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1 Introduction

The Swedish mathematician Gosta Mittag-Leffler discovered a special function in 1903
(see [12, 13]) defined as

& m

u a8
En(lzl) =Zm, (T),MGC;%(T])>O), (11)

m=0

where I'(+) is a classical gamma function [17]. The special function defined in (1.1) is called
the Mittag-Leftler function.

For the very first time, in 1905, Wiman [21] firstly proposed the generalization of the
Mittag-Leffler E, , (u) as follows:

oo l/lm
=y ;8 ,$ . .
E, . (u) 2 T+t (n,k € C;R(n) > 0,%(x) > 0) (1.2)

Subsequently, the generalized form of series (1.1) and (1.2) was studied by Prabhakar
[16] in 1971:

oo

o u"(0)m
E7 (u) = Y; Tl s (n,kc,0 € C;R(n) > 0,%R(x) > 0,R(0) >0), (1.3)
where (0),, = % denotes the Pochhammer symbol [17].
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The Mittag-Leffler function plays a vital role in the solution of fractional order differ-
ential and integral equations. It has recently become a subject of rich interest in the field
of fractional calculus and its applications. Nowadays some mathematicians consider the
classical Mittag-Leffler function as the queen function in fractional calculus. An enor-
mous amount of research in the theory of Mittag-Leffler functions has been published
in the literature. For a detailed account of the various generalizations, properties, and ap-
plications of the Mittag-Leffler function, readers may refer to the literature (see [3, 8—
10, 14, 15, 18, 20]).

The g-calculus is the g-extension of the ordinary calculus. The theory of g-calculus oper-
ators has been recently applied in the areas of ordinary fractional calculus, optimal control
problem, in finding solutions of the g-difference and g-integral equations, and g-transform
analysis.

In 2009, Mansoor [11] proposed a new form of g-analogue of the Mittag-Leffler function

given as
o0 um
U q) = e 1-9™), 14
enc (13:9) ;rqmm”) (lul < (1—q)™") (1.4)

where n >0, k € C.

For other analogues of the Mittag-Leftler functions on the quantum time scale by means
of the linear Caputo g-fractional initial value problems and of better imitation to the the-
ory of time scales, we refer the reader to Definition 10 and Remark 11 in [1]. For the Kilbas—
Saigo g-analogue of the Mittag-Leftler function, we refer to [2].

Recently, Sharma and Jain [19] introduced the following g-analogue of the generalized
Mittag-Leffler function:

o0

@ @)m u
EU 5 = ’
ACTEDD (@ Dm Ty(m +x)

m

(1.5)

m=0

(17,/(,0 e C;N(n)>0,%(k)>0,N(0) >0,lq] < 1).

2 Prelude
In the theory of g-series (see [6]), for complex A and 0 < g < 1, the g-shifted factorial is
defined as follows:

1; m = 0)
X @m = (2.1)
Q-1 -rq)---1-2g"1); meN,

which is equivalent to

()‘-rq)oo
M@= (2.2)
D= g5 oo
and its extension naturally is
()»;61)00
Xqn=—"=", neC, (2.3)
T (g 9)

where the principal value of g" is taken.
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For s, t € R, the g-analogue of the exponent (s — )" is

1; m = 0:
(s—t)" = (2.4)

T4 - tg'); m#0
and connected by the following relationship:
(s—0)" =s"(tls;@)m (s 70).

Obviously, its expansion for T € R is as follows:

(t/s;9)o00 (8;9)00
(- =g" — 2= ($5q): = . (2.5)
(@15 @)oo U= a0
Note that
(s— )@ = s (t/s; qQ):-
The g-analogue of binomial coefficient is defined for s, £ > 0 as
(s) W @ ( s ) | 06
t), [tlls-tl (@GDGqse \s-t/,
The definition can be generalized in the following way. For arbitrary complex t, we have
_T; m _(m r 1
(T> i gy CLRE 27)
mj), (T Dm Fgm+1)y(r-m+1)
where I'; (1) is the g-gamma function.
The g-gamma and g-beta functions [6] are defined by
(4 D)oo 1-u
) = ~ELe 1 _g) (2.8)
(@%@
forue R\ {0,-1,-2,-3,...};1g| < 1.
Clearly,
Lg(u+1) = [u] Ty () (2.9)
and
r (n)rq(’() ! —1 (qbt; 61)00 ! _1
B(n,K):qizf u" 7du:/ u (uq; q)i-1 dgu, (2.10)
’ Faee) o Guwae s B %

(%), R(x) >0).

Also, the g-difference operator and g-integration of a function f () defined on a subset
of C are given by [6] respectively:

Df ) ’%ﬁ;q’ (470,471, (Dyf)0) = lim (D,f)(w) 211)
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and
/f d(t;q) = u(1 q)qu(uq’"). (2.12)

3 Generalized g-Mittag-Leffler function and its properties
In this section, we generalize definition (1.5) by introducing the following relation for

(qc, Q)m:

(¢50)n _ Bylo +m,c—o)

@°q@)m  Bylo,c—o) (3.1)

Now, we define the generalization of Mittag-Leffler function (1.5) using the above relation
as follows:

ES9(u;q) = qu(G +mc—0) (@ qQm _ u"
e By(o,c—0)  (gq@)m Tqnm +x)
m=0 g 4m S q

(Sﬁ(c) >N(o)>0,|q| < 1),

(3.2)

where B,(-) is the g-analogue of beta function.
We enumerate the relations as particular cases of g-analogue of the generalized Mittag-
Leffler function with other special functions as given below.
(i) On setting ¢ =1 in (3.2), we obtain

E(a]{;l)(u; q) _ (q";q)m u” _ EJK(M; q), (33)
" ; (@& Dm Tqnm+i) "

which is given by equation (1.5).
(ii) Again, on setting o =1 in (3.2), we obtain

o m

EY9(y; ) = v < q), 3.4
e (u;9) grq(nmm enc (1) (3.4)

the function e, (#; q) can be termed as g-analogue of the Mittag-Leffler function
defined in (1.4).
(ili) On setting n =« =0 =1, in (3.2), we obtain

T S

where the function 1¢0(g% —; ¢, #) = (1 — )™ can be termed as g-binomial function.
(iv) On setting ¢ = ¢ + o, in (3.2), we obtain g-analogue of the Mittag-Leffler function
E7. (1; q) defined in (1.5).

4 Convergence of £\ (u; q)

Theorem 4.1 The g-analogue of the generalized Mittag-Leffler function defined by the
summation formula (3.2) converges absolutely for |u| < (1 — q)™" provided that 0 < q < 1,
n>0,N(c)>N(o), c,o eC.

Page 4 of 10
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Proof Writing the summation formula (3.2) as E,7 i u;q) = Y or_ Sm and by applying the
ratio formula, we find

(@ Dm
(q’ q)mﬂ

(qc: q)m+l
(@ Dm

. Sm+1
lim |[——

m— 00

’Bq(a+m+1,c—a)

C(nm + k) ’
u

By(o +m,c-0) C(nm+n+«)

Sm

c+m’q) ( U+mrq)oo (qnm+f< ) (qm+1 )

= (1-9)"u
mﬁoo’ (qc+m+1 q)oo (qrf+m+1 q)oo (qnm+K+n’q)oo (6] q)oc
. 1-q97"
=1 1—gctm o+m nm+k "
mg{;‘( @)= (=)
=|[(1-g)"|lul for0<|q|<1. (4.1)
O
5 Recurrence relations
Theorem 5.1 Ifn,k,0 € C, R(n) >0, R(k) >0, N(0) >0, and o #c, then
E(G C (l/t, q) Ea+1 ;e+l) (l/t, q) I/lch on++1)(c+1 (u,q)
Proof Using definition (3.2), we obtain
ESwq) =) Blo rmc— o) fidhn__ w7 ,
’ =0 Bq(O',C—O') (@ Dm Fq(nm"”()
_1 i Bjlo+mc-0) 1-q)g"iqhns  w"
F(k) 4= Bylo,c-0) (& Dm Tq(nm +«)
Since (1 — ¢°) = (1 — ¢°*™) — ¢°(1 — ¢""), the above equation reduces to
B ) 2 Z (o +mc-0) (1= g™ @ W
e U c-o0) (%f])m Fq(nm"'K)
g0 +mec-0) A=g") g5 Pma  u"
-q Z ; :
,(0,c—0) (@ @)m Ty(nm + k)
On replacing m with m + 1 in the second summation, it becomes
o c+1 m
) (45 ) = 1 . 3 Bylo +m,c—0) (@ q)m  u
’ I (k) el Bq(UrC_U) (Q»Q)m Fq(nm+K)
L By(o+m+1,c-0) (@5 9)m um+l
£~ Bylo,c-o0) @ Dm Talnm+n +x)
which leads to the required result (5.1). O

6 Some elementary properties of the generalized g-Mittag-Leffler function
We begin with the following theorem, which shows the integral representation of the gen-
eralized g-Mittag-Leffler function.
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Theorem 6.1 (Integral representation) For the generalized q-Mittag-Leffler function, we
have

. 1 ! (tg:9)
E((TK,C)(M; )= —— / o1 ’—OOE(CL (tu;q)d,t, (6.1)
1 1 B,(o,c—0) Jo (77t ) v

provided that n,k,0 € C, R(n) >0, R(k) >0, R(o) >0,and o #c.

Proof By the definition of g-analogue of beta function, we can rewrite equation (3.2) as

follows:
00 1
: 1 (tg59)x 1
E(a,c)(u; )= {/ (o+m-1 d.t
w94 MZO 0 g " | Bylo,c—0)
@5 Dm U™
I‘q(nn/l +K) (q: q)m
1 S 1 tq; c; m "
; Z{/ o1 () dqt<(q q) U >}
Bylo,c—0) =1 Jo (tq“"; @)oo (& D)m Tqlnm + k)
which leads to the required result (6.1). d

Theorem 6.2 For n,x,0 € C, R(n) >0, R(x) >0, N(o) >0, ¢c # o, then for any m € N, we
have

D [u " ESE (s q) ] = " EC, (3" ). (6.2)
Proof By considering the function
flu) =T ECO (s q).

In view of (2.11) and using definition (3.2), we obtain

[ee]

P Bo+m+1,c—0) (¢ q)m
Dq[u lEg,KYC) ()\uﬂ)] = Z . Bq(O',C—O') (q,q)m

m=0
)Lm(l _ qrzmw(—l) u?]m+l(—2
X

l1-g L (nm + k)

Since, according to the functional equation (2.9), the right-hand side of the above ex-
pression can be written as
oo
B + + 1’ _ C; A nm+k—2 ]
S Buo s ) (i I o).
Bq(UxC_G) (@ Dm Fq(TIWHK—l) ’

m=0

Conclusively, we obtain

D[ EG (s q)] = w2 E, ().

Iterating the above result m — 1 times, we obtain the required result (6.2). O
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Theorem 6.3 Let &,¢,0,k € C; N(E), N(k),N(0) >0; ¢ #0,-1,-2,..., then

1
/ w1 - qu)@,l)E;‘,’K;C) (xu”;q) dqu
0

o]

-y By(o +m,c—o)qq)m  x"T4(E + pm)Ty(€) .
= By(o,c=0)gq)m Tynm+ )Ty +¢ + pm)
In particular,
1 .
| e B i) do = T (), (6.9
0

Proof By using definition (3.2), the left-hand side of equation (6.3) can be written as

/1 (1~ qu) -y i qu (+ e U)Fqc;q)m i gl
0 s q 0,¢—0 )G Dm Fq(nm+’{)

Interchanging the order of summation and integration and in view of equation (2.10),
we obtain the required result (6.3).

In equation (6.3) replacing 1 = p, & = k, then in view of equation (3.2), we can clearly
obtain (6.4). O

Theorem 6.4 (q-Laplace transform) The g-analogue of the generalized Laplace transform
is defined as follows:

1 i By(o + myc— o) (g% q)m Ty(1 + pm)

(056) oy P i
ol B (eu'sa)] s Byo,c—o)qq@m Tynm+x)

m=0

((1 —q)"x)'”
[ 2%

sP
provided that k,0,s € C; R(B), N(k), N(s) > 0.

Proof The g-Laplace transform of a suitable function is given by means of the following

q-integral [7]:

Ls{fw)} = ﬁ /0 EZUf (u) dyu. (6.6)

The g-extension of the exponential function [6] is given by

O () ym
q u
E} = o¢o(— —q,—u) = = (-9 (6.7)
1 g (@ Dm
and
=10 sa =3 po = s <t ©8

m=0

Page 7 of 10
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By using the above g-exponential series and the g-integral equation (2.12), we can write
equation (6.6) as

J -1j
Lolfw) - (q,q)oo qu(s q) 6.9)
‘< (@9)

Using definition (3.2) and the definition of g-Laplace transform, we obtain

L.JIEC) (31 (q’ Q)oo
oLl B (o) Z (q,q);

By(o +m,c—0) (q°;q)m [u(s™'q)7]"
x % Byo,c=0)  (gq)m Tymm+x)

On interchanging the order of summation and writing the j series as ¢y, which can

be summed up as W, and after some simplifications, we obtain the required result
"q)oo

(6.5). O

7 Kober-type fractional g-calculus operators
Agarwal [4] established Kober-type fractional g-integral operator in the following manner:

J—
(1) =05 / (= gt F (0 dt, (7.1)
where R(u) > 0. Also, Garg et al. [5] introduced Kober fractional g-derivative operator
given by
(Dyf) @) = [ [(1v +1q + ug"Dg) (1" £) (), (7.2)
i=0

where m = [R(u)] +1, me N.
The image formulas of the power function #” under the above operators [5] are given

as follows:
r,v+m+1
D"y = ————— wem+ ) u”, (7.3)
1 L,v+u+m+1)
r 1
porfyry = Ll rmrmr ), (7.4)
4 Fav+m+1)
Theorem 7.1 The following assumption holds true:
B O C; m
IU/L{E (Lt, }_Z q((7+mc 0)(q Q)
=0 Bq(O',C —-0) (Q; q)m
Fyv+m+1) u™ , (7.5)
Fgw+u+m+1) Ty(nm+k)
particularly,
) r,(v+1)
v, r(w+l) (. q (v+1 1)
L E s q) = (9), (7.6)

C,v+p+1) Ev

provided that if n,c¢ >0, k,0,u € C; N(k),NR(o) > 0.
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Proof The proof of (7.5) can easily be obtained by making use of definition (3.2) and result
(7.3).
Now, on setting o = v + u in definition (3.2), we obtain result (7.6). O

Theorem 7.2 The following assumption holds true:

Bq(U +m,C— O—) (quLI)m
Bq(O',C—O') (q:q)m

(o]
Dy {Ef )} = )

m=0
Fyw+p+m+1) u” 77)
F,v+m+1) T,pm+«) '
particularly,
. rv+u+1
DB i) = T D g (7:8)

Cv+1) 7
provided that if n,c >0, k,0,u € C; R(k), R(o) > 0.

Proof The proof of (7.7) can easily be obtained by making use of definition (3.2) and result
(7.4). Similarly, on setting o = v + 1 in definition (3.2), we obtain result (7.8). a
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