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1 Introduction

In recent years, Hilbert’s dual-series inequality and its integral form [1, pp. 253—254] have
been granted significant attention by many scholars (for example, see [2—-10]). In partic-
ular, B. G. Pachpatte [11] established a new inequality close to that of Hilbert as follows.
Letk,r>1,4,=Y" a,>0andBy=3"_ b,>0.Then

P4 kg
ZZ 51;9 Clk,r,p,q) Z(p—s+1 ) (A a )
9=1

s=1 s=1

ST

q
Y (g-0+1)(By b)) (1)

where

1
Clk,r,p,q) = Ekn /pq.

In the same article [11], Pachpatte demonstrated the integral version of (1) as follows. Let
k,r>1,TI(s) = [; w1(§)d§ > 0and Q( fo wy(v)dv > 0, fors,& € (0,x) and &, v € (0,y).
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Then
k r x %
f / I (S)Q @) — dsdd < C*(k,r,x,y)(/ (x—s)(l'[kl(s)a)l(s))zds>
0
y 3
x (/ (y—ﬁ)(ﬂ"l(ﬂ)wz(ﬁ)fdﬁ) , )

0

where

1
C*(k,r,x,9) = Ekr\/@.

In [12], Young-Ho Kim gave some generalizations of (1) and (2) by introducing a parameter
y >0as follows. Let k,r > 1, A; =Y > _, a, > 0and By —Z b, > 0. Then

P . AkB;

p 3
' — <D(k,r,y,p,q) (Z(p—H 1)(Af‘1as)2)

s=1 9-1 (87 + V)7 s=1

¥=1

q 3
x (Z(q— P + 1)(3{,-%0)2) ) 3)

where

1
D(k,r,y,p,q) —<§) kr/pq.

The integral version of (3) is established in the next consequence. Let k,r > 1,y > 0, I1(s) =
Jo @1()dé > 0,and Q(9) = fo wy(v)dv > 0, for 5,& € (0,x) and ¢, v € (0,y). Then

0

(sV + ﬂV)V
y 3
x ( / (y—ﬁ)(sz’-lwmz(z?))zdﬁ) , (@)
0

where

1
1\7
D*(k,r,y,x,y) = <§) kr/xy.
Another refinement of inequalities (1) and (2) has been made by Yang [13] as follows.
Let k,r > 1 and A, > 1 be constants such that 1/A + 1/u =1, A; =Y, _,a, > 0, and

By = ZZ:I b, > 0. Then

1
%

3 ALB, ’” Cig)
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q
X (Z q-9 +1)(B;by)" ) , (5)
¥=1
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where

kr -1 p-l

T,
el 1

E(kr A, M’prq) =

The integral version of (5) is established in the next consequence. Let k,r > 1and A, x> 1
be constants such that 1/A + 1/u = 1, TI(s) = f; w1(§) dé > 0, and Q(&) = foﬁ w,(v)dv >0,
for s,& € (0,x) and ¥, v € (0,9). Then

M (s)"(9)
/ f A 1()L+/1, (1=1)(h+p) del?
P

< E*(k,r, A, 14, %, %) </x(x - S)(Hk_l(S)a)l(s))* ds) x
0

/y r-1 H %L
X ( i (- ) ()wa(9)) dz?) , (6)

where

Azl opel
X Ay no.
Tt

E*(k, 1y Ly %,9) = .

After construction of time scale calculus, dynamic inequalities have become the focus of
interest, and classical inequalities have been established for any time scale T. We can refer
two surveys [14, 15] and a monograph [16] for exhibition of these results.

In [17] the researchers concluded some generalizations of inequalities (1) and (2) for
time scale delta calculus. Specifically, they proved that if 50,00 € T, wil(s) €
Cra([90,%)1,RY), wa(9) € Cra([D0,¥)1,R*), k,r > 1 and XA, 0 > 1 are constants such that
1/x + 1/ =1, then for s € [0, %) and O € [Jy, y)1, one has

/ﬁf OO joap
90 20 (s~ 00) + A0 Vo)

<Gk, 1, A, M,x,y) (/x(a(x) _S)(Hk_l(c(s))wl(S))xAS)
()

1

y i
X (/,, (a(y)—ﬁ)(Qr-l(a(ﬁ))wz(ﬁ))“M> , (7)
where I1(s) = f;o w1 (E)AE, Q) = f;i wo(§)AE, and

kr p-l
Glk, 7, 1y 11, %,) = kuw 90)7 (y - 90) T ®)

Another refinement of (7) for time scale delta calculus has been made by Rezk et al. [18]
as follows. Let s, 0, 99 € T, w1(s) € Cry([D0, %), RY), 02 () € Cy([F0, )1, RY), k,7 > 1 and
A, 0 > 1 be constants such that 1/A + 1/u = 1, then for s € [y, o) and & € [Py, T)T, One
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has

M4 (s)Q"(8)
/ / [PEoem) g AsAY
P00 pu(s—o) M + AP — D) M

G*(k,r, A, 1, %, ) (/ﬁx (o (x) — s) (l'Ik_1 (a (s))a)l(s))AAs> ’

0

x (/ﬁ:(o(y) - ﬁ)(Q’l(a(ﬁ))wz(ﬁ))”m?) Y 9)

where TI(s) = f;o w1 (E)AE, QW) = f;; wo(§)AE, and

G*(k,r,)\,u,x,y): (x 190 (y 190) " (10)
For developing of Hilbert’s inequalities for time scale delta calculus, we refer the reader to
the articles [19-29]. Although there are many results for time scale calculus in the sense
of delta derivative, there is not much done for the nabla derivative. Therefore the ma-
jor contribution of this article is to extend Hilbert-type inequalities for the nabla time
scale calculus and to unify them for an arbitrary time scale. The main theorems are
inspired from the paper [18] which presents the corresponding results for time scale
delta calculus. By obtaining their nabla versions, we can show the generalizations of
these inequalities for different types of time scales T, such as real numbers and inte-
gers.

The structure of this paper can be listed as follows. Section 2 presents the fundamental
concepts of the time scale calculus in terms of delta and nabla derivatives. Section 3 is
devoted to main results, which are to generalize inequalities (5) and (6) for the nabla time
scale calculus and so, to obtain nabla calculus versions of (9) and several inequalities of
Hilbert’s type in [18].

2 Preliminaries

In this section, the fundamental theories of the time scale delta and nabla calculi will be
presented. Time scale calculus whose detailed information can be found in [30, 31] has
been invented in order to unify continuous and discrete analysis.

A nonempty closed subset of R is named a time scale and is denoted by T. For ¢ € T,
ifinf@ = sup T and sup @ = inf T, then the forward jump operator ¢ : T — T and the back-
ward jump operator p : T — T are defined as o (¢) = inf(?}, co)r and p(¥) = sup(—o0, ¥)r,
respectively. From the above two concepts, it can be mentioned that a point # € T
with infT < ¢ < sup T is named right-scattered if o () > ¥, right-dense if o () = ¥, left-
scattered if p(?%) < ¥ and left-dense if p(1%) = ¢

The A-derivative of ¥ : T — R at # € TX = T/(o(sup T), sup T] denoted by ¥4 (%) is the
number enjoying the property that for all & > 0 there is a neighborhood U of # € T* such
that

[V (o) =¥ (s) -2 (@) (o () —s)| < e|o(®)-s|, forallseU.

The V-derivative of 1 : T — R at ¢ € Ty = T/[infT, o (inf T)) denoted by vV (£) is the
number enjoying the property that for all & > 0 there is a neighborhood V of ¢ € T such
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that

|1//(19) - l/f(p(s)) - I/fv(ﬁ)(ﬁ - ,0(5))| < £|s - ,0(19)|, forallse V.

A function ¢ : T — R is rd-continuous if it is continuous at each right-dense point in
T and Sl_i)l;l_l/f(s) exists as a finite number for all left-dense points in T. The set C,4(T, R)
represents the class of real, rd-continuous functions defined on T. If ¢ € C,4(T,R), then
there exists a function W (1) such that W2 (%) = y(#) and the delta integral of v is defined
by

f P(B)AD = W) - W(xo).

A function ¢ : T — R is Id-continuous if it is continuous at each left-dense point in T
and Sgrgl)rl/f(s) exists as a finite number for all right-dense points in T. The set Cy;(T,R)
represents the class of real, /d-continuous functions defined on T. If ¢ € Cy,(T,R), then
there exists a function W (%) such that WV (1) = ¥(¢#) and the nabla integral of ¥ is defined
by

/ POV = W(x) - W),

In the following, we display some basic lemmas and algebraic inequalities that play a key

role in proving the major findings of this paper.

Lemma 2.1 (Nabla Holder’s Inequality [32]) Let xo,x € T. For &,% € Cjy([x0,%]T,R), we

have

/xs(ww)w < (/xsk(ﬁ)w)k (/xw“(ﬁ)w)“, (11)

where A, i > 1 with 1/A + 1/ = 1.
Lemma 2.2 (Nabla Jensen’s Inequality [33, Theorem 3.4]) Let xy, x € T and

m,n € R. Assume that & € Cy([x0,%]1, (m,n)) and € Cy([x0,x]1,R) are nonnegative
with fx’; E(mAn>0.If® € C((m, n),R) is a convex function, then

(12)

o (f;;s(n)w(nM) _ S 5OW m)Vn
Ju&mvn )7 [FEmVn

Lemma 2.3 (The power rule for nabla derivative [33, Lemma 3.1]) Let xp, x € T, ¥ €

Cui([x0,x]T, R) be a nonnegative function, and y > 1 a real constant. Then

x y x v y-1
(f wsws) <y / ww([ vf@)vs) w. 13)
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Lemma 2.4 (Young’s inequality [34]) Let >0, A, >0 and 22:1 Ay =7, Then

n A %n 1 n %
q 5
{qu } §<n2Aqsq} ) (14)
gq=1 g=1
Lemma 2.5 ([33, Lemma 3.2]) Lets, ¥, 9y € T withs, O > g and € Ciy([a, blT,R). Then

/ﬂo (/: t/f(S)VS)Vﬁ = /90 (/ﬂ;) w(g)vS)vg = [,:(S_ p(&)) ¥ (§)VE. (15)

3 Key results

In this section, we focus on obtaining the corresponding outcomes for the nabla time scale
calculation in [18]. We must assume that all functions found in the theorem statements
are nonnegative, 1d-continuous, V-differentiable, and locally nabla integrable.

Theorem 3.1 Lets, ¥, % € T and w; € Cy([Do, x]T, R*), @y € Ciy([P0, ¥, R*). Define
s 9
6= [ w@ve and 20)- [ o)vs, (16)
B0 Yo
Then for s € [0, x|t and ¥ € [V, y]T, we have

% (s)Q"(8)
[eseen) e YSVY
Y0900 (s — Do) T + A} —Do) M

1
%

<H(k,7, %, 1, %,9) (ﬁx(x - ,o(s)) (Hk_l(s)wl(s))AVs)

0

y i
x( f9 (y—pw))(szfl(ﬂ)wzw))“W) , (17)

0

where

H(k,r, x4, %,9) = kr (x— 190 (y Do) “ﬂl.
A+
Proof By using (13), we obtain
e <k [ 1oV (1s)
Yo
and
() <r fﬁ QL )an(E)VE. (19)

Then, we have

s [
nk(s)ﬂ’(ﬂ)skr( f n“(s)wl(sws) ( f sz”(s)wz(s)vs) (20)
o Yo

Page 6 of 21



Rezk et al. Advances in Difference Equations (2020) 2020:619 Page 7 of 21

Applying (11) to f;o [T51(&)wy (£)VE with indices A and A/(A — 1), we find that

|t @eneve < 6907 ( / (nk—l@)wl@))kvs) , @1
while doing the same to the integral [ 1;2 Q1 (&)w,(£)VE with indices p and u/(1n — 1), we
find that

? s &
[ o @oeve <o -0 ([ (@ @ow) )" (22)

From (20), (21), and (22), we get

1

M (5)' (9) < kr(s — 90) 7 (9 — ) T ( /9 (H“(é)wl(s))‘vs) '

» i
x( / (Q”(S)wz(s))“w) . (23)
Yo

Using inequality (14), we note

(51153 <

A1t + Assd). 24
_A1+A2( 18] + Aos)) (24)

Now, by setting s; = (s — %)%, 55 = (% — )", Ay = 1/A, Ay = 1/pu,and § = A + Ay in

(24), we get
( )()~ D(A+p) (ﬁ 5 ) M—u.)
(5= 907 (9~ 90)'7 < (S' 0 ° ) 05)
At A "
Substituting (25) into (23) yields
K ( (s —90) hh (9 = 9g) EH
Hk(S)Qr(l?) < r M( $—Vo + — Vo
A+l A n

s N b %
x( / (T ()an &) vs) ( f (Q“(E)coz@))“vs) . e
B 90

Dividing both sides of (26) by (s — 1) [*=DA+mIAn 1 (19 — ) (=DO+IA ywe obtain

I"Ik(s)Q’(z?)

[ 1 A+ it) (u— 1 Mu)

+ )\(19 190)

ke ([ :
< ﬁ(/ﬂo(nkl(s)wl(s))kvg
) !
X(/ (Q”(E)wz(é))”vé> : (27)

Yo

(s — o)
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Integrating both sides of (27) and using (11) again, we get

% (s)Q"(8)
10 e YSVY
Y0900 (s — o) T + AP —Do) M

(x 190) ()’ 190)"

x( /ﬁ ( ﬁ (n“(awl(@)*vs)wy
y L% ,%
x( fﬁ ( /ﬁ (sz’-l<5)wz(s>)“vs)W> . (28)

Applying Lemma 2.5 on (28), we conclude that

(S)Q’(ﬁ )
) G0 VsV
Y0 700 pu(s — 190) + A0 =)

(x 90)' T (y— D) 7 ( /x(x—p(s))(nkl(s)wl(s))*Vs>
Yo

y :
x ( [ 6-so)@or0)'vo
Yo

A

=H(k,r, A, 1, %, ) (/ﬁ (x - p(s))(l'[k_l(s)wl(s))sz)

Y 0
X(/ﬁ (y—p(z?))(sz"l(ﬁ)wz(ﬁ))“w) )

that is, (17) is true. O

Remark 3.2 By setting 1/A + 1/ = 1 in (24), we obtain

1
(s175%) < e +A2(A1 P2 4 Agsy ). (29)

Hence, by applying (29) on the right-hand side of (17) in Theorem 3.1, we get

(S)Q'(ﬁ)
/ f +14) (u=1)(a+p) 1)(A+u VsV
0700 (s — 190) + A0 — D)

Aukr

< (K+M)2(x_ﬁ0) 00T

At

X {%(/;(x - ,o(s)) (Hk‘l(s)wl(s))KVs> .

0
AHL

l r-1 e
+M(Lo(y p()) (7 (@)wa(9))" w) }
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Corollary 3.1 Ifwetake 1/ + 1/ =1 in (17), then

7 M (s)Q" ()
- VsV
90 Jog M8 — TP ~1 + A(F — B)#
1

< H*(k,r, A, [, %,9) (/x(x— ,o(s)) (Hk_l(s)%(s))kvs) »
9

0

y :
. ( / (y—pm)(szf-lw)wz(m)“w) , (30)

where

k -1
H*(k, 1, Ay 1, %, 9) = . (x— 190 (y %) ‘M .
m

Remark 3.3 As a particular case of Corollary 3.1, if A = u = 2, then we have

1% (s)Q"
f / T (s)$2" () VsV
o J 9 S+ 19 2'[9()

X

%kr((x %) (x—p(s))(l'[kl(s)wl(s))ZVs)z

Yo

y . 5
X = Vo y—p w3 ’
((y 90) /ﬁ (7 = o)) (2 (Pn()) W) (31)

which is [33, Theorem 3.3].

Remark 3.4 Clearly, for T =Z or T = R, and 9 = 0, together with p(#) = u—1 or p(u) = i,
(17) reduces to (5) or (6), respectively.

Remark 3.5 In Theorem 3.1, if we take k = r = 1, then we have

T(s)S2()
= VsV
A=1)(A+p) (U=1)(A+p)
%0700 pu(s — Do) + A0 =)

<H™(, pwo,9) ( /ﬁ (%~ p(s))(wl(s))kvs) i

y i
x( / (y—pw))(wzw))“w) , (32)
Yo

where

H**()‘-rlij:y): (x 190) ()’ 190) M .

For A = u = 2, this is Anderson’s result [33, Remark 4].

In what follows, we give a further generalization of (32) obtained in Remark 3.5. Before
giving our results, we presume that there are & and W which are real-valued, nonnegative,

Page 9 of 21
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convex and submultiplicative functions defined on [0, c0). A function v is submultiplica-
tive if ¥ (s?) < ¥ (s)y () for s, > 0.

Theorem 3.6 Lets, %, 9 € T and I1(s), () be as in Theorem 3.1 and let k(§), [(§) be two
positive functions defined for & € [y, x]r and § € [Dg,y]r. Suppose that

s g
K(s) = /1, k(E)VE and L) = f9 I(£)VE. (33)

Then for s € [0g,x]T and ¥ € [D¢,y]T, we have

/x /y (I(s) W () VsV
¥ J o

(A— 1 A+; (=D (+p) 1)(A+u
(s — Do)

+ A0 = )
] DICAN R
§M(/\,M,x,y)(/ﬁ (x‘p(s))( (s )q)( k(s) )) Vs)

y @ \\_ \ 7
x (/%(y = w”(““‘”( 1) )) W) ’ (3

where

) DK\ 7T\

MO, o, y) = A+M(/O( K(s) ) >
Y W(L(D)) AT "
X(/ﬁg( e ) Vﬁ) .

Proof Using Jensen’s inequality (12) and the properties of ®, we obtain

K(s) [ k(€) —§ g>
fl?() E

'[1;0 k( ) a/)(l(é)) v
P(K(s)) P <—ng P )

S(K(s) o1(®)
=K / &) ( (&))VS‘ (39

Further, by (11), we find that

O(K(s)) i w1 (§) ;
®(I(s)) < XG) (s = ) (/00<k(5) < %) )) VE) . (36)

Analogously,

W(L)) = () "
V(@) = =7y O -0 (fﬁ (l(é) ( ®) )) Vs) ' 7

(M(s)) = (
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By multiplying (36) and (37), we get

P (I(s)) ¥ ()

L (0K G RT
< (s=10) 7 (9 = 90) < K(s) </§< €0 <k<s> >) VS) )
9 " "
(] (ron(52)) <))

Applying (24) on the term (s — ) *~V/* x (1 — ) #-V/ gives

(I(s)) ¥ (Q())

JAtp) (u=1)(r+p)

_ <(S—190)(“”‘ (6 - 0) "
T At U A %
K(S) [ [° o E\V\ o\
X( KG) (fﬁo(k(g’:)d’(k@) )) W) )
YL ([’ )\ \ 7
X( L) </ﬁ (“5)“’< 1©) )) Vg) ) (39)

From (39), we observe that

P(I1(s) W (2(2))
Alk/) /l.l)ﬁ»/l)

+ )\.(19 190)

(s — o)

1 [ O(K(s) {EYY o\
wa( KGs) (/ﬁ( G)e (k(&) >) VS) )
W(L()) 0@\ L\
X( 1) </0 (“E) ( 1) )) VS) ) 40

Integrating both sides of (40) and using (11) again with indices A, /(A —1) and p, u/(—1),
we find that

NV (QS
[ M) ¥(©(0) vevs
) (u=1)(A+p)
090 gy (s — 190) i +)»(19 Do)

1 [ [*( K 1 () :

([ () ([ (sro(4E1)) vew)

FWLEN\FT N ([ >(E)\)" z
X(/ﬁ( L) ) W) (/ﬂ/ﬂ (“‘W( 1©) >) Vm}) - @

Applying Lemma 2.5 to (41), we get

P(I(s) W(S2())
A=1)(h+p (u=1)(A+p) VSVI?
/ﬂo /” (s —90) 0 A = 90)

1 ([ (OKE)\ T\ T WEE)\ AT\
5A+u</ﬁo( K(s) ) vs) </§< L) > W)
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x A %
([ oo (32)
Yy
- l
X(/ﬁo(y p(ﬁ))((ﬂ)\D(
-G 3)( [ (5= 09) (k9O

(4

x (f;(y—pw)) (l(z?)\lf

which is (34). O

Corollary 3.2 Ifwe take 1/X + 1/p = 1 in (34), then we get

[ D(I1(s)) W (D))
/190 /190 (s = D)1 + A — Fo)! VsV

* ) \\ o \*
SM*()\,M,x,y)</19 (x-p(s)) (k(s)@( ) )) Vs)
y n i
(sl ()

where

e s}

1 [ [/ DEKE)\ T\ T
MG ur3) = w(/( K(s) ) vs)

WEE)\FT N
(L) )"

Remark 3.7 As a particular case of Corollary 3.2, if A = = 2, then we get

/ fy D(TT(s)) W (2(8)) VeV
o J 9 s+ — 27}0

<[ s (0 5)) )
([om(uon(55) )"

where

L OEE) N (TN
won=5([ () ) (L) ¥)

which is [33, Theorem 3.5].
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Remark 3.8 As a particular case of Theorem 3.6 if T = Z, ¥ = 0, then p(#) = u—1 and (34)
reduces to

a— D (IT,) W ()
Z Z (=1 (+p) (u—ll)('wt)

s=1 9=1 S M +AD

< Mo(h 11, q (Z(p—s+1 (kq;(k ))k)l
x <§Zi;(q-0+1)<lﬁq><‘;—;)>u>ﬂ, (44)

—_

where

menna- s (5(6)7) (B05)7)

S

which is [13, Theorem 2.2].

Remark 3.9 As a particular case of Theorem 3.6 if T = R, £, = 0, then p(u) = # and (34)

reduces to
<I> I1
/ / ( (NP (D)) Jsdt
A+/l, (= 1)3[(:»+/L)

)

X A %
§M;(A,M,x,y)</0 (x—s)(k(s)CD(a;:S; )) ds)
x (/Oy(y-ﬁ)(l(ﬁ)qf(“zg)))ﬂdﬁ)“. (45)

where

s ([ (2582) )
IO\, O\
X(/o( L) ) ”m) !

which is [13, Theorem 3.2].

Our next outcome deals with a further generalization of the inequality in (34).

Theorem 3.10 Lets, 9,9y € T, and w,, w;, be as in Theorem 3.1. Define

1 s 1 v
I(s) = 5 /I’an(é)vé and 9(0)=W wy(§)VE. (46)

$—="o 0 — Vo Joy

Page 13 of 21
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Then for s € [0, x|t and ¥ € [V, y]T, we have

VsV

// s) ‘11(9(19))( = 0o) (¥ — Vo)
Yo /o (s — 190) +)\(19 l?o)ﬂlmm

< NG5 [ (5= ) (@(1(9)' V)

0
1

x ( fﬁ :(y—p(ﬂ))(w(wz(ﬁ>))“W>”, (47)

where

N, %) = (= 90) T (y = 90) 7 .

A+

Proof Based on the assumptions and the inequality of Jensen (12), we can see that

1 s
o(10) - o5 [ o)

1 S
5 /ﬁ 0 P (w1 (§)) VE. (48)

$—=Vo

=

By applying (11) to (48) with indices A, A/(X — 1), we have

x

O (I(s)) < ——(s— ﬂoﬁ(f;(cb(wl(s)))kvs). (49)

8—190 0

This implies that

-

(I1(5)) (s = D) < (s - ) 7 ( fﬂ (cb(wl(a))*vs) . (50)

0

Analogously,

==

t

W(Q(9))(9 - do) < (9 —90) T ( f9

0

(w(wz(s)))“vs) : (51)
From (50) and (51), we get

®(T1(5)) () (s ~ o) (I — Do)

1

<(s—19) T (¥ - 190)H‘_:1 </ (‘D(M(E)))Avg) '

P

. ( / t(‘l’(a@(é)))”VS) . (52)
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Applying (24) to the term (s — 99)* /% x (1 — 9) V" gives

(I1(5)) W (2(9)) (s — %) — o)

(41 (u=D)(+p)

(A-1
A ((s=1p) (B —1)
= +
TAtQ A o

x ( [ :(cb(wl(a))*vs)%( / :(\v(wz(a))“vs)'%. (53)

From (53), we have

P(T(s)) W (22())(s — Do) (¥ — Do)

[ 1)()»+u) (= 1)(A+u)

p(s=o) - + A& — o)

<t et (o) o

Integrating both sides of (54) and using (11) again with indices A, 1/(A —1) and p, /(10 — 1),

we get

VsV

/ / (11 S))‘I’(Q(ﬁ))(s D) (P — o)
Yo J U

1) (=D (+p)
0 (s~ 190)

+)\(19—190) Rz
- xiu(’“‘ 90) 7 (7 - o) ( / 0 ( f 0(@(w1<s>))*vs)w)k

([’ .

Applying Lemma 2.5 to (55), we find that

[ 2o .,
090 (s — ) +A(0 = V)
sMM(x—ﬁo)ﬂy—ﬂo)T

«(/ x(x—p(s))(@(wxs)))*wf

0

m

« ( /ﬁ :(y— pw))(w(wz(m))ﬂva)‘

=N, u,x,9) x(x - p(s)) (@(wl(s)))'\Vs ’
»,

0

x (/:(y - p(ﬂ))(w(wz(m))”vl?) g

0

which is (47). O
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Corollary 3.3 Ifwe take 1/1 + 1/p = 1 in (47), then we get

/ /y D(I1(s)) W (S2(8)) (s = Do) (¥ — Do)
99 J Vo

VsV
S—l?o)”1+)n(l9 7.90)“1

A

< NG [ - 00 (@(1(9))v5)

x ( /ﬁ y(y—p(ﬂ))(w(wg(m))*‘w&)”, (56)

0

where
N 1 pn-l
N* Oyt %,9) = — (k= 90) T (y =) 7 .
A

Remark 3.11 As a particular case of Corollary 3.3, if A = u = 2, then we get

f /y O(I(s)) ¥ (2(D))(s ~ Fo)(& — Do) o,
o J 9 s+ 10— 2'[9()

VsV

1
2

< 2(<x o0 [ (- p<s>)(q><w1<s>>)2w)

0

y
< (0-00 [ 6-p0) (¥l v ), 7)
which is [33, Theorem 3.6].

Remark 3.12 As a particular case of Theorem 3.10, if T = Z, ¥y = 0, then p(u) = u — 1 and
(47) reduces to

L O(IT,) W (Qy)s?
Z Z A=1)(A+p) (u=1)(r+p)

s=1 9=1 S M +AD M

1

< No(h 11, p,q (Z(p—s+1 ) (Z(q 9 +1)( am))) , (58)

==

where

1 Al pel

prqr,
+

No(k, . p,q) = .
which is [13, Theorem 2.3].

Remark 3.13 As a particular state of Theorem 3.10,if T = R, ¢y = 0, then p(u) = u and (47)
reduces to

W (Q())s
/ / (= 1<A+u ﬂ(u D(A+pt) dsdv
m

A

1

SNS(k,u,x,y)( [ e-9@@o) )
: :
X(/ (y—z?)(‘v(wz(ﬁ)))“dﬁ> : (59)
0
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where

No( o 2,9) = s——x =y i,

which is [13, Theorem 3.3].

Theorem 3.14 Let s, ¥, € T and w1, wy, k, I, H, L be as in Theorem 3.6. Define

1 S 9

1
l'I(S)=K@ ﬂok(g)wl(S)Vé and Q(l‘/‘)=m N (&) (§)VE. (60)

Then for s € [9o,y]r and ¥ € [Do, x]1, we get

W (Q(v
[ LOMON@O) g o,
+LL) (u=1)(r+p)
Y0900 (s — o) T + A} —o) M

< W) [ (3= 00) (k0@(19))'v5)

0

1

< ( f (- pm)(z(m(wzw)))“w) g 61)

0

where

1 a1 p-1
W, w,x,y) = (x—10) * (y—10) * .
A+l

Proof Based on the assumptions and the inequality of Jensen (12), we find that

(I1(s)) = (K() f k(é)m(éWé)

= X6 %k(é‘) (01(8)) VE. (62)

By applying (11) to (62) with indices A, /(A — 1), we have

1

2(16) = 15 6- 007 ([ (@2(n)) Ve ) (63

From (63), we get

1
%

<1>(n<s))1<(s>s<s—ﬁo)ﬁ“( /7 (k(&)cb(wl(s)))*vs) . (64)

0
Similarly, we also obtain

1

(Z(S)W(wz(s»)“vs) " (65)

D4

QL) < (9 - 90) T ( /
7

0
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From (64) and (65), we find that

K(s)L(9)® (I1(s)) ¥ ()

1

< (5= 90) T (0 - 00)"T ( /ﬁ S (k(s)d>(w1(s)))‘vs) '
v o
y ( / (z(sw(wz@)))“vs) . (66)
7

0

Applying (24) to the term (s — 99)*~D/* x (1 — ) #~V/" gives

K(s)L(9)® (I1(s)) ¥(Q()

A=)+ (e 1)(A+u)
_ <(S—190) b (19 Do) )
TAt U A "w
s Y X s ﬁ
X(/ (k(E)D(1(8))) VE) (/ (l(é)‘lf(wz(é)))ﬂvé) . (67)
Yo Yo

This implies that

K(s)L() @(I1(s)) W (S2(2)
(A=1)(A+p) (u=1)(r+p) 1 )L+;L)

ms=100) H T+ A0 —Do) F

< [, (ke >¢(w1(é>))*V$) : ( fﬁ 0 (Z(S)\Il(wz(%‘)))“vs) (68)

=

A+

Integrating both sides of (68) and using (11) again with indices X, 1/(A —1) and w, /(e — 1),
we get

VsV

/xfy 1<(S)L(1?)¢(H(S))‘IJ(Q(1?)
90 J96 (u=1)(r+p) 1)(?n+u)

wis— 190) x + A& =) H

1 a1 n-1 X s A %
< - 0 -0 (fﬂ (/ﬂo(k@)cb(wl(a)) vs)%)
y 1% %l
(&)W v )w) . 6
x(/ﬁo(/%((s) (02(8)))" Ve (69)

Applying Lemma 2.5 to (69), we find that

VsV

/ / K (s)L()D(T1(s)) W (D)
90 J6 ,u(s ﬁo)()» 1)( Mu) +)»( B 0)(/4 D(A+p)

< W) [ (5= 00) (0@(19))'v5)

0
1

x ( /ﬁ :(y— pw))(lw)w(wzw)))“w) "

which is (61). O
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Corollary 3.4 Ifwetake 1/ + 1/ =1 in (61), then

/ /y K(s)L()D(T1(s) ¥ (L2()
99 J Vo

VsV
S—l?o}‘1+)\,(l9 190)“1

< WG tiy) ( | - p(s))(k(s)cb(wl(s)))*Vs) '

Yo

Y w
X(/9 (y—p(ﬁ))(l(ﬂ)‘lf(wz(ﬁ)))“vv“> , (70)
where

1
W*()»»M:xd’)— x 190 (y 190
Al

Remark 3.15 As a particular case of Corollary 3.4, if A = = 2, then we get

/ /y K(s)L(9) P(I(s)) W (S2(2) VsV
B9 J Yo

s+ 0 -2t

= % ((x - ) /x(x - p(9)) (k(s)® (w1 (s)))2V5> :
9

0

- p(ﬁ))(l(ﬁ)w(wz(ﬂ)))ZW) (71)

Yo

X (()/ - l?o)
which is [33, Theorem 3.7].

Remark 3.16 As a particular case of Theorem 3.14, if T = Z, ¥ = 0, then p(#) = u — 1 and
(61) reduces to

1
p 9 14 x
KLy ®(T15)W(S25) Py
2.0 o o < Wolbwp )| D -5+ 1) (k@)

s=1 9=1 S M +AD s=1

a i
x (Zw—mn(m(wﬁ))“) , (72)
v=1
where
1 o w1
WO()\erprq): P > qr,
A+

which is [13, Theorem 2.4].

Remark 3.17 As a particular case of Theorem 3.14, if T = R, £, = 0, then p(u) = u and (61)
reduces to

//1<S)L P (I(s) W (S2())

A=1)( A+M (=D (ot )
m

dsd?

1

< W5 (it %,9) ( /O (x—s)(k(s)qn(wl(s)))*ds> :

» i
x (/0 (y—z?)(l(z?)‘l—’(wg(z?)))“dﬁ) , (73)
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where

Wék()»;.u»x’y) = P "

which is [13, Theorem 3.4].

Remark 3.18 Clearly, Theorems 3.1, 3.6, 3.10, and 3.14 present the corresponding results
of Theorems 6, 9, 12, and 15 in [18], respectively, for time scale delta calculus. Likewise,
Corollaries 3.1, 3.2, 3.3, and 3.4 display the corresponding results of Theorems 3.1, 3.2,
3.3, and 3.4 in [17], respectively, for delta time scale calculus.
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