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1 Introduction
In this paper, we refer to the general references [2] for definitions and notations. Through-
out this paper, we suppose that 0 < g < 1. For complex numbers a, the g-shifted factorials

are defined by

1, n=0,

(ﬂ;Q)n =
1-a)l-aq)---(1-aq™™"), n=1,23,...

and (a1,a2,...,am; Q)n = (@1;@)n(@2; @) - - - (@ 9)n» Where m is a positive integer and 7 is a

nonnegative integer or oo.

The g-binomial coefficient is defined by

nl. (@ 9)n

P L — 1.1
k| (@@ Dn-xk -y

The basic (or g-) hypergeometric function of the variable z and with t numerator and s

denominator parameters is defined as follows (see, for details, the monographs by Slater
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([3], Chap. 3) and by Srivastava and Karlsson ([4], p. 347, Eq. (272)); see also [5-7]):

N

ay,a,...,aq > m st (@1, 2, A3 Q) Z
@ iz | = (-1)"q® ,
) "‘[hl,bz,...,hs;q } 2L @

where g # 0 when t > s + 1. We also note that

oo
1,82, ..., Orsl; (ar,a2,...,a01;9)n 2"
O qz|= .
e |:b1,b2,...,bt; :| HX:(; (b1;b21--~’bt;q)n (q;q)n

We remark in passing that, in a recently-published survey-cum-expository review ar-
ticle, the so-called (p, g)-calculus was exposed to be a rather trivial and inconsequential
variation of the classical g-calculus, the additional parameter p being redundant or super-
fluous (see, for details, ([8], p. 340)).

The basic (or g-) series and basic (or g-) polynomials, especially the basic (or g-) hyper-
geometric functions and basic (or g-) hypergeometric polynomials, are applicable partic-
ularly in several diverse areas [see also ([4], pp. 350—351)]. In particular, the celebrated
Chu—Vandermonde summation theorem and its known g-extensions, which have already
been demonstrated to be useful (see, for details, [2, 9-11]).

The usual g-differential operator, or g-derivative, is defined by [12-14]

p— _1 pa—
Da{f(a)) JM, Oa{f (@) JM‘ (1.2)

q'a
The Leibniz rule for D, and 6, is the following identities [12, 13, 15]:

n

Di{f(@gla)} =" g [Z] Di{f(@)}D; " {g(aq")}, (1.3)

k=0

n

0 {f(@g@)} =) m Ou{f@}0; " {g(ag™)}. (1.4)

k=0

The following property of D, is straightforward and important [16]:

L I R [ e
Nat;q)0 ] (at;q)s’ N (at;q)0 |  (at;q)’

(@:Dn an—k, 0< k <n-1,

(TDn-k
Difa"} = 1 (@ @) k =n, (1.5)
0, k>n+1.

The Al-Salam—Carlitz polynomials were introduced by Al-Salam and Carlitz in 1965
[17, Egs. (1.11) and (1.15)]

P (xlg) = {Z] (@qx* and Y9 (xlg) =) [ﬂ 74" (ag" % q) 2. (16)
k=0 k=0

They play important roles in the theory of g-orthogonal polynomials. In fact, there are
two families of these polynomials: one with continuous orthogonality and another with
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discrete orthogonality, which are given explicitly in the book of Koekoek, Swarttouw, and
Lesky [18, Eqs. (14.24.1) and (14.25.1)]. For further information about g-polynomials, see
[18-23].

The generalized Al-Salam—Carlitz polynomials [24, Eq. (4.7)]

(a,b,c) - (@, b; @)k KKk
¢\ (x,y1q) = Z{k} G *

k ( ) nk
Y9 (x, y|q) = Z [k} 14 @bk K, (1.7)

— (¢ Dk

whose generating functions are [24, Eqgs. (4.10) and (4.11))]

t" 1 a, b;
¢ (x,y1q) —d sxt |, max{lye], |xtl} < 1, (1.8)
Z yq(q,q)n OEDw | ¢ 1 tly }
(@b (-1)g@ e a,b;
> v,y )7—(%61)002% gat |, x| <L (1.9)
—~ (4 @)n &

Chen and Liu [12, 13] gave the clever way of parameter augmentation by use of the

following two g-exponential operators:

nd ) "
(6D =) bD“) ., E(@6,) - Z" : (Z(;) , (1.10)
PR n n=0 "

which is a rich and powerful tool for basic hypergeometric series, especially makes many
famous results easily fall into this framework. For further information about g-exponential
operators, see [12, 13, 25-28].

Recently, Srivastava, Arjika, and Sherif Kelil [29] introduced the following homogeneous
q-difference operator E (a,b;Dy):

~ > (=1)g®) (a;
E@bD)=Y" W(wm (111)
'1=0 39 )n

The operators (1.11) have turned out to be suitable for dealing with generalized Cauchy

polynomials p,(x,y, a)
Pu(x,y,a) = E(a, b;Dq){x"}. (1.12)

For more information about the relations between operators and g-polynomials, see [29].
Liu [16, 30] deduced several results involving Bailey’s ¢/, g-Mehler formulas for
Rogers—Szego polynomials and g-integral of Sears’ transformation by the following g-

difference equations.

Proposition 1 ([30, Theorems 1 and 2]) Let f(a, b) be a two-variable analytic function in
the neighborhood of (a, b) = (0,0) € C2.
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(D) Iff(a,b) satisfies the difference equation

bf (aq,b) — af (a,bq) = (b - a)f (a, b), (1.13)
then we have
f(a,b) = T(bD,){f (a,0)}. (1.14)
(1) Iff(a, b) satisfies the difference equation

ﬂf(ﬂq; b) - bf(ﬂ, I%I) = (“ - b)f(dq: hq)r (115)

then we have

f(a,b) =E(b6,){f(a,0)}. (1.16)
Arjika [1] continues to consider the following generalized g-difference equations.

Proposition 2 ([1, Theorem 2.1]) Let f(a,x,y) be a three-variable analytic function in the
neighborhood of (a,x,y) = (0,0,0) € C3. Iff(a,x,y) can be expanded in terms of p,(x,y, a) if
and only if

x[f(a,x,y) - fa,x,q9)] = y[f (@ qx, qy) - f (a,x,qy)]
—uyv(a,qx, qzy) —f(a,x, qzy)]. (1.17)

Proposition 3 ([1, Theorem 2.2]) Let f(a,x,y) be a three-variable analytic function in the
neighborhood of (a,x,) = (0,0,0) € C3. I f(a, x, y) satisfies the q-difference equation

x[f(a,%,9) = f(axq))] = y[f (@,qx,4y) - f(a,%, q)]
-wylf(a,q%.4%) - f(ax,4%y)), (1.18)

then we have

f(a,x,y) = E(a,b; D,){f (a,,0)}. (1.19)

In this paper, our goal is to generalize the results of Arjika [1] in Sect. 2. We first construct
the following g-operators:

o]

(ﬂ, by C; Q)n
T(ﬂ,b, c d; e, Dx) = 7 N Dx)n} (1'20)
g HX:O: (@, d, e 4
 (-1)"g) (a,b,¢;9),
E(a,b,c,d, e, y0,) = 0,)". (1.21)
‘ HZO: (q,d,69), o

We remark that the g-operator (1.20) is a particular case of the homogeneous g-
difference operator T(a, b, cD,) (see [31]) by taking

a=(a,b,c), b=(d,e)) and c=y.

Page 4 of 17
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We also built the relations between operators T(a, b, ¢, d, e, yD,), E(a, b, c,d, e, y9,) and
(ac,féc) a,b,c

the new generalized Al-Salam—Carlitz polynomials ¢, ““” (x,7|q), Wn( 4’ (x,y|q), respec-
tively,

a,b,c u (ﬂ; br (o Q)k —
S (e, y1q) £ T(a,b,c,dy e, yD) () = 30| 1 | S S Dk ke, 1.22
é (x,ylq) = T(a, b, c,d, e,yD,){x"} k%; [k (d, e )k e -2

e (%,y1q) £ E(a,b,c,d, e, y0.){x"} = > [ Ay (1.23)

n} (¢ g"* " (a,b,c; q)r
k=0

k (d, e q)k

The paper is organized as follows: In Sect. 2, we state two theorems and give the proofs.
In Sect. 3, we gain generalized generating functions for new generalized Al-Salam—Carlitz
polynomials by using the method of g-difference equations perspectively. In Sect. 4, we ob-
tain transformational identities involving generating functions for generalized Al-Salam—
Carlitz polynomials by g-difference equations. In Sect. 5, we deduce U(n + 1) type gen-
erating functions for generalized Al-Salam—Carlitz polynomials by g-difference equation.
In Sect. 6, we deduce generalizations of Ramanujan’s integrals.

2 Main results and proofs
In this section, we give the following two theorems.

Theorem 1 Letf(a,b,c,d,e, x,y) be a seven-variable analytic function in the neighborhood
of (a,b,c,d,e,x,y) = (0,0,0,0,0,0,0) € C.
a,b,c

I) Iff(a,b,c,d, e ,x,y) can be expanded in terms of ¢, “° " (x,y|q) if and only §
D (a,b,c,d ) b ded “7(x,ylq) d onl

x{f(a, b,¢,d,e,x,y)—f(a,b,c,d, e ,x,yq)
—(d+e)q [f(@b,c,d,e,x,yq) —f(a,b,c.dye,%,90%)]
+ deq[f (@ b dye,5ya?) —f (@b cdye,5,yg)])
A @b,cd e,x,) —fla,b,c.dye,xg,9)]
—(a+b+0)|f(abcdexyq) ~flabcdexqyq)
+(ab+ ac+ bo)[f (a b c,d,e,x,90%) ~ f (@ by ¢, d, e,3, %) |
—abe[f(a,b,¢,d,e,x,y6%) — f(a,b,¢,d, e,5,94°) ] ). (2.1)

(1)

(1) Iff(a,b,c,d,e x,y) can be expanded in terms of ¥, “*” (x,y\q) if and only if

x{f(a,b,c.d,e.xq,y) - f(a b,c,d,e,xq,yq)
-(d+eq '[fab,cdexqyq) —f(abcdexqys)]
+ deq”[f (@b, dve,50,94%) —f (@, by 6,y &3, y6°) ]
=y{[f(@b,c.d,exq,yq) ~f(a,b,c.d exyq)]
—(a+b+d[f(abcdexqyqd)-f(abcdexyg)]
+ (ab + ac + bo)[f (a, b, ¢, d, e,xq,y7°) —f(a,b,c,d, e,%,74%) ]
—abclf(a,b,c,d,e,xq,5q") - f (@ b,c,d, e,x,4")]}. (2.2)
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Remark 1 Forc=d=e=0and b — %, y — yb, b — 0, then equation (2.1) reduces to
(1.17).

Theorem2 Letf(a,b,c, d, e, x,y) be a seven-variable analytic function in the neighborhood
of (a,b,c,d,e,x,y) = (0,0,0,0,0,0,0) € C.
(D Iff(a,b,c,d, e x,y) satisfies the difference equation
x{f(a, b,¢,d,e,x,y)—f(a,b,c,d, e ,x,yq)
—(d+e)q! [f(a, b,c,d,e,x,yq) —f(u, b,c,d,e, x,yqz)]
+deq? [f(u, b,c,d,e, x,yqz) —f(a,b,c.d,e, x,yq3)]}
= y{ [f(a, b,c,d,e,x,y)—f(a,b,c,d,e, xq,y)]
—(a+b+c) [f(a, b,c,d,e,x,yq) —f(a,b,c,d,e, xq,yq)]
+(ab + ac + bo)[f (a, b, ¢, d, e,x,y4°) - f (a,b, ¢, d, e,xq,y7%) ]
- abc[f(a, b,c,d,e, x,yq3) —f(a,b,c.d,e, xq,ng)] }, (2.3)

then we have
fla,b,c,d,e,x,y) =T(a,b,c,d, e,ny){f(a, b,c,d,e,x, 0)}. (2.4)
(I) Iff(a,b,c,d, e x,y) satisfies the difference equation

x{f(a,b,c.d,e,xq,y) - f(a,b,c,d, e,xq,yq)
—-(d+e)q ' [f(ab,c.dexqyq) ~f(abcdexqyq)]
+deq”’[f(a,b.c,d,e.xq,y7°) ~f(a,b,¢.d,e.x0,y7°) ]}
=y{[f(ab,c,d exq,y9) -f(a,b,c.d exyq)]
—(a+b+0)|f(ab.cdexqyq)-f(ab.cdexys)]
+(ab +ac+ bo)[f (a,b,¢,d, e,xq,y7°) —f (a,b,c.d,e,%,y7") ]

- abc[f(oz, b,c,d,e, xq,yq4) ~f(ab,c.d,e, x,yq4)] }, (2.5)

then we have
fla,b,c,d,e,x,y) =E(a,b,c,d,e,y0,){f (a,b,c,d, e,x,0)}. (2.6)

Remark 2 Forc=d=e=0and b — %, y — yb, b — 0, then equation (2.3) reduces to
(1.18).

To determine if a given function is an analytic function in several complex variables, we
often use the following Hartogs theorem. For more information, please refer to [32, 33].

Lemma 1 ([34, Hartogs theorem]) Ifa complex-valued function is holomorphic (analytic)
in each variable separately in an open domain D € C", then it is holomorphic (analytic)
in D.

Page 6 of 17
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In order to prove Theorem 1, we need the following fundamental property of several
complex variables.

Lemma 2 ([35, Proposition 1]) Iff(x1,%,...,%x) is analytic at the origin (0,0,...,0) € C,
then f can be expanded in an absolutely convergent power series

o0
— ni . n2 Nk
flx,x0,..0,%%) = Qg X1 Ky o X

11,12, =0

Proof of Theorem 1 (I) From the Hartogs theorem and the theory of several complex vari-
ables, we assume that

o0
fla,b,c,d,exy) =Y Arlab,cdex). (2.7)
k=0

On one hand, substituting (2.7) into (2.1) yields

oo

x Z[l g —d+e)g" " +(d+e)g® ! + deg? 2 - deqSk_z]Ak(a, b,c,d, e, x)y*
k=0

= [1 —(a+b+ c)qk + (ab + bc + ac)qZk - abcq3k] [Ak(a, b,c,d, e, x)
k=0

—Ak(ﬂ, b) () d, e’xq)]y/”l; (28)

which is equal to

oo

x Z(l ~q") (1 -dg" ") (1 - eq" ") A(a, b,c,d, e, x)y*
k=0

= Z(l - aqk) (1 - bqk) (1 - ch) [Ak(a, b,c,d,e,x) — Axla, b, c,d, e,xq)]yk”. (2.9)
k=0

Equating coefficients of y* on both sides of equation (2.9), we have

x(1-4") (1 -dgd" ") (1 - eq" ") Ar(a, b,c.d, e,x)
= (1-agd" ") (1-bg"?)

x (1-cq"")[Aka(a, b,c,d,e,x) - A (a, by, d,e,xq)), (2.10)
which is equivalent to

Ak((l,b, (&} d, erx)
_(1-ag")(A-bg" )1 - cq"") Aa(a,b,c,d, e,x) - Ar_i(a,b,c,d, e xq)
T (1-gN1-dg-N)(1 - egh ) x
_(1-ag" (1 -bg" )1 - ")
T (1-gN(1-dgN)(1 - egh )

: Dx {Ak,l(ﬂ, b¢ ¢ d; erx)}'
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By iteration, we gain

(a,b,c;9)k

Ak(ﬂ, b; £ d; € x) = (q de q)k

. Dﬁ {Ao(u, b,c,d, e,x)}.

Letting f(a, b, c,d, e,x,0) = Ao(a, b, c,d, e,x) = > e wux" yields

Acabre,dex) - (a,b,¢;q) -iun (@ Dn ok @.11)
@d e ‘= (@ 9n-x
we have
N (@0, = @Dn ok x
(a,b,c,d,e,x,y) = . x"
/ g ;(q,d,e;q)k;:o: @i 7

> | 7 (a,b,c;q)x n—k k
= " - X
;M kX:(; [k] deaae

a,b,c

= Zﬂn(i’n( e (5, ylq)-
n=0

a,b,c
On the other hand, if f(a, b, ¢, d, e, %, y) can be expanded in terms of ¢, a¢)

that f(a,b,c,d, e, x,y) satisfies (2.1). Similarly, we deduce (II). The proof of Theorem 1 is

(%, y1g), we verify

complete. d

Proof of Theorem 2 From the theory of several complex variables, we begin to solve the

q-difference. First we may assume that

o]

f(a,b,c,d,e,x,y) = ZAk(a, b,c,d, e,x)yk. (2.12)
k=0

Substituting this equation into (2.12) and comparing the coefficients of y* (k > 1), we
readily find that

x(l - qk) (1 - qu_l) (1 - eqk_l)Ak(a, b,c,d, e x)
-(1- aqk‘l)(l _ bqk—l)(l _ qu_1)

x [Ax-1(a, b,c,d, e,x) — Ar_1(a, b,c,d, e, xq)], (2.13)
which equals

Ak((l,b, (&} d, erx)
_(1-ag")(A-bg" )1 - cq"") Aa(a,b,c,d, e,x) - Ar_i(a,b,c,d, e xq)
T (1-gN1-dg-N)(1 - egh ) x
_(1-ag" (1 -bg" )1 - ")
T (1-gN(1-dgN)(1 - egh )

: Dx {Ak,l(ﬂ, b¢ ¢ d; erx)}'

Page 8 of 17
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By iteration, we gain

(a,b,6 9k

Ak((l, b, £ d: (2 x) = (q doe q)k

-DX{Ao(a,b,¢,d,e,x)}. (2.14)

Now we return to calculate Ag(a,b,c,d, e, x). Just taking y = 0 in equation (2.12), we
immediately obtain Ay(a, b, ¢, d, e,x) = f(a, b, c,d, e,x,0). Substituting (2.14) into (2.12), we
achieve (2.4) directly. The proof of Theorem 2 is complete. d

3 Generating functions for new generalized Al-Salam-Carlitz polynomials
In this section we generalize generating functions for the new generalized Al-Salam—
Carlitz polynomials by the method of g-difference equations.

We start with the following lemmas.

Lemma 3 ([36]) The Cauchy polynomials are given as follows:

Puxy) =@ =NE—qy) - (x=q""y) = (/x; @) " (3.1)

together with the following Srivastava—Agarwal type generating function (see also [37]):

oo

A; )ntn )\-,X;
an(x,y)( D’y | 7% gt |. (3.2)
— (& 9)n 0;

Lemma 4 ([36]) Suppose that max{|xt|, |yt|} < 1, we have

. " 06 @)
" - : 3.3
,,X:(;p ®) (@D @ (3.3)

Based upon the g-binomial theorem or the homogeneous version of Cauchy identity
(3.3) and Heine’s transformations, Srivastava et al. [38] established a set of two presumably

new theta-function identities (see, for detalils, [38]).

Lemma 5 ([36, Theorem 5]) Suppose that max{|act|, |adt|, |bct|, |bdt|} < 1, we have

> " (abcdt?; q) o
h yb h ;d = . 3.4
; e Dlah(e Iq)(q;q)n (act, adt, bet, bdt; q)oo (34)
Theorem 3 Suppose that max{|xt|, |yt|} < 1, we have
o a,b,c n
ae) L 1 a,b,c
n ¢ (%, ylq) = o syt |, (3.5)
;‘i’ M G, g’ Li,e; v }
oo
(u;ibéc) " a,b,c;
no ) = tr oo O] 35— tl. 3.6
2" )y = i s[o,d,e; #y 36

Remark 3 For ¢ = e = 0 in Theorem 3, equations (3.5) and (3.6) reduce to equations (1.8)
and (1.9), respectively.
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Proof of Theorem 3 By denoting the right-hand side of equation (3.5) by f(a, b, ¢, d, e, x,),
we can verify that f(a, b, ¢, d, e, x, y) satisfies (2.1). So, we have

(abc

f(a)b,c>d)eyx,y) = Zﬂntbn (x,y|q)
k=0
and
%) 1 00 e
(ﬂ) bv (&) d; €, X, O) = ,LL,,xn = = x"
/ kXOI (6 q)oo 2(; (@ 9)n
so)f(ﬂ1 b1 c, d) e, x;y) is equal to
s t" (abc
f(d,brc)d)erxyy) = Z (x,qu)
k=0 (q’ q)

equal to the right-hand side of equation (3.5).
Similarly, by denoting the right-hand side of equation (3.6) by f(a, b, ¢, d, e, x,y), we can
verify that f(a, b, ¢, d, e, x, y) satisfies (2.2). So, we can use the same way to achieve equation

(3.6). The proof of Theorem 3 is complete. d

Theorem 4 Suppose that max{|xt|, |yt|} < 1, we have

("d”f pa(s,t)  (x559) a,b,c,slt;
0] syt | . 3.7
Z¢ (q, D @) e d,exs; Ty (37)
Corollary 1 Suppose that |yt| < 1, we have
D e 31y & 1)1g®)¢" a,b,c
Z¢> — = @@ 3Ps gyt |- (3.8)
(@ 9)n d, e xt;

Remark 4 For t =0, in Theorem 4, equation (3.7) reduces to (3.8). For s = 0 in Theorem 4,
equation (3.7) reduces to (3.5), respectively.

Proof of Theorem 4 By denoting the right-hand side of equation (3.7) by f(a, b, ¢, d, e, x,),
we can verify that f(a, b, ¢, d, e, x, y) satisfies (2.1). So, we have

a,b,c
f@bcdexy)= Zﬂnfi’n (% y1q) (3.9)
k=0
and
- 3 )oo (L,
f(a,b,c,d,e,x,o)zz " _ (xs;9) p ( s)
k=0 (xt 4)00 = q)n

So, f(a,b,c,d, e, x,y) is equal to the right-hand side of equation (3.7). The proof of Theo-
rem 4 is complete. O
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Theorem 5 For k € N and max{|xt|, |yt|} < 1, we have

abc n

t
Z¢"*k ellirry

k

x >\ (a,b,c;q (-1yq"- (z)( K xt; q);
= ! : 3.
(*t; q)oo HX: (q,d,6q)n (y ) g): |:k:| (xty (3.10)

Remark 5 For k =0 in Theorem 5, equation (3.10) reduces to (3.5).
Proof of Theorem 5 Denote the right-hand side of equation (3.10) equivalently by

fla,b,c,d, e x,y)

¥ X (abcq q7" (2)( K, xt; q);
= E E , 3.
&t Qo 5= (g, d, e,q)n P [ } (xzy 10

and it is easy to check that (3.11) satisfies (2.1), so we have

a,b,c

f(a,b,c,d,e,x,y Z /L,,(b( de (%, 19). (3.12)

Setting y = 0 in (3.12) leads to

o0
f(a,b,c,d, e x,0) = Z,u,,x” =

Z k (xt) mek( ffn

k=0 n=0 99 Vl n=0 9 q)n
& tn—k
=) & .
; (@ @)n-k
Hence
d abc tVl

fla,b.c.dexy qun & S m— Z%k (6 y1q) ———.

—~ (4 Dn
The proof of Theorem 5 is complete. O

Theorem 6 We have

ul b1 Cl) ay,by,co n

e ©)
Zd’ e x17y1|61)¢r(1 e (MJzM)W

1 i (@2, by, €23 Q) n(x1y21)"

(%59 o (@, d2 €2,q)n

%) (qu—jJrl’xlet,dl, bl, Cl’q)/(jvc_i)] |:alq/’ blqu Clq/;
X

S sooyit |, (3.13)
= (g,d1,e159); dd,eaqd; m}

Remark 6 Fora; =by=c;=dy =e; =ay =by =cy =dy =e; =0 in Theorem 6, equation
(3.13) reduces to (3.4).
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Proof of Theorem 6 Denoting the right-hand side of equation (3.13) by H(as, b1, c1,dh, €1,

x1,¥1), we have

H(ﬂl, blr Clrdl; €1,x1,y1)

_ 1 i (a2, by, €23 @)u(x1928)"
1028900 S (@2, €259)n

§ 0 (qn—/+1,x1x2t,a1,bl,cl;q),‘(f'c—i)" ® [ﬂqu,blq/,clqj;

j j i L. 3.14
(,dv,e159) did,ed; qxgyl} (3.14)

j=0
Because equation (3.14) satisfies (2.3), we have

H(alr bl) Clrdb elijyl)

= T(aly bl) Cl»dl; elxlexl) H(allblrclldl’ €1,%1, 0)}

;b ’ ’ n t "
:T(alrblrclrdlyelylexl [ (az 20 q) (xlyz ) }

(x128; q)oo ~  (@dyexq)n

00 az by, 52

p t
=T(ai,b1,c1,d1, e, lel)[Z¢ 2 (2, ¥2lq) (at)” ]

n=0 ( q)n
aébze 62) tn
Z¢n 2 (x2,32lq G by,c1,dy,e1,y1Dx) %]}
“1 ble Cl) (az,bze,cz) n
= qu W e, @b P (w2 y2lg) ——
(4 D)n
The proof of Theorem 6 is complete. d

4 Transformational identities from g-difference equations
Liu [24] gave some important transformational identities by the method of g-difference
operator. For more details, please refer to [18, 24, 39].

In this section we deduce the following transformational identities involving generat-
ing functions for new generalized Al-Salam—Carlitz polynomials by the method of g-

difference equation.

Theorem 7 Let A(k) and B(k) satisfy

(xtq q)oo
Z (k)x* _ZB D (4.1)

and we have

(0 (xtq"; q)oc a,b,c,1/t;
ZA (x,91q) = ZB(/ & %[ . q;qu] (4.2)

P (xq%; @) d, e, xtq";

supposing that equations (4.1) and (4.2) are convergent.

Page 12 of 17
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Corollary 2 Suppose that |r|, |x|, |xt| < 1, we have

a,b,c . o . k
Z¢(de ts;qk  (xt,89)0 (r/s,x; q)xs ® |:a b,c,1/t; i| 43)

(qrq)k @75 q)oo ‘= (@xEQk Y d et v

Remark7 Setting A(k) and B(k) in Theorem 7 by (4.6) given below, equation (4.2) reduces
to (4.3). For y = 0 in (4.3), equation (4.2) reduces to (4.5).

Proof of Theorem 7 Denoting the right-hand side of equation (4.2) equivalently by
f(a,b,c,d, e x,y), we can check that f(a, b, c,d, e, x, y) satisfies (2.1), so we have

a,b,c

flabcd,exy Zm(“ (6.719). (4.4)

Setting y = 0 in (4.4), it becomes

fla,b,c,d,e,x,0) = Z 1" = ZB(k) 4 a)
k=0 k=0 ( )
oo

=Y AR
k=0
Hence

o a bc

f(ﬂybycyd;e;xy ZA x’_y'q)'
k=0

The proof of Theorem 7 is complete. g

Proof of Corollary 2 Using Heine’s g-Euler transformations [17, Eq. (1.4.1)]

t,s; (5%t q) 0 r/s,x;
2®1 q;x =—qz<l>1 as |, (4.5)
r; (r,%;q)oo xt;

formula (4.1) is valid for the case

o (6,5 )k (rls; q)
A(k) = and B(k) = (4.6)
kX:(; (% r)k (7’, Z (q’ 51)1<
Using equation (4.2), we can deduce Corollary 2. O

5 U(n + 1) type generating functions for generalized Al-Salam-Carlitz
polynomials

Multiple basic hypergeometric series associated with the unitary U (# + 1) group have been

investigated by various authors, see [40, 41]. In [40], Milne initiated theory and application

of the U(n + 1) generalization of the classical Bailey transform and Bailey lemma, which

involves the following nonterminating U (n + 1) generalizations of the g-binomial theorem.
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Proposition 4 ([16, Theorem 5.42]) Let b, z and x1, ..., x, be indeterminate, and let n > 1.
Suppose that none of the denominators in the following identity vanishes, and that 0 < |q| <
1and |z| < |%1, ..., %% 1q|" V2 for m = 1,2,...,n. Then

- (xr/xsqyr_%) - xr o nyi—(y1+--+yn
[1 [W} H(‘Ix—?q> [ [y Oresom

1<r<s<m r,s=1 S Jroi=1

yn=0 {
k=1,2,...,n

% (1) D012) 1242y =Dy (CF) -+ () 1e20m)

_ (bZ; q)oo, (51)

X (D;q)yy4evoay, 20T
Dy1+--+y } (Z;q)oo

where ey (y1,...,Yy) is the second elementary symmetric function of {y1,...,Vn}-

In this section, we deduce U(n + 1) type generating functions for generalized Al-Salam—

Carlitz polynomials by the method of g-difference equation.

Theorem 8 Let b, z and x,,...,x, be indeterminate, and let n > 1. Suppose that none
of the denominators in the following identity vanishes, and that 0 < |q| < 1 and |z| <
%150 ||| " g1 "D for m = 1,2,...,n. Then

1= Gl ) 7 (% \ - T 1
) { 1 [ BN T (a2ia) oo
yn=>0 1<r<s<m = /% r,s=1 Xs Iroi=1

k=1,2,...n

x (_1)(;1—1)()/1+---+yn)qy2+2y3+»~+(n—l)yn+(n—1)[(y21)+---+(y;)]—22(y1 ..... In)

() (bz;9) r,st,b;
X ¢y1+~~~+yn(z;y|q)(b; q)y1+---+yn} = F%Zo 4P3 w v, bz; Y | (5.2)

where e (y1,...,Yy,) is the second elementary symmetric function of {y1,...,yn}-
Remark 8 For y =0, in Theorem 8, equation (5.2) reduces to (5.1).

Proof of Theorem 8 Denote the right-hand side of equation (5.2) equivalently by f(r, s, £, ,
v,2,%), and we can check that f(r,s,t, u, v, z, y) satisfies (2.3), so we have

f(rs,t,u,v,z,y)
= T(r, S, ty u, V,}’Dz){f(r, S, ty u,vz, 0)}

1_( r/ s J’y—)’s) n r -1 n S
= > [ I1 [%}H(Qi—wg) [y

yn>0 1<r<s<n rs=1 S Iroi=1
k=1,2,..,.n

X (b, Q)y1+~-+yn }T(T,S, t; u, V;yDz){Zler“.ern })

which is the left-hand side of (5.2) by (1.22). The proof of Theorem 8 is complete. O
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6 Generalization of Ramanujan's integrals
The following integral of Ramanujan [42] is quite famous.

Proposition 5 ([42, Eq. (2)]) For0< g = e <1 and m e R. Suppose that |abq| < 1, we

have
/~oo e—x2+2mx e ﬁemz (_aqumki, _bqe—2mki; q)oo (6 1)
o (aql/zeZik",bq1/2e*2ik";q)oo (abq; q)oo !
In this section, we have the following generalization of Ramanujan’s integrals.
Theorem 9 ForO0<gq= e <1andmeR. Suppose that |abq| < 1, we have
oe] —X“+2mx r.s, t .
, , Oy | 7 gygt?er* | dx
foo (aq'2e?ikx, pgilzg-2iks; g) 32 |:u, y BN
2mki ~2mki 2miki
(—age*™™ , —bge i D)oo r,s,t, e [b;
=4/me D . q;ybq | . 6.2
_ Jren . 4 @3 [M v, —agemki, T (6:2)

Remark 9 For y =0 in Theorem 9, equation (6.2) reduces to (6.1).

Proof of Theorem 9 Denote the right-hand side of (6.2) equivalently by f(r,s, ¢, u,v,a,y).
f(r,s,t,u,v,a,y) is analytic near (r,s, ¢, u, v,a,y), and we can check that f(r,s, t, u,v,a, y) sat-
isfies (2.1), so we have

7,8,L

f(r,s,t,u,v,a,y) = Zund)(w (@, ylq)

k=0
and

kai, _bqe—kai; Q)oo

o0
—age
f(r,s,t,u,v,a,0) = Zuy,a” = ﬁe’”z( 1

by (6.1)
— (abq; q)o

o0 —x“+2mx
/ : d
= - - X
~ (ﬂqI/ZQZlkx, bql/Ze—szx; Q)oo

2
oo e +2mx (q1/2 2ka)r1
= g a” ¢ dwx.
/oo (bq'?e7>%; g)og LZO: (@ Dn

So we have

—x2+2mx

( ; o] e (rusvt ( 1/2 2ka)n d
fV,S, ,u,v,a,y)—/oo W Z¢ aqu W X5

which is equal to the left-hand side of equation (6.2). The proof of Theorem 9 is com-
plete. d

7 Concluding remarks and observations
In our present investigation, we have introduced a set of two g-operators T(a, b, ¢, d, e, yD,)
and E(a, b, ¢, d, e, y0,) with the aim to apply them to generalize Arjika’s recently results [1]
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and derive transformational identities by means of the g-difference equations. We have
also derived U(n + 1)-type generating functions and Ramanujan’s integrals involving gen-
eral Al-Salam—Carlitz polynomials by means of the g-difference equations.

It is believed that the g-series and g-integral identities, which we have been presented in
this paper, as well as the various related recent works cited here, will provide encourage-
ment and motivation for further research on the topics that are dealt with and investigated
in this paper.

In conclusion, we find it to be worthwhile to remark that some potential further appli-
cations of the methodology and findings, which we have been presented here by means of
q-analysis and g-calculus, can be found in the study of zeta and g-zeta functions as well as
their related functions of analytic number theory (see, for example, [43, 44]; see also [9])
and also in the study of analytic and univalent functions of geometric function theory via
number-theoretic entities (see, for example, [45]).
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