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Abstract

We construct the bivariate form of Bernstein-Schurer operators based on parameter
o. We establish the Voronovskaja-type theorem and give an estimate of the order of
approximation with the help of Peetre’s K-functional of our newly defined operators.
Moreover, we define the associated generalized Boolean sum (shortly, GBS) operators
and estimate the rate of convergence by means of mixed modulus of smoothness.
Finally, the order of approximation for Bogel differentiable function of our GBS
operators is presented.
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1 Introduction

Schurer [41] presented the modification of the classical Bernstein operators with the help
of nonnegative parameter and nowadays called Bernstein—Schurer operators, which are
linear and positive. Suppose that Zj and Cla, b] are used to denote the space of nonneg-
ative integers and continuous functions on [a, b], respectively. Let us take n € Z§. The

well-known Bernstein—Schurer operators
M;, : C[0,1+ 1] — C[0,1]

are defined as

j+n p
M;,(g:y) = Zg<§)Mj,n,k(Y) (L1)
k=0

forany g € [0,1+7n],j € N, and y € [0, 1], where
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When n =0in (1.1), we obtain

j
M;o(gy) = ZgG)M;,o,k(y) =M;(g;y), say. (1.2)
k=0

In this case, the operators M;(g; y) and M; o« (y), respectively, are called Bernstein operators
and polynomials [11].

Most recently, the generalization of Bernstein operators was demonstrated by the au-
thors Chen et al. [17] by taking the parameter o € R. However, they showed that their op-
erators are positive and linear for the choice of 0 < o < 1, so they considered this assump-
tion in their work and then studied several approximation properties for their «-Bernstein
operators. Thereafter, many researchers, keeping the idea of this meaningful parameter
« into account, constructed several operators. For example, Mohiuddine et al. [26] in-
troduced the family of o-Bernstein—Kantorovich operators and associated bivariate form
and demonstrated the results regarding the rate of convergence via Peetre’s K-functional
together with modulus of continuity. In addition to this, the Stancu type «-Bernstein—
Kantorovich, a-Baskakov and their Kantorovich form, and «-Baskakov—Durrmeyer op-
erators were analyzed by Mohiuddine and Ozger [32], Aral et al. [6, 20], and Mohiuddine
et al. [31], respectively, and for other blending type operators, see [23, 27, 36]. Some other
modifications of Bernstein operators have been studied in [2, 15, 16, 25, 33, 34, 37, 42].
Furthermore, Acar and Kajla [3] gave the bivariate a-Bernstein operators and associated
generalized Boolean sum operators and then studied the degree of approximation of their
operators. For more details on approximation by related operators and statistical approx-
imation, we refer to [1, 4, 10, 14, 21, 28-30, 35, 40, 44, 45].

Motivated by the operators defined in (1.1) and «-Bernstein operators, very recently,
Ozger et al. [38] defined the «-Bernstein—Schurer operators M/ffn : C[0,1 + n] — C[0,1]

by
j+n
M (@9) =Y aM2) () (1.3)
k=0
and

-0

forany g€ C[0,1+7n],y€[0,1],j e N,and 0 <o < 1, where

MO ) =1-y, M )=y

and

M) = [y(l - 01)<jJr 7(_ 2) F(1=y)1- a)(/'+ n- 2)

k-2
+ya(1—y) (f J/f(’?) ]yk_1(1 _ kel



Mohiuddine Advances in Difference Equations (2020) 2020:676

for j > 2. Note that M}, (¢ — y;7) = ny/j. When n = 0, the operators M, (¢; y) coincide with
a-Bernstein operators. In addition to 1 = 0, take « = 1, then M, (g;y) reduces to M;(g;y).
When only « = 1, the operators M, (¢;y) reduce to the operators M;,(g;y). In the same
paper, authors investigated global approximation, local approximation, and Voronovskaja-
type approximation results of the operators My, (g;7). They also established shape preserv-
ing properties such as monotonicity and convexity.

2 Bivariate generalized Bernstein-Schurer operators
Here, we construct the bivariate form of «-Bernstein—Schurer operators and demonstrate
their basic properties.

Throughout the manuscript, we suppose that C(I?) is the space of continuous function
onI*(=1x1)=[0,1+n] x [0,1+n], where n in Z;. Forany & € C(I?), (y1,y2) € [0,1] x [0, 1],
s1,82 € N, and aq, a5 in [0, 1], we define

e () s1+nsz+ﬂh 61 g2 (L)
Msl:SZJI( ;yl;yZ):ZZ ;,g Msl+”]sz+ﬂ,glyg2(ylry2)’ (21)

£1=04¢2=0

where the polynomials 112 1,y2) = MY (51)M 2 (y,) are considered by

si+ms2+n,L1,42 s1+n,01 sa+n,2

] s1+n—2 s1+n—2
Mi’i‘izfz)m’el‘(z(yl,yz) - [(1 —al)y1< o ) +(1-ap —y1)< 0 -2 >

s1+1 _ i
+a1y1(1—y1)( 16 )}ytil L1 = gy )sr-(EsD)
1

oo (7 a1

S+ 1 _ (s
Wm(l_m( P )]yﬁz (L= gy,
2

Lemma 2.1 Suppose that ej(y1,y2) = jﬂyéfor (j, k) = Ng x Ng (No = NU{0}) with j + k < 4.
Then

Mgl o2 (0051, 02) = 1,
1,02 . - r’
Mgl o2 (10501, )2) = (1 + S—>J/1,
1

n
M2 (eo1301,02) = (1 + S—2>J/2,

s (s1+n+2(L—a)n -y nln+2s1)y7

M52 (€205 y1,y2) = 1 + 2 + 2 ’
(S2 +n+ 2(1 — 062))()/2 —yz) n(n + 252))’2
Mils(:zn (€021, 52) :y§ + 2 2 Sz 2
2 2
M7 (€305 51, 2)
s1+n+6(1l -«
:y? + ln—s(l)yl + (—60(1}’] — 60[181 + 3772 + 67’]S1 + SS%

$1
52
+ 180 + 30 + 351 — 18) = + (n* + 3n’sy + 3ns} + 6017 + 60151
81
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3
—3n% —6ns; — 357 — 12a; — 41 —4s; + 12)}]—;
81
M2 (€033 01, 02)
SH+n+6(l -
= yg + Zn—s(Z)yg + (—6a2n — 605y + 3772 + 618y + 35%

83
52
+ 180y + 31 + 353 — 18) =2 + (n* + 30’52 + 3185 + 6021 + 60125,
8

ww

— 30 —6msy — 353 — 120y — 41 — 4sy + 12)y—3
83

Mo (ea0; 51, 92)
s1+n+14(1 -«
:y‘lL 4 il & ( 1)y1 + (—3601177 —36a;s; + 7% + 14ns,
1

2
+75% + 8601, + 297 + 295 — 86)y—i (~1207* — 240y sy

— 120,52 + 61> + 18n%s; + 18ns7 + 653 + 96017 + 960151 — 617>

3
— 125, — 657 — 144a; — 8417 — 84s; + 144)y—i +(n* +4n’sy
S1

+ 617 + 4'7]51 + 1201171 + 2401187 + 120{151 - 6r] - 18r) S1
— 18157 — 657 — 60011 — 600151 — 1 — 2181 — 57 + 720 + 540
+54s1 - 72) =,

1,02 .
M7 (e0s; 1, 72)

Sy + 1+ 14(1 -
= y;* + 2 L & ( aZ)yz + (—3605277 — 3601383 + 7% + 14ns,
2

2
+ 7% + 8601y + 297 + 2955 — 86)y—j + (=120m* - 24ams,
8

- 120{255 +6n° +18n%s, + 18775% + 653 + 96027 + 960125, — 612

3
— 12115, — 653 — 144a, — 840 — 84s, + 144) 22 + (n* + dn’s,
52

+ 61755 + 4nsy + 12a9n* + 24ay1msy + 120255 — 61° — 18n%s,
- 18ns§ - 6s§ —600yn — 600p57 — 172 —2nsy — s% + 720 + 541

3’2

+ 548y —72) =
$

Proof We shall use Lemma 3 of [38] to prove Lemma 2.1. Clearly, from (2.1), we obtain

S1+n 8211

1,002 (or1,002) —
Mo (€003 y1,92) = E E M e inene,01y2) = 1.

£1=0¢7=0
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Next, we write

S$1+1 8241 e
1 (Ot o
1,00 1,2
MSlSZU(elO’yl’yZ) ZZ 81+052+n,l1'52(y1’y2
£1=04€2=0
s1+n E $2+1
1 ( o
- Z s+, Zl(y )ZMSZHJ 1320/2)
1= 0

Mg, (e1;51)Mg, (€05 ¥2)

= (1 + 2))/1.
S1

Similarly, we get

o o n
Mgl o2 (eors 1, 2) = Mg, (eos y1)Mg,  (e1592) = <1 + 5))@

Further,

S1+n e $2+1
M?llfzt ,7(620;_)/1:}/2) Z( s ) S1+1, (Zl(y ) Z 52+r] 0o (YZ)

£1=0
M, (e2;51)Mg, (€05 ¥2)

o it +2(1-01))On - n(n + 251)_)’1
it 51 51 )

and similarly, we obtain

s1+1 $2+1 EZ 2
o, ag ay 2
Ms1,sz,77 602:)’1,3’2 2 :Ms1+n 2 2 :( ) 52+n 23 ()/2

=0 52
Mg, (eo; y1)Mg, , (€2;72)

s (+n+2(l-w)2-y3)  nln+2s)y;
=)o+ + .
55 55

Similarly, we obtain the last two moments. O

Corollary 2.2 The following identities hold:

o1,0 nyi
ML o2 (8 = Y1501, 02) = o

1,0 n
M511,32,2 ( }’2»)’1;3/2) )’2

e (s1+7+2(1— 1)1 —92) + n2y?
M511,52,2 ((tl _)’1)2;)/1,3/2) -t 12 (3’1 N y
51

1,0 (s2+1n+2(1 —a))(y2 — 2)+7722
Ms1ls22r; ((t2 —yz)z;yl,yz) = & (y ) yZ,
2

M ((tl - )4;y1,y2)
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=(s1+n+14(1 - on))y + (=3601m — 120181 +7n°
51

2
+ 10075y + 382 + 860, + 29 + 551 — 86) 2L + (=120
51

+60° +6n%sy + 96017 + 24ays) — 61 — 2415, — 657
y3
— 1440, — 84n — 1251 + 144)—i (n* + 12019* - 61>
1

- 6r)2s1 — 6001 — 120187 — 272 + 14ms; + SSf + 7201

e

+ 541 + 651 — 72)

ENE

M2 (82— y2) 591, 92)
= (524 7+ 14(1 — )22 + (=361 — 1200385 + 7’
52
y2
+10nsy + 353 + 8603 + 297 + 553 — 86) == + (—12a21”
8
+ 67)3 + 6n2sz + 96,1 + 24038, — 6772 —24nsy — 6s%
y3
— 1440, — 841 — 1255 + 144) =2 + (n* + 12020 — 61°
S
— 6125y — 60031 — 1200285 — 1* + 1475y + 383 + 7202

+ 547 + 65y — 72)

e S

3 Order of convergence and Voronovskaja-type results
In this section, we obtain the Voronovskaja-type result and the order of convergence with
the help of Peetre’s K-functional for our operators M5, (3 y1, y2). For g € C(I?), the norm

of the bivariate function g is considered by

lglcazy = sup g, y2)|-
(1,y2)€T?

Theorem 3.1 For any h € C(I?), one has

lim || M&e2 (h) - h ey =0 (3.1)

81,82—>00 S1:52:11
where I? = [0,1] x [0,1].

Proof We see that

”Mgllys(;,z €00) — €00 ”cuf) -0, HMgllson ew0) = e iy ™ 0,
|M2222 (e01) — er ||C(1%) — 0, | M2 (€30 + €an) — (€20 + €02) ||C(112) —0

as 1,52 — 00. Thus (3.1) holds by Volkov’s theorem [43]. O
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We will use C2(I2) to denote the space of all functions # € C(I?) such that Ih Jh _o%h
A 9y19y2
C(I?) (j = 1,2) and equipped with the norm

2 . .
h h 8%h
Il caqey = Nllcee) + Z(‘ — ‘ — ) + H 3 (hec(r)).
=1 iy 119y, e Y1992 || ¢y
Theorem 3.2 Suppose that h € C*>(I?). Then
lim s(ML%2 (531, 72) = h(y1,52))
5§—>00
=171k, 01, 32) + y2hy, (91, 92))
y1(1=y1) y2(1=2)
+ Thywl 192) + ?hyzyyz 01,92)
uniformly on I3.
Proof Suppose that 1 € C2(I%). Then Taylor’s theorem gives
h(ty,t2) = h(y1,y2) + hy (1, 2) (801 = y1) + Hy, (91, 92) (82 — ¥2)
1
t5 (A1 01, 92) (81 = 31)* + 2y, (1, 32) (81 = 1) (82 = 2)
+ hyyy, 01, 92) (B2 —9’2)2] +p(t1, b2, 71,92V (b1 —91)* + (82— y2)%, (3.2)
where p(t1,t,91,2) € C(I?) and
p(t1,tr,y1,92) = O((t1,82) = (1,92)).-
Since M;4y? is linear so, by operating on (3.2), we obtain
Ml (h(ty, t2); y1,72)
= h(y1,y2) + by, (y1, y2) Mgy (61 = y1501,52)
+ hyy (y1, y2)Mg 3, (82 = Y2591, 92)
1
S [hym 01, y2) Mgy (- 3’1)2;3’113’2)
+2hy,y, 0’1»3/2)Mgsl,'§2 ((tl -yt - yz);yl,yz)
+ hy2y2 (yl:yZ)M‘Z;vﬁz ((t2 - )’2)2;311,)’2))]
+ M2 (o(t, tr, Y1, Y2V (01 = y1)* + (B2 = y2) % 91,92)- (3.3)

With a view of Corollary 2.2, we find that

lim sMELe> (11— 1) (2 = ¥2);91,92) = lim s[MEL (61 = yi501)

§—>00

X M3 (6 —292)]

-0 (3.4)

Page 7 of 17
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and also
Jim sME‘;,,z(tl Y1 Y1,2) = WY1 lim SM§‘; (2 = y2591,92) = Y2, (3.5)
slilglo sMg 1o (1 —y1)2;y1,y2) =y1(1-y),
(3.6)
Jim sMELT2 (82 = 92)%91,92) = 72(1 = 7).
It follows from (3.3)—(3.6) that
Sl_lgloS(M;“ “2(h;91,2) — h(y1,52))
= 77}’1hy1 1,92) + Wyzhy2 1,52)
+ % [y1(1 = y1)hyy, 015 92) + y2(1 = ¥2) g, (91, 92) ]
+ Shm sMle? (p(ty, tr, Y1, 92)V (1 = 1)* + (&2 - y2)%51,02)- (3.7)
By the Cauchy—Schwarz inequality, one gets
SM ,72( (t1, t2, 91,720V (1 = 7)* + (& - y2)%1,02)
< \/MO[1 w2 (0%t tz,yl,yz);yl,yz)\/SZM?fsl,’r‘,“ (1 =y)* + (2 = y2)%501,2)
\/M?§$2 (0*(t1, 82,71, 92)3 ¥1,¥2)
X \,/52(1\45‘51:7%2 ((tl -yt »ylryZ) My ((tz — ) ,yl,yz)). (3.8)

Since p(t1,t2,y1,2) € C(I?) and Lim, 1) (y1.,92) P (E15 £2, Y1, ¥2) = 0, we have
Jim M (0% (81, 82,91, 52)i1,92) = 0
uniformly on I} by Theorem 3.1. Corollary 2.2 gives
"M (60— y1)%91,2) — 397 — 693 + 3y (s —> o0)

and
M2 (82 = y2)%591,92) — 395 — 693 +3y5 (s — 00).
Employing the last three relations in Eq. (3.8) and then using Eq. (3.7), we obtain

lim s(Mle? (91, 52) = h(y1,52))
§—>00

= nylhyl (71:}’2) + 7)3/2]’13/2()’1;)/2)

1
+ 5[)’1(1 = yD)hy15, V1, 92) + 32(1 = 32) By, ()’1,3/2)]

uniformly on I3. O
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For i € C(I?) and § > 0, Peetre’s K-functional is given by

K(h;8) = inf h—h + 8|k
(h;6) hlec2(12){” lcaz) + 8l ez )

and the modulus of continuity of / is

w(h;8) = sup{ | A(u1, uz) — h(y1,y2)| : (1, ), (1, 92) € I,/ (1 — y1)* + (2 — 2)* < 8.
By Theorem 9 (see [18]), there is a constant C > 0 such that
K(h38) < Cany(h;V/8). (3.9)

In the above relation, w, (/; v/3) is the second-order modulus of continuity of # € C(I?) (for
details, see [5]).

Theorem 3.3 For any h € C(I?), one has

2 2
M2 (31, 95) — By, )| < 4K (15 850y (72,92) +w<h;\/ (”—”) R (”_yz> )

$1 82

where

2 2
8515, (V1,92)(= 8) = i(afl (1) +82 () + (””) N <’7_y2> ) -0

S1 S

and
82 (1) = M2 (51 = 31)%591,72), 87 (72) = M2 ((£2 = y2)%5 91, 72)-
Proof Assume that /1; € C*(I?). Then, by Taylor’s theorem, we have

hi(ty,t) — hi(y1,92)

t 2
_ 3/’11()/1,3/2)(t1 ) +/ t _u1)3 hy(u1,y2) du,

I ” dui
o1 (y1, f 32h1(y1,
+ M(tz —y2) + / (t2 - Mz)M du,. (3.10)
dy2 »2 duy
We are now defining the auxiliary operators by
araz _ (M +s1)y1 (n+52)y2
Msl,52,,,(h;y1,y2) = Msl,sz,,,(h;yl,yz) —h e ’ P + h(yl,yg).
1 2

Simple calculation together with Corollary 2.2 gives that

M2 (8 —y1;91,92) =0 and M2 (8 — y9591,92) = 0.

$1,52,1 $1,52,1

Page9of 17
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By operating M52, in (3.10) and using the last relation, we obtain

M?I‘;?,,(hl;yl,yz) —h1(y1,52)

2! 0°h ,
= M2 ( (t1— 1)Mdu1;y1,y2)

$1,52M a 2

32h(y1, u
Mo ( / (ty — up) ——"5—2 1(” - duz,yl,yz)
82hy (u1,y2)
—M;';;;%( f (t1 - )%dul,yl,yz)
7’1 Ui
(n+ 51))’1 azhl(ubyz)
- s —h du?
1 Uy

w1 8%h1 (y1, us)
MsllsZzn(/ (&2 — tp) ———— 1()/1 2 du2,y1,y2>

(n+s2)y2

</ 52 ((77 +52)92 >3 h(y1, us) )
- —uy aus; y1,y2 |,
2

S2 8%

(n+S1 1

dul;yl,yz)

which yields
| MELE (hy;y1,92) = I (31,02) |
2
o], n
(MSIISZZ,,((ﬁ -y1)%591,02) + (%) )||h1||c2(12)
ny2 ?
(Mfllszz,, ((t2 = 32)%59100) + (;) )||h1 lc22y
i 2\
< (y1) + 82 ,(02) + < > + (s_> >||h1||c2(12)'
2
We can see that

ML Uy < MG, Uy, o) + |

81,521 $1,52,1

((77 +51)y1 (0 +52)y2

’
S1 S

)|+ o,
which yields | M52, (1;71,52)| < 3| /4| for any & € C(I?). We therefore write

|M§"11,’s°2‘,2n(h;y1,y2) - h()’1,y2)|
|M?1150212n(h h1;y1,y2)| + |h(y1,y2) _hl()’l;yz)|
|M?115(;2n 15 y1,92) — hi(y1,92)|

+ ’h((fl +Sl)y1’ (n +S2)y2> — hyn, )

$1 $2

2
<4llh—hi| + ( 1) +; L (2) + (77)/1) <Z—J;2> >||h1||C2(12)
2 2
ol () (22))
S1 S2
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Now, taking inf}, cc2(2), we get

2 2
’Mgllsoztzn h ylryz) _h(yliy2)‘ =< 4I<(h; 881,520/11_)]2)) +w<h;\/<@> + (w) ),

$1 82

which completes the proof. d
The following corollary follows from Theorem 3.3 and inequality (3.9).

Corollary 3.4 Let h € C(I?). Then

|M§X11;;2,, (5 y1,2) - h(y1,yz)|
2 2
<oyt o) (%) +(2))

4 GBS operators of bivariate generalized Bernstein-Schurer type
For any compact real intervals X and Y, the function /: Y; x Y2 — R is B-bounded (or
Bogel bounded) on Y; x Y if there exists H > 0 such that

|A(y1,y2>h[u1,uz;y1,y2]| <H (V(ul,uz), O1,92) € Y1 x Yz),

where Ay, y,)h[u1, uz; y1,¥2] is the mixed difference of & defined by

Ay hlus, uas y1,y21 = h(y1, y2) = h(yn, ua) = h(uy, y2) + h(u, uy). (4.1)

A function # is said to be B-continuous (or Bogel continuous) at a point (uy, uy) if

lim Ay, yhlu, uz;y1,y2] = 0
(r1.92)—> (u1,u2)
for any (u1, u3), (y1,2) € Y1 x Y3 (see [13]).
Given a function 4 € C(I?), for any s1,82 € N, n € Z§, and ay,a9 € [0,1], we define
the generalized Boolean sum (or GBS) operators of the bivariate form of generalized
Bernstein—Schurer operators (2.1) by

DL (I;y1,y5) = MELE2 (h(ty, y2) + h(yn, 1) — (b, )i y1,00),  (01,92) € 1),

or, equivalently, we write

S1+1 8241

(
qullSozlzn(h )’10’2) - Z Z S?}rﬁzm £1,62 0’1:}’2)

€1=04¢79=0
x(h(“ )+h(yl,£2> h(é,é)). (2)
$1 82 S1 S

Note that @52, (4; y1,y2) is well defined on Cg(I?) (the space of all B-continuous functions
on I?) into C(1?) and 4 € Cy(I?) as well as linear and positive.
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Recall that the mixed modulus of smoothness of & € Cp(I?) is given by

Omixed (15 81,82) = SUP{{A(yl,yg)h[thtz;ylryzn Hyr =t <81, y2 — B2 < 825

O1,92), (U1, u3) € I} (4.3)

for any 81,8, > 0 (see [7, 9]).
A function 4 is B-differentiable (or Bogel differentiable) at the point (u1,u5) € Y1 x Y3 if

lim Ay yo)f (11, uz; 91, 2]
Oy~ @w) (1 — 1) (y2 — 1)

exists. The limit is called B-differentiable of / at (1, u3) and denoted by D, ,, h(u1, u2) =
Dg(h;u1,u3). By Dp(Y71 x Y3), we denote the set of all B-differentiable functions.

For more details and related results, we refer to [8, 12, 19, 22, 24, 39].

The following theorem gives an estimate of the rate of convergence of @552 to h €
Cg(1?).

Theorem 4.1 For any h € Cg(I?), the inequality

’@;"11,’5"2’?” (h$y1¢y2) - h(y1;y2)| <4 Wnixed(; vV ,le,n: V ,Bsz,r])

holds, where

3+n(1+n) 3+n(1+n)
Bsin = and By, = .
$1 $2

Proof 1t follows from (4.3) and
Omixed (5 1201, 2282) < (1 + A)(1 + A2)Omixed (5 61,82) (A1, A1 > 0)

that

’A(yl,yz)h[tly t2?y1:y2]| < wmixed(h; |tl _y1|r |t2 __yZI)
1 — ty —
< (1 . '157”') (1 s ”')wmixed(h;sl,az) (4.4)

1 2

for all (y1,52), (t1,t2) € I? and for any 81,8, > 0. Rewrite (4.1) as

h(y1, t2) + hi(ty, y2) — h(t, ) = Ky, y2) — Agy it tas v, 5]
Operating M;'5,% and using the definition of ®¢5,%, we obtain

D2 (B31,5) = h(y1, y2)MEL22 (€00; y1,¥2) — MELE2 (A yhltns 22391, 9215 915 92),
which yields

|d)(s)l11,,5‘02(?n(h;y1’y2) - h(yl’y2)| = Mgll,;z,zn (| A(yl,yz)h[tl! t2$)’1,y2] |;y1)y2)~
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Employing (4.4) and then using the Cauchy—Schwarz inequality, we get

|¢?11,’302‘?,7 (my1,92) - h()’h}’2)|

< (Mg‘,;i?n(eoo;yl,yz) + Sfl/ml,;i?n ((t1 = y1)%91,02)

+ 851 M (82 = y2)%5 91, 92)

+ 81’182’1\/M§‘11,;‘;,2,7 ((t1 = y0)% 91 02) Mz (2 - y2)2;y1yy2))wmixed(h; 81,82).

Using Corollary 2.2, we write

(1 -y1) n@-y)m+2) n*?
ML (6 =905 91,2) < oy 2 et
$1 7 s
3+n(1+n)
S - = ﬁ51,r]
S1
and
1,09 2 3+77(1+77)
M2 (k= y2)%501,02) < —Y, - Bss -
We therefore obtain
1 [3+n(1+n)
D (1:31,92) — hiyn,32)] < (1 L L [3ralen)
81 S1
1 3+n(1+n) [3+n(1+n)
+ —
5152 S1 S
1 [3+n(1+n)
+ — [ ———— | Omixed(H1; 61, 82),
52 S

which gives the assertion of Theorem 4.1 by choosing 8, = \/f;, , and 83 = \/Bs, - O

Finally, we study the order of approximation for B-differentiable functions of our oper-
ators @52

Theorem 4.2 Suppose that h € Dy(I*) and Dgh in B(I?) (the space of all bounded functions
on I1?). Then

N 1 1
QU2 (Jryy, —h(y1, =< mixed | DM | = [ — Dgh ’
| D12 (h5y1,2) = h(y1,90)| < = {w d( B ‘181 1152) +11Dg ||oo}

where N > 0 is a constant.

Proof Let h € Dy(I?). Then, from (see [13], p. 62), we write

Ay bty t2y1,92] = (81 — y1)(t2 — y2)Dph(a, )

Page 13 0of 17
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for y; <@ < t1, y2 < y < tp. Thus, we fairly have
DBh(Ol, ]/) = A(yl,yz)DBh(a: )/) + DBh(Ol,yz) + DBh()/l, )/) — DBh(ylxyZ)-

Since Dgh € B(I?), we have |Dgh(y1,7:)| < | Dsh|lso. In view of the last two equalities, we
obtain

|MLe2 (A gy hltn 31, 920591,92) |
= |M?113Z2,, ((t1 = 31)(t2 = y2)Dgh(ct, ¥ )i y1,92) |

<MJo% (It1 = y1llt2 = 2l |Ay1,y2DBh(a’ Y)

iY1,92)
+ M2 (16 = y1l1t2 = 2| (| Dhle, yo)| + [Dsh(y1,v)|
+ |Dsh(y1,72)

< M2 (16 = y11t2 = y2|@mixed (Dsh5 o = y11, [y = y21); 915 92)

);}/1:}/2)

+3(Dphlloo Mi232 (161 — Y1112 — y21;91,92).- (4.5)

Also, we have

Omixed (DBh 1ot = Y11, 1 = y21) < Omixed (Daks 181 = 11, 182 = ¥21)

t1 — ty —
< (1 (Sl sns. @)
81 So

We thus have from (4.5) and (4.6) together with the Cauchy—Schwarz inequality that

| @212 (1551, 32) = h(y1,32))|
= |Mfl{;‘;‘?n(A(y1,y2)h[t1,tz;ylyyz];yl»yz)|
< (M2 (16— nllita = y2ls31,92)
+ 3;1M§‘1{;°;?n (1 -9)?lt = %2l:91,02)
+ 85 M2 (1t = 31l (82 = 32) %591, 92)
+O718 MR (0 = 1) (= 32091, 2) )

X Wmixed (DBh; 81, 52)

+ 31| Dphllooy) Mty ((t1 = y1)2 (82 — 32)% 91, 92)

which gives

|¢?11,’302‘?,7 (my1,y2) - h()’h}’2)|

=< [\/Mglls?n ((tl -y1) - yz)z;yl;)@)

+ 81‘1\/M?1‘,;§?n ((tl -yt - )’2)2$)’1,y2)

+ 551\/M§111,§§?n ((t1 =912 = y2)% 51, 92)

Page 14 of 17
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Page 150f 17

+ 87185 M2 (81 = y1)% (82 = 32)%591,90) }

X Wmixed (DBh; 31, 82)

+ 31IDghll oo/ Mii2 (81 = y1)%(t2 — ¥2)% 015 92)-

By straightforward calculation (from Corollary 2.2), we obtain

3+n(1+n) N;
Mé?,;‘:?n((tl —y1)2;y1,y2) <—= —1, say
S1 S1
3+n(1+n) N,
M‘sxll,’sz,zn ((L‘z —yz)z;ybyz) = - S—l, say
2 2

N2 NZ
M52 (6= 51)59192) =% and M2 (62— y2)"591,02) < z

for some constant N1, N, > 0. Also

M2 (6 =90 (8 = y2)5y0,92) = M2 (6= 31591, 92)

x Moz (¢ - ¥2)”551,2)

for (t; — y1), (t2 — y2) € I*> and m, n = 1,2. From the above and by choosing §; = \/> and

1
s1
8y = /%,wehave
| D12 (B31,52) = h(y1,92)|
1 NiN- 1
5{1\11 | — 42 =12 4 N? /—}
5182 S182 $182
1 1 1
X Wmixed| Dh; [ —, .| — | + 3||DphllooN1,| —
s1 \ S 8182

1

1 |1
= Ni + 2+/NiNy + N omixed | Db [ —, | —
M {( 1+ 142 + 1)a)m1xed< B 51 Sz)

+ 3N1||DBh||oo};

which yields
N 1 1
QX2 (Jryy, —h(y1, =< mixed | D5 | = [ — Dgh ’
| D12 (B591,92) = h(y1,90)| < 55 {w d( B ‘,81 1/SZ)+|| B ”oo}
where

N =max{Nj +2y/NiN, + N{,3N1 },

which completes the proof.
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