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especially for the non-homogenous ones. Therefore, the present study focuses on
solving the two-component non-homogenous time-fractional NLS system, our
method is to solve a prolonged fractional system derived from the governed model.
We first establish non-classical symmetries of this new enlarged system by using the
fractional Lie group method. Then, with the help of fractional Erdélyi-Kober operator,
we reduce this new system into fractional ODEs, the self-similar solutions are
obtained via the power series expansion. The convergence of these solutions are
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to handle the multi-component case. We conclude that this way may also bring some
convenience for solving other complex systems.
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1 Introduction

The vector complex systems have attracted more and more attention in many different
fields of nonlinear science during the past few years. To well describe the spins and kinet-
ics of micro-particles, the partial differential equations for these complex systems were set
up and widely used in the related ranges of particle physics, quantum mechanics, the con-
densed matter physics [1-3], and many other subjects. One of the most famous models is
the nonlinear Schrédinger equations whose general version is governed as

iu’; +1i(t, %), +f7(t, x,

ul, .. |[W)d =0 (i=1,...,m). (1.1)

Here, t, x are temporal and spatial independent variables, #/ represents the wave func-
tion which describes velocity envelope for multi-particles, the subscripts show the deriva-
tives of corresponding variables, all coefficients r;(¢, x) and f/(¢, %, |u'|, ..., |u™|) are real an-
alytic mean the ratios of non-homogenous diffusion and the intensity of nonlinear interac-
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tions. There has been abundant research on model (1.1) which explained the kinetics and
diffusions of particles in the multi-body quantum regimes. To the best of our knowledge,
a lot of soliton waves, breather waves, rogue waves, and periodic waves of Eq. (1.1) were
studied by taking advantage of Darboux transformation [4-9], inverse scattering method
[10, 11], Hirota’s bilinear transformation [12-14], nonlocal symmetry method [15], and
many other ways [1-3, 16, 17] in both mathematical and physical points of view. Some
mixed type solutions, especially breather-soliton-rogue wave solutions [4, 7, 9, 17], were
obtained and used to understand how the quantum waves interact in local excitation pat-
terns.

Recently, models governed by the time-fractional PDEs have been considered in many
fields of mechanics and physics [18, 19, 29-31]. Indeed, the fractional models are more
precise than the integer-order ones. For many physical phenomena, different time mem-
ories are often represented by different integral kernels of several definitions [20, 21], two
of the most influence and popularity are Riemann-Liouville type and Caputo type [18—
21, 29-31] which include the singular kernel, and other definitions may contain the non-
singular kernel. The singular kernel (general kernel), for instant power kernel which was
derived by Cauchy integral, describes how the quantity process obeys a singular law by
empirical observation in many real problems. The power memory has many good math-
ematical properties such as self-similarity, semi-group property, Laplace transformation,
but the disadvantage is the lack of elaborate statistical tests and empirical support. Thus
it should be natural to consider the nonsingular kernel which can show the fading mem-
ories with relaxation. The typical type for nonsingular kernel is Caputo—Fabrizio defini-
tion [20, 21] of exponential memory that may be applied to well understand the stochas-
tic process of empirical distribution, but this expression is more difficult to compute. In
short, the singular kernel can more generally characterize the real nonlocal nonlinear phe-
nomenon and is more convenient for calculating, thus it should take precedence to use for
solving fractional differential equations. In physical point of view, some micro-structures
may often lead to the short time memories effect, the smaller « decides the faster time
memory. In addition, the Riemann-Liouville derivative has stronger singularity than Ca-
puto derivative, thus the Riemann-Liouville definition can be often used without initial-
boundary conditions. Therefore, in the present work we mainly investigate the following
non-homogenous fractional NLS system with Riemann-Liouville time derivatives:

o

u
iﬁ +7(t, X) Uy +f(t,x, |ul, |v|)u =0,

a

iw + 88, %)V +g(t,x, |ul, |V|)v =0 (0O<ac<1l),

where Riemann-Liouville derivative is defined as

Foa o JoE =" Uy, 1) dr (n=[a]+1),

9" u(x,,t)
"

REOf u(x,y, ) =
(o = n).

This fractional system more precisely characterizes the Bose—Einstein concentration and
phase transition behaviors of critical states than the integer one in the two-body quantum

%u 3%
R T
local time memories, and r(t, x), s(¢, x), f (¢, %, |u|, |v]), g(¢, %, |u|, |v|) are variable coefficients

as (1.1).

regimes, where the fractional derivatives describe two wave functions with non-
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However, solving fractional system (1.2) is really a new and difficult work. On one hand,
since integrability of the fractional models is much poorer than that of the classical ones,
the compound function solutions of (1.2), for typical traveling wave solutions, were hardly
obtained by adopting some direct methods. On the other hand, there have been abundant
studies on Lie symmetries, conservation laws, and exact explicit solutions for many integer
and fractional real PDEs [22-28, 32—43]. However, few symmetries of the time-fractional
complex system have been discussed until now, even non-homogenous ones. For the clas-
sical n-component complex PDE systems, the common method is to split the real and
imaginary parts of two complex variables u, v and compute the symmetries of 2# equa-
tions with 2 variable coefficients r, s, f, g, this may cause some difficulties. To solve this
problem in a concise way, we introduce the complex conjugations »*, v* and regard func-
tions f, g as two new functions. Here, in order to close the system, we also need to relate f,
gtou, v, u*, v*. Noting that the expression f = f (¢, x, |u|, |v]), g = g(¢, %, |u|,|v|) is equivalent
to the differential system uf,, — u*f,« = 0, vf, — v*f,x =0, ug, — u*g,» =0, vg, — v*g,» =0, we
can enlarge the vector fNLS model to a new closed fPDE system and only consider solv-
ing the new prolonged system. It is novel to construct the symmetries of the prolonged
fractional equations since the non-classical symmetries of prolonged system always con-
tain the classical symmetries of the governed model. We also verify that our results can
be extended to the more general N-component case by introducing f* = fi(t, x, |u!|, |u™),
(i=1,...,N)) and differential system u’f:d -f=0,(G=1,...,N).

The rest of the paper is organized as follows. The non-classical symmetries of prolonged
complex system are discussed in Sect. 2. Then, in Sect. 3, this system is reduced by virtue of
the Eydélyi—Kober fractional differential operator, and self-similar solutions are acquired
by the power expanding method in the de-focused case. We also verify the convergence
of solutions in Sect. 4 by using induction as all the coefficients are analytic. Finally, our
results are extended to the multi-component case. The concluding remark of our work is

put in the last section.

2 Non-classical symmetry for two-component fractional NLS system
This section considers the non-classical symmetry of system (1.2). By introducing two new

conjugate variables u*, v*, we consider the following enlarged complex system:

iDYu + rugy + fu =0,

3 a v
iDiv+svy +gv=0,

uf, —u*f,x =0,
(2.1)
v, =V =0,
ug, —u'g, =0,
vg, — Vg = 0.

Here, we regard f, ¢ as two new functions. Under the continuous transformation group

f=t+ er(t,x, u, v, u’, V*) + 0(62),

x=x+e&(t,xuv,u,v)+ 0(62),
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it=u+ed(t,x,uv,u",v*) +o(e?),
v=v+el(t,xuv,u",v) +o(e?),

0 = 1" + € (b, 1, v,1%, V") + 0(€2),
V=Vt 4 W (61,1, v, 1, v7) + 0(€2),
f=f+eF(txuv,u’, v, f,g) +o(e?),

Z=g+€G(tx,uv,u", v, f,g) +0(€),

with infinitesimal generators &, 7, &, ®*, W, W*, F, G, the vector field of the generators of
Lie group is given by
] 0 d 0 B

0 a d
Vab—+1—+dP—+V— + D" + W +F— +G—, (2.3)
ox ot ou v du* av* af og

and the «, 2-order prolonged vector field is shown as

9 9 d d d « 0
pritV =V + o + e + O —— W —— Y — 4 F"
dDf u dDfv Otk Wex  Ofa fpr
0 d : 9 « D
+F'— + F" + G — + G +G — + G , (2.4)
3y fpr 3gu g 0g dg+

where 7, &, F, G are real functions and ®, W are complex ones.
Applying the Lie symmetry method to system (1.2) yields the following results.

Theorem 1 Under the continuous group transformation (2.2), invariance of system (2.1)
admits the following infinitesimal generators:

& =£@),
t=1(¢),7"(t) =0,

P = (a ; 1 /() + %5/(90) + 03)u,

L\ (oc —_ 1t’(t) + 1S’(x) + c4>v,

2 2

o = (d ; 1 /() + %é’(x) + c3)u*,

W = (a ; 11:/(t) + %S/(x) + 64)1/*,

F=—at'()f - gé'”(x),

G=-at'(t)g- %s’”(x),

where the diffusion coefficients solve the linear equations

Try+&Ery + (0t — 2E,)r =0,

(2.5)
T8 + Esy + (T, — 2€,)s = 0.

Page 4 of 21



Ren and Zhang Advances in Difference Equations (2021) 2021:78 Page 5 of 21

Notation In the following proof, we denote by C; a combination number where C =

o!
nl(a—n)!*

Proof By adopting the fractional Lie group method, the invariance of system (2.1) is de-

termined by the following linear equations:

iV +r®™ + (try + Ery)they + Fu + f® =0,
W+ sU™ (T8 + E53)Van + GV + Y =0,
Of, + uF" - O*fr —u*F* =0,

Wf, + vE' = W — v F" =0,

g, +uG" - D*gy ~u'G" =0,

Wg, + VG’ — Wg. —v* GV =0,

with the prolonged generators

O = Dﬁ((b —EUy — TUy) + E Uy + Tlhoxs
P = Dﬁ(‘lf —EVy — TVy) + EVigy + TVt
F* =Dy (F - &fy — tfy — Ofy — Vfy — Oy — W fir) + Efus + T
+ Dfyy + Yy + O foryy + VUfiry,
G =D, (G-&g—1g — Pgu— Vg — P*gur — Vg ) + EGuu + T
+ Dgyy + Vg, + O gy + Vg,
F'=D,(F-&fy —tfs - Ofy, — Vfy — Do = W) + Efry + T
+ Dfyy + Yy + Oy + Wiy,
G'=D,(G-Eg— 18 — Pgu— Vg — D@ — V*gr) + Egu + T80
+ Bgyy + Wy + Dy + Wy,
F* = Dy (F = &fs = tfy = Ofy = Wfy — O fr = Wi ) + Efurr + Tfur
+ Of i + WSy + O forx + W,
GY =Dy (G-Eg— 18 — PGy — Vg, — Ogur — V') + Egur + Tgur o)
+ Dgur + Wgyr + P gyryr + Vg,
F" =Dy (F = &fy — tfs = Of, — Wf, = D fop — W) + Eferr + Tfir
+ Dfyr + W + ¥ fipep + Whieps,
G =Dy (G-tg—tg — Pgu — Vg, — D*gur — U'gr) +EGu + T

+ q)guv* + \Ijgvv* + q)*gu*v* + \Ilgv*v*y
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wt _ RRL) 0%u 8 D,
d +(®, —aD;t)— —
e o o

- Z C'D/ED " u,

[, "D, v %P,
|t o | D (0,5~
ot o ot

o0*u* 0% P* g ancb*
i * u DYy
Z o <q>u 81,‘0‘ —u 8t"‘ ) Z o 3t” t
9o y* 9% o* oo
+ <d>f Y —y* BtO‘V) Z " at”VDa "Wt U, + o, + Moy + Loy,
\Ija’t 0T + (‘If aD. ‘L') o%v Vaalllv iC"D"EDD’_”v
- v AP YV - ot t x
ot ot o
00 Cnan\ll Cﬂ+1Dn+1 Da_n o 0%u aa\yu
+n2:1: o g G P TP v B m i
nd )
0" e -
+ Cn MDa—n + \I-’* % u " Cn U~
HXZI: * 9 ;U < py u By ) HX:; a g ;U
9% y* 8“‘{’* 00 P
* <\IJ: At ) Z Y nvDa WV g By F g+ g
=1
where

oo n m k-1
1 e amuk—l an—m+kq>
— m ol
P = Z ZZC"‘C" KT —a + 1)( arm atn-muk’
n=2 m=2 k=2 [=0
c0o n m k-1
o amvk—l 8n—m+kq)
_ nm
e Z Z CaCo kk' Fn-—a+1) v g rn-myvk’
n=2 m=2 k=2 [=0
c©o n m k-1 _ k-1 —-m+k
o 10" y* gk p
l *
po =YY e (o M
e k! Frn-a+1) atm ot Moyt
co n m k-1 — k-1 —m+k
o 1OV gr-m+k p
S D B B Wererct (v Sy
e KT(n-a+1) oM JErmYy*
co n m k-1 — k=l qn-m+k
1 e a"u*t 9 v
— N )
How = Z Z C C Ckkl C(n- )(—M) o 9-myyuk’
n=2 m=2 k=2 1=0
oo n m k-1
o amvk—l 8”_"""'/‘\[/
— n ~m )\
m =23 > ) GG Ckk' To—arD) " oo armank’
n=2 m=2 k=2 [=0
o n m k-1 _ k-1 —m+k
1 o Oy qr-mrky
— n ~m ol *
wi =32 2.2 GC Ckk'F(n a+1)( W) arm aer-myurk’
n=2 m=2 k=2 [=0

2m:k—l : Cl 1 1o ( . lamv*k—l an—m+kqj '
k1 Frn—a+1) apm grrmyyrk
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Substituting (2.7) into (2.6) with the help of prolonged system (2.1), after equaling the
coefficients of all derivatives of u, v, we have admitted conditions as follows:

cDuu = CDVV = q)u* = qu*v* = (Duv = (Duv* = CDVV* = cbxv = q)xv* = (th = CDv*t =0,
\yuu = \yvv = lI’u*u* = lI’v* = lIluv = \yuu* = ll‘lvu* = \I"xu = Yyt = \yut = \I’u*t =0,
§=8=6=86x=5+=0, =Ty =T, =T =T =0, T|=0=0,

P, "V, a-n
ar A" n+1

D't (n=1,2,...),

1 "
cDxu = qjxv = _gxx: T (t) = O;
2
(r-s)®,=0, (r+s)®, =0, (s—rv, =0, (r+s)¥,« =0,
1+ Ery + (@7 — 2&,)r =0, (2.8)
T8 +Esy + (ot — 2E,)s =

F=F(txlul,V.f,g),  G=G(txul, vl.f.g),
,[aw D, 9%d, *aacpv*]

-u -V -V
ot® ot* ot* ot*

—(Pu—at'(0))fu— Dygv + Ppegv* +fP + Fu + P, =0,
[o°W 99w,  9°w, 0w,
l —-Uu -V —-Uu

at® at* at* at*

— (W, —at'(8))gv — Wufus + Wy fu' + gV + Gy + 5W,, = 0.

Solving the linear PDEs (2.8) one by one leads to the desired results. O
The next result shows the self-similar reduction.

Lemma 1 Ifat/(¢) - 2&'(x) = co, then we get the infinitesimal generators as follows:

1 —C
5: 9 X,

c

—

’

ot
c—c
o= ( ! 2+c3>u,
4

_1 _
W cl(a ) Lo +C4)V’
4
_1 _
o = cila ) + CL—C +c3 Vu,
200 4
c -1 c—c
vt = 1@ )+ ! 2+c4 v
200 4
F=—-¢f,

G-= —C14,
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with the coefficients

_acy _a(cl—cz)
r=t R(xt 2

_acy _alep—c)
s=t a S(xt 21

and four-dimensional Lie algebra V = 01 V1 + 0,V + 03 V3 + 04V, generated from the vector

fields
xd td 3a-2 9 3a-2 0 3a-2
1= —-—+——+ u— + vV—+ u
20x oot 4o Ou 4o OV 4o ou*
30-2 , 0 0 d
+ v —f—=-g—,
1 o Tar 8o
ad 0 d 0 * 9
V=22 ,rpeye w2 ve (2.9)
20x 40u 409v 4 du* 4 ov*
d L 0
Vi=u— +u s
u ou*
3 L0
Vi=v—+v .
av av*
Proof We obtain (2.9) by directly calculating. O

3 Self-similar solution for two-component fractional NLS system
Let us consider the scaling action V = Vi +0 V,, where the parameter is chosen as o = — z—f
In this section, we search for the self-similar solutions of system (1.2).

Theorem 2 When we take & = xTi £, under the scaling action V, system (2.1) can be
reduced to the following fractional ODEs:

e 2\, oo (1=, ,
Py e (11, ) R ) (U )
+O1(5 (UG [V©|uE) =0,
(3.1)
(U—l)a—Za 2 2 l+o 1-0
P, e (11, ) 6 ) (STVEe reve)
o +0

Here, the Erdélyi—Kober fractional differential operator is defined as

a-1
Pefo) =T (2 +k- 2y 0L “N0) 020050050,
k
and
oapy - | T @ =D ) dp - (a>0)
o

fo) (a=0).
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Proof Herein we use the invariance to construct self-similar solutions. First, solving the

following characteristic

2dx B adt B 4o du _ 4a dv
Q+o)x ¢  ((c+3)a-2u ((c+3)a=2)v
4o du* B 4o dv* _df dg

T ((0+3)a-2ur (0+3a-2v* —f g
gives rise to

(0+3)a—2 2
u=t 4 I,[(xlﬂI t

(0 +3)a—2

)
y=t 4 V(xTe ),

u = t(a+?2a—2 U (x%t_a),
P , (3.2)
vi=t & V*(xmt"’),
(o+ )a (o+
f =10, (s e, T2 ), £ T ),
(0+3)a—2 )uz (o+3)a—2
g =10, (v £, £ “H T U, £ TH T y)),
with
r=1""R(xt = )
o) (3.3)
s=t7"S(xt™ 2 ).
Then, by using the chain rule, the prolonged parts of system (2.1) become
UByy = U Oy, VO1y = V*Ory+,
UGy = U Oy, VOay = V* Oy,
solving these four linear PDEs yields
©1=0.(&, UL, |V]), 0y = 0y(&, UL, |V]). (34)

On the other hand, from the definition of fractional Erdélyi—Kober differential operator,

we obtain the fractional derivatives as follows:

801 n—a c+3)a 2 Lr—a
37 INGE ot) dt”/ (t- 'z L[(xlw )d‘r
1 d M o0 . _M_n
B m dt" |:t”+ /; (s—1)"" Lg U(é’s ) ]
d" a4 lo=lo=2 (o43)av2
=l KLt )]

d;’kl o—1)a— —_ ]_ — 2 d (0 +3)a+2 it
= —dtVl—l [t”—1+—< 2 2 <n + (0 )a _as —)’Cl 4 ’ U(E)] _
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a 2 n-1 1)0[ 2 L*‘”“”,n—a
0( +k—ak E) ue)

R S T (3.5)

In the same way we have

3“1/ (o-1)a=2 (0-1)a-2 2
e =t 4 Pé R V(é) (3.6)
where

(o— l)u 2 n-1 (O' 1 -2 (0+3)a+2 H—a
P, ke ag__> R
o k=0 g o

In addition, other terms of system (2.1) become

l+o

(0-Da-2 2 \? Lo\ (1l-0 "
a1 (12 ) ere ) (U@ e,

(3.7)
fu=t%®1(§;| )U(S))
and
(t,%) —t(072a72 2 25 Lo l—ov,() V' (€)
S e = (1+0>$ € )(T e S)’ (3.8)
av=t "0, U@ V)V
Injecting (3.2)—(3.8) into system (2.1) leads to the desired result. O

Theorem 3 Under the assumption of Theorem 2, when the de-focusing coefficients are cho-
sen as f(t,%, lul, V) = £ AGT ) ([ul? = [v]2), g(t,, lul, V) = £BlxT £)(jul? - |v]?)
and the real function R(E), S(§), A(§), B(§) are all analytic in & # 0, then the nontrivial
analytic self-similar solutions of Eqs. (1.2) are given by

u(t,x)
/) (o-Da+6
w32 Ug(ao(|vol® — uo|*) — i %) 2 (o-1)a-2
=u()t 4 + T+o 4
2(1-0
(1+a) ( ) ro
[0 + ao(vo[? = |uol?) + 2 r]ur + [ao(vov; +vivy — tou; — 1143) + ar(Ivol? — uo|*) o
+
r(3-0)(1%5)?
4 (0-5)a-2
X xT+o ¢

{zsz oty — TRy (220 gy SN AST L Rk + 1) kitgn]

1
(5232 +m)(n+ Dro

+Z

1 —,
+ an 1%m Zl o Ui ka=o ViV Z, Ik Mk”:;, l—k) + (aouy, +ﬂnu0)(|V0|2 - |u0|2)
)2(— +n)(n+ ry

(1+a

2(n+l) (o-4n-1)a-2
X X 1+ 4 ,

Page 10 of 21
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and
v(t,x)
.~ (0-Da+6
e volbo(Ivol? - |uol?) = iQEEE)  pus
= VOt 4 RO T+o 4
(m) (T)So
[ + bo(Ivol® = luo[?) + ZZds11vi + [bo(vov; +vivG — uowf — wr13) + ba(Ivol* = luol®)Ivo
.
503 -0)(:%)?
4 (0-5a-2
X x1+o f 4
. -1Da+6 — —1,1—
. i{ iQanv,_y — Ty — (2 [5Ts,vn 4+ 3p (52 + K) (K + 1)y Vieen]
2 \2(1-0c
Y 1+_(7) (T + Vl)(l’l + l)S()
-1 -1 -1
N Z:’y,:l b ZZO Vi ZZ’:O (VkV*m_[_k - ukutn—l—k) + (bou, + bnuo)(|V0|2 - |’40|2) }
2 -
()2 (5FZ +n)(n+1)so
2(n+l) (0-4n-1)a-2
Xx o 4 , (3.9)
. . > < I3 +(%2 -n)a)
where ay, by, 1y, S, are expanding coefficients of A,B,R = &R, S =&S, and Q,, = ENTE
(5 -

are the parameters.

Proof Under the analytic assumptions, according to (3.2) and (3.3), (3.1) can be rewritten

as

(c-1a-2 o 2 2— 1 -0
iP, t TUE)+ (1—) R(E)(—U'(SHEU”(E))
o +0 2
+AQ) (UG - v )ue) =o,
(3.10)
(0-1)a-2 o 2 2_ l1-0
iP, * TV(E)+ (1—) 5(%’)(—V/($)+EV"(E))
a +0o 2
+BE(UG - [vE)ve =o.
We suppose that the solutions of (3.10) are formed as follows:
UE) =) ug",  VE) =) vat",
n=0 n=0
and
@)=y uwk, V=) v, (3.11)
n=0 n=0

where u,, v, are unknown expanding coefficients.

Page 11 of 21
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Substituting (3.11) into the first term of (3.10)to simplify the fractional terms of (3.1),

we have
(a—l)a—Z’a
P, ue)
[ - 1Da-2 d7] (e,
:_1+(U 4)“ —a&E}Ké L
N PO T R N S S
__1+ 2 _agdé};(/l (s—1)%s 1 s ds)u,,é
(0 -1a+6 d:| > F(%+("T+3 ma)
_ e Ly 2t T 3.12
L 4 * d& ;1"(%+("T‘1—1’1)05)Mg (312)
and
-2 , (c-1)a+6 d 1 ATG+(F2 -na)
Y 0 T LR BN b S I S 3.13
Py &) [ . ds]zr@u%—ma)” 19

n=0

where we use the integral

1 3
/‘OO(S B 1)—015—(67{4)0[72_157101 ds _ F(E + (% - I’I)O{).
1 rG+ (% -na)

The following expressions show the derivatives of U, V:

e =y m&™",  VE) =) mE,

; " N (3.14)
U')=Y nn-Du,g">  V'E)=) nn-1vE"?,
n=2 n=2

Equaling the coefficients of &-power by plugging (3.11)—(3.14) into (3.10) and R =
> Tk S = Y 00 s,E", A(E) = Y 00y ank”, BE) = Y o0 buE", we obtain the following

inductions:
for 0-power:
(0 -1)a+6 2 \’1-0o 2,2
iQ - =0,
i 2 Uy + T2o 3 rouy + 610(|M0| [vol )MO (3.15)
“Da+6 2 \’1-
iQ(G 4)0‘ Vo + <1+0) 2GS°V1+h0(|”0|2_|V0|2)V°:0’

for &-power:

. 2 \? l1-0
—iQou; + | —— rous(3—0) + riuy
l+o

+ ao[ (nou} + uruy — vovi —vivi)uo + (luol® — [vol*)ui |

+ay (|uol? = |vol*)uo = 0, (3.16)
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, 2\’ l1-0
—iQovy + | —— sov2(3—0) + 11
l+o

+ ol (o + uyug — vovy —vivi)vo + (luol® — [vol*)v: ]

2 2
+ by (luol* = [vol*)vo = 0,
]

for £"-power:

-1 6
iQ <%un - anun_l)

+221—0 il—ok(kl)
T 5 WHH T+ + 1)y kit

n-1 m-1 m-1

* *
+ Ay Uy Z(ukum_l_k - Vka—l—k)
m=1 =0 k=0

+ (aotn + antio) (1o = |vol?) = 0, (3.17)
i9<9;1E:Em_aWHQ
4
+ 2\’ 1_asv +i 1_G+k (k + 1)s,xv,
l+o 2 nV1 £ n—kVk+1

~

n-1 m-1 m—

* *
+> b, ) v Z(ukum—l—k —VkViik)
m=1 1=0 k=0

+ (botty + butio) (|10l = Ivol*) =0

From (3.15)—(3.17) we know that

_ uolao(Ivol? - Juol?) — i)

u )
1 (Z 1252
mzm%ww—mm—mﬁ%ﬁ{
(%)%(55)s0
[iQo + ao(|vol? — |uo|?) + (1+(,)1)rl]ul + [ao(vovi + vivl — uouf — uray) + ar([vol? — |uo|*)]uo
e rB-0)(% ) ’
~ [iQa + bo(|vol? = luol*) + zl(ig)lz)sl]vl + [bo(vovi + vivy — uouf — mu) + bi(|vel* — |uol*)]vo
" 0B -0) (5P ’
)
Uyl = iQ(anun—l - Wun) - (1+a rnul + Z (k + l)rn kuk+l]
n+l —

(1+J)2(1T" +n)(n + 1)’”0

-1 -1 _
N S S S VE =ttty ) + (@0t + antio)([vol? — uo|?)
()25 + m)(n+ Dro

’
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iQ (0-1)a+6 2 k 1
iQ(anv, 1 — ="v,) - 1+(,) sav1 + 3 opy (52 + k) (k + 1)svian]
Vnel = 5
(l+a) =2+ m)(n+ 1)sg

. S b Y ZZ”;)(VW;’; k= ki, ) + (Dot + buuto)([vol® — |uol?)
)2(1‘7‘7 +n)(n+ 1)sg ’

(1+a

These give the nontrivial self-similar solutions (3.9). O

4 Convergence analysis for self-similar solution
We prove the convergence of solutions (3.9) in this section.

Theorem 4 Solutions (3.9) converge on the region 0 < |&| < 1 as the functions R(£), S(£),
A(§), B(§) are all analytic.

Proof The key scheme of the proof is to construct the majorant series by using the induc-
tion.
We divide the function (u,,v,) into real part (u,z, v,z) and imaginary part (4,1, Vur)-

Assume two new analytic functions as follows:

PE)=) put" =) (par+ipw)€",  QE) =) quE" =) (qur+igue"  (41)
n=0 n=0 n=0 n=0

with positive real part p,r, g,z and imaginary part p,;, q,; satisfying |u,g| < pur, 14| <
Pls ViRl < Gurs Vil < G-
We choose

|tor| = por, luoz| = por, [vor| = qor, [vorl = qor. (4.2)

For n =1, 2, it is shown that

lu1r] <

(o—l)oz+6D

2 2
<| uor|laoll[vol” = luol”| + |uor!|S20] 2

ro(1-0)
25555

< My (luor| + luor]) < ~2M|uo| = My (S0, |0, [vol, a0, Irol) = pizs

(4.3)
il < —— (luorlaol vol? — uto 1 + usl |20l T DX+
- |r0(1—a)| 4
(1+02)
< My (luorl + luorl) < My (0, luol, Ivol, laol, Irol) = p1s,
lIvol? =10 P11 Z2242190)  |1vo 12— jug 2 lao]
(M1:ma 2I(l orol ’ Vol(—u(ro)rolﬂo )’
(1+0 (1+0)
(c-1a+6
[virl < ———— IvorllbollIvol* = luol?| + [vorl| Q20| | ————
2|So(1 G)l 4
(1+02)
< Ni(Ivorl + [vorl) < v2Nilvol = My (20, uol, vol, 1bol, I50]) = qirs 4)
4.4

(c-1a+6
=)

1

2 2

e |SO(1_(,)|(|V01||190|||V0| ~ Jutol2 + [vorl ||
(1+02)

< Ni(Ivorl + Ivorl) < N1 (R0, 1ol Ivol, 1bol, Isol) = qurs

Page 14 of 21
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2
lIvol2=1uo 210 C=02*2190)  |1vo 2o l21I
(N; = max ey, A °'| aL ;’LO‘: oly, and
(1+0)2

(1+0)2

il (|aol|1vol* = luo ] + 21 2255 [1r1) + o1 ]

(1+0)
Irol13 - o l(1%5)?

. luor|[la1l|lvol? = luol?| + 2lao|([vor||virl + vorl|viz| + |uor|luir] + luor||u1s])]
[rol13 o |(

luar| <

1+0')

(laolllvol® = luol?I] + 21 )2||r1|+ot§21)M1(|u1R|+Iuozl)

(1+o
[7o0l|3 —U|(1+—a)2
s |uor| [lar || [vo|* — |uo|*| + 2lao| (M (|uor] + |uor)* + Ni(|[vor| + [vor|)?)]

Irol13 = o 1(35)?

2[ ((lmorl + |uo1|)2 + (Ivor| + |Vo1|)2 +1)|uor] + |uor|]

2[ (1ol + [vol?) + v/2) luol]

My(S20, 21, uol, vol, laol, 7ol a1, Ir1]) = pars (4.5)
|1z |(laol1vol® = luo 1| + 21 oy 171 ]) + Sy uag]

Irol13 - o1(%)>

. luorl [lan|11vol?® — |uo|*| + 2laol(Ivorllvir] + [Vorllvasl + luorlluir] + |uor]lu11])]
[rol13 — o |(

IA

|uor

1+a)

-1
(aolllvol® = luo || + 2| =5 [|r1] + Q1) M (lur| + uor])

(1+0)2
[rol13 o |(

2
1+a)

s luorl[lan |11vol? = luo|*| + 2laol (M (|uor| + ltor])* + Ni(Ivorl + [vor])?)]

Irol13 = o' |(1%)?
[(1etor] + lasor])” + (1vor] + [vorl)” + 1) ttor| + |ucor|]
[(2(1uol? + [vol?) + v/2) |uol]
M; (S0, @1, ltol, Vo), laol, Irol, lasl, Ir11) = par, (4.6)

<M,
M,

IA

(o— l)rl

Mi(lag||lvol?~uo|? 1423

(125)1(3- G)rol

+a21)

’

Mya 2]ag|My 2|ag|Ny
(1%)21B-0)r0l”  (1%)21B-0)rol”  (1%)2(3-0)rol’

(M, = max

lay livol*~luo | y).
(1%)213~0)ro]
Similarly, for v, we arrive at

(lutor] + luorl)” + (Ivor] + [vorl)* + 1) [vorl + [vorl]
2(1uol* + [vol?) + V/2) o]

= N2 (0, @1, |uol, [vol, 1bol, Isols b1l 1s11) = gars (4.7)

[
No|
(
[
[
(

[var| < Na

(
(

(luor] + luor])” + (Ivorl + Ivorl)” + 1) vorl + [vor|]
(Iol* + [vol?) +~/2)Ivol]

= N2 (0, 21, l1ol, [vol, 1ol 150, b1l 1s1]) = gz (4.8)

[varl < N
<N,

(
(2
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2 (o— l)sl
(N, = max( N1 (bollIvol?|uo | \+2 o 91)’ NyaQ) 20boINy 2bolM,
(12213~ a)so| (15 )216-0)s0l”  (Z)2B-0)s0l”  (1Z)2(3-0)sol’
by llvol®~luo|? .
(125)21(3-0)s0]

If n + 1 =3, it is not hard to verify that

~

|usr| < M3 (S0, 21, Q, |uol, [vol, laol, I7ol, a1, rl, |z, 172]) = par,

~

lusr| < M3 (R0, 1, Qa, o], Vol laol, [70l, @, 171, |azl, r2l) = par, @9)
4.9

~

|V3R| = NS(QO: Q1,2, |Ll0|, |V0|; |b0|, |SO|1 |b1|: |Sl|; |b2|, |52|) = (43R,

~

|V3I| =< N3(907 Ql: QZ) |u0|’ |V0|: |b0|r |SO|7 |b1|1 |Sl|7 |b2|¢ |52|) =43
Then, for n + 1 > 3, we assume

|un+l,R| SM}'HI(QOr Ql,...,Qy,, |M0|, |V0|r |ﬂo|, |VO|’-~r |ﬂn|; |rn|) :pn+l,Rr

tns1,1] < M1 (S0, 215 Qs a0, [vol, laols 170l .. s 1@y 17al) = Pusris @10)

—_~

|Vn+1,R| < Nn+1(QO; Ql; ey Qn; |M0|1 |V0|; |b0|’ |S0|,..., |bn|; |Sn|) =4n+1,R>

—_~

|Vn+l,1| E Nn+l(907 Ql; ceey Qn: |M0|, |V0|7 |b0|r |SO|1 ) |bn|: |Sn|) = fIn+1,1~

It is suffice to prove that the case # + 2 also satisfies (4.10).

Since

[t442,R]

\szmm =008 1y | + (4 D)l ttn]) + (322052 el + Ypoy 152 + K1k + Dol 1954 121)

()Mol 52 +n+1|(n +2)

1 _
Sl S iRl Y (Vi Vi totor ] + Vi Vinci—it) + 10k ||ttt ] + Vot 1t ])
(2 )Irol |52 +nl(n+ 1)

-1 I
Yot laml D00 ) Yogee Vil Vin—icir | + Vid | Vincicior | + | 60R | iR ] + i || Smiicr|)
(1% )21r0l| 5% + nl(n + 1)

1vol?® — luol*|(1aol|tns1,r] + |@nsi | 4or])
n+ n+ (4.11)

()25 +n+ D +2)rg|

substituting (4.2)—(4.10) into (4.11), it is not hard to obtain that |u,,, z| satisfies (4.10) by

using induction.

In the same manner,

as |Mn+2,R|'
By virtue of the analytic assumption of R, S, A, B, now we select py,.1.r, Pus1,1> Gn1,R> Qus1,l
Ni,No, ..., Npysts ...

M}’l+1} =M(|M0|1
1Dl 1)

as the right-hand side of (4.10) and notice that all MI,MZ, .. ,A7[,,+1, ey
are bounded. Thus we can assume the uniform bound as M = max{]\7[2, ces

[vol,laol, Irol, .. . la@xl, |rr1|)!N = maX{N2¢---:Nn+l} =N(|M0|, [vol, |b0|r Isols...
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Finally, we can set up four majorant functions as follows:

o0 oo
Py =por +piré +paré” + Y puerpé™ <por + Mg + MYy &,

n=2 n=1

o0 o0
Py = por + pui€ + pué’ + meug'm <por +M§ + MZE"H,
n=2 n=1

(4.12)
o0 o0
Qr = qor + Q1ek +qorE” + Y querg" < qor + Nig + N Y &™),

n=2 n=1

o0 o0
Qi =qor + qué +quE> + Y quari€" <qor + NiE+ Ny &
n=2 n=1

From (4.2)—(4.8) we have bounded all the first three terms of (4.12). On the interval
0< €| <1, the series ) -, £™*! converges to %, this ends the proof. 0

5 Extension to m-component case

In this section, we verify that the above results of system (1.2) can also be extended to the

m-component fractional NLS model

% P
s Yt 2, +f (¢,

ul},..., um’)uij Gj=1,...,m), (5.1)
which describes the kinetics of multi-body quantums with time-memories and nonlinear
interactions.

By introducing |#/| = v ww/*, we discuss the following prolonged system:

iD{u + 7 (%), + f (¢, |u'

,...,!um|)uj=0,
i+ (5.2)
W, - =0 (j=1,...,m),

where f, g are also regarded as two new functions.

Under the continuous group transformation

t=t+et(t,xu',..u" u,. . u"™) +o(e?),

x=x+ek(Laut, . u"u, L u"™) +o(e2),

w=u+ €@ (t,x,u', ., u™ u™, L u"™) +o(€2), (5.3)
w* = u* + e@j*(t,x, ul,...,um,ul*,...,um*) + 0(62),

f_f=f7+eFj(t,x,ul,...,um,ul*,...,u’"*,fl,...,f”’) +o(€?) (i=1,...m)

the vector field of infinitesimal generators of Lie group is given by

9 3 & .. D "9
V=b—+71— o P — F— 5.4
§x+r +Z +/1 +; (5.4)
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and the prolonged vector field is shown as

pr?V = V+Z<D’°’8Da Z} Z p 2

xx = af ;/

+2}W* G=1,...,m), (5.5)
j=1 af]*

where 1, £, F/, G/ are real functions and @’ are complex ones.

Similar to the two-component case, we have the following results for m-component frac-
tional NLS system.

Theorem 5 Under the continuous group transformation (5.3), the invariance of system

(5.2) admits the following infinitesimal generators:

§=&(),

t=1t(t),7"(t) =0,

: -1 1 .
o = <a 5 T'(t) + ES'(x) + cj+2>u’,

; a-1, 1, "
= < 5 T/ (t) + 5“;‘ (%) +c,+2)u’ ,
, o7
F =—at't)f - EE”/(x),
where the diffusion coefficients solve
rr{+§r{c+(an—2§x)r":0 (G=1,...,m). (5.6)

Theorem 6 Ifat’(t) — 2&'(x) = ¢y, then we obtain the following infinitesimal generators:

€1 —C
= —ux,
§ 2
c
r:—lt,
o
. cila—-1 c—c .
q>1=( 1(205 )+ 14 2+c,+2)u’, (5.7)
. cila—-1 c1—c¢ :
q>/*:< 1(2a )+ 14 2+Cj+2>ul*,
F=—qf,

with the coefficients

alc1—cn)
c

ﬂ:f%ﬁ@f21), (5.8)
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and m + 2-dimensional Lie algebra V = o1V1 + 03V, + Zl'ﬁl 0j+2Vjso generated from the

following vector fields:

X0 0 =3x-2 .0 =30-2 0 0
Vis—o—+——+ a u’—,+Z E Sy Ef’—
— p=

C20x @it S da 0w 4o dur = ofi
m i m i
AN o LA o C A (5.9)
206 4~ 40w~ 4 duw
j-1 -1
N R B
‘/j+2:ulﬁ+uj*8LJ* (Gj=1,...,m).

Theorem 7 When taking & = xTo5 %, under the scaling group V = Vi + o V(o = -2

c’’

we have that nontrivial self-similar solutions w = £ (x%t“") solve the following
fractional ODEs:
@Du2 2 \% . e [(l-0dUE) _dEUU(E)
. 2 2 j(e e
Py u(€)+(1+a> gR(SZ)( 2 @& e )
+ @/ |UNE)),.... [UmE|)UE) =0, (=1,...,m). (5.10)

Remark The proof of Theorems 5-7 can be achieved in a similar manner, we omit it here.

6 Concluding remarks
A new method of solving two-component non-homogenous fractional NLS system is pro-
posed in the present work. We first consider non-classical Lie symmetry for an enlarged
PDE system by introducing new complex conjugate functions u*, v* and regard f, g as
new functions related to u, v, u*, v*. Next, by reducing this new system in terms of scaling
transformation and fractional Erdélyi—Kober operator, we acquire self-similar solutions.
Meanwhile, we have proved the convergence of solutions as all the coefficients are ana-
lytic. Finally, we can extend these results to the multi-component fractional NLS model.
It is more novel and convenient to apply this new method to solve fractional complex PDE
problems rather than the classical symmetry method. The corresponding results are re-
markably different from the previous work. Due to analyticity of the variant coefficients,
the solutions of this fractional model are more general.

In addition, it is interesting to develop our improved method to study some other non-
linear complex fPDEs in mathematical physics. To obtain more new type solutions, we will

explore more effective way in the future.
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