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1 Introduction and notations
For positive integers n and p, let H,(qp ) and H;p) stand for the nth generalized harmonic
number and the nth generalized alternating harmonic number defined by

n 1 n ( 1)](—1
® ._ il ®) ._ —
HY .= ; L and HP = kX; o

respectively. If p > 1 (or resp. p > 0), the generalized harmonic number H? (or resp. H,,)
converges to the (Riemann) zeta value ¢ (p) (or resp. alternating zeta value  (p)):

lim H,(f) =¢(p) (or resp. lim HY = E(p))
n—00 n—00

When k =1, Hﬁ,l) = H,, (resp. 17511) = H,) is the classical harmonic number (resp. the clas-
sical alternating harmonic number). The empty sums Hép ) and ]:I(()p ) are conventionally
understood to be zero.

For positive integers py, ..., px with p; > 1, the multiple zeta value (MZV for short) is
defined by

1
CpLpa- P = Z W (1.1)
1M k

ny>-->np>1

The study of multiple zeta values began in the early 1990s with the works of Hoffman
[4] and Zagier [16]. The study of multiple zeta values have attracted numerous research
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interests in the area in the last two decades. For detailed history and applications, please
see the book of Zhao [17].
Let hﬁqp) be the nth odd harmonic number, which is defined for #n € Ny and p € N by

2 1
w.-N" W =0 hy, = h, 1.2
; 1 D=0, pi=h (1.2)

If p > 1, the generalized harmonic number hi,p) converges to the T-value:

o0
lim 1 =(p) = 1.3
im #i” = (p) Z = 1/2 (13)
A twin sibling of the odd harmonic number is called alternating odd harmonic number,
defined by
o . 2": SR [ A A1) (1.4)
n pa (k—1/2)1” 0 ’ n- n? .

which was introduced in [14]. When taking the limit # — oo in above, we get the so-called
alternating #-value

=3 - ) (15)
Ty P '

Note that from [3], for nonnegative integer k, we have the generating function of £(2k + 1)

S S k 2k+1
—-1)*E.
=2 E t(2k + 1)32k= E ()isy‘,
k=0

cos(ns P (2k)!

where Ey is the Euler number. Thus, we compute

B (—l)kE2k7T2k+l

In a recent paper [5], Hoffman introduced and studied the more general multiple ¢-

values

Hp1, 2o Pi) Z nmnpz ISR

ny>- >"]<>1 k
n; odd
_ L (16)
- (211 — 1)P1(2nmy — 1)P2 - -+ (2my — 1)Pk ‘

ny>->np>1

As the normalized version,

?(pl,pg, cee ,pk) = 2p1+~~~+pkt(p1,p2, .. .,pk), (17)

we call them multiple Z-values.
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Kaneko and Tsumura [6, 7] introduced and studied a new kind of multiple zeta values
of level two:

1
Tp1,p2--->Pk) = 2k E s
my>mg>-->mp>0 m[;l m[272 e ml]:k
mj=k—-i+1 mod 2
=2 ) : , (1.8)
(21’11 - k)Pl (21’[2 —k+ 1)172 ... (2nk _ l)pk

ny>ny>-->n>0

which were called multiple T-values (MTVs). As the normalized version,

T(pl:pZy . 1pk) = 2P1+-..+Pk*kT(p1,p2, . :Pk): (19)

we call them multiple T-values.

In (1.1) and (1.6)—(1.9), we put a bar on the top of p; (j = 1,...k) if there is a sign (-1)"/
appearing in the denominator on the right. These with one or more p; barred are called the
alternating MZVs, alternating multiple z-values, alternating multiple Z-values, alternating
multiple T-values, and alternating multiple T-values, respectively. For example,

_1 Hny+n4
§(p1;p2;l93r]_74) = Z W:
2 "3 4

n1>ny>n3>ng>0 1

_ (_1)n1+n2
t ) ) ) = )
Cooopsrd= D GG T~ R T

n1>ny>n3>ns>0

4 (_1)n1+n3
T Z ’ ’ p ) = 2 .
(12,73, p4) 2 (21, — 4)P1(2115 — 3)P2 (213 — 2)P3 (2114 — 1)P4

ny>ny>n3>ng>0

In all of these definitions, we call k the “depth” and p; + - - - + pi the “weight”.

The motivation for this paper arises from the results of Flajolet and Salvy’s paper [2] and
Wang and Xu'’s papers [12, 14]. In [2], Flajolet and Salvy used the methods of contour in-
tegration and residue theorem to determine the reducibility of some classical Euler sums.
Similarly, in [12, 14], Wang and Xu used the contour integration and residue theorem to
evaluate (alternating) Euler sums and Euler 7-sums. There have been numerous contribu-
tions on the theory of Euler sums in the last two decades, for example, see [1,8,9,11, 13, 15]
and the references therein.

The main purpose of this paper is to study the four (alternating) double ¢-values
tq,p),tq.p), {q.P), {7, p)
and the four (alternating) double T-values
T(4.p). T(4.0), T@P) T@p)
by using the methods of contour integration and residue theorem.

2 Double t-values and T-values
In this section, we give explicit evaluations for some (alternating) double ¢-values and T-
values. We will prove these results in Sect. 4.
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Theorem 2.1 For positive integers p and q > 1,
o h(p)l
—(— +q n—
(1- (-1 )Z1 o127
= (1- (-1"*")#(q, p)
= (V)" Ep + q) - (1Y (1 + (D))t (p)E(g)

p-1

— (=P (k- 1)(’”3:’1{"2)?(“ Dep+qg-k-1)

k=0

ko +p—2\~
w217 Y (2 " )t(21<1){(k2+p—1), 2.1)
2k1 +kg=q+1, p_
ky.ky=>1

o0 Ijl(P)l
(1 + (_1)p+q) Z (n _ni/z)q

n=1

=—(1+ (-1*)#(q,p)
= —(-1)"*"(p + q) + (-1 (1 + (1)) e(p)E(q)

s +q-k-2
_(_1)pZ((—1)k+l)<p Z—l )f(k+1)§(p+q—k—1)
k=0
k2 +p—2 - -
SV ( bt )t(2k1—1)§(k2+p—1), (2.2)
2/(]1(;1;(22:;;2,
1 ( 1)p+q = ]:l}(ff)l ( l)n—l
(1-( );(M—IQ)‘I -

= (1- (-1)*)#(g,p)
= (-1"E(p + q) + (-1 (1 - (-1)9)e(p)E(q)

»l +q—k-2
+(_1)PZ((_1)k_1)(” Z—l )?(k+1)§(p+q—k—1)
k=0

ky +p—2\~ -
ey 3 (M kit -, (23)
2k1+ko=q+1, p_
kqkg=1

o h(l’)
(L ) Y g

n=1

=—(1+(-1")#g,p)
= —(-1P*E(p + q) - (-1 (1 - (-1)7)E(p)E(q)

p +q-k-2
+(—1)PZ((—1)k+1)(p Z—l )Z(k+1)5(p+q-k—1)
k=0

v2(-1 Y (P ;/f 1_ 2) 12k - 1)¢(p+ ko — 1), (2.4)

2k +ky=q+1,
ky,kg>1

where ¢ (1) := —210g(2) and t(1) := 0.
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Remark 2.2 Note that formulas (2.1) and (2.4) can also be found in Xu and Wang [14].

Example 2.1 We have

#3,1) = 32(4) - %n;(B) - ing’ log(2),
#2,9) = JH4) - 3 2)i2) + L),
70,1 =3 ()log2) - ££(3)

#3,1) = %2(4) - %log(Z)n3 + gnt(S),

o5 31 1, 27
£3,2) = =—-¢(5) + 7 m°H2) = ¢ (25 (3).

Theorem 2.3 For positive integers p and q > 1,

0o hsqp)

(1= Y

n=1

= (1- (1) T(q,p)

n4

- o - o (1 g

p-1
~ (1Y ((DF-1) (” +Z:/1“ 2)7(/<+ Vip+q-k—1)
k=0
ko +p - N
HEV DS (—1)’“)< oo 2)§(k1)t(/<2 +p-1) (25)
ky+ky=q+1,
[} ]jlilp)
(1 + (~1)P*9) Z

n=1

=—(1+ 17N T(q,p)

n4

- i@ (0 i

r +q-—k-2
_(_1)PZ((_1)k+1)(p Z—l )Z(k+1)?(p+q—k—1)
k=0
17 Y0 (1+(-1)9) (k2 ; o Z)E(klﬁ(kz +p-1)), (26)

ky+ky=q+1,
kq,kg=>1

A
(1+D7) 3~ (1!

n=1

=—(1+ (17" T(g,p)

-y (e ot - v (U 1T i o
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p-1
— (=1 ((_1)k_1)<p+q_k—2

)?(k+1)f(p+q—k—1)
k=0

K -2 -
+(-1y kZ (1+(-DM) (Q p+ ’ ) >C(k1)t(/<z +p-1), (2.7)
k1,ky>1

S h(P)
(1= 1) Y~y

n=1
= (1- 1) T@Gp)
= (1P (1+ ()R (@) + (1Y (‘” I l)?(p +q)

rl k=2
—(—1)PZ((—1)"+1)<”+Z_ - )Z(k+1)2(p+q—k—1)

k=0 -1
k: -2\-, . ~
+(-1y h;%(l + (—1)“)( ’ ; i ) >§(k1)t(k2 +p-1), (2.8)
kq,kg>1

where (1) := —21og(2) and t(1) := 0.

Remark 2.4 Note that the explicit evaluation of T(g, p) with odd weight was also proved
by Kanenko and Tsumura [6, 7] by another method.

Example 2.2 We have

@)= 06 - 765 0)

T(3,2) = -62¢(5) + 35¢(2)¢ (3),

TG, = S#4) + L))~ J7e(3),

T(2,2) =558 - Sc i) + T (3),

TG,1) = i) + L IE(2),

70,3 = 1)~ ¢ ),

T@,1) = Jxi@ - 2 £6) - 2c))

T(3,2) = —%nZ(ZL) +622(5) +7¢(2)2(3).

3 Notations and related expansions

In this section, we give some basic notations, definitions, and lemmas. Let A := {a;},
—00 < k < 00 be a sequence of complex numbers with a; = o(k*) (« < 1) if k — £o00. For
convenience, let A; and A, denote the constant sequence {(1)} and the alternating se-

quence {(~1)X}, respectively.
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3.1 Notations and definitions
Now, we give three definitions.

Definition 3.1 With A defined above, we define the parametric digamma function
®(-s;A) by

ag i ak ag
& (=s;A) :=?+Z(k_1/2-m). (3.1)
k=1

Definition 3.2 For nonnegative integers j > 1 and #, we define

n

D<A>v>::i“—k,, ENG)=Y 2, B0,

.
k=1 k=1 k

P D e ey P AL - PG e = v A"
- T (4) () =
Yo K, >, EP (), j>1,

Z(A) (A . Ak—n-1 Z(A) SA) (. = Ap—k A N
; w-; g BO=o BY(=) omras BU0=0

k=1
pgy = | TR S =L e [T RS =
ESM =1 o . ISRIORE St
Py T N e ¥ 2 gy 2L
~ n ay 1 ~(4) - ]C;Ol Aj_p—ak j= 1
E;A)(f) = Z —, E;():=0, F(A)(j) - =1 k-172 ’ )
- / " 00 dfy .
e~ (k-1/2) T e, s,

GG =ENG -EN () -2, 6g)=0,  LW()= FNG) + ((IVEN),
n
MPG) = EDG) + CYEDG),  NDG) = EDG) + (~1VEL (),
NOG) =FOG -ED G, ROG):=GP0) + (1YL,
with D4 (1) := F;(A)(l). Clearly, D“(1) := —2log(2) and D“2)(1) := ~log(2) + %.

Remark 3.1 It should be emphasized that many notations in Definition 3.2 were intro-
duced in the reference [12].

Obviously,
— —
EA(1) = —210g(2),  E,“)(1) = (~1)" ' log(2) + %
Clearly, if we let A = A; or A; in Definition 3.2, elementary calculations yield

—2log(2), j=1,

M) = H)) + (1)
é‘(j)’ j> 1)

()" tlog2)+ %, j=1,

M () = (1" HY + (-1) _
=1z (j), j>1,
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NADG) = D + (-1YE(G), (1) :=0,

(1" + D), j=1,
~1)"E(), j>1,

NG =T -1, F1):=0,

N2 () = (<1)" D + (-1

(D" +1)e(1), j=1,
(=1)"'8()), j>1

RIVG) = (14 (1)e(),  RIVG) = (1) (1+(-1Y)Z0).

NU2(G) = (-1)"hY | +

n—

Definition 3.3 ([12, Def. 1.2]) Define the cotangent function with sequence A by

t(rrs; ———2 3.2
7 cot(ms; A . Zk2—52 (3.2)

It is clear that if we let A = A; and A, in (3.2), respectively, then it becomes
cot(rrs; A1) =cot(rrs) and cot(ws; Ay) = csc(ms).

3.2 Several identities among @ -functions
Proposition 3.2 Let p > 1 and n be nonnegative integers, if |s —n + 1/2| < 1, then

(p-1)
U o Z( 1 <]+p ) NOG +p-1)(s—n+1/2)7, (33)

Proposition 3.3 Let p > 1 and n be nonnegative integers, if |s — n| < 1 with s # n, then

(-1 (_ A '
. (p—(l; - s _ln)p: Z( 1y (Hp ) MY +p-1D)(s—ny** 1. (34)
! 2-

If we set n = 0, then for any |s| < 1 with s #0,

7(15@_1)(_5;14) _ % S J+P =2\ sy -1
(p-1) _5”_1)10;( j-1 )D G+p-1)s™. (3.5)

Proposition 3.4 Let p and n be positive integers, if |s + n—1/2| < 1, then

PPV (-54) — (J+P =2\ o), L
o1 —(—1)"/2:1:( b1 )Nn G+p-1D(s+n—1/2)7L (3.6)

The method of the proofs of identities (3.3)—(3.6) is completely similar to that in [12,
Theorems 2.1-2.3]. Thus, we omit it.

3.3 Lemmas
We define tan(s; A) := cot(;r /2 —s; A). It is clear that tan(s; A1) = tan(s) and tan(s; A;) = sec(s).
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Lemma 3.5 ([12, Thm. 2.3]) With cot(rs; A) defined above, if |s —n| < 1 with s # n (n € Z),
then

oo

7 cot(rs; A) = L 3" (o, YRA )5 - ny (37)

j=1

where o, is defined by the symbol of n, namely

1, n=>0,
Oy =
-1, n<O.

Hence, an elementary calculation yields

Ain-1|

mtan(ws;A) = ————
s—-n+1/2

+ 3 ol R (s —m+ 1/2) 7! (3.8)
j=1

for|s—n+1/2| <1 withs#n-1/2 (n € Z),

Let B := {b}, —00 < k < 00 be a sequence of complex numbers with b; = o(k?) (8 < 1) if
k — *o00. Define a kernel function &(s) by the two requirements: 1. £(s) is meromorphic
in the whole complex plane. 2. & (s) satisfies &(s) = o(s) over an infinite collection of circles
s| = px with px — co. Applying these two conditions of kernel function &(s), Flajolet and

Salvy showed the following residue theorem.

Lemma 3.6 ([2]) Let &(s) be a kernel function, and let r(s) be a rational function which is
O(s™?) at infinity. Then

ZRes s)g-‘ ZRes r(s E(@s),s ﬁ] 0, (3.9)

ac0 BeS

where S is the set of poles of r(s) and O is the set of poles of £(s) that are not poles of r(s).

Here Res [r(s),s = «] denotes the residue of r(s) at s = «

4 Two general theorems
In this section, we prove two general theorems which will be used to obtain the explicit

evaluations of (alternating) double ¢-values and (alternating) double T-values.

Theorem 4.1 For positive integers p and q > 1,
00 (B
N,
1)+
Z(n 1/2 -1 Z(n 1/2)”1 n

D (psa—k—2 b, . df
- 1)1’2( : <p i1 )ZWEE%(’”&‘“(’”;A))
n=1

+Res[fi(s;A,B),s=0] =0, (4.1)
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where
a* (7 tan(s; A)) = (1 - CODKEK + 1) A= (4.2)
ds* ’ (~1)"(1 + (1)K +1), A=Ay, '

Res[fi(s;A1,B),s = 0]

=bo(1+ (-1)P*")E(p + q)

Ky +p -2\
v2(-1 Y ( 2tP )t(2/<1)D(B)(k2 ip-1), (4.3)
2kq +ko=q+1, p_ 1
ky,kg>1

Res[fl(s;Ag,B),s = O]

=bo(1 - (-1*)i(p + q)

v2(-1p Y (kz; o 2)2(% ~ DB (ks +p—1). (4.4)

2k +ky=q+2,
k1.kp=>1

Proof Apply the kernel function

&P-V(—s;B)
(p-1)

7 tan(rs; A)

to the base function r(s) = s~7. Namely, we need to compute the residue of the function

ov-V(—s;B
fi(s;A,B) =7 tan(ﬂs;A)ﬁ.
Clearly, f(s; A, B) only has poles at s = 0, &(n — 1/2) and n (n is a positive integer). With the
help of identities (3.3)—(3.6), we deduce the following residues:

NP (p)
172"
NP (p)
n—1/2)1""

Res[fi,s=n-1/2] =

n-1,

Res[fi,s =1/2 — n] = —(-1)P*1

pl k k
(-1) +q-k-2 b, o d
Res[fl,s = I’l] = _(_1)[7 E T p Z_ 1 W Slgl}’ @(T[ tan(nS;A))
k=0

and (4.2)—(4.4). Applying Lemma 3.6 yields the desired result. O

Proof of Theorem 2.1 Setting A, B € {A;,A5} in Theorem 4.1 yields the four desired eval-

uations. O
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Theorem 4.2 For positive integers p and q > 1,

0 A7(B) 0 7(B)
N"l (P) +q Nn+1(p)
D D e

n=1 n=1
p-1 k k
D) (p+q-k-2 b, d
(-1
(-1) Z 0 ( g-1 ;(n+1/2)p+qklsl_md,(ntan(nsA))
+ 1
(P )W<B><p+q>
p-1
katp =2\ ®)
AV ZY k)W (ky +p-1) =0, (4.5)
ky+ko=q+1, p_l
kq,kg>1
where
Wi B - | Z0 e T (6)
Y w1
and
Wi i@ N ket + (“1)ag
() == (-1YR{ Q)_ZT' (4.7)

k=1
Proof Apply the kernel function

@V (—s; B)
(p-1)

7 tan(s; A)

to the base function r(s) = (s + 1/2)~7. Namely, we need to compute the residues of the
function

@P-(—g; B)

Slsid, B i=mtan(si A) e S

Clearly, fo(s; A, B) only has poles at 0, #n and +(n — 1/2) (n is a positive integer). With the
help of identities (3.3)—(3.6), these residues are

N
Res[fy,s=n—-1/2] = —T(p)a,,_l (n>1),
(B)
Res[fy,s=1/2—n] = —(- 1)"”’% . (n>2),

Res(fz, s = n]

p-1 k k
B (1" (p+q-k-2 by, d
e E S (T e g s ) 20,

Res(fs,s = —1/2]

_ _(-1Va (p”’ 1)W<B><p+q>
p-1
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k -2
w1 Y (PP 296 W kg + p - 1)
ky+ky=q+1, p_l
k1,kp>1

=0.

Then summing these four contributions and using Lemma 3.6, we may easily deduce the

desired evaluation. O

Proof of Theorem 2.3 Setting A,B € {A;,A;} in Theorem 4.2 yields the four desired eval-
uations. g

It is possible that closed form representations of some other similar infinite series can

be proved using techniques of the present paper.

Remark 4.3 It should be emphasized that Xu [12] defined another parametric digamma
function ¥ (—s; A). Very recently, Wang and Xu [10] used the parametric digamma function
¥ (—s;A) to define several new kernel functions. Then they used the methods of contour
integration and residue theorem to prove two general theorems (using the two theorems,
they obtained Theorems 2.1 and 2.3), which are similar to Theorems 4.1 and 4.2. Moreover,

they also showed many other types of results.
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