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1 Introduction and preliminaries

Fractional calculus is as old as the conventional calculus and has been recently applied
in various areas of engineering, science, finance, applied mathematics and bioengineer-
ing. The V-function is an important special function that provides solutions to a number
of problems formulated in terms of fractional order differential, integral and difference
equations, therefore it has recently become a subject of interest for many authors in the
field of fractional calculus and its applications. In addition, a number of researchers (see
[10,11,13,17,19, 22,29, 30]) have studied in depth properties, applications and diverse ex-
tensions of a range of operators of fractional calculus, this field being very active and exten-
sive around the world. One may refer to the research monographs [12] and [21] for further

investigations in the area. Recently, the V-function is defined by Kumar [14] as follows:
V(z) = Vi (L, £,8,m, ks Ay By 1, v, 052)

: (1.1)

¢ i (D" T 1 (@) nke ) + i+ v) 7 (z/2) 8+ +m
=0 1—13:1 [(bv)n+Av] H:v:l [(h)nnp+Bw]

where

1. ¢, 8mv,p,k,(u=1,...,p),A,(v=1,...,9),B,(w=1,...,r) are real numbers,
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2. p,q, and r are natural numbers,

3. aub,>1lu=1,...,p;v=1,...,q),

4. n>0,N(u)>0,NR(h) >0,z is a complex variable and & is an arbitrary constant,

5. the series on the RHS of (1.1) converges absolutely if p < g or p = g with |I(z/2)*| < 1.

For further information on the constraints of the convergence of the RHS of the series
(1.1), we refer to Refs. [15, 16]. The V-function defined by (1.1) is of general character as
it assimilates a variety of valuable functions such as the Macrobert E-function, the expo-
nential function [4], the generalized Mittag-Leffler function [9, 23, 31, 34], the Lommel
function [8], the Struve function [26, 33, 35], the generalized Bessel function [27], the
Bessel function [5, 36], the generalized hypergeometric function [4, 32, 37, 38] and the

unified Riemann-Zeta function [7].

Some special cases of the V-function (1.1) are as follows:

(i)

(i)

(i)

(iv)

v)

(vi)

Forw=1,h=1p=P,q=Q,l=-2,u=1,(=1,6§=0,m=0,k,=0,A,=0,B; =
-1,n=1,v=-1,p=1and & = 1, the V-function (1.1) turns into a generalized
hypergeometric function (see, e.g., [4]),

V:M‘va(_zr 17 1’ 0) O; 0’ 0) _11 17 _11 l,Z) = PFQ(LZP; bQ’Z)' (12)

Foru=1v=2,w=1a,=1,b1=1,b,=1,1=1,u=1,0=2,§=1,m=0,k; =
0,41 =0,A,=0,B,=0,n=1,v=0,p =1 and & = 1/(I"(h)), the V-function (1.1)
turns into a Bessel function (see, e.g., [5]),

VH1(1,1,2,1,0,0,0,0,0,1,0,1;2) = Jj(2). (1.3)

Foru=1,v=2,w=1a,=1,b;=1,b,=1,1=2,u=1,0=1,§=1,m=0,k; =
0,A;=0,A,=0,B; =0,v=0,p =1and & = 1/(I"(h)), the V-function (1.1) turns
into the Wright generalized Bessel function (see, e.g., [5]),

vi1(1,1,2,1,0,0,0,0,0,7,0,1;2) = J] (2). (1.4)

Foru=1,v=2,w=1,a,=1,b1=3/2,b,=1,1=1,u=1,{ =2, =1,m=1,k; =
0,A1=0,4,=0,B1=1/2,n=1,v=1/2,p=1and § = 1/T'(h)I'(3/2), the
V-function (1.1) turns into the Struve function (see, e.g., [5]),

VIR3I21(1,1,2,1,1,0,0,0,1/2,1,1/2, 1;2) = Hy(2). (1.5)

Foru=1,v=2,w=1la,=1,by=(t +€+3)/2,by =(t —€+3)/2,l=1,u=1,¢ =
2,h=1,8=t,m=1,k;=0,A1=0,A,=0,Bi=-1,n=1,v=-1,p=1and

£ =2""1/{(tr + € + 1)(r — € + 1)}, the V-function (1.1) turns into the Lommel
function (see, e.g., [5]),

yLbEred2 a2 1,9, 7,1,0,0,0,-1,1,1,1;2) = S, (2). (1.6)
Foru=1v=1w=1a,=1,b;=1,1=-2,u=1,{ =1, =0,m=0,k; =0,A; =
0,B; =-1,v=-1,p =1and & = 1/(I"(k)), the V-function (1.1) turns into the

Mittag-Leftler function (see, e.g., [9, 23]),

V,#1(=2,1,1,0,0,0,0,-1,7,-1,1;2) = E, (2). (17)
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(Vﬁ) Foru = 1,V= 1,W= l,ﬂl =6l,b1 = l,l: —2,; = 1,8 :O,VI’I = O,kl = 0,A1 = O,Bl =
0,7=1v=0,p =0and & = 1, the V-function (1.1) turns into the unified
Riemann—Zeta function (see, e.g., [7]),

Va(-2,14,1,0,0,0,0,0,1,0,0;2) = ¢y(2, i, h). (1.8)

(viii) Foru=1,v=1,w=1,a,=1,b;=1,1=2,=1,§=0,m=0,k; =0,A; =0,B; =
-1,p=1v=-1,p=1,h=1,u=1,and & = 1, the V-function (1.1) turns into the
e * function,

vi(2,1,1,0,0,0,0,-1,1,-1,1;2) =™~ (1.9)

(ix) Forw=1,p=P,q=Q,l=2,u=1,¢=1,6§=0,m=0,k,=0,A,=0,B; =-1,n =
P
lv=-1,p=1,h=1and & = %, the V-function (1.1) turns into the
v=1 v
Macrobert E-function (see, e.g., [4]),

Vyth(2,1,1,0,0,1,0,-1,1,-1,1;2) = E[P; (ap); Qs (bo)iz ™. (1.10)

(x) Foru=1v=2,w=1,a,=1,b; =1,k; =0,h=1/2,1=1,u =1, =2,6§ =0,m =
0,41 =0,A,=-1,B; =0,n=1v=-1/2,p =1 and £ = 1, the V-function (1.1) turns
into the cos z function,

VvEhU2LL(1,1,2,0,0,0,0,-1,0,1,-1/2,1;2) = cos z. (1.11)
(xi) Foru=1,v=2,w=1,a1=1,b; =1,k; =0,h=1/2,l=1,u=1,0 =2, =2,m =
0,41 =0,A,=-1,B; =0,n=1v=-1/2,p =1 and £ = 1, the V-function (1.1) turns
into the sinz function,

VvEhU2LL(1,1,2,2,0,0,0,-1,0,1,-1/2,1;2) = sinz. (1.12)

To proceed in our next investigation, we need to recall the following Oberhettinger inte-
gral formula [28]:

o . b\ TV (y - A
/ 2N z+b+ V22 +2bz) T dz=2yb7" = M, (1.13)
0 2 ra+r+y)
provided that 0 < 91(A) < 9i(y). Also, we need to recall the Lavoie—Trottier integral formula
[18]:
1 21 y-1 2y
_ - 2\7 TI'(y)r)
1 _ 11 % 1-2) a4 =(2) 222 1.14
/0 77 (1-2) ( 3 1) “7\3) To+y (1.14)

provided that R(A) > 0, R(y) > 0. For further investigations of the function, the reader may
be referred to the recent work of [1-3, 20, 24, 25] and the references therein.

However, the main object of this paper is to establish certain new integrals involving
the V-function. The results are presented as theorems and corollaries that may potentially
be very useful. At last, we establish special cases of our main results connecting various
special functions.
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2 Main results
In this section, we establish four generalized integral formulas for the V-function. These

formulas are given by the following theorems.

Theorem 2.1 Let A, y,a € C; ,¢,8,m,v,p,k,, Ay, By € N; bp,q,r €N; a,,b, >1, 1>
0, R() > 0,N(h) > 0,N(x) >0,z > 0 and & > 0 be arbitrary constants, such that 0 < R(L) <
NR(y + a(ng + hdé + m)). Then the following integral holds true:

o0
/ LAY yauhbs (l, W ¢, 8,m, kyy, Ay, By, 1, v, 03 %) dz
0

“Aph— - =" 1—[17: (@) nik, )+ mm + U)iﬂ(y/Zba)n“hMm
=21 pr (2 u-1 u
( )S ;12:0: Z:l[(b")ﬂﬂ“v] nrw:l[(h)nnp+BW]
T(y +a(ng +hé + m) + DT (y — A + a(ng + hd + m))

L(y + 2 +ame +hé +m) + DD (y + a(ne + hé + m))’

where A = (z+ b + /Z% + 2bz).

Proof For the convenience of the reader, we denote the left-hand side of (2.1) by J;. There-
fore, by invoking (1.1) in the integrand (2.1) and interchanging the order of integration and
summation, which is verified by the uniform convergence of the involved series under the

given conditions, we get

L [’} (—l)n zzl[(au)wrku](h"' nn + v)—lt(y/z)nCJrhMm
S1=¢ ; Z=1 [(By) 14, ] H;:l[(h)nn/”gw]

o0
x/ AL~ (rali+hsem) g (2.2)
0

Hence, on applying the integral formula (1.13) for the integral in (2.2), we, under the valid

conditions, obtain the following expression:

L 00 (=) zzl[(au)wrku](h + 0+ v)—li(y/Z)n§+h6+m
o é ; 3:1 [(bv)n+Av] H;/:I[(h)”"p*'Bw]

b A
x 2(y +a(ng + hd + m)) (5) pl-(y vt ché+m)

CRMC(y +a(ng + hé +m) - 1)
IF'A+y +a(ne +hd+m)+A)

iy e DT (@) naie, 1O+ i+ ) (y/2b% ) o em
— 21 Abk y u=1 u
%‘ ; 3:1[(bv)n+A,,] l_[;,=1[(h)nnp+3w]
FCMNTA+y +a(ng +hé + m)T(y + a(ng + hé + m) — 1)
'y +a(me +h§ +m)L(1+y +a(mg + hé + m) + A)

which is the desired result. O

Theorem 2.2 Let A, y,a € C; ,¢,8,m,v,p,k,, Ay, By € N; b,p,q,r €N; a,,b, >1, 1>
0, N() > 0,N(h) > 0,N(x) >0,z > 0 and & > 0 be arbitrary constants, such that 0 < R(L) <
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Ry + a(ng + hé + m)). Then the following integral holds true:

2
/ A VV““’”’V<I 88,1, kyy Ay By 1, v, p,A )dz
0

2Ty SZ( D Ml 0

v n+AV] Hw 1[ nnp+BW]

( y )"“h‘”m C(y + a(m + hé + m) + )T 2\ + 2a(ne + hé + m)) 2.3)
N .

Qe+l (v + A +20(ne +hé + m) + DI (y +a(ne + hd +m))’

Proof By following a technique similar to what has already been used in the proof of The-
orem 2.1, we can easily prove the integral formula (2.3). Therefore, we omit the detailed

proof. O

Theorem 2.3 Let A,y,a € C; [,£,8,m,v,p,k,, A, By € N; pqr €N; ay,b, > 1, 1>
0,R() > 0,N(h) > 0,R(x) >0,z > 0 and & > 0 be arbitrary constants, such that 0 < R(L) <
NR(y + a(ng + hé + m)). Then the following integral holds true:

1
/ ZA—I(l _ Z)Zy—lSZA—l Ty—l
0
x Vauwhbs (L, ¢, 8,m,kyy Ay, Byy v, p3 (1 = z)? T%) dz

(=0)" (ﬂu)n+ku](h 4 )y 2)
=(=) Irx
(3> - Z T (B nea Ty [(8) e, ]

I'(y +a(ne + hd + m))
(A +y +a(ng +hé +m))’

(2.4)

where S=(1-%)and T =(1-3).

Proof For more convenience, we denote the left-hand side of (2.4) by J,. Therefore, by
invoking (1.1) in the integral part of (2.4) and interchanging the order of integration and
summation, which is verified by uniform convergence of the involved series under the

given conditions, we obtain

o 00 (=1)" i=1[(au)l’l+ku +](h +nn + v)_/"(y/2)"{+h6+m
J2=§& Z 11 [B)nea, Tt [(Byng e, ]

1
X/ A— 1(1 Z)2y+201 (n¢ +hé+m)— ( )2)» 1( )y+a(n{+h8+m)—l dz. (25)
0

Now, upon applying the integral formula (1.14) to the integral part of (2.5) we obtain the

following expression under their valid conditions:

L [’} (—l)n zzl[(au)wrku](h"' nn + v)—u(y/Z)HCJrhMm
S2=8 Z q=1 [(By) 14, ] H;:l[(h)nn/”gw]

N\ T (y +a(ng +hé + m))
x <_> F'A+y +amg + hé + m))

3
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2 a B+ nn + v) T (y[2)Ehsm
_ (_) F(A)SZ 1[ u)n+ku]( n ()/
3 1[(b n+AV] HW 1[(h)nnp+BW]

C'(y +a(ng + hé + m))
x (A +y +a(ng +hé +m))’

which is the desired result. O
Theorem 2.4 Let A,y,a € C; [,£,8,m,v,p0,k,,A,By € N; pqr €N; ay,b, > 1, 1>

0,M() > 0,N(h) > 0,R(x) >0,z > 0 and & > 0 be arbitrary constants, such that 0 < R(L) <
Ny + a(ng + hé + m)). Then the following integral holds true:

1
/ 2L =) ST s b (1, 1,8, m, Koy Ay, By, v, 0392 ™) dz
0

2\ 2* 0 (=" P_l[(au)mk 1(h+nn+ v)_“(y/2)”§+h5+m
= - r u= u
(3) (y)%- Z 3:1 [(bv)n+Av] 1_[:1/=1 [(h)ﬂrlp+Bw]

) (2>2a(n{+h5+m) C\ + a(ne + hé + m))

3 T(h+y +a(ng +hé +m))’ (2.6)

Proof By following the proof of Theorem 2.3, step by step, Eq. (2.6) can easily be obtained.

Hence, we omit the detailed proof. d

3 Special cases

In this section, we aim to present some special cases by adopting certain advisable values
of the parameters imposed on Theorems 2.1, 2.2, 2.3 and 2.4. Indeed, such constraints
led up to certain interesting results concerning generalized hypergeometric functions,
Bessel functions, Wright generalized Bessel functions, Struve functions, Lommel func-
tions, Mittag-Leftler functions, Riemann—Zeta functions, exponential functions and Mac-
robert E-functions as follows.

(i) By insertingw=1,h=1p=P,qg=Q,l=-2,u=1,¢ =18 =0,m=0,k, =0,A, =
0,Bi=-1,n=1,v=-1,p=1and & =1in Egs. (2.1), (2.3), (2.4) and (2.6), the V-function
turns into the generalized hypergeometric function [4]. Moreover, by applying the result
([6], Eq. (2.1.2.2), pp. 34)

(B)an = a™" [ﬂ i 1} (3.1)
i=1 n

o

under the assumption that the conditions of Theorems 2.1-2.4 are employed, we, respec-

tively, get

/ 2 1A- pFQ <ﬂp, bQ, ) dz
0

CVC(y - 1)

— pl-Apr-y
4 Frh+y+1)

1+y 2ty y+a
ai,az,...,ap; » g T Ty

1+ +a-1
bl) b2) bQ, ) V ) Z )

X P+2(XFQ+2O( |:
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o o ?
Aty+l Ay+2
a 7 o«

& 2
/ Z)‘_IA_VPFQ <6lp; bQ; y—) dz
0 A

TEMC(y - 1)

yb“":| , (3.2)

a
rty+a
7«

1-ApA—
=27y
Fr+y+1)
l+y 2+ +o
aliaZV'-’aP;Tery 1VT
X P+3aFQ+3a b b b y l+y y+a—1
1O UQrgr =g " T
24 2241 0 22+2a-1
207 2a 7 2 —o
AMy+l Ay+2 0 A4y +2a 2 Y (33)
20 7 2a 7 2a

1
/ 271 =2 1S UTY  pFoaps baiy(1 - ) T*) dz
0

2 cr Ly ysecl

Aty 1+r+ Ay+a-1
3 bl,bg,...,bQ;Ty,Ty"',yT

y] , (3.4)

1
/ 271 - 22 NP THTY T pFo (aps boi y(2)*S*) de
0

A 1+A Ata—1
al}“Zwu,aP;E;T"') PR

2X
= <§> B(y:)\-)PﬂxFQHY |:b1,b2,.~;bQ; )%, Ladvy , %

o

@) e

(ii) Puttingw = Lu=1l,v=2,w=1a1=1,b1=1,bp=1,1l=1L,pu=1¢=28=1m=
0,k; =0,41 =0,4,=0,B;=0,n=1,v=0,p =1 and & = 1/('(h)) in Egs. (2.1), (2.3), (2.4)
and (2.6), the V-function turns to a Bessel function [5]. By applying the result from ([6],
Eq. (2.1.5.3), pp. 38)

o é B+1
(Ban =2 (2>< 3 ) (3.6)

when the conditions already imposed on Theorems 2.1-2.4 are applied, we, respectively,

have

f A7), (%) dz = 276 (3
0
L TeONy +h-2)
FA+y+h+ 1)1+ h)

2+y+h y+h=-A l+y+h-\
X3F4 2 2 2 2

+h 1+y+h+h 2+y+h+h
R

y 2
)] -

/ A7, (yzz) dz =27y (y 4l

0
T(y = Ik + b (222
X
T(h+1)(& +y + 102y (222

y+h y+h+2 p+h+l 2242h+1 2)+2h+3 y2
2 ’ ) ’ ’ 4 _ 7
X 5Fs By 1, Yl Ly ahe2h 24y a2 Sty+ds2h vy +r+2h 16 |’ (3.8)
R R A
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1
f 27N (1= 22 SPNTY b1 - 2°T) de
0

A A I N .
3) \2) Th+1) 7| her, Bt 2epeh| ™y | :
1
/ 2N (L= P NTY i (y2S?) dz
0
i 2 21 y hMF %,%: _4_)/2 (3.10)
3 3] Th+1) *° h+1,—“}’§h+1,_“32’+h 81 | :

(iii) Putting u = L,v=2,w=1,a1=1,b1 =1,b,=1,1=2,u =1, =1, =1,m=0,k; =
0,41 =0,A,=0,B;=0,v=0,p =1and & = 1/(I'(h)) in Egs. (2.1), (2.3), (2.4) and (2.6), the
V-function turns to a Wright generalized Bessel function [5]. Similarly, upon using the
result (3.1) under the assumption that the conditions in Theorems 2.1-2.4 are applied,

we, respectively, get

OOA—IA—;/U l d
/(;z I e |

CERAC(y —A)
Fh+1DI'A+y +1)

— 217}\ b)\fy

o o 7w ?
X ZOIFZOH'? h+l h+2 hin y lty . ytre-l
r] ) ﬂ PR RS .r] ) a’ a ) o

7 }, (3.11)

’

y=h y-r+l o y—Ata-l
o’ « ? a
Aty+l Ay+2 0 Atyto
a 7 o« 7«

* z¥
A=l g=v 1 Yl
/0 z Ty <A0‘ ) dz

T@M)(y - A)

benn

:21—)\bk—y
F'h+1)T(A+y +1)
a’ «a 7o’
XsaFsaen | p1 o " hn oy 1o ysen
7] ’ r’ PR n ’Ol’ o ) o ’
2% 241 23420-1
207 2a ’ 20 _ ) (3 12)
Ay+l A4y+2 0 Ay+2a 20 4 ¢
20 7 2« 7 2a n

1
/ Z)»—l(l _ Z)Zy—l(S)ZX—l(T)y—IIZ (y(l _ Z)2ot Tot) dz
0

2\? B(y, 1)
:<§> T(h+1)
vy Ly | yte-l y
X oFon |:}L1 ) a;ﬁ Aty ’1+)ﬁy .’” Ayta-1| " _n] ) (3.13)
n b n PR ] '7 ) o ) o ’ o n

1
/ Zx—l(l _ Z)Zy—l(S)2A—1(T)y—1]Z (yZaSZa) dz
0

{2\ B(y,»)
‘(5) T(h+1)
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A 1+d 0 Aol 4\ ¢ y
a’ 7w’
x aFOHTI htl h+2 +n Aty l+hty Aty+a=1| " (5) ' (3.14)
A EERE I T v v S 7]
n n n o o o4

(iv) By inserting u = 1L,v=2,w=1,a1 =1,b1 =3/2,b, = 1,l=1,u =1, =2,6§ =1,m =
1,k =0,A1 =0,42,=0,B1 =1/2,n =1,v=1/2,p =1 and & = 1/T'(h)I"(3/2) in Egs. (2.1),
(2.3), (2.4) and (2.6), the V-function turns to a Struve function [5] and, by using the result

(3.1) under the assumptions of Theorems 2.1-2.4, we, respectively, arrive at

/ 1A VHh< )dz
o A

h+1
= ol-h ph—(y+a(h+l)) (V +alh+ 1»(3’)

Ty =4 +alh+1))
T +r+y+ahi+ )IGI2+HIER)

1 l+y+a(h+l) 2+y+a(h+1) y+a(h+1)+2a
F. ’ 20 ’ 20 7o 200 ’
X 1+4a L2440 y+a h+1) L+y+a(h+l) y+a(h+1)+20-1
3/2,h +3/2,
) Za PR ] Za ’

y=rt+a(h+l) y-r+a(h+1)+1 y A+u(h+1)+2a 1 yz

20 4 20 ree
T+y+a(h+l)+h 24y +a(h+l)+) y+k+a(h+1)+2a - 4% ’ (315)

20 ’ 20 [ 20

o0
/ 1A H, <E> dz
0 A

h+1
= gl-(tra(h+l)) ph-y (V +alh+ 1)) (g)

'y =A@+ 2a(h + 1))
(%) (h+ A +A+y +2a(h+1))

2A+2a(h+1) 2A+2a(h+1) 20 +20(h+1)+20-1

X F. 7 2a ’
1+4at 2+6a 3/2, h+3/2 y+a h+1) y+a(h+l) y+a(h+1)+2a-1

2a LA 2a ’

y2
- 1_6:| , (3.16)

1
/ 2 (12 NPT T Hy(y(1 - 2 T%) dz
0

(2 2 y "1B(y +a(h+1),1)
_<3> (2) I'(h+3/2)[(3/2)

y+cx(h+1)+l y—r+a(h+1)+2 y—k+oz(h+1)+2at—l

2a 2a o
1+y+2a(h+1)+A 2+y+20¢(h+1) y+ita(h+1)+20
4o ’ 4a T 2a

1, y+a(h+l) l+y+a(h+l) y+a(h+1)+2a-1 2
% 112 F 2a 3w et 2 361
142082420 | 3 W+ 3 A+y+a(h+1) Aty +o(h+1)+1 A+y+a(h+l)+2a 1 4 |’ .
27 27 2u 2u [ 2a

1
/ Z)L—l(l _ Z)ZV—I(S)ZA—I(T)y—th (yzozSZa) dz
0

12 z<x+a<h+1>>(y)h+13(y,x+a(h+1))
(3) T+ 3T G7)

3 2

1, Ata(h+l) 1+d+a(h+1)

X F. 200 20 ’
142052420 | 3 hyd A+y+a(h+l) Aty ta(hrl)+1
2 27 20 20 ’
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. aa(rtl)+20-1
? 20
Aty +a(h+l

+1)+2a—1
’ 20

a2
_(;_f) %:| (3.18)

(v) By inserting u = 1,v=2,w=1,a; = 1,b; = (t + € + 3)/2,by = (t — € + 3)/2,] =
Lu=1,¢t=2h=16=1,m=1,k =0,A1=0,A,=0,B;=-1,n=1,v=-1,p=1and
£ =2""1{(t + € + 1)(r — € + 1)} in Egs. (2.1), (2.3), (2.4) and (2.6), the V-function becomes
a Lommel function [5]. By using (3.1) with conditions imposed on Theorems 2.1-2.4, we,
respectively, obtain

/ AT, (YA dz
0

~ 21—Abk—(y+a(r+1))yr+l(y +a(t+1)

- (t—e+1D)(t+e+1)
FRAMC(y +a(t +1)—-A)
FrA+y+a(t+1)+1)

1 l+y+a(t+l) 2+y+a(r+l) y+a(t+1)+2a
X F. ’ 20 ’ 20 (AR 20 ’
1+da b 244 | 143 74643 yra(t+l) liy+o(r+l) yra(t+1)+20-1
2 7 2 200 20 reee 20 ’
y=it+a(r+l) y-A+a(r+1)+1 y—rt+a(r+1)+2a-1 2
20 ’ 20 7 20 _ ) (3 19)
l+y+a(t+1)+A  2+y+a(t+1)+A y+it+a(r+1)+2a 4h2 ’ ‘
20 ’ 20 [ 20

o0
/ 27147 Ste (yz“A"") dz
0

21—(x+a(r+1))bx—yyr+1(y +0l('( + 1))
- (t—e+1)(t+e+1)
FRA+a(r+1)I(y —2)
FA+y+a(t+1)+1)

+y+a(t+ +y+a(t+ y+a(t+1)+20
1L (z+1) 2 (z+1) (t+1)+2
X F ’ 20 ’ 20 [ 20 ’
14608 2460 | 1_¢4+3 T+e+3 y+a(t+l) liy+a(r+l) y+a(t+1)+20-1
2 7 2 200 7 20 reeed 200 ’
20+20(t+1) 2A+2a(r+1)+1 20 +20(t+1)+4a -1 2
% ’ 4o reee % _ ) (3 20)
1+y+2a(t+1)+r  2+y+2a(r+1)+) y+i+20(t+1)+4a 4o+l ’ .
%% ’ %% reee %%

1
/ 21 -2 NPT ' Se e (y(1 -2 T%) dz
0

B (2)2* B(y +a(t +1),1)
- (

3 T—e+1)(t+e+1)

y+a(t+l) l+y+a(t+l)
1, prelesl) Liysaleel)
ol

b za )
T—€+3 T+e+3 Ay+2a(r+l) l+a+y+2a(r+1)
2 7 2 7 20 ’ 2u ’

- %2} ) (3.21)

1
/ Z)L—l(l _Z)Z]/—lsa)u—l j'vy—lsr,E (yZO(52C() dz
0

X 142aF2420 |:

o yra(m+l)+2a-1
’ 2a

o Ay +2e(t+1)+20-1
’ 2a

~ <2>2(“a(”1)) B(y,r+a(t +1))

3 (t—e+1)(t+e+1)

Page 10 of 17



Chandak et al. Advances in Difference Equations (2020) 2020:560

1 Ma(t+]l) l+i+a(r+l)

X F. ’ 20’ 20 ’
1420824200 | 1-¢43 T+e+3 Ay+a(r+l) liaty+a(r+l)
2 7 2 20 ’ 20 ’

¥ [(4\*
-2(5) } (3.22)

(vi) By inserting u = 1,v=1,w=1l,a; =1,b1 =1,1=-2,u=1,( =1, =0,m =0,k =
0,A1 =0,B; =-1,v=-1,p=1and & = 1/(I'(h)) in Egs. (2.1), (2.3), (2.4) and (2.6), the V-
function becomes a Mittag-Leffler function [9, 23]. By using (3.1) with the understanding

.. Ma(T+)+2a-1
’ 2a
Ay +a(t+1)+20-1
’ 2a

that the conditions of Theorems 2.1-2.4 are applied, we, respectively, obtain

o0 y
/ ZTATE,, (—> dz
0 AY

TMC(y —A)

=21 () s
rMHrx+y+1)
1+y 2+y ... rta
F ) o ’ o ) o )
X 14202040 | pe1 hin-1 y 1l+y y+a—1
;;T:u'; n !E} P R} a )
y—A y-i+l y—Ata—1
o e T a Y (3.23)
A+y+l A+y+2 Aty +a benn ’ ‘
p , o e, p n

*° v
/ z*_lA_VEh,,, <y—> dz
0 A

I'(y-A)

1-Aph—
=270 (y)
Fh+1)F(A+y +1)
1+y 2+y y+a
F e T a
X eBalBaen | j g hen oy lay [ yre-l
.q) n PR 77 }af o ) o )
2% 2241 . 2A+20-1
20’ 2« ’ 20 J (3 24)
Ay+l Ay+2 0 Ay+2a 20N 4 ‘
20 7 20 7 2a n

1
/ 27 1 =2 ST, (y(1 - 2% T) dz
0

(2 B(y,»)
\3 L'(h)
1, % Ly | yre-l y
X 1+aFan Bkl Jan-1 aM_y 1+x+3'“ Ay +a—1 ﬁ ) (3:25)
r]’ n 10 r] ) o ) o ) o
1
/ 21— IS T E, , (y24 S™) dz
0
(2 B(y,»)
“\3 (k)
A 1+ Ata—1
% 1aoF, PRI e (3.26)
Lralatn | p g1 hen=1 Ay leddy  hyta-l 9 n . .
r], n PR r] ) o ) o ’ o

(vii) Puttingu =1,v=1,w=1,a;=a,b;=1,1=-2,{ =1, =0,m=0,k; =0,A; =0,B; =
0,n=1,v=0,p=0and & =1in Egs. (2.1), (2.3), (2.4) and (2.6), the V-function turns into
a unified Riemann—-Zeta function [7], and by using (3.1) under the conditions imposed on
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Theorems 2.1-2.4, we, respectively, get

/ AT ¢, (yA™, 1, h) dz
0

— ol-hpry

Z (@)ul(y =A+an)TRAT(y +an+1) ( >
(h+m)*T(y +an)L(A+y + 1+ an)n! ’

/ )\ lA V¢a<yz ,M,h)dz
0

— ol-hph-y

2 (@) Ty = AT @A+ 2am)T(y +an+1) (y\"
x X:(; (h+m)“T(y +am)T(A +y + 1+ 2an)n! <_> ’

1
A ZA—I(l _ Z)Zy—lSZA—l Ty_ld’a (y(l _ Z)Za Ta) dz
( )” i (@T(y +anl() <y_ >
3 (h+m) Ty + 2 +an)\ n! )’
1
'/‘0 Zk—l(l _ Z)Z)/—ISZA—I Ty—ld)a (yzotSZOt) dz

(2 & @ LT +an) [(2\*y"
_(g) ;(h+n)“F(y+k+an)<§) n’
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(3.27)

(3.28)

(3.29)

(3.30)

(viii) Puttingu=1,v=1,w=1,a,=1,b1=1,01=2,=1,§=0,m=0,k; =0,A, =0,B; =
-Lp=1Lv=-Lp=L1Lh=1u=1,and &§ =1 in Egs. (2.1), (2.3), (2.4) and (2.6), the V-

function turns into a e function and, by using (3.1) under the conditions imposed on

Theorems 2.1-2.4, respectively, we get

FeVriy -»)
/ )\lAye(yAa)dZ 21Abky() 4
0 Frh+y+1)
’ ) ’ ) ) _o
X20¢F20¢ Za 11—_)/0[.“ y+a0i1 A(:y+1 g+y+2“. Afyﬂx _yb ’
a’ « oa o’ o« -
/ 2TATY 0 gy
0
TEMT(y - 1)
R
FA+y+1)
Liy 2ty | yte 2 2l el
X 2 F a’ 7oa 20’ 2u ’ 20 _l
3ad 3 y Ly . yra=l Ady+l A4y+2 0 Aty+2a 2u ’
a’ « a7 20’ 2w 7 2a

1
/ ZA—I(l _ Z)zy—lszx-1 Ty—le—(y(l—z)z"‘T"‘) dz
0

20
- (%) By, )

(3.31)

(3.32)
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Aty l+dty 0 Adyta-l
a’ « ? o

v oLy oyl
XF o’ o ’ o«

—J’j| ) (3.33)

1
/ Zk—l(l _ Z)Zy—ISZA—l Ty—le—(yz"szo‘) dz
0

2 2%

ALk dtacl
a’ o 7«
x F A+y l+at+y Aty +a-1
o

o o ’

4 o
- <§> y:| . (3.34)

(ix) Puttingw=1,p=P,q=Q,/=2,0=1,(=1,§=0,m=0,k, =0,A,=0,B; =-1,5n =

Ww=-1p=1k=1andé& = ?{ 1“‘;“; in Egs. (2.1), (2.3), (2.4) and (2.6), the V-function
v=1 V.

turns into a Macrobert E-function [4]. Moreover, by using the result (3.1) with conditions

already imposed on Theorems 2.1-2.4, respectively, we get

/OO z'\lAVE< ,(ap); Q, (bQ) ) dz
0

o T(@) 2207 T(y + DTV (y - A)

I TG FOICG+y +1)
1ty 2+y y+a
a1, az,...,ap; y T, Ty T
X P+2aFQ+2a & 1+ya y+aoil
blrb21 bQ, ) Uy T 0
y=r y=itl  y—Ata-1l
)L(:y+l g+y+2 A+y+o¢ yb (335)
N

o 1
MATE( Py (ap); Q, (bo); d
/0 z ( (aP)Q(Q)yZO‘A_“) z

T D@ 22407 T(y + DTV (y - A)

MY, ro,) P +y+1)
a1, a,...,ap; 1+V’2TT]/...’]/aﬂ,

X P+3aFQ+3a 1 -1
bl;bZ; bQ, s +V... yta-_

20 2241 0 204201
20’ 2« ’ 20 -

Ay+l Ay+2 0 Ay+2a 2 Y (336)
20’ 2« 7 2a

1 1
211 — )2 18221 v-1E( P (ap); Q, s ——————— | d.
/0 2711 -2)*Ls ( (ap); Q, (bg) a —z)2°‘T°‘> z

_ 2 ZAB Y l_[i:lr(ﬂu)
=\3 2 )Qi

[, T,

ai,as,...,a ,V,1+V...,LH
XPHYFQHY b )LP+y 1+g+y Afyﬂx—l
bl!bZ’---)bQ) a2’ « —

o

- y:| ) (3.37)

’

L 1
/0 A1 = ) lgPl - 1E(P (ap); Q, (bo); ZaSZot)dZ

2)” [To-1 (@)
=|3) B N=g =~
<3 H?:l F(bv)
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20 1421 2A0+2a-1 o
A1, A2+ AP 550 50 0T 5y 4
X ps2aFQioa b b bys MY Ldty ry+20-1| 7\ g Y- (3.38)
U2 PQ 5570 Ty T 2

(x) Insertingu=1,v=2,w=1,a1=1,b1=1,ki =0,h=1/2,1=1,4=1,{ =2, =0,m =
0,A1=0,A2=-1,B1=0,n=1,v=-1/2,p =1 and & =1 in Egs. (2.1), (2.3), (2.4) and (2.6),
the V-function turns into a cosz function and, by using (3.1) under the assumptions of
Theorems 2.1-2.4, we, respectively, get

[o¢]
/ Z7TA cos (yA™) dz
0

V(- )

=25 ()
FA+y+1)
Ly 24y o yd2e yoh y-dtl o y—hidacl y?
200 7 2 7 20 207 2« ’ 20
X4‘1F40‘+1 1 y 1ty 0 y+2e-1 A4y+l A4y+2 0 A4y +2a _4-b2°‘ ’ (339)
27 20’ 2 720 7 20 7 2 7 2a
00
/ Z"1A7Y cos (yz“A_“)dz
0
1-ApA—y F(z)\)r(y_)\)
=2
FrA+y+1)
l+_)/ 2+_y Y +2a 21 2A+1___ 2 +4a—-1 y2
20 7 2« 7 20 ?4a’ da 7 da
X 6aF1+6a 1 vy l+y . y+20-1 A+y+l My+2  Aty+a _4a+1 ’ (3.40)
27 20 2a 7 20 7 4o’ 4o 7 4a
1
/ 2711 - 2)? 1§ T cos (y(l —z)*™ T"‘) dz
0
21
2
r Lty o ytle-l 2
20’ 2« ? 2 7
X 20F 1424 1oty Lriey | daps2e-1]|T g [0 (3.41)
27 20’ 2« ’ 200

1
/ 271 -2 1S T cos (y2*5*) dz
0

2 2%

ALt At2e-l 16\ % y?
% o F 2a” 20 7 2 _ == y_ (3 42)
208 1+20 1 Ay ity  Aty+2e-1 81 4 : :
27 20’ 2« ’ 20

(xi) Puttingu=1,v=2,w=1a1=1,b1 =1,k =0,h=1/2,l=1,u =1, =2, =2,m =
0,A;=0,A,=-1,B;=0,n=1,v=-1/2,p=1and & =1 in Egs. (2.1), (2.3), (2.4) and (2.6),
the V-function turns into a sinz function, then by using (3.1) under the conditions on
Theorems 2.1 to 2.4, we, respectively, get

/ Z7VAT sin (yA™) dz
0

FrAMCy -1 +a)
FA+y+a+1)

— 21—Abk—y+a(y + Ol)

Ity+a 2+y+o  y+o+da

20 7 2« 7 2k
X4‘1F40‘+1|: yro liy+a  yro+2e-1

3
27 20’ 2« ’ 20 ’
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y—hta y—itoa+l - y-A+o+2a-1 2

200’ 20 ’ 2a _ ) (3 43)
My+o+l Aty+a+2  Ay+a+la 4bh2 |’ :
200 20 ’ 20

[o¢]
/ Z7TAT sin (y2*A™) dz
0

CQ2A+2a)T(y —A)
F'A+y+1+2a)

— 21—A+ab)»—y (J/ + O{)

Ityt+a 2ty+a  ytot2a
20 7 2« 7 2w 7
X 60‘F1+60‘ 3 yta lty+e  ytat2e-1
27 20’ 2« ’ 2a ’
20420 2A+2+1 . 2A+20+4o-1 2
da 7 4o ’ 4a _ J (3 44)
Ay+20+1 Aty+2042 Aty +2ot+do 4o+1 ’ :
4o ’ 4o ’ 4o

1
/ 2711 = 2)?r 12ty -lgin (y(1- z)% T%)dz
0

2 2X1
=\ 35 B()’ +a, )\')y
3
v+oa liy+a o y+o+2e-1 yz
20 7 2 ’ 2a 7
X 2aF1424 3 Myto leddy+a o Adysaddo-1| T 4 |7 (3.45)
27 2o 200 ’ 200

1
/ 2711 - 2)? 1S T sin (y22S™) dz
0

2 2042«
=<—> B(y,A+a)y

3
Ata l+dta 0 Atot2e-1 16 o, 2
207 2« ’ 20 - y_
X 20F 1400 3 Myte leddy+a o Adysaddo-1| T (81) 4 | (3.46)
27 2o 20 ’ 20

4 Concluding remarks

In the present paper, we have investigated some new integral formulas involving the V-
function, which are expressed in terms of suitable special functions. Also, we have eas-
ily seen that the exponential function, the Mittag-Leffler function, the Lommel function,
the Struve function, the Wright generalized Bessel function, the Bessel function and the
generalized hypergeometric function are special cases of the V-function. Therefore, the
results presented in this paper are easily converted in terms of various special functions
after some suitable parametric replacements. The V-functions are associated with a wide
range of problems in diverse areas of mathematical physics, for example, neutron physics,
plasma physics and radio physics. So the results presented in this paper may be applicable
in the theory of mathematical physics as well.
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