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where M(t) =a + bt*, t > 0, with a,b,k > 0,a+ b >0,k=0ifand only if b= 0. Let
N=N;+N> >2,p>1+2kand £(2),n(2) € L], (R")\ {0} be nonnegative functions
suchthat £(2) < C||Z||g and n(z) > C/||z||g for large ||z||c withd >80 - 2. Here ¢t > 0
and |Izllg = (x]20*) + |y|z)ﬁ. dive (resp., V) is Grushin divergence (resp., Grushin
gradient). Under some appropriate assumptions on k, 6, d, and Ny, = Ny + (1 + o)\,
the nonexistence of stable weak solutions to the problem is obtained. A distinguished
feature of this paper is that the Kirchhoff function M could be zero, which implies that
the above problem is degenerate.
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1 Introduction and main result
In this work, we are interested in the nonexistence of stable weak solutions for the
weighted Kirchhoff equations

_M(/ E(z)lVGu|2dz) divG(S(z)VGu)
RN

=n@)ulftu, zeRN=RM xRM, (1.1)

where M is a nonnegative continuous function which will be given later. Here and there-

1
loc

z=(x,9) € RN =RM x RM and «a > 0, we define the Grushin gradient Vs and Grushin

after, we assume that p > 1 and £(z), n(z) € L _(RN)\ {0} are nonnegative functions. For
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divergence divg as follows:

Vou = (Vsu, (1 + ) [x|* Vyu),

divgv =div, v+ (1 + o) |x|* div, v.
The Grushin operator Ag is denoted by
Acgu =divg(Vgu) = Ayu+ (1 + a)2|x|2"‘Ayu,

which is just the well-known Laplace operator when « = 0.
The anisotropic dilation attached to Ag is defined by

75(2) = (8x,51+"‘y), 8>0,z=(x,9) € RN x RNz,
It is easy to check that
drs(z) = 8™ dx dy = N dz,

where N, = N7 + (1 + «)N; is a homogeneous dimension with respect to the dilation t;,
and dx dy denotes the Lebesgue measure on RV x R™2, Finally, the norm of z (also known
as the Grushin distance) is defined by

1
Izl = (162 +9%) 2050, z=(x,5) e RN =RM x R,

In the case @ = 0, £(z) = 1 and M(¢) = a + bt, t > 0 with a,b > 0, (1.1) becomes the
following nonlocal Kirchhoff type problem:

—<a+b IVulzdz>Au=n(z)|u|1"lu, ze RN, (1.2)
RN

This problem is often referred to as being nonlocal because of the presence of the integral
over the entire domain RY. This phenomenon provokes many mathematical difficulties,
which makes the research on the problem particularly interesting and necessary. Besides,
problem (1.2) is related to the stationary analogue of the Kirchhoff equation on a bounded
domain Q@ c RY

Uy — (a + b/ |Vu|2dz) Au =f(z,u) (1.3)
Q

proposed by Kirchhoff in 1883 (see [20]) as generalization of the classical D’Alembert’s
wave equation for free vibration of elastic strings. It is important to note that equation (1.3)
received great attention only after Lions [26] introduced a functional analysis approach.
For recent interesting results concerning the various solutions of Kirchhoff equations and
the stationary analogue of problem (1.3), please refer to [1, 4, 18, 19, 28, 29, 37] and the
references therein.

Recently, much attention has been paid to the Kirchhoff equations in the whole space
RN, Most of recent results have been concerned with the existence and multiplicity of so-
lutions when the nonlinearity is in subcritical case and critical case. For instance, in the



Wei et al. Advances in Difference Equations (2021) 2021:27 Page 3 of 14

paper [35], Wu considered a class of Schrédinger Kirchhoff type equations in RY with
subcritical case, by using the symmetric mountain pass theorem, four new existence re-
sults for nontrivial solutions and a sequence of high energy solutions have been obtained.
In [14], Fan studied the existence and multiplicity of positive ground state solutions for a
Kirchhoff type problem involving several potentials and critical nonlinearities in RV, In
addition, in this article, the concentration phenomenon of positive solutions was also con-
sidered. For more similar works, we refer to [25, 27, 40]. However, compared with a vast
number of existence results for entire solutions of Kirchhoff type equations, the nonexis-
tence one is less investigated.

In this paper, the Kirchhoff function M is assumed to verify

(M) Mt)=a+bt’,t>0,a,b,k>0,a+b>0,and

‘ €(0,00), ifb>0,
0, ifb=0,

in other words, k = 0 if and only if b = 0. Problem (1.2) is called non-degenerate if a > 0
and b > 0, while it is said to be degenerate if a = 0 and b > 0. The degenerate case is ex-
tremely interesting and is treated in well-known papers on Kirchhoff’s theory, for example,
see [11]. For degenerate Kirchhoff type problems, we refer to [24, 27, 36, 39]. For non-
degenerate Kirchhoff type problems, we refer to [14, 25, 28, 29, 35, 40].

Set @ = 0 and M(¢t) =1, problem (1.1) becomes the weighted Lane—Emden equation

—div(“;‘(z)Vu) =n@)|ulfly inRV. (1.4)

In recent years, much attention has been focused on studying of the nonexistence and
stability of solutions to nonlinear elliptic equations like (1.4). For some physical motivation
and recent developments on the topic of stable solutions, we refer to [13].

Liouville type theorems for stable solutions deal with the nonexistence of this particular
type of solutions. The pioneering work in this direction is due to Farina [15], where the
author established thoroughly the Liouville type theorem for stable classical solutions of
problem (1.4) with £ (z) = 1 = n(z). He proved that the problem does not admit a nontrivial
stable C? solution if and only if 1 < p < p.(N), where

™) +00, if N <10, (15)
Pc = 2 .
(N-2)2-4N+8/N-1 .
7(1\[_2)(1\;'_10) , ifN>11.

Moreover, this exponent is greater than the classical critical exponent AN,—j [17] when
N > 2. After that, the above results have been generalized to the weighted case in [7, 10, 34].
In [10], under the restriction that the solutions are locally bounded, the authors presented
the nonexistence of nontrivial stable weak solutions of problem (1.4) with £(z) = 1 and

n(z) = |z|?. In [34], this restriction was withdrawn.

Theorem 1.1 ([34]) Let u be a stable weak solution of (1.4) with &(z) = 1 and n(z) = |z|%,
where d > 2. Then u is a trivial solution provided 1 < p < p(N,d). Here

+00, if N <10 +4d,

(N=2)(N—-6-2d)-2(2+d)*+2(2+d) /2+d) 2N—2+d) .
(N-2)(N-10-4d) , ifN>10+4d.

p(N,d) = (1.6)
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In [7], with the help of Farina’s approach, Cowan and Fazly established several Liouville
type theorems for stable positive classical solutions of problem (1.4) under different as-
sumptions on & and 5. Later, several attempts have been made to extend Farina’s results to
the weighted quasilinear case —div(£(z)| Vu|P2Vu) = n(2)|ulP'u, in RV, see [5, 6, 22, 23].

We now turn to the case o > 0. Then problem (1.1) is a nonlocal problem involving
Grushin operator. It is well known that the Grushin operator belongs to the wide class of
subelliptic operators studied by Franchi et al. in [16](see also [3]). Taking advantage of the
Kelvin transform combined with the method of moving planes, the Liouville type theorem

has been established by Monticelli [31] (resp., Yu [38]) for nonnegative classical (resp.,
Ny +2
Natz'
Recently, Duong and Nguyen [12] studied elliptic equations involving Grushin operator

weak) solutions of the problem —Agu = u” in RV, the optimal exponent is 1 < p <

and advection
—Agu+Vew- Vou = |z|S|ulP 'y, inRN,s>0.

Via Farina’s approach, the authors obtained several Liouville type theorems for a class of
stable sign-changing weak solutions.
Very recently, Le [21] considered the elliptic problems

—divg(w1Vgu) = wof (1), in €,

with homogeneous Dirichlet boundary condition. By variable technique, under suitable
assumptions on €2, wy, wy, and f, nonexistence of stable weak solutions has been estab-
lished. When © = RY and f has power or exponential growth, the author also constructed
some examples to show the sharpness of his results. For other results of Liouville type
theorems related to Grushin operators or more general subelliptic operators, we refer the
reader to 2, 9, 30, 32, 33] and the references therein.

A natural question is whether there are analogous Liouville results for Kirchhoff type
equation (1.1) with o > 0 and &,7n % 1. The present paper is an attempt to answer this
interesting question.

Motivated by the aforementioned works, we prove the nonexistence of nontrivial stable
weak solution to equation (1.1). Since solutions to elliptic equations with Hardy potentials
may possess singularities, it is natural to study weak solutions of (1.1) in a suitable weighted
Sobolev space. Based on this reality, we define

1/2
¥l = (fRNs(z)wGwdz)

for Y € C°(RN) and denote by H*(RN; ) the closure of CJ°(RN) with respect to the
| - lle-norm. Note that, for & € L (RN), we have Cj(RY) c H"(R";&). Denote also by

loc

HY(RN; €) the space of all functions u such that uyr € H**(RN; ) for all ¢ € C}(RYN).

loc

Definition 1.2 Let X = H'*(RN;£) N H-*(RN; £), we say that u € X is a weak solution of

loc

(1.1) if n(2)lulP € L} (RYN), and for all y € CJ(RN) we have

A/ S(z)VGu-VGwdz:/ n(@)|ulPuy dz, (1.7)
RN RN

where A =a + b||u||§k.
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Now, we give the stability definition. First, we consider that the energy functional I :
X — R associated with (1.1) is

b2
2k+1) e

a 1
1) = Z ) + s [ e
2 p+1 RN

Set E(¢) = I(u + ty) for Y € C3(RY). Then, by routine calculations, we show E”(0) > 0 is
equivalent to

2
p f n(z)|u|”Wdzszbknun?k‘”(/ s(z)vcu-vewdz>
RN RN
ca [ E@Ver Pz
]RN

A weak solution u of (1.1) is called stable if (1.8) holds for all ¥ € CA(RN). Therefore, if u
is a stable weak solution of (1.1), by Holder’s inequality and (1.8), it follows that

P / n(@)|ulPy*dz < B f £E@)IVeyPdz, V¥ e Cy(RN), (1.9)
]RN RN

where B=a + b(1 + 2k)||u||§". Remark that (1.7)—(1.9) hold for all ¥+ € H'*(RN;£) by den-
sity arguments.
Throughout this paper, we assume that the functions & (z), 1(z) satisfy the following as-
sumption:
(H) &(2),n(z) € LllOC (RM)\ {0} are nonnegative functions. In addition, there exist d > 6 -2,
C,C’' > 0,and Rj > 0 such that

£E@) <Clzlg, 1@ =Cllzlg  Vizle = Ro.
To facilitate the writing, we denote

+00, k=0,

Ao = Ao(k,0,d) =
2-60+ #i, k>0,

A=, d) =20 220D (1.10)
1+2k
1+V/1+202-60+d
)‘2=)\2(k’9,d)=2—9+( . +2k)( r ) (k >0).

Let us now state the main result of this work.

Theorem 1.3 Let u € X be a stable weak solution of problem (1.1) with p > 1 + 2k. Assume
that (M) and (H) hold. We further suppose that one of the following conditions occurs:
(Hy) k>0, N, <min{ig, A1}, and p > 1 + 2k;
(Hy)) 0<k< %,A1<Na <Xy, and1+2k<p<pg
(H3) 0<k< %,A0<Na <Ay, and p. <p<pe
(Hy) k> %, 2o <Ny <A1, and p > pe;

(Hs) 5 <k<3,Ny=hy,andp> 35

Page 5 of 14
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(Hg) % <k< %,)\.1 <Ny < Ay, and p. < p < pe,
with critical exponents

i)c :ﬁc(k! e!d!Na)

. 22-6 +d)(Na—4+29—d—\/(Na+d)2—(1+2k)(ND,—2+6)2)‘

=1 (Ny =2 +0)(1 +2k) (N — A1)

(1.11)
pC =pc(k: 9: dyNa)

22 -0 +d)(Ny —4+20 —d +/(N, +d)? — (1 +2k)(N,, —2 +6)?)

=1+ (Ny =2+ 6)(1 +2k)(Ny — A1)

Then u=0in RN,

Remark 1.4 Indeed, the assumption on p in Theorem 1.3 is equivalent to

2020 +d)(p+/plp - 1- 24)

No<2-6+ 1+20(p-1)

Remark 1.5 If k = 0 (i.e, b = 0), then Theorem 1.3 recovers the known result for the
Grushin operator in Le [21, Proposition 3]. Furthermore, if « = k = 0, then our result
recovers the previous result for elliptic problems with weights in Cowan and Fazly [7,
Theorem 3]. If « = k =0 = 0, then we have

22+d)(N-4-d+J2+d) (2N -2+d))
(N =2)(N =10 - 4d) ’

p:(0,0,d,N) =1+

Note that the exponent p.(0,0,d, N) equals p(N,d) of (1.6) when N > 10 + 4d and is the
critical exponent p(d) in [10]. When « = k =6 = d = 0, we obtain

4N-4+2JN-1)
(N -2)(N - 10)

p:(0,0,0,N) =1+ ,
which is the critical exponent p.(N) in [15]. Finally, when & = 6 = 0 and & = 1, it is not
difficult to verify that p.(1,0,d, N) (resp., p.(1,0,d, N)) equals q; (N, d) (resp., g2(N,d)) in
[24].

The rest of the paper is devoted to the proof of Theorem 1.3. In the following, C stands
for a generic positive constant which may vary even in the same line. If this constant de-
pends on an arbitrary small number ¢, then we denote it by C;.

2 Proof of Theorem 1.3
We first give the following proposition, which plays a crucial role in arriving at Theo-

rem 1.3.

Proposition 2.1 Let u € X be a stable weak solution of (1.1) with p > 1+ 2k. Then, for every
s€ (1, h(p)), where

h(t)=—1+2(t+ t(t_l_Zk)), t>1+ 2k, 2.1)
1+2k
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+S

and for any constant m > ﬁ 1, there exists a constant C > 0 depending only on p, s, m, and
k such that

[ et + @Vl ) dz
* (2.2)

2(p+s)

1+s +5 1+s
<CBFT(1+B) | £@F @)1 |Vep| 7T dz

3
RN

holds for all functions ¢ € Cy(RN) verifying 0 < ¢ <1 and Vg = 0 in a neighborhood of
{z € RN : 5(z) = 0}. Here, B is given by (1.9).

Proof Some ideas in this proof are inspired by [8, 12, 15, 21]. Since the solution u is not
necessary locally bounded, to overcome this difficulty, we will construct a sequence of
suitable cut-off functions. Let n be a positive integer, we denote

—1
1tz t, |t <n, [t |t <m,
an(t) = -1 Vn(t) =
nzt, |tl>n, nt, |t >n.

By a direct computation, we obtain that, for any ¢ € R, there exists a positive constant C
depending only on s such that

(s+1)2
4s

82(t) = tv(0), 8 (t)* < v (8), 83(t) + vﬁ(t)(u,;(t))‘1 <Clgt. (2.3)

Moreover, since u € H* (RN, £), we deduce that 8, (1), v, () € HY*(RN, €) for any n € Z*.

loc loc
For any nonnegative function, ¢ € C3(R") satisfies 0 < ¢ < 1. Setting ¥ = v,(u)$? as a

test function in (1.7), we have
A [ E@VauPvwg?dz 24 [ €@, Vau - Vo dz
RN RN
- [ @ v, g2
RN
Applying Young’s inequality, for any ¢ > 0,
A [ E@Noulv g dz
RN
< 2A/RN§(2)|Vn(u)||VGM||VG¢|¢dZ+ /RNn(z)mw-luvn(u)«pzdz
<eA / (£ Veulv, ) ?¢)’ dz
RN
+ G [ (2l 0 V01) de
RN
e [ @, g2 dz
RN
=¢cA /N E(z)|VGu|2v;,(u)¢2 dz + CEA/ S(z)vﬁ(u)v;,(u)_lwcmzdz
R

RN

+ / (@) ulP~ uv,(u)¢* dz,
]RN
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which implies

(1-e)A / £(2)| Veul>v, ()¢’ dz
]RN

(2.4)

<cA / VAW, () Ve dz + / 0@ 1l v (u)$? diz.
]RN ]RN

On the other hand, by virtue of the stability definition, we take ¢ = §,(#)¢ in (1.9) and
get

p / @) ulP 82 (u)p* dz
RN
EB/ £(2)|Veul*s, (u)*¢* dz+2B/ £(2)8, ()| 8,(w) || Vaul | Ve lg dz (2.5)
RN RN
+B/RNE(z)8§(u)|VG¢|2dz.

We use Young’s inequality to estimate the middle term of the right-hand side of (2.5):

2B / £ (2)3, () |8,(0)| | Vel Vplb de
]RN
<eB / (£@)"*|Veuls,(w)p)’ dz + C.B / (E@"?[8,(w)]1V60]) dz
RN RN
=¢B / £(2)|Vgul*s, (u)*¢*dz + C.B / £(2)82(u)|Veo|* dz.
RN RN

Substituting this inequality into (2.5), one has

p / n(2)|ulP~' 82 (u)p* dz
RN

(2.6)

(a8 [ e@IVouls W des B [ @501 Von d
RN RN

With the help of (2.3), it follows from (2.4) and (2.6) that

2
P f n(Z)Iul”’léﬁ(uwdeEmg)iﬂ / £(2) [ Voul™v, (u)¢” dz
RN S RN

+C.B f E(@)02(w)| Vol de
]RN

1 1 2B
: % /RN NNl v, ()¢ dz
+C.B / £(2)(82(w) + v (W), (w)") Veo|* dz
RN

(1+&)1+8)%(1+2k)
- 4s(1 -¢)

n(2) ulP~182(u)¢* dz
]RN

+C.B / E@Nul™ Vel dz,
]RN

Page 8 of 14
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that is,
0. [ n@Nr 508 de < b [ s(au Vel da 27)
RN RN
where g, = p — (Lr)(15520420) i e limg o+ qe =qo=p — %&“2]@, we have gy > 0 under

4s(1-¢)
assumption on s € (1, 4(p)). Thus, choose small ¢ > 0 such that g, > 0. Consequently,

f 1) P82 (u)¢> dz < CB / @)l Vo dz, 2.8)
RN RN

where positive constant C depends only on p, &, and s.

From (2.8) and Fatou’s lemma, we derive, as n — +00,
[ nenursdz=ca [ s IvapP de 29)
RN RN
On the other hand, choosing ¢ = 1/2 in (2.4) and combining (2.3) with (2.8), we can find

A f £(2)|Voulv, ()¢’ dz
]RN

<CA / E(@(u)v,(u) ! |Vee|* dz +2 / n(2)|ul’~ uv, (u)¢? dz
RN RN

<ca / @)Ul Vod  de+2 f 02 P8 (1) e
RN RN

<CU+B) [ €@ IVoo dz
RN
Letting n — +00 in the above inequality, we have from Fatou’s lemma that

A [ E@NauPlu ¢ dz = C+B) [ e VepP

RN RN

Consequently,

/ @) Veul’lul¢*dz < C / £@)ul"|Vepl* dz. (2.10)

RN RN

Now, we assert that (2.2) holds true. In fact, we can select some positive constant m > 1
such that

“n

-1
m-D@+s) e ms PF
l1+s p-

—_

Recalling 0 < ¢(z) < 1 in RN, we obtain

2(m=1)(p+s)

(6(2) ™ < (¢(2)"", VzeRN.
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Then, by (2.9) with ¢ = ¢ and Holder’s inequality, one sees

/N n@)|ul o> dz
R

<CB / E@)|ul" o>V |Vgop|* dz
]RN

L+

+5 pts pts
< CB(/ (n(z)ws |u|1+s<p2(””1)) L+s dz)

X

S(Z)n(Z)’I% |VG(P|2)% dZ) ” (2.11)

p-1

x s(zv S Vel T dz)

14s
—1)(p+s) pts
=CB ( (@) |ul’**p A dz>

p-1
p+s
CB( n(Z)Iull"”wzde) (/ £(2)7 1 (2) -Plvcgol = dZ) .
Hence,
P4 dz < CBI1 P15 Vel P d 2.12
Nn(Z)Iul ¢™"dz < CB» NE(Z)" n(2) 7 |Vgo| 7T dz. (2.12)
R R

Analogously, take ¢ = ¢ in (2.10) and combining (2.11) with (2.12), one can achieve

f £@)|Voul lul ™" dz
]RN
<c / @Il | Vgl dz
RN
s s Lss 2(p+s)
< cpH / E@Fn@ F Vepl T de
R

Therefore, combining this with (2.12), (2.2) is obtained immediately. This completes the
proof. O

Let R > 0, Qo = B1(0,2R) x B,(0,2R***), where B; C R, with i = 1,2, are open balls
centered at 0, the radii are 2R and 2R*%, respectively. We consider a cut-off function « (¢) €
C5°([0, +00); [0, 1]) satisfying

1, 0<t<1,
0, t>2

K(t) =
Moreover, we define

|oc] Iyl
‘pl,R(x):K(E ’ xeRNl» (pZ,R(y):K Rlyﬂx ’ yGRNZ’
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and

Pr(%,9) = Le®)P22(9),  (x,) e RN =R x R, (2.13)
The direct calculations yield

[Vipir| < CR™!, V@l < CR—(lm),
[Axp1r| < CR_Z, |Ay‘ﬂ2,1?| < CR—2(1+(1)’

(2.14)
|Voorl® + | Acprl < CR™2, VxeRM,y e RM,

R<|zllg < CR, Vz=(x7y) € Qor \ L,
where positive constant C is independent of R.
Proof of Theorem 1.3 By contradiction, we assume that (1.1) admits a nontrivial sta-

ble weak solution #. Applying (2.2) for a test function @g(x,y), which is given by (2.13),

we derive that, for all R > Ry, there exists a constant C > 0 independent of R such

that
f (@)™ + £@)Veul lul) dz
Qr
s 2Ap+s) (p+s)0—(1+s)d
<cBri+ BR PT / lzlg 7 de (2.15)
Qp\Q2p
<CB»(1+B)RH
with
2-0)p+s)+(1+s)d
n=N, - .

p-1
Here, we have utilized assumption (H) and (2.14).
Evidently, if i < O for some certain s € (1, 4(p)), it implies from (2.15) that

/RN(n(Z)IMI”“ +&(2)| Voul*lul'™") dz=0

as R — +00, i.e., u = 0in RN, which contradicts the assumption of z. Therefore, we obtain
the desired conclusion.

Now, we consider the cases in which © < 0. Set

2-0)t+h()+1+h)d
t-1

g(t) = , t>1+42k,

where /(t) is given by (2.1). Elementary calculations lead to

lim h() =1, lim /(t) = +o0, H@)>0, t>1+2k

t—(1+2k)* t—+00
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and
m €O =30 lim g0 =2
, 2-0+d)(2/t(t-1-2k) +t(2k-1) + 1 + 2k)
g = t>1+2k,

(1 +2k)(t — 12/t - 1 = 2k) ’

where Ao, A1 are given by (1.10). By routine computations we show that if k = 0, then
g(t) is strictly decreasing on (1,+00). If 0 < k < , then g(¢) is strictly increasing on (1 +

2k, 1*21‘; 22‘{(1*72 ) and strictly decreasing on (1*2"; ZF ,+00), in this case, g(¢) achieves 1ts
maximum at ¢ = 1+2k+2m and g 1+2k"wﬁ) = A, where 1, is given by (1.10). If k = 5
then g(t) is strictly i 1ncreasmg on (1 + 2k, +00). Moreover, when 0 < k < 5 Loa <o when
k= Al = Xo, when k > 5 L %1 > Xo. We also have 835 2k) Mk, 0,d).

\X/hen k>0 and N, 5 min{Ag, A1}, we have N, < g(¢) for t > 1 + 2k. Thus, if we fix s €
(1, h(p)) sufficiently near to /(p), we see that

2-6 1
M:Na—( )(p+s)1+( +S)d<0, p>1+2k.
p_

It is a contradiction by letting R — +00 in (2.15).

When 0 < k < % and X1 < Ny < Ag. By the monotonicity of g(¢), there exists a unique
critical value p, > 1 + 2k such that N, < g(¢) for 1 + 2k < t < p,. So if we choose s € (1, h(p))
sufficiently near to /(p), we get

2-0)p+s)+(1+s)d

w =N, - <0, 1+2k<p<p,
p-1

which is a contradiction by taking advantage of the previous similar argument.

Assume now 0 < k < 3 and Ao < N, < A>. Make use of the monotonicity of g(t), there
are critical exponents p. and p, such that N, < g(¢) for p, < t < p.. Similar to the above
argument, we get a contradiction.

Combining g( r(k,0,d) ( <k< ) with the monotonicity of g(¢), using the simi-

4
32) =
lar argument above, we can always deduce a contradiction provided that one of conditions

(Hy), (Hs), and (Hg) is satisfied.
In the above statements, p. and p, can be derived from the equation N, = h(p), which is
given by (1.11). The proof is finished. O
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