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Abstract

A simple deterministic epidemic model for tuberculosis is addressed in this article.
The impact of effective contact rate, treatment rate, and incomplete treatment versus
efficient treatment is investigated. We also analyze the asymptotic behavior, spread,
and possible eradication of the TB infection. It is observed that the disease
transmission dynamics is characterized by the basic reproduction ratio Ry; if Ry < 1,
there is only a disease-free equilibrium which is both locally and globally
asymptotically stable. Moreover, for iy > 1, a unique positive endemic equilibrium
exists which is globally asymptotically stable. The global stability of the equilibria is
shown via Lyapunov function. It is also obtained that incomplete treatment of TB
causes increase in disease infection while efficient treatment results in a reduction in
TB. Finally, for the estimated parameters, some numerical simulations are performed
to verify the analytical results. These numerical results indicate that decrease in the
effective contact rate A and increase in the treatment rate y play a significant role in
the TB infection control.

Keywords: Tuberculosis; Deterministic model; Basic reproduction ratio; Local
stability; Global stability; Lyapunov function

1 Introduction

Tuberculosis (TB) is an infectious disease caused by mycobacterium tuberculosis, which
most frequently affects the lungs (pulmonary TB). However, in rare conditions, brain, kid-
ney, skin, spinal cord, and central nervous system are also affected. It is an ancient disease
whose existence evidences are found in the relics of ancient Egypt, China, and India [1]. TB
is a communicable disease and can be spread through air by active pulmonary TB patients
that propel the TB bacteria into the atmosphere by spit, cough, or sneezing. An individ-
ual needs to breathe in few TB bacteria to become infected. Approximately 10 percent of
infected individuals develop active TB disease, while the remaining 90 percent remain in
their latent stage. Latently infected individuals do not transmit TB infection as they are
asymptomatic. Moreover, individuals with immune compromised diseases (HIV and di-
abetic patients) are at higher risk of TB infection. The symptoms and signs of active TB
include: coughing that lasts for about two weeks, fever, chest pain, weight loss, fatigue,
night sweats. TB is a curable infectious disease using drug therapy [2]; however, inappro-
priate or incomplete treatments can cause a severe resistant form of TB. Although BCG
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vaccine is available to control TB, its effectiveness to prevent the disease is still controver-
sial, with a reported efficacy rate of 50 percent [3].

In spite of significant work done in TB control and treatment, still one-third of popula-
tion across the world is latently infected, producing a source for active TB in the future.
Globally, in 2018 about 10 million TB new cases were reported, causing more than 1.4 mil-
lion deaths. Besides this, approximately 1.2 million TB patients died with HIV-negative
and 0.25 million people died with HIV-positive in 2018. Most of the deaths were reported
in middle and low income countries like India, Nigeria, Indonesia, Pakistan, Philippines,
and South Africa. Southeast Asia contributed approximately 44 percent incidence of TB
worldwide [4].

Mathematical modeling has a great role in predicting the transmission dynamics and
construction of control strategies for a disease. These models also enhance our knowl-
edge about the basic transmission dynamics of the diseases. Distinct models for TB
transmission dynamics have been developed [5-9] either to provide strategies for TB
spread/control or to evaluate its rampaged effect. In 1962 the first model for TB trans-
mission was formulated by Waaler and Anderson[5]. Okuonghae [9] presented a model to
study the impact of heterogeneity in transmission of TB. Yang et al.[10] studied TB trans-
mission models in which they investigated incomplete treatment and studied the role of
slow and fast transmission on the TB infection. Zhang and Feng [11] proposed a TB model
to study its spread in a host population incorporating incomplete treatment and isolation.
Trauera etal. [12] proposed a model investigating the transmission of TB infection in badly
endemic areas of Asia-Pacific. They studied the impact of partial and temporary vaccine
efficacy. Liu and Zhang [13] developed a TB model to study the role of treatment and vac-
cination on TB transmission. Their results showed that TB can be controlled if treatment
rate or vaccine rate or its efficacy maintain a specific value of threshold.

Keeping the above-mentioned literature and discussion in mind, in our present work
we are going to develop a TB transmission model in order to study its dynamics. On the
basis of this model the role of efficient treatment and incomplete treatment will be stud-
ied. Further, to show the stability of equilibrium states, the Lyapunov—LaSalle method will
be used as in [14]. In this connection, the total host population is separated into five dis-
joint groups, namely susceptible S(¢), exposed stage E(¢), active TB stage I(¢), which is also
termed infectious, treated population 7'(¢), and recovered population R(£). The parameter
7 shows the recruitment rate which occurs in the susceptible class only. Susceptible in-
dividuals acquire the TB infection from infectious individuals as a result of close contact
with each other at a rate AS(¢)(I(¢) + BT (¢)), where X is the effective contact rate, while
B(0 < B < 1) shows reduction in infectiousness depending on the stage of treatment. The
natural death rate is n, while the disease-related death rates are §; and 8, respectively for
infectious /() and treated T'(¢) classes with §; > §,. o expresses the transfer rate from class
E(¢) to class I(t). Parameter y shows the treatment rate for infectious class. The individu-
als leave the treated class at a rate 6, a fraction p6 T of which enter the recovered class due
to efficient treatment and (1 — p)0 T reenter the exposed class due to incomplete or inap-
propriate treatment. The parameter p (0 < p < 1) reflects the part of efficient treatment.
It is assumed that at the exposed stage individuals do not cause infection and the treated
individuals can cause infection i.e. can transmit the TB infection. The aforementioned as-

sumptions about the transmission model and the transfer process among distinct classes
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lead to the following system of autonomous differential equations:

B~ —ASU+BT)-nS,

2 _ASU+BT) - (n+a)E+(1-p)oT,

%:aE—(n+81+y)1, (1)
AL —yI—(n+8,+0)T,

R —poT - nR.

To write model (1) in a simple form, we use the following substitutions:
hi=n+a, hy=n+68+Yy, h3=n+8,+6.
Thus, model (1) will take the form

LB~ —-ASU+BT)-1S,

2 _AS(U +BT) - mE +(1-p)oT,

dl_ oF — Iy, )
G =vI=hsT,
R =pOT —nR.

Initial conditions for the proposed model are So >0, Ey > 0,1y >0, Tp >0, Ry > 0at £ =0.
For the future study of the topic, we suggest to the readers that they consider the model
for the fractional order case. Besides, the existence, stability, and numerical simulations
may be obtained with the help of recent development in the subject as given in [15-22].
The current work is organized as follows. Section 2 is for discussion of some funda-
mental properties of the model. The basic reproduction ratio and stability analysis of the
disease-free equilibrium are discussed in Sect. 3. Section 4 is devoted to highlighting the
existence, uniqueness, and stability of positive endemic equilibrium. Section 5 is for nu-
merical simulations. Conclusion and discussion of the findings are highlighted in Sect. 6.

2 Positivity and boundedness

Since the proposed model in the present research work shows human population, it is
essential to disclose that all the state variables are nonnegative. For this purpose, we shall
state and prove the result below.

Theorem 2.1 The solution of system (2) with given initial conditions will always remain
nonnegative for t > 0.

Proof Suppose t; = sup{t >0:Sy>0,Ey > 0,1y >0, Ty > 0, Ry > 0}. The first equation of sys-
tem (2) is recalled here as follows:

dS—JT AS(I+ BT)-nS
dt e

Letting ¢ (¢) = A(I + BT) yields

ds

7 =7 —(¢(®) +n)S,

Page 3 of 14
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which implies that

d(S(t)exp{r/t+ /tg“(e)de}) =nexp{nt+/té‘(e)de} dt,
0 0

hence

S(ts)exp{nts +/t5§(e)de} -5(0) = /Otsn[exp{nt+/t§(6)de}]dt.
0 0

Thus, we have

S(t) = S(0) exp{—nts - /0 " @ de}

+eXP{—nts—f0txi(e)d6} X /:Sn[exp{nnfot{(e)de”dt>0.

In the same manner it can be disclosed that other variables are also nonnegative for ¢ > 0.

Hence the required result is obtained. O

Next, for the proposed TB model, we consider a biologically feasible domain ¥ C R?,
where W = {(S(2), E(¢),I(2), T(2), R(£))eR> : 0 < N(¢t) < Tt

Lemma 2.2 The closed set WV is positively invariant in RS.

Proof From system (2), we have

aN T N — 6811 —-6,T
g _ 85— i
dt 7 ! 2

which implies

AN
N N,
de =777

It is obvious that ‘2—1:[ <0, provided N(¢) > %, this gives

N < (N(O) - Z>e-'ﬂ + 2

n n
Clearly, N(t) < % if N(0) < % Moreover, for N(0) > %, then the solutions either enter ¥
in finite time or N(¢) asymptotically approaches % as t — oo. Hence the required result is
obtained. O

Thus, it is meaningful to study the proposed TB model in feasible region W. For the
upcoming results, we suggest the readers some recent related results for the stabilities

and numerical techniques given in [23-29].
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3 Stability of disease-free equilibrium (DFE)
The DFE of our proposed TB transmission model can be obtained by taking the right-hand
sides of the model equal to zero, and we get the following result:

S = (SO; O; 0, O; O)y

where Sy = %

Now, to examine the qualitative behavior of model (2), it is necessary to determine a
threshold quantity, called basic reproduction ratio (). For this purpose, the next gener-
ation operator method [30] is used. For computation of Ny, the corresponding matrices
are as follows:

0 XSy ABSo
F=lo o o |,
0 0 0

hl 0 —(1 —p)9
V=|—-« hz 0
0 4 h3

Using Ry = p(FV 1), where p(A) is the spectral radius of matrix A, so Ny is obtained as
follows:

arSo(hs + By)

No = .
" hhyhs — (1 —-p)bay

Mo shows the average number of newly generated TB infection by a single actively TB
patient.

In the case when p = 1, there is no inappropriate or incomplete treatment (100 percent
efficient treatment). If we replace Ny by Mo, in this case, then

_ arSo(hs + By)

R
o1 hyhahs

Obviously, Rg; < Ny, thus incomplete treatment (efficient treatment) causes increase
(decrease) in the TB infection.

Next we use Theorem 2 in [30] to present the result below.

Theorem 3.1 The DFE (§) of our proposed model is locally asymptotically stable (LAS) if
Mo < 1, but for R > 1 it is unstable.

Proof The system of equations of model (2) at equilibrium state is

7 -AS(+BT)-nS=0,

ASU+BT)—mE+(1-p)0T =0,

aE —hy =0, ®3)
yI—h3T =0,

pOT —nR=0.
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The Jacobian matrix of the above system at DFE state is

- 0  =ASy -ABSo
-h;  ASy  ABSy
o —hy 0
0 y —~h3
0 0 po -n

S © © O
S O © O

A characteristic equation of the above matrix with eigenvalues p is

—(n+ ) 0 -ASo -2BSo 0
0 —(l’ll + /,L) )\,S() )\,BSO 0
det(J — ul) = det 0 o —(hy + 1) 0 0 =0.
0 0 y —(h3 + ) 0
0 0 0 po —(n+u)
After performing some simplification, we get
—(m + p) ASo ABSo
det(J — ul) = (n + ) det o —(hy + ) 0 =0.
0 y —(h3 + 1)
Thus
m+w?=0 = w=p=-n
or
—(hy + ) ASo ABSo
det o —(hy + 1) 0 =0. (4)
0 Y —(h3 + )

To determine the nature of the eigenvalues in (4), we use the Routh—Hurwitz criteria. To

do this, we obtain the characteristic equation of (4)
3 2 _
W +ai i +asju +az =0, (5)
where

a) :I’ll +h2+h3,
ay) = h1h2 + h2h3 + h1h3 - C()\So,

az = mhyhs —ay(1-p)o —ar(hs + yp)So.

Clearly, a; > 0 and a3 = (h1hyhs —ay (1 —p)0)(1 — Rp) > 0 as Ny < 1, also it is obvious that

aiap > as.
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Therefore the Routh—Hurwitz criterion is satisfied. Hence we have obtained that either
all the roots of the characteristic equation are negative or have negative real part. Thus

the required result is obtained. 0

The biological implication of the above theorem is that TB can be completely controlled
when N < 1. It is indispensable to disclose that the DFE is globally asymptotically stable
(GAS) in order to guarantee that the eradication of TB is independent of the initial size of

population. Thus, we obtain the following result.
Theorem 3.2 The DFE of model (2) is GAS in V if Ry < 1.

Proof Assume that

Q =A1E+A21+A3T

is a Lyapunov function, where A; = ahs, Ay = hihs and Az = a(AB8S + (1 — p)o).

The derivative of the above Lyapunov function gives

Q = AlE +A2j +A3 T (6)

Using the values of £, I, T in (6), we obtain

Q= A1[ASU + BT) — mE + (1 - p)OT]| + As[aE — hoI] + A3yl - h3T).

Now, taking into account the values of A;, A,, and A3, we get

Q = (AIAS — Ashy + Asy)]

< (A1ASo — Axhy + Asy)

< (h1h2h3 — ay(AlBSo +(1 —P)Q))< ra(hz + By)Sy )

hihohs —(1—-p)oay
= (hahs — ay (ABSo + (1 - p)B)) (%o — 1).

Thus < 0 if Ry < 1. Therefore the singleton set & is the largest compact invariant set
in W. Thus, by LaSalle’s invariance principle [16], the DFE is GAS in W. g

The above statement indicates that a population can get rid of the TB infection if and

only if My < 1.
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4 Endemic equilibrium (EE)
4.1 Existence
Let E = (8% E*, I*, T*,R*) be the EE of model (2). We obtain the expressions for EE of

proposed model (2) as given below:

_ 7
§ = de
_ hol*
Er ="
_ oyl
T 7)
R* = &I*
nh3 ™’
_n
I = 29 - 1),
_ Mh3+By)
where x = B

It is obvious that a unique positive EE exists if R > 1. The above results are summarized

in the lemma given below.

Lemma 4.1 The proposed TB model (2) has a unique positive EE provided R > 1.

4.2 Global stability (GS)
Here, we present an important result regarding the GS of the EE. This result is presented

in the form of a theorem stated and proved below.
Theorem 4.2 Let Ny > 1. Then the EE B = (S*, E*,I*, T*, R*) of system (2) is GAS.

Proof To show that the EE is GAS, a Lyapunov function as given in [14, 31, 32] is consid-

ered here as follows:

(oo su()-(eor-ru(E)
rr-ru(h)
(rr (1),

here positive constants A and B are to be evaluated later. Further, the EE & = (S*, E*, I*,
T*, R*) satisfies

T =AS*(I* + BT*) + nS*,
ME*=AS*(I* + BT*) + (1 - p)0T*,
hoI* = aE¥,

hsT* = yI*.

On differentiating IT, we get

. S*\ . E*\ . I*\. T\ .
Mm=({1-—)S+(1-— |JE+A{1-— )I+B{1-—|T.
(1-5)8+ (- )Jera(1-7)io5(2-7)

Page 8 of 14
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Placing the values of S, £, I, and T, we get

I1=(1-S*/S)(AS*(I* + BT*) + nS* = ASU + BT) - nS)
+(1-E*E)(\I + BT) - mE + (1 -p)6T)

+A(L=I*/I)(@E - hyl) + B(1 = T*/T)(yI - h3T).
After simplification, we have

M=-4(S-$)2+i8 1 2-5 -3 LE

S S*I* E
+ABS* T2~ 5 — £ LE) + I(LS* — Ahy + By) ©)

+ T(ABS* + (1 - p)0 — Bhz) + E(Ae —hy) + 1 - p)0T*(1 - L £
* E I* * 1T*
+ACYE( —E—*T)"'B]/I (1—1—*7.

We choose positive constants A and B such that
AS* —Ahy + By =0,

ABS* + (1 —p)0 —Bh3 =0, (10)
Aax — h1 =0.

The solution of the above equations gives

A=l

o

_ Bmh3+a(1-p)o
B= alhz+py) °

Now, using the above results in (9), we get

[M=-2(S-$)P+ArsT(2-5 - S LE)

S S*I* E
+ABS T2 -5 - S LE) + (1-poT*(1- £ 5) (11)
+ AaE*( —%IT*)+B)/1*( —IL*T—T*).

Making use of the second equation in (8) and multiplying E* to the third equation in (10)
yields

mE* = S*(I" + BT*) + (1 - p)o T*,
hE* = AaE*.

Hence, on comparison it follows that
—AS*(I* + BT*) = (1 - p)6T* + AaE* = 0.

Now, consider a function g;(X) where X = (m1,, my, m3, ms) and m; = si*’ my =
my = % Multiplying g1 (X) with the above equation, we obtain

—ASH(I* + BT*) @ (X) — (1 - p)O T g1 (X) + AaE*g1(X) = 0. (12)
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Multiplying B to the fourth equation in (8) and T* to the second equation in (10) yields
ABS*T* + (1 - p)0T* = BT,
ByI* = Bhy T".

Comparing the above equations, we get
ABS*T* + (1 - p)0T* — ByI* = 0.

Also, consider a function g, (X), where X = (my, my, ms, my) and m; = si*’ my = %, ms = IL*,

my = L. Multiplying g,(X) with the above equation, we obtain
T plying g q
MBS T o(X) + (1 - p)OT & (X) - By I'ga(X) = 0. (13)
On plugging equation (12) and equation (13) into equation (11), we get

=—2(S-S)2+ AS (2 - 5 — S LE _ g,(X))

+ABS T2~ % — £ LE — qi(X) + 2(X)) 14
+(1-pfT* 1 - L5 —a1(X) + ©(X))

+AQE (1 - £+ 01 (X0) + ByI"(1 - £ 5 - ().

Now, we choose the functions g;(X) and g(X) to get zero coefficients of E* and I*. So we

have
E I*
X)=——-1,
&a1(X) E* ]
X0-1 1T*
e =t

Using these values of g;(X) and g>(X) along with making use of variables 1, m,, ms3, and
my in (14), we obtain

my mwiy ms
1 mim m m
+ABS T4 — -2 25 (15)
mi my ms My
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Since, for real numbers vy, v,,v3,...,v, > 0, the following inequality holds:

Vi+Va+VsH o+, >N

Using the above inequality, we have

Thus from (15) we get
I1<0.

Therefore LaSalle’s invariance principle [33] ensures that EE is GAS provided 9o > 1.
Hence the required result is obtained. d

5 Numerical simulation

Here, we are going to demonstrate the behavior of the proposed TB infection model
through numerical simulation. System (2) is further used to determine the impact of some
intervention strategies to control the TB infection from spread. The iterative scheme RK-4
is utilized to solve the system, while the simulation is conducted through the MATLAB
software. The parameter values for simulations are either from Ronoh et al. [34] or rea-
sonably chosen estimates. To do this, consider the parametric values as follows:

=02, A =07, o =0.25, n=0.1, 8 =0.15,

8, = 0.05, y =02, 6 =0.1000, B =01, p=09,
and the calculated value of N is

Mo = 2.4950 > 1.
The initial conditions are as follows:

S(0)=7, E(©0)=2,  10)=1, T(0)=0, R(0)=0,

Page 11 of 14
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Dynamical behaviar of the TB model
7 T T

Susceptible
— — - Expose
Infectious
Treated —
Recovered

Compartmental population

Time

Figure 1 The plot shows the dynamics of all classes when 9ip = 2.4950 > 1

at the initial level not treated or recovered population is considered. Using the above data,
the resulting graph is presented in Fig. 1. From this figure, it can be seen that the trajecto-
ries of the solutions of model (2) converge to the EE point, this indicates that the disease
persists in the host population if % > 1, which provides justification to our statement that
EE is GAS if iy > 1.

Moreover, to assess the role of effective contact rate and treatment rate on TB transmis-
sion, we decrease the contact rate A and increase the treatment rate y. In this case, the
parameter values are as follows:

=02, A =0.35, o =0.25, n=0.1, 61 =0.15,

8, =0.05, y =0.5, 6 = 0.1000, B=0.1, p=09,
and the calculated value of Ny is
Mo =0.8484 < 1.

Using the above data with the same initial conditions, we present the resulting graph in
Fig. 2. From this figure, it can be seen that the trajectories of the solutions of model (2) con-
verge to the DFE point. This indicates that the disease will die out in the host population
if My < 1, which provides justification to our statement that DFE is GAS if 9ip < 1.

6 Conclusions

This paper is focused on the analysis of a mathematical model to assess the TB transmis-
sion in a host population. The threshold quantity ) is obtained using the next-generation
method. It is shown that there are two possible equilibria of the model, one is DFE which
exists and is locally and globally asymptotically stable if 9 < 1, in this case the TB disease
dies out. The other is EE which exists and is GAS if iy > 1, in this case TB becomes en-
demic. Moreover, it is investigated that incomplete treatment causes increase in the TB
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; Dynamical behaviar of the TB model
I I

Susceptible
— — — Expose
Infectious

Treated —
Recovered

Compartmental population

Time

Figure 2 The plot shows the dynamics of all classes when 9ip = 0.8484 < 1

infection. The numerical results also show that decrease in the effective contact rate and

increase in treatment coverage can minimize the spread of the TB infection.
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