5.7), we have

4K7 1
flz1,22) = A—Zleig(z) +21G1(22) + Ga(22)
1

=20 T @B | 4 G(zy) + Galz). (5.10)

Substituting (5.10) into the second equation in (5.7) and combining with (5.9), we get
that G1(zy + ¢3) = Gi1(22) and Gy (25 + ¢2) — Ga(22) = ¢1G1(22), which means that Gi(z;) is a
finite-order entire period functions in z, with period c.

Case 2. 72977149 js not a constant. Obviously, Q3(z) = 0 and Q4(z) = 0 cannot hold
at the same time. Otherwise, it would follow from (5.6) that e?2(+)-v1(e+¢) = _1 g contra-
diction. If Q3(z) = 0 and Q4(z) # 0, then from (5.6) it follows that

Qs(z)eyz(Z)fyl(zw) _ er2Fro-rilz+e) — 1 (5.11)

Thus we conclude that 7271+ js not a constant because e72¢+9-71(+9) g not a constant.
Moreover, it follows that e”2+9-72( js not a constant. Otherwise, 1,(z + ¢) = y»(2) + ¢,
where ¢ € C. Then from (5.11) we have [Qu(z)e~¢ — 1]e"2#*9-1G+) =1 which is a contra-

diction with the nonconstant e?2#*9-71&+9) Thys (5.11) can be written in the form
Q4(z)ey2(z) _er2lerd _ prizro) — . (5.12)

By applying Lemma 3.3 to (5.12) we easily get a contradiction. If Q4(z) = 0 and Qs(z) # 0,
by using the same argument as before we can get a contradiction. Hence we have that
Qs3(2) # 0 and Qa(z) # 0.

Since y1(z), y2(z) are polynomials and e”2#*9-71*9) is a nonconstant, by applying
Lemma 3.4 to (5.6) it follows that

Qg(Z)eyl(Z)_yl(Z+C) =1 or Q4(Z)ey2(2)—y1(2+6) =1. (5.13)

Subcase 2.1. Suppose that Qsz(z)e”?@71(+9 = 1. Then it follows from (5.6) that
Q4(2)e72@=12+9) = 1. This means that y,(z) — 1(z + ¢) = {1, ¥2(2) = v2(z + ¢) = ¢, where
1, ¢ € C. Hence we have that y,(z) = L1(z) + H1(s) + By and y5(z) = Ly(z) + Hy(s) + By, where
Li(z) = Ajiz1 + Apzy, Hj(s1), j = 1,2, are polynomials in s; = ¢x21 — 122, Aj1,A)2,Bj € C,
j =1,2. Similarly to the argument in Case 1 of Theorem 2.2, we have H(s) = Hy(s) = 0.
Thus it follows that y;(z) = L1(z) + By and y,(2z) = Ly(2) + B;. Obviously, L1(z) # Ly(z). Oth-
erwise, y,(z + ¢) — y1(z + c) is a constant, which implies that e”2¢+9-71(+9 5 a constant, a

contradiction. Substituting these into (5.6), we have
(1 _ iA%l)e_(A“C“AIZQ) =1, (1 + iA%l)e"(AZ”“A”Q) =1. (5.14)

By solving the equation

32f(z) el1(@+B1 4 ola(2)+By
dz7 2

(5.15)
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we have

A%leLl(Z)JrBl + A%leLz(Z%Bz

flz1,22) =
243,43

+21G1(22) + G2(22). (5.16)

Substituting (5.16) into (5.5) and combining with (5.14), we have G;(z; + ¢3) = G1(22) and
Gy(zo + ¢2) — Ga(z2) = ¢1G1(z3), which means that G;(z;) is a finite-order entire periodic
function in z, with period c;.

From the definitions of y;(z) and y,(z) we can see that

g(2) = y1(2) + y2(2) = L(2) + B,

where L(z) = L1(z) + Ly(z), B= By + B,.

Subcase 2.2. Suppose that Q4(z)e”?@~71%+9 = 1, Similarly to the argument in Subcase 2.2
in Theorem 2.1, we can get a contradiction.

Therefore this completes the proof of Theorem 2.2. d

6 Proofs of Theorems 2.3 and 2.4

6.1 Proof of Theorem 2.4

Suppose that f(z1,25) is a finite-order transcendental entire solution of equation (2.7). We
first rewrite (2.7) in the form

92f(2) 3% (2)
mde S+ —f@\ (T, S+ -f(2)
+1 —i =1 (6.1)
g(2) g(2) g(2) g(2)
e?2 e 2 e 2 e 2

Since f is a finite-order transcendental entire function and g is a polynomial, by Lem-
mas 3.1 and 3.2 there exists a polynomial p(z) such that

9% (@)
32(;2 N lf<z+§f<z> _ o),
e e
210 (6.2)
9z10zy lf z+0)~f(2) _ e
&z £(2)
e 2 e 2
Denote
(2) (z)
n@=520p@,  n@ -2 -plo. (63)
By combining with (6.2) it follows that
3%f(z1,22) _ en®@ 4 eVZ(Z), (6.4)
321 8Z2 2
@ _ gr2(2)
flz+¢) —f(z):T. (6.5)
This leads to

Qs(z)en(Z)fn(zw) + Q6(z)e7’2(z)”’1(z+”) — er2lero-nlezrod) — 1, (6.6)

Page 16 of 24
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where

Py n 3)’1)
—+ —_—— ,

Prr Wy
8z1 322 321 3Z2 '

azl 322 321 3Z2

Q5(2)=1—i< Q4(Z)=1+i<
We consider two cases.
Case 1. If 72910+ s 3 constant, then y,(z + ¢) — y1(z + ¢) is a constant. Set y,(z + ¢) —
vi(z +¢) =k, k € C. In view of (6.3), this yields that p(z) is a constant. Let & = ¢”®, Then
equations (6.4)—(6.5) become

KT, fe+o-fl2) = Ke'T, 6.7)

where Ky = £5° [, = £57 and K2 + K2 = 1.

This leads to

1 2 1 zZ+c)—-g(z
(2< d%g . og 8g>+1:eg< ey 68)

2K\ 92102, 20z1 0z,

Since g(z) is a polynomial, (6.8) implies g(z + c) —g(z), and thus ew must be a constant.
Denote g(z+c¢)—g(z) = ¢, where ¢ isa constant in C. Thus it follows that g(z) = L(z) + H(s) +
B, where L(z) = A1z + Azzy, and H(s) is a polynomial in s in C, s = ¢yz; — ¢12,. Substituting
this into (6.8), we deduce that

1 glz+c)-g(2)

K, 1 2 1 1
—\ - H' — - H')" + =(Ayep —Arc1)H' + —A1A; | +1 = 2. 6.9
2K, ( 40102 20162( ) 2( 202 1€1) 5 2) e (6.9)

Since g(z) is a polynomial, then (6.9) implies that g(z + ¢) — g(z) is a constant in C. Oth-
erwise, we would obtain a contradiction from the fact that the left-hand side of the above
equation is not transcendental but the right-hand side is transcendental. Hence it follows
that

K 1 1 1 1
Té (—chczHN - 50102(1"1/)2 + E(Azcz —Ajc))H' + §A1A2> +1=1¢, (6.10)

where ¢y € C. If ¢; =0, ¢; #0, that is, %(%AzCzH/ + %AIAQ) +1 = &. Thus, either A, =0,
)_

. . (z+0)-gz) , .. .
or H' is a constant. If A; = 0, then ¢y = 1, that is, 5T is a constant. By combining with

¢1 = 0 this means that g(z) is a constant. Set % = 6. In view of the first equation of (6.5),
we have

flz1,22) = Ki0z129 + u(z1), (6.11)

where 11(z;) is a finite-order transcendental entire function. Substituting this into the sec-
ond equation of (6.5), we have

I<19(Z1 + Cl)(Zz + Cz) + M(Zl + Cl) —1(192122 - M(Z]) = I(z@.

Combining with ¢; = 0, this yields that K16¢;z; = K30, which is impossible. Hence H' is a
constant, that is, H(s) = c2z;.



Xu et al. Advances in Difference Equations (2021) 2021:52 Page 18 of 24

If ¢; =0, ¢; #0, similarly to the above argument, we can obtain that H(s) = —c; z,.

Let ¢; #0 and ¢; # 0. If Aycp — Arcq = 0, noting that the left-hand side of (6.10) is a
constant, we have deg, H < 1, thatis, H(s) = c2z1 —c122 + T, where t € C.If Aycp —A1c1 #0,
we easily obtain that deg, H < 1, thatis, H(s) = c2z1 — 122 + +7, where T € C. Thus the form
of L(z) + H(s) + B is still the linear form of Az, + A3z, + B, which means that H(s) = 0.
Hence we obtain that g(z) = L(z) + B, where L(z) = A1z; + Ayzp, B C.

By combining with (6.8) it follows that

2 AL Ay + 1 = e2UicirAzes), (6.12)

Solving the first equation in (6.7), we have

4Ky 1
flam) = Al 229 4 ¢(2)) + 9(25)
1412

2
B 4(&° + 1)6%(L(z)

= AAE B 1 p(z1) + o(22). (6.13)

Substituting (6.13) into the second equation in (6.7) and combining with (6.12), we get
that

P21 +c1) - p(z1) = —[@(z2 + ©2) — 9(22)],

which yields that ¢(z1) = G3(z1) + D121 and ¢(z2) = Ga(2z2) + D2y, where Dic; + Docy =0
and Gs(z1), Gu(zy) are finite-order entire period functions in z;, z; with periods ¢, ¢,

respectively.
Case 2. 72977149 js not a constant. Obviously, Qs(z) = 0 and Qg(z) = 0 cannot hold
at the same time. Otherwise, it would follow from (6.6) that e72+9-71(+9) = _1 4 contra-

diction. If Qs(z) = 0 and Qg(z) # 0, then from (6.6) we get that
Qs(z)em(Z)—n(zw) _ er2letd-vilzre) — 1 (6.14)

Thus we conclude that e72@-71+9) js not a constant because e72#+9-1@+) js not a constant.
Moreover, it follows that e”2#*9-72) s not a constant. Otherwise, y,(z + ¢) = y2(2) + £,
where ¢ € C. Then from (6.14) we have [Qg(z)e~¢ — 1]e"2#+9-1+) = 1 which is a contra-

diction with the nonconstant e”2#+*9-71+9) Thys (6.14) can be written in the form
Qs(z)er?@ — r2E+e) _gnierd = ¢, (6.15)

By applying Lemma 3.3 for (6.15) we easily get a contradiction. If Q¢(z) = 0 and Qs(z) 0,

by using the same argument as before we can get a contradiction. Hence we have that

Qs(2) # 0 and Qs(2) # 0.

Since y1(z), y2(z) are polynomials and €297+ js not a constant, by applying
Lemma 3.4 to (6.6) it follows that

Qs(z)en(Z)fn(zw) =1 or QG(Z)eyz(Z)fn(zw) =1. (6.16)
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Subcase 2.1. Suppose that Qs(z)e”?@11(+9 = 1. Then it follows from (6.6) that
Qs (2)er2@12+9) = 1. This means that y,(z) — y1(z + ¢) = ¢1, ¥2(2) — v2(z + ¢) = ¢, where
£1,¢ € C. Hence we have that y,(z) = L1(z) + Hi(s) + By and y»(z) = Ly(z) + Ha(s) + Bo,
where L;(z) = Aj1z1 + Ajpzo, Hj(s), j = 1,2, are polynomials in s = ¢yz) — 122, Aj1,Ap, B; € C,
j =1,2. Similarly to the argument in Case 1, we have Hi(s) = Ha(s) = 0. Thus it fol-
lows that y1(z) = L1(2) + B; and y»(2) = La(2z) + By. Obviously, L1(z) # La(z). Otherwise,
¥2(z + ¢) — y1(z + ¢) would be a constant, which implies that e72(#+)-11(+9) is a constant, a
contradiction. Substituting these into (6.6), we have

(1 - iApAp)eAnarine - 1 (1 4 jAy Ay)e Ancr+dna) - 1, (6.17)

By solving the equation

f(z) @B 4 gla@+By

_ (6.18)
821 aZZ 2
we have
el1@+B1 el2(@)+Ba
flz1,22) = +¢(z1) + ¢(22). (6.19)

+
2411412 2A5A2

Substituting (6.19) into (6.5) and combining with (6.17), we get that

P(z1 +c1) - p(z1) = —[@(z2 + ©2) — 9(22) ],

which yields that ¢(z1) = Gs(z1) + D121 and ¢(z3) = Ga(z2) + Dazz, where Dic; + Dacy =0
and G3(z1), Ga(zy) are finite-order entire periodic functions in z, zo with period ¢y, ¢,
respectively.

From the definitions of y;(z) and y»(z) we can see that

g2(2) = y1(2) + ya(2) = L(2) + B,

where L(z) = L1(z) + L(z), B= B + B,.

Subcase 2.2. Suppose that Qg(z)e”2@ 1%+ = 1, Similarly to the argument in Subcase 2.2
in Theorem 2.1, we can get a contradiction.

This completes the proof of Theorem 2.4.

6.2 Proof of Theorem 2.3
Similar to the argument in the proof of Theorem 2.1, we can easily prove the statements
of Theorem 2.3.

7 Remarks
In view of the arguments in the proofs of Theorems 2.1 and 2.3, we easily get the following

theorems.

Theorem 7.1 Let ¢ = (c1,¢3) € C? with ¢; #0, ¢3 #0, and ¢, + ¢c; # 0. If the partial
differential-difference equation

(azf(Z1,Zz) N 32f(zly22)

2
dz 9210z ) +flz1+ 1,2+ )" = 61 (7.1)
1 1029
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admits a transcendental entire solution f(z1,z,) of finite order, then g(z) must be a poly-
nomial function of the form g(z) = L(z) + B, where L(z) is a linear function of the form
L(z) = A1z1 + Axzy + B, A1,Aq, B € C. Further, f(z1,22) must satisfy one of the following
cases:

(i)

e%g(zbzz)

A+
S A A

with £(#0), A1, Az, B € C satisfying

2 —
lg41141(141 +A2) = e%(Alcl"'AZCZ);
4 (&2 +1)i
(if)
6L1(Z)+Bl eL2(Z)+Bz
f(Zl;Z2) =

+ ’
2A11(A11 +A1n)  2A01(A21 + Aro)

where Ll(Z) = AHZl +A1222 + Bl, L2(Z) = A2121 +A2222 + Bz, Ajl,Ajz,B]’ eC (] = 1,2)
satisfy

Li(z) #La2(z),  g(2) = L1(2) + La(2) + By + By,
and
—iA11(An + A1)e 19 = Ay (A + Agp)e 2@ = 1.

We give some examples showing the existence of finite-order transcendental entire so-
lutions of equation (7.1).

Example7.1 LetA;=1,A,=1,B=0,and

2ﬁ L)
5

e2 .

flz1,2) =

Then p(f) = 1, and f(z1, z) is a transcendental entire solution of equation (7.1) with g(z) =
Z1 + 29, €1 = 2mi, and ¢y = 27T i.

Example 7.2 Let L1(z) =iz + (1 —i)zy, Ly(2) =21 + (i — 1)z5, By = B, =0, and

eizl +(1-i)zp &4l +(i-1)zp

21,22) = +
f(z1,22) oY 57

Then p(f) = 1, and f(z1, z) is a transcendental entire solution of equation (7.1) with g(z) =
1+ Dz, c0= 21 +i),and ¢ = Z(1 +2i).

Theorem 7.2 Let ¢ = (c1,¢3) € C? with ¢; #0, ¢3 #0, and ¢, + c; # 0. If the partial
differential-difference equation

(azf(Z1,Zz) 32f(zly22)

2
2 _ ,8(z1,22)

+f(z1+c¢1,20 + )" = €8 7.2

Bz% aZ% ) f( 1 1,42 2) ( )
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admits a transcendental entire solution f(z1,z,) of finite order, then g(z) must be a poly-
nomial function of the form g(z) = L(z) + B, where L(z) is a linear function of the form
L(z) = A1z1 + Axzy + B, A1,Aq, B € C. Further, f(z1,22) must satisfy one of the following
cases:

(i)

4(52 +1)
(A2 + A2

%g(zbzz)

f(zl: 22) =

with £(#0), A1,Az, B € C satisfying

1 &2-1 ) 1
‘A2 +A 7(A1c1+A2c2);
AT A

(ii)

el1(@+B1 el2(@)+By
+ ’
2(A3, + A%)  2(A% + AL)

flz1,22) =

where Ll(Z) = AHZl +A1222 + Bl, L2(Z) = A2121 + A2222 + Bz, Ajl;AijBj eC (] = 1, 2)
satisfy

Li(2) #L2(2),  g(2) = L1(2) + L2(2) + B1 + By,
and
~i(A}) + A3))e 1@ = (A3, + A3))e 20 = 1.
Some examples explain the existence of finiteorder — entire solutions of equation (7.2).

Example7.3 Let Ay =1,A,=1,B=0, and

2./5

flz1,2) = —5 e%(Z”Q)'

Then p(f) = 1, and f(z1, z) is a transcendental entire solution of equation (7.2) with g(z) =
Z1+29,¢1 =mi,and ¢y = 7.

Example 7.4 Let L(z) = iz1 + /222, Ly(2) = v/2iz; + 23, By = By = 0, and

eizl +ﬁzz eizl +ﬁz2

flz1,22) = D)

Then p(f) = 1 and f(z1,22) is a transcendental entire solution of equation (7.2) with g(z) =
(W2 +1)iz; + (W2 + D)zy, ¢; = f 7 and ¢, (3‘[ Dorj,

In view of Theorems 7.1 and 7.2, we easily get the following.
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Corollary 7.1 Letc=(c1,c2) € C%c; #0,¢2 #0,, B,y € C, and let g(z1,22) be not a linear
function of the form L(z) = A1z, + Ayzy + B, where A1, Ay, B € C. If ac? — Bcica + yc3 #0,
then the partial differential-difference equation

9%f (21, 92f (z1, 3%f(z1,22) \
<oe f(Z12 z3) N “f(21,22) s f(le Zz)) +f(z1 + 01,20 + Co)? = 1)
0z] 02102 0z5

has no finite-order transcendental entire solution.

Corollary 7.2 The finite-order transcendental entire solution f (z1,z2) of the partial differ-
ential equations

(32f(zv22) + azf(szZ)y +f(z1,22) = 1,

922 02102
3f(z1,20)  9*f(z1,22)\° 2
( aZ% + aZ% +f(zlr ZZ) =1

must be of the form

(2)+B _ e—L(z) -B

f(ZhZz) = 2

=sin(-i(L(z) + B)),
where L(z) = A1z1 + Ayzy, A1, A, B € C satisfy A2(A1 + A2)? = 1 and (A3 + A2)? = 1.

Corresponding to Theorems 7.1 and 7.2, we can obtain some results on the existence of
solutions of the difference-type equations (7.1) and (7.2).

Theorem 7.3 Letc = (c1,¢3) € C%, ¢y #0,¢1 # . Ifthe partial differential-difference equa-
tion

(azf(zl,zz) . 3%f (z1,22)

2
922 92102, ) + [f(21 +¢1,22 +C) —f(zl,zz)]2 = e8122) (7.3)
1

admits a transcendental entire solution of finite order, then g(z1,2z,) must be a linear func-
tion of the form g(z1,2;) = A1z1 + Axzy + B, where A1,A5,B € C.

Theorem 7.4 Let ¢ = (c1,¢3) be a constant in C* such that ¢, # *icy. If the partial
differential-difference equation

(82f(zl,zz) . 3%f (z1,22)

2 2
0z] 075

2
) + D’(zl +C1,22 +C) —f(zl,zz)]2 = efl@122) (7.4)

admits a transcendental entire solution of finite order, then g(z1,2,) must be a linear func-
tion of the form g(z1,2;) = A1z1 + Axzy + B, where A1,A5,B € C.

Remark 7.1 Although we give the conditions for the existence of finite-order transcen-
dental entire solutions of equations (7.3) and (7.4) in Theorems 7.3 and 7.4, in view of
Theorems 2.2 and 2.4, there naturally arises an open question: How to describe the forms
of finite-order transcendental entire solutions of equations (7.3) and (7.4)?
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