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1 Introduction

Quantum calculus is a type of calculus without limits, sometimes called g-calculus. At the
beginning of the twentieth century, Jackson first defined and studied g-calculus in a sys-
tematic manner, which can be tracked back to the time of Euler and Jacobi. Based on the
works of Jackson, g-calculus continued to play a critical role in other areas such as quan-
tum mechanics, fluid mechanics, and combinatorics, which attracted a sea of scholars to
devote themselves to the research of this kind of calculus. In 2002, Kac and Cheung [1]
introduced some knowledge about g-calculus in detail. Afterwards, some scholars have
continued to extend it. In 2013, Tariboon and Ntouyas [2] promoted the concepts of g-
calculus over finite intervals, discussed their properties, and gave applications in impulsive
difference equations. Shortly after, Alp [3] obtained some g-Hermite—Hadamard-type in-
equalities. Regarding the development and promotion of g-calculus, we recommend [4—
17] and the references cited therein to interested readers. In addition, the development of
the g-fractional calculus can be found in [18-22].

On the other hand, the book written by Moore [23] described a method where an uncer-
tain variable is replaced by an interval of real numbers and used interval arithmetic, which
plays a great role in improving the reliability of the calculation results and making error
analysis automatically. In recent years, it has been widely used in solving some uncertain
problems in many fields. Bede and Stefanini [24]proposed the concepts of gH -difference
and gH-derivative, which overcome the major shortcomings of H-derivative. Since then,
the theory of interval analysis has gradually developed in the past ten years. For example,
Lupulescu [25] developed a theory of fractional calculus for interval-valued functions.
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Chalco-Cano et al. [26] dealt with the algebra of gH-differentiable interval-valued func-
tions. More details can be founded in [27-29]. Particularly, in the field of inequalities, in
2017, Costa [30] presented the notions of convexity and gave the Jensen inequality for
interval-valued functions. Based on this, some scholars combined classical inequalities
with interval-valued functions to obtain some integral inequalities; see [31-33].

Motivated by the works mentioned, in this paper, we discuss the quantum calculus for
interval-valued functions (shortly, Ig-calculus). Firstly, we give the concepts of Ig-calculus
and define the Ig-derivative and Ig-integral. We also give some basic properties. Moreover,
we generalize some g-Hermite—Hadamard-type inequalities. Since quantum calculus is a
particular case of time-scale calculus (Bohner and Peterson [34, 35]), the results of this
paper are helpful for future research on integral inequalities for interval-valued functions
on time-scales. At the same time, the results of this paper can be used as a powerful tool
in fuzzy analysis, interval optimization, and interval-valued differential equations.

The paper is organized as follows. We review some basic properties of interval analysis in
Sect. 2. In Sect. 3, we put forward the concepts of Ig-derivative and give some properties.
Similarly, we present the concepts of Ig-integral and some properties in Sect. 4. In Sect. 5,
we give some new Ig-Hermite—Hadamard-type inequalities. Finally, Sect. 6 contains some
conclusions. We give several examples to illustrate the statements.

2 Preliminaries

First, let K. = {U = [u™,u*l|lu",u” € R,u” < u*} be the set of all closed intervals. The

length of an interval [u~,u*] € K, is denoted by £(U) := u* — u~. Moreover, we say that

U is positive if u~ > 0, and we denote by K} all positive intervals belonging to /C,.
Forany U = [u~,u*],V = [v",v*] € K., and & € R, the addition and scalar multiplication

are defined by

U+V=[u,ut]+[vv]=[u +v,u"+v]
and

[y, au*] ifa>0,
otL[:ot[u_,zf] =1 {0} ifa=0,

l[au*,au™] ifa<O.

Definition 2.1 ([36]) For any U,V € K., we define the gH-difference of U and V as the
set W € K, such that

Uue,v=w @QU=V+W, o
o or (b)V=U+(-W). .
Clearly,
_ )=yt v it e(U) = £(V),
ue,Vvs= { [t =vtu —v] ife(U) <L(V). (2.2)

In particular, if V = v € R is a constant, then

UegV=[u_—V,u+—v].
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The relationship “C” between U and V can be defined as
Ucv if v <u and u" <v'. (2.3)

The Hausdorff-Pompeiu distance H : K, x K, — [0,00) between U and V is defined
by H(U, V) = max{|lu~ —v~|,|u* — v*|}. Subsequently, (IC;, ) is a complete metric space
(see [37]).

Definition 2.2 F:[s,t] — K, is said to be continuous at xg € [s, £] if
H(F(x),F(x0)) > 0 asx — xo.

We denote by C([s, £], ;) and C([s, t], R) the sets of all continuous interval-valued func-

tions and real-valued functions on [s, £], respectively.

For more basic notations from interval analysis, see [24, 36, 38].

In this paper, we use the symbols F and G for interval-valued functions. For any F :
[s,t] = K. such that F = [f~,f*], we say that F is £-increasing (or £-decreasing) on [s,£]
if £(F): [s,t] — [0,00) is increasing (or decreasing) on [s, £]. If £(F) is monotone on [s, t],
then we say that F is £-monotone on [s, £].

3 Ig-Derivative for interval-valued functions
In this section, we present the concepts of Ig-derivative and give some properties. Firstly,
let us recall the definition of g-derivative. Let 0 < g < 1 be any constant.

Definition 3.1 ([2]) Let f € C([s,t],R). The g-derivative of f at x € [s, f] is defined by

x) —flgx + (1 -¢q)s)

S
Lo ) = s

, x5, sDyf (s) = lim+ D,f(x). (3.1)

If {D,f (x) exists for all x € [s, t], then f is called g-differentiable on [s, t]. Note that if s = 0
in (3.1), then ¢Dyf = D,f, where D, is the well-known g-Jackson derivative of the function
f defined by

&) - flgw)
D) ==

For more details, see [2].
Now we introduce the Ig-derivative and some corresponding properties.

Definition 3.2 Let F € C([s, £], k). The Ig-derivative of F at x € [s, ] is defined by

F(x) ©g Flgx + (1 - q)s)

DaF ) = e

, XFEs, sDgF(s) = lim+ DyF(x), (3.2)

where D, F is called the Ig-Jackson derivative of F defined by

F(x) ©g Fgx)

DoF) = (1-g)x
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If (D, F(x) exists for all x € [s, £], then F is called Ig-differentiable on [s, ¢].

Theorem 3.3 A function F : [s,t] — K is Iq-differentiable at x € [s,t] ifand only if f~ and
f* are g-differentiable at x € [s, t], and

sDgF(x) = [min{quf’ (%),s Dyf ¥ (x)}, max{quf’ (%), sDgf " (x)}]. (3.3)

Proof Suppose F is Ig-differentiable at x. Then there exist g~ (x), g* (x) such that ;D F(x) =
[g”(x),g*(x)]. According to Definition 3.2,

@) —f(ge+Q—-q)s) fHx)—f"(gx+(1 —q)S)}

g(’“):mm{ l-Q@-5 (-a@-9

and

@) —f(ge+Q—-q)s) f*(x)—f (gx+(1-gq)s) }

g+(x)=max{ A-g-s) ' (d-qk-s

exist. Then (D,f~(x) and (D,f* (x) exist, and (3.3) is feasible.
Conversely, suppose f~ and f* are g-differentiable at x.
If {Dgf ~ (%) < sDyf " (x), then

[sDof (%), sDgf * ()]
_ [f(x) —f(gx+ (A -q)s) f*x)—f"(gx+ (- q)s)]
(1-g)x-s) ’ (1-g)x-s)
&) Ogfgx+ (1 -q)s)
(1-q)x~5s)

= (D, F(x).

So F is Ig-differentiable at x. Similarly, if ;D f~(x) > (D, f*(x), then (D F(x) = [(D,f*(x),
sDgf~(®)]. O

We illustrate this result by the following example.

Example 3.4 Consider F: [s,t] — K, given by F(x) = [—|«|, |x|]. It follows that F(x) is Ig-
differentiable. By Definition 3.2, for s < 0, we have

[0,0] ©¢ [(1 - g)s,~(1 - q)s]

(1-q)(-s)
[ Jo-(1-g)s O+(1—q)s} {0—(1—q)s O+(1—q)s”
‘[m‘“{ I-s) -9 ™09 0-as ||

= [_1) 1]’

D F(0) =

Page 4 of 22
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and if s = 0, then
[—lx], |x]] ©¢ [-glxl, qlx|]
(1-qx

Niin] tim —|x|+q|x|’1im x| — qlx| ’
2=0* (1=q)x x—>0" (1-q)x

quF(O) = lim
x—>0*

.=l +glxl x| - gl
max3 lim , lim
>0t (I-g)x 20" (1-q)x

- [-1,1].

Meanwhile, we know that f~(x) = —|x| and f*(x) = |x| are g-differentiable at 0. Similarly, if
s <0, then we have

0= —gq)s
DS O= e
0+(1 q)s )
D O = =78

and if s = 0, then

— x| + glx|

D, f(0) = lim —————— =1,
oDy (0) = P (1-q)x
xl —glxl
D
oPgf(0) = i, (1-q)x

This shows that (D F(0) = [(Dyf*(0),:D,f ~(0)] if s < 0 and ¢DyF(0) = [0Dyf~(0),0D4f*(0)]
ifs=0.

To illustrate the nature of the derivatives more clearly, we give the following results.

Theorem 3.5 Let F: [s,t] — K.. If F is Ig-differentiable on [s,t], then we have:
Q) sDGF(x) = [{Dyf ~ (%), sDof * (%)) for all x € [s, t] if F is £-increasing;
(ii) §DgF(x) = [sDgf * (%), sDgf ~ (%)) for all x € [s,t] if F is £-decreasing.

Proof First, suppose F is £-increasing and Ig-differentiable on [s, £]. For any x € [s, £], we
have x > gx + (1 — g)s. Since £(F) = f* — f~ is increasing, we have

[f+(x) —f_(x)] — [f" (qx +(1- q)s) —f‘(qx +(1- q)s)] >0
Fr@) —fH(qn+ L=q)s) >f(x) —f(qx + (1 - g)s).

Therefore
D F(x) - @), /")) ©4 [f(gx + (1 — q)s), f*(gx + (1 - q)s)]
(1-g)x—-s)
_ [f‘(x) —flgx+ (A —q)s) fT(x)—f"(gx+ (- q)S)}
(1-g)x-s) ' (1-g)x-5s)

= [qufi(x)rqufi-(x)]

The other condition can be similarly proved. O
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Remark 3.6 Let ¢ € (s, t) be a given point. If F is £-increasing on [s, ¢) and £-decreasing on
(¢, t], then (D F = [(Dyf =, sDgf *]1 on [s,¢) and (D F = [{Dyf*,D,f "] on (c, t].

Example3.7 Let F:[0,1] — K. be given by F(x) = [-x? —1,4? — 2x]. Since £(F) = 2x*> —2x +
1, it follows that F is £-decreasing on [0, 1) and ¢-increasing on (%, 1]. Since f~(x) = —x2 -1
and f*(x) = x2 — 2x are g-differentiable on [0, 1], we have
_ —x2 -1+ (gx)%+1

R AT
x% = 2% — (qx)? + 2(qx)

(1-g)x
x? =1 - [—(gx+ 5(1-q)*) - 1]

1-q)x-3

oDgf " (%) = =(1+q)x-2,

1Df~(®) = —

(g0 ),

x* = 2x - (gx + 3(1 - 9)* + 2(qx + 3(1 - g))
1-q)x-13)

Dyf " (x) =

1
2

“(Legp -2+ (1-g)

and
lim D f~(x) = -1; lim D f*(x) = -1.
x—1 J a1 of
Therefore
(-1 +g)x, (1 +q)x 2] ifx€(0,3),
SDqF(x) = {_1} ifx= 1

2)
[(L+qx-2+31-q),-Q+qx-3i1-q)] ifxe(,1].

Theorem 3.8 Let F: [s,t] — K. be Igq-differentiable on [s,t]. Then for all C = [c™,c*] € K,
and o € R, the functions F + C and oF are Iq-differentiable on [s, t], and ;D (F + C) = D, F
and (Dy(aF) = azD,F.

Proof For any x € [s,t],

(i) qu(F(x) + C) _ (F(?C) + C) eg (F(qx+ (1 —q)s) + C)

1-g)(x-s)
_ F(x) ©g Fgx + (1 - q)s)
(1-q)x—-s)

= (D F(x),
aF(x) ©, aF(gx + (1 - q)s)
(1-gq)x-5s)
F(x) ©¢ Fqx + (1 - q)s)
(1-q)(x~s)
= a;D,F(x). O

(ii) Dg(aF(x)) =

Page 6 of 22
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Theorem 3.9 Let F: [s,t] — K, be Ig-differentiable on [s,t]. For C = [¢”,c*] € K, if £(F) —
£(C) has a constant sign on [s, t], then the function F ©, C is Ig-differentiable on [s, t], and
sDg(F 64 C) = ;D F.

Proof For any x € [s,t],

_F() 6, €) & (Flgx + (1 - q)5) ©¢ C)

oDy(F() 6, C) 1- g3
_Fx) &, Flgx + (1 - q)s)
1-g)x~-s)
= quF(x)- O

Theorem 3.10 Let F,G: [s,t] — K.. If F, G are Ig-differentiable on [s,t], then the sum
F + G:[s,t] = K, is Ig-differentiable on [s, t], and one of the following cases holds:
(a) IfF, G are equally €-monotonic on [s,t], then for all x € [s, ],
sDg(F(x) + G(x)) = \DyF(x) + sD,G(x). (3.4)
(b) IfF and G are differently €-monotonic on [s, t], then for all x € [s, t],
sDg(F + G)(x) = {DgF (x) ©4 (-1);D;G(x). (3.5)
Moreover, in all cases, we have

sDg(F(x) + G(x)) € sDyF (%) + ;DG (). (3.6)

Proof (a) Suppose F, G are Ig-differentiable and £-increasing on [s,¢]. Then f~, f*, g~, and
g* are g-differentiable, and

Dof ™ < sDyf ™, sDag = Dygg"

Then f~ + g~ and f* + g* are g-differentiable functions on [s,t], and thus F + G is Ig-
differentiable on [s, £], and
sDg(F + G) = [min{Dyf ~ + Dyg™,sDof * + Dyg* },
max{;Dyf~ +,Dyg ,sDyf * +Dyg" }]
= [sDof ™ +5Dgg sDyf " +5Dyg" ]
= D F +; D,G. (3.7)

Similarly, we can prove that both F and G are £-decreasing.

(b) Suppose F is £-increasing and G is £-decreasing. Then

Dof ™ < sDyf ™, sDgg” = sDygg’"
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On the one hand,
sDg(F + G) = [min{Dyf ~ + Dyg™,sDof * + Dyg* },
max{Dyf~ +,Dgg ™, Dyf " +Dyg"}].
On the other hand,
sDgF ©g (-1):D4G = [:Dof ",sDyf "] ©¢ (~1)[sDgg"»sDyg” |
= [quf_stqf+] eg [_qug_' _qug+]
= [min{Dyf ™ +,Dyg sDof " +:Dgg"},

max{quf’ + D8 s sDof T+ Dyg” }] (3.9)
Comparing (3.8) with (3.9), we get (3.5). Further,
sDgF +DyG = [(Dof "+ 3Dyg",sDof " + Dyg ™|
So if F + G is £-increasing or £-decreasing, we get
sDy(F(x) + G(x)) € sDyF(x) + sDyG(x). (3.10)
The opposite case can be similarly proved. O

Theorem 3.11 Let F,G: [s,t] — K.. If F, G are Ig-differentiable and ¢(F) — £(G) has a
constant sign on [s,t], then the function F ©g G : [s,t] — K, is Ig-differentiable on [s,t],
and one of the following cases holds:

(a) IfF, G are equally £-monotonic on [s,t], then for all x € [s, t],

sDy (F(x) S¢ G(x)) =D F(x) ©4 sD4G(x). (3.11)
(b) IfF and G are differently £-monotonic on [s, t], then for all x € [s, t],
sDg(F ©4 G)(%) = {DgF (x) + (-1);D,G(x). (3.12)

Proof We now assume that £(F) > £(G) on [s,f]and F©, G = [f~ —g~,f" —g*].
(a) Suppose F, G are £-increasing on [s, £]. Since F, G are Ig-differentiable, we have that
f~.f*, g ,and g* are g-differentiable and

Dof ™ < sDyf ™, sDgg” = Dqgg"

Thenf~—g~ andf* —g* are g-differentiable functions on [s, t]. So F ©, G is Ig-differentiable
on [s,t], and

Dy(F 64 G) = [min{Dyf ™ — Dyg™,sDof " — sDyg*},
max{;Dyf " = Dgg s sDof * = Dyg"}]
= [Dof "5Dof "] ©¢ [Py 5Dag"]
= {D,F ©4 \D,G. (3.13)

Page 8 of 22
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The case where F and G are both ¢-decreasing can be similarly proved.

(b) Suppose F is £-increasing and G is £-decreasing. From (a) we have that
sDof " =sDof " sDqgg” = sDyg".
Since £(F) > £(G), on one hand,

qu(F eg G) = [min{quf7 - qugi,quer - qug+};
max{quf’ —sDgg s Dyf " —sDyg” }]
= [sDof ™ = sDgg »sDyof " —sDgg" - (3.14)

On the other hand,

sDgF + (—1)sD4G = [{Dof ~,sDgf "] + (1) [sDyg">sDyg” |
[sDof ~sDof ] + [~sDag ™ —sDyg"]
= [Dof ™ = sDgg ™ sDof * = sDyg"]. (3.15)

Comparing (3.14) with (3.15), we get (3.12). The opposite case can be similarly proved. (]

Example 3.12 Let F,G: [0,2] — K. be given by F(x) = [0, —x* + 2x] and G(x) = [0,2x? —
4 +3]. Since £(F(x)) = —x + 2x and £(G(x)) = 2x% —4x + 3, £(F(x)) < £(G(x)) forallx e [0, 2].
We have that F(x) is £-increasing on [0, 1] and ¢-decreasing on [1, 2]; G(x) is £-decreasing
on [0, 1] and £-increasing on [1, 2].

Further, we have that F(x) + G(x) = [0,4? — 2x + 3] and F(x) ©, G(x) = [-3x% + 6x — 3,0].
Since £(F(x) + G(x)) = x* — 2x + 3 and £(F(x) ©, G(x)) = 3x* — 6x + 3, F(x) + G(x) and F(x) ©,

G(x) are £-decreasing on [0, 1] and £-increasing on [1,2]. For all x € [0, 1], we get

0D4E(x) = [0Dgf ~ (%), 0Dyf " (¥)] = [0, —(1 + g)x + 2],
0D,G(x) = [0Dgg" (%), 0Dgg (0)] = [2(1 + q)x - 4,0],
0Dy (F(x) + G(x)) = [0Dg (f* (x) + g (%)), 0Dy (f (%) + &~ () ]
=[1+q)x-2,0],
0D (F(x) 8¢ G(x)) = [0Dg(f~ (%) =g~ (%)), 0D (f* (%) — g* () ]
=[0,-3(1 +g)x +6].

Then from (3.9) and (3.15) we have

0D F(%) 84 (1)0DyG(x) = [0,—(1 + @)x + 2] 4 (-1)[2(1 + q)x — 4,0]

[

= [0,—(1 +q)x+ 2] ) [0, =2(1 +q)x + 4-]
[min{0, (1 + g)x — 2}, max{0, (1 + g)x — 2}]
[

=[@+g)x-2,0],
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0DF(x) + (-1)oD,G(x) = [0, -1 +g)x+ 2] + (—1)[2(1 +q)x—4, O]
=[0,-(1 + g)x + 2] + [0,-2(1 + q)x + 4]

=[0,-3(1 + g)x + 6].

Further, for all x € [1, 2], we similarly obtain

1DgF(x) = [1Dof * (%),1Dyf ~(%)] = [-(1 + g)x = (1 - q) + 2,0],

1D;G(x) = [1Dgg™ (%),1Dgg" (x)] = [0,2(1 + g)x + 2(1 — q) — 4],

qu(F(x)+G( )) [qu(f (@) + g ( ) qu(f )]
=[:(1+Q)x+(1—q)— ]1
(F(x) e, G ) [qu(f ))'qu(f_(x) —g‘(x))]

=[-31+g)x-3(1-9) +6,0],
and

0D F(x) ©¢ (-1)0D,G()
+q)x—(1-q)+2,0] 8, (-1)[0,2(1 + q)x + 2(1 — q) — 4]
+qx—(1-¢q)+2, 0] eg[ 2(1 +q)x—2(1—q)+4,0]

min {1+qx+(1 q) - 20}max{(1+q)x+(1 q) - 20}]

(1
(1

= [
[
[mi
=[

0,1+q)x+(1-¢q)- ]

=)
>}

K
™

(%) + (=1)oD,G(x)
(L+gx—(1-q)+2,0]+(-1)[0,2(1 + g)x + 2(1 — q) — 4]
1

+q)x—(1—q)+2,0] +[-2(1+g)x—2(1 - q) + 4,0]

=[-
= [«
[-3(1+q)x-3(1-¢q) +6,0].

Obviously, we see that (D, (F + G)(x) = {DyF(x) g (-1):D,G(x) and (D, (F ©, G)(x) =
sDgF(x) + (-1)sD,G(x).

4 |g-Integral for interval-valued functions
In this section, we present the concepts of Ig-integral and give some properties. Firstly, let

us recall the definition of g-integral.

Definition 4.1 ([2]) Let f € C([s,t], R). Then the g-integral is defined by

£ 00
/ F@)dgx=1-)E -9 a'f(q"¢ + (1-q")s) (4.1)
s n=0
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for all £ € [s,t]. Additionally, if ¢ € (s, &), then the definite g-integral on [s, ] is defined by

/C-Ef(x)sdqx _ /jf(x)qux_ _/scf(x)sdqx

=1-9)E -9 q"f(q"€ + (1-q")s)

n=0

~A-9)c-9> q'f(q"c+ (1-q")s).
n=0

(4.2)

Note that if s = 0, then (4.1) reduces to the classical g-Jackson integral of a function f
defined by fogf(x) odgx = (1 - q)& Y20 q"f(q"&) for x € [0,00). For more details, see [2].

Next, we give the concept of the /g-integral and discuss some basic properties.

Definition 4.2 Let F € C([s, t], KC;). Then the Ig-integral is defined by

[e¢]

&
[ Fdiz--0E -9 e F@s s (1))

n=0

forall £ € [s,t].

Theorem 4.3 Let F € C([s,£],IC.). If ¢ € (s, &), then we have that

c 3 &
/F(x)sd;x+/ F(x)sdéx:/ F(x)sdgx.

Proof

c &
/ F(x)sd;x + / F(x) sdfix
s c

=(1-q)c-9)> q"F(q"c+(1-q")s)

n=0

+(1-9)E -0 q"F(q"s +(1-q")c)
n=0

- [(1 —q)c=9))_q'f (q"c+ (1-q")s),
n=0

L9327 der (1- q”)sﬂ
n=0

+ [(1 ~E-0) _q'f ("6 +(1-q")c),
n=0

1-9E-0) q'f (¢ +(1- q”)C)}
n=0

= [(1 —)E-9)) g ("€ + (1-1")s),
n=0

(4.4)

Page 11 of 22
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1-9E-9> q'f (4" +(1- q")s)}

n=0
e §
:(l—q)(é—s)Xzo:qﬂF(qﬂs + (1—q”)s) =/s F(x)sd;x. O

Theorem 4.4 Let F: [s,t] — K . If F € C([s,t], K.), then F is Iq-integrable if and only if f~
and f* are g-integrable over [s, t]. Moreover,

§ § £
/ F(x)sdéx = [/ f (=) sdqx,/ fx) quxi|. (4.5)
S N S
Proof The proof can be obtained by combining Definitions 4.1 and 4.2 and hence is omit-
ted. O

Example 4.5 Let F:[0,1] — K, be given by F(x) = [x%,x]. For 0 < q < 1, we have

1 1
/ *% odyx, / xodqxi|
LJo 0

=|1-9) 4" (1-9g) Zqz”}
L n=0 n=0

1
/ F(x) odix =
0

1 1
l1+g+q* 1+q]

Theorem 4.6 Let F,G: [s,t] —> K., and let « e R. IfF,G € C([s, ], K.), then for x € [s, t],
we have:

W) JEIEG) + G) sdgx = [ F(x) sdgx + [ G(x) sdygx;

(i) ff oF(x) dgx = o ff F(x) sdgx.

Proof From Definition 4.2 we have:

§
(i) / [F(x)+G(x)] Sdflx

o]

=(1-q)&-9) Zq"[F(q"s +(1-4")s) + G(q" + (1 - ¢")s)]

[e¢]

=(1-q)E -9y q"F(g"s + (1-q")s)

n=0

+(1-q)E -9 q"G(q"& + (1-q")s)

n=0

& &
=/ F(x)sdqx+f G(x) sdgx;

é o0
W) [ aFt)dp= (-0 -9 Y d'aF (@€ + (1-0'))

n=0

3
:a/ F(x) dgx. O
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Theorem 4.7 IfF,G € C([s,t],K.), then

& & &
/ F(x)sdéxeg/ G(x)sdgng F(x) &, G(x)sd;x.

S

Moreover, if ((F) — £(G) has a constant sign on [s, t], then

H & H
f F(x)sdéxeg/ G(x)sdflxzf F(x) ©, G(x)sdéx.

Proof First, we have

[ mintr g )
< max{ / g ) o / - g*)sdqx}
< f Cmaxlf— g f g} oy

This implies that
S S
/S Fsdqx eg/; Gsdqx
] § 5
= [mm{f (f —g’)sdqx,/ (r —g*)sdqx},
S N
3 &
max{/ (f —g’)sdqx,/ (f-g) sdqx”
S N
& ) §
- |:f mm{f‘ -g.f" —g*}sdqx,/ max{f‘ -g.f" —g*}sdqx]
&
:/ Fo, Gsdfix.
Moreover, FO, G=[f~—g ,f"—g"1if &(F) > £(G),or F&, G = [f* —g*,f~ —g ]if £(F) <

£(G). We now assume that £(F) > £(G) on [s,t] and F©, G = [f~ —g~,f* —g*]. So we have
JE(F~ —g) sdgx < [2(f* = g*) sdyx. This implies that

& &
/ F6,Gdix= |:/ min{f~ - g~,f" - g*} dyx,
§
f max{f” -g . f* —g*}sdqx:|

3 § § §
= [[ f sdqx,] A sdqxi| Sy |:/ g sdqx,/ g qux:|
s S S s

§ 3
:f Fsd;xeg/ Gsdéx. O
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Theorem 4.8 LetF: [s,t] — K..IfF is Iq-differentiable on [s, t], then ;D F is Iq-integrable.
Moreover, if F is £-monotone on [s, t), then

F(x) ©g F(c) = / quF(f;‘)sdeE forall c € [s,x]. (4.6)

c
Proof If F is Ig-differentiable on [s, t], then from Theorem 3.3 it follows that /= and f* are
g-differentiable. Hence ;D f~ and (D,f* exist on [s,t]. Meanwhile, ;D f~ and (D f* are

g-integrable. Therefore Theorem 4.4 imply that ;D F is Ig-integrable. If F is £-increasing
on [s,t], then (D F(x) = [(Dyf ~ (%), sDgf * (x)] for all x € [s, £]. Then we have that

FW-rO= [ s,

£ -0 = [ D6t
It follows that

F(x) = F(c) + /c xSDqF(E)SdeS.

Since F is £-increasing on [s, ], by (2.1) we have

Flx) 6 F(©) - / DF(E) L.

If F is £-decreasing on [s, t], then (D F(x) = [(Dyf*(x), {Dof~(x)] for all ¢ € [s,x]. Then we
get that

| irer e - [ | oseag | sbqf-@)sdqs]
[ ) O @)~ )]
= [ @).f @] 6 [f (0.1 ()]
= F(x) © F(0). m

Remark 4.9 We remark that if F is £-increasing on [s, t], then (4.6) is equivalent with

F)=FO+ [ DFE).dg,

c

and if F is £-decreasing on [s, £], then (4.6) is equivalent with
X
F)=F0 0, (1) | D Fe).dig
(4

for all x € [s,t]. Also, we remark that relation (4.6) can be false if F is not £-monotone on
[s,2]. Indeed, let F : [0,2] — K, be given by F(x) = [0,—x? + 2x]. For c € (0,1) and x € (1,2),
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we have that (see Example 3.12)

X 1 x
| Dir)die = [ op,FE)dlg /1 \D,F(E) o't

= [0,02—2c+1] + [—x2+2x—1,0]

=[-#+20-1,-2c+1].

Then we get that
F(x) 64 F(c) = [min{O, (c—x)(c+x— 2)},max{0, (c—x)(c+x— 2)}]
X
# [ oprie) e
c

Therefore (4.6) is not true for all x € [0, 2].
Example 4.10 Let F: [0,2] — K. be given by F(x) = [0,x%]. Since F(x) is Ig-differentiable
and {-increasing on [0,2], ;D,F(x) is Ig-integrable, and (D F(x) = [0,(1 + g)x]. Letc=1 €
[0,x]. Then

F(x) 6, F(1) = [0,4* - 1],

and
[ oDiF@)odie - [o, [ v odqs]
1 1

x 1
= I:O’/O 1+q)k Odqé: _/(; 1+q)k Odqg]
= [O,x2 - 1].

5 Ig-Hermite-Hadamard inequalities for interval-valued functions
Now we review the definition and properties of convex interval-valued functions.

Definition 5.1 ([31]) Let F: [s,£] — K.. We say that F is convex if for all x,y € [s,£] and
& €10,1], we have

F(x+(1-£)y) DEF(x) + (1 - £)F(y). (5.1)
We denote by SX([s, £], ;) the set of all convex interval-valued functions.

Theorem 5.2 ([31]) Let F: [s,t] — KC}. Then F is convex if and only if f~ is convex and f*

is concave on [s, t].

Theorem 5.3 Let F: [s,t] = K. If F € SX([s,t],K.) and F is Ig-differentiable on [s,t],
then

t
p<q5+ t> - L F(x)sdfzx - M (5.2)
l+g t—sJs l+qg
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Proof According to the Ig-differentiability of F on [s, £], there are two tangents at the point

qs” € (s, t), and their equations are

i (820 (22) (220

and

o= (770 s (7)1

Since F € SX([s, ], K.), we have

Hi(x) 2 F(x)

for all x € [s, t]. By Ig-integrating this inequality with respect to x on [s, t] we obtain

t
/Hl(x)sdf]x
t
qs+t gs+t qs+t
[ 1(555) e (355) (- 125 )
gs+t gs+t t gs+t
_¢-9F(LE) 4 D F dyx— (-
=9 (1+q)+ ! <1+q>(/sxd"x ( S)1+q>
_ (t—s)F(qS+ t) +Squ(qS * t)
l+q l+q
> s+
X ((1—q)(t—s)Zq”((l—q”)s+q”t) —(t—s)q )

t t
:(t—s)F(qS+ )+quF<qS+ )

l+qg l+q

1 1

l-q q - +q
() e (1o et
_ (t—s)F(%) > f F)dix. (5.3)

Further, the straight line through the points (s,f~(s)) and (¢, (¢)) can be expressed by

the linear equation

S O-16)

t—s

y @) =f()+————x-s),

and through the points (s,f*(s)) and (¢, (£)) by the linear equation

y@=re+ 0Oy

Page 16 of 22
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Since F € SX([s, t], K.), we have
Y(x) C F(x)

for all x € [s, t]. By Ig-integrating this inequality with respect to x on [s, £] we get

/ty(x)sdf]x
[(F() FO-r0,, ))
= (t—$)F(s) + @ St(x—s)sdqx
~(e-ore+ ([ txsdqx—s(t—s))
=t + 0T ((1 =93 (- s+ ) —s<t—s>>
=
= (t—s)F(s) + W((l -q(t-53)

1 1 1
* [(l—q_ 1—q2)s+ l—qzt} _S(t_s))

= (t - S)F(s) + (E() - F(s)) (qs tE s)

l1+q
F(t)-F
= (t—s)F(s) + (L‘—s)M
l+qg
F(s) + F(¢t
(-9 T ¢ (1) © / F(x),d (5.4)
+4q

Combining (5.3) and (5.4), we come to the following conclusion. a

Theorem 5.4 Let F : [s,t] — K. If F € SX([s,t], K.) and F is Iq-differentiable on [s, t],
then

t 1- t— t 1
ERY: +( q)( s)quF staty, 1 F(x) g
l+qg l+qg l+qg t—-s

OO

1+q (5.5)

Proof According to the Ig-differentiability of F on [s, £], there are two tangents at the point
s+qt

Tig € (s,2), and their equations are

i () (£2)(e- 1)

and

s (7)o () (- 55)
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Since F € SX([s, t], K.), we have
Hy(x) 2 F(x)

for all x € [s, t]. By Ig-integrating this inequality with respect to x on [s, t] we have

t
/Hz(x)sdéx
t t t t
:/ F(311 + Dy F | x—S+q dlx
s l+gq l+gq l+gqg 9
t t t t
:(t—s)F(sl+q )+quF(sl+q )(/ xsdqx—(t—s)sl+q )
+4q +q s +q
t t
— (- )F( 4 )+quF(S+q )
l+gq l+g

X ((l—q)(t—s)Zq ((1 q )s+q t)—(t S)s+qqt>

n=0

3 s+qt s+qt
_(t_s)F(1+q>+quF(1 q)
1 1 gs+t
((1 qxt_S)[( —q 1- q2>s 1- qt]_(t_s)lﬂi)
—(t—s)F( +qt) (s+qt)( qs+t_(t_s)s+qt)
- l+q l+q l+gq
~ gs+t s+qt) (t-s)*(1-q) ! 1
_(t—s)F<1+q>+quF<1+q> 1+q Ql F(x)sdx. (5.6)

Combining (5.6) and (5.4), we come to the following conclusion. O

Theorem 5.5 Let F : [s,t] — K. If F € SX([s,t], K.) and F is Iq-differentiable on [s, t],
then

S+t (1-q)(t-s) S+t 1 !
H(55) g ok(55) 2 s [ e

L 4O +FO).

1+q (5.7)

Proof According to the Ig-differentiability of F on [s, ], there are two tangents at the point

2L € (s, 1), and their equations

s (52) o ()5

and

i () (5.



Lou et al. Advances in Difference Equations (2020) 2020:446 Page 19 of 22

Since F € SX([s, t], K.), we have
H3(x) 2 F(x)

for all x € [s, t]. By Ig-integrating this inequality with respect to x on [s, t] we have

/tHg(x)sdéx
:/t|:l_~<i2t) +SDqF(%) (x—%t)]sdflx
~ LA TEAL ¢ 4 s+t
- 9F (350 roup (357 ) ([ -9
= (t—s)F(Sj> +SDqF(ﬂ>
2 2

X ((1 —q)(t—s) Zq”((l - q”)s + q”t) —(¢ —s)%)

n=0

r s+t D.F s+t
ear(35) o ()
1 1 1 S+t
X ((l—q)(t—s)[(l_q— 1—q2>s+ 1_q2t]—(t—s)7)

- (t_s)F(s%t> ¥ SD,#—“(%) ((t—s)‘qut —(t —s)%)

s+t s+t (t-s)?21-gq) /t p
=(t-s)F|\ — )| +D;F| — |————— 2 | F(x)d x. 5.8
(s)(2)+q(2)2(1+q)—s(’“)q’“ 8)
Combining (5.8) and (5.4), we come to the following conclusion. O

Theorem 5.6 Let F: [s,t] — K. If F € SX([s,t],K.) and F is Ig-differentiable on [s,t],
then

qF(s) + F(t)

) 59
l+q (59)

1 t
max{Aj, Ay, Az} 2 t—/ F(x)sdx 2
S

where
t
A1:F<qs+ >’
l+gq
t 1- t— t
a, - p(SF2), Q- a) S)SDqF s*at)
l+qg l+q l+q
t 1-9)(t- b
ny = () WD) plat by
2 2(1+q) 2

Proof Combining (5.3), (5.6), (5.8), and (5.4) proves the conclusion. O
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Example 5.7 Let F:[0,1] — K, be given by F(x) = [x?, -2 + 4]. It is obvious that F(x) is
Ig-differentiable on [0, 1]. For g = 2, we have

f(157)-r()-[5%)

1 ¢ 1 1 4 24
: : F(x)sd;x= |:/(; xzodqx7\/() (—xz +4) Odqxi| = |:§) 7:|!

and

qF(s)+F(t) [2 10
Tq_[??]'

Since
4 32 4 24- 5 2 10
99 33
Theorem 5.3 is verified.

Since £(F(x)) = —2x2 + 4, it follows that F is £-decreasing on [0, 1]. Then by Theorem 3.5
we obtain that (D, F = [-(1 + q)x, (1 + g)x] and

F(Hqt) L4 _q)(t_s)quF(”qt) =F<1> N lquF<l) - [_L,E],
l+q l+q l+q 3) 3 3 18°18
s+t (I-g)t-ys) s+t 1 1 1 1 31
Fl[=— )+ —"ZDF(—)=F(=)+=oD,F[=)=]|= =]
(2> 2(1+¢) q<2> <2> 6 ,,(2) [8 8]

Since

1 73 4 24 2 10
B B
w2572 5]
131 4 24 2 10
D_;_D_x_;
ERIEEEEE]

Theorems 5.4 and 5.5 are verified.

and

6 Conclusions

In this work, we introduced the concepts of Ig-derivative and Ig-integral and dis-
cussed some basic their properties. Furthermore, we established some new Ig-Hermite—
Hadamard-type inequalities. In the field of quantum calculus and time-scale calculus, our
results are more applicable than ever. In the future, we intend to study some applications
in interval optimizations by using Ig-calculus. Meanwhile, we may apply /g-calculus to

other fields, such as the integral inequalities and fractional calculus.
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