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1 Introduction

The study of degenerate versions of some special polynomials and numbers, namely de-
generate Bernoulli and Euler polynomials and numbers, was initiated by Carlitz [2]. Since
then, many mathematicians have been studying degenerate versions of special polynomi-
als and numbers such as Bernoulli, Euler, and Genocchi polynomials and numbers [1, 3—
14]. Recently, Kim et al. studied polynomials and numbers mentioned above in terms of
Jindalrae and Gaenari numbers and polynomials, discrete harmonic numbers and poly-
nomials [15, 16]. In particular, Genocchi numbers have been extensively studied in many
different contexts in such branches of mathematics as, for instance, elementary num-
ber theory, complex analytic number theory, differential topology (differential structures
on spheres), theory of modular forms (Eisenstein series), p-adic analytic number theory
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(p-adic L-functions), and quantum physics (quantum groups). The works of Genocchi
numbers and their combinatorial relations have received much attention [13, 17-20]. In
the paper, we focus on a new type of degenerate poly-Genocchi polynomial and numbers.

As is well known, the Bernoulli polynomials of order & € R are defined by means of the

following generating function:

PN
(et_1>et:20:851)(x)a (see [3, 4, 6, 21]). (1)
n=

We note that, for @ = 1, B,(x) = Bg,l)(x) are the ordinary Bernoulli polynomials.
When x = 0, B = Bgf‘)(O) are called the Bernoulli numbers of order c.
The Euler polynomials are defined by

e}

2 e’ = ZEn(x)ﬂ (see [2, 5]). 2)

et +1 n!

n=0
When x =0, E,, = E,(0) are called the Euler numbers.
The Genocchi polynomials G,(x) are defined by

2t

el +1

e = Z Gn(x)i—y; (see [13, 14, 17]). 3)
n=0

When x =0, G, = G,,(0) are called the Genocchi numbers.

The degenerate poly-Bernoulli polynomials are defined by using the polyexponential
functions (see [11]) and they are reduced to the degenerate Bernoulli polynomials if k = 1.
The poly-exponential functions were first studied by Hardy [22] and reconsidered by Kim
and Kim [1, 9, 10] in the view of an inverse to the polylogarithm functions which were
studied by Jaonquiére [23], Lewis [24], and Zagier [25]. In 1997, Kaneko [21] introduced
poly-Bernoulli numbers which are defined by the polylogarithm function.

Recently, Kim and Kim [1] introduced the modified polyexponential function as follows:

Eig (x) = 21: (n_xw ke7). @)

By using these functions, they also defined type 2 poly-Bernoulli and type 2 unipoly-
Bernoulli polynomials and obtained several interesting properties of them (see [9]).

Kim et al. [10] introduced poly-Genocchi polynomials arising from the modified poly-
exponential function as follows:

2 Eix(log(1 + ¢)) ot = Z quk) (x)f/l_r: (5)

t
+1
€ n=0

Whenx =0, Gi,k) = Gﬁ,k)(O) are called the poly-Genocchi numbers. Note that G, (x) = GLl)(x)
(n > 0) are the Genocchi polynomials.
The degenerate exponential functions are defined as follows:

e(t)=(01+ )\t)%, e (t) = ei(t) =(1+ )»t)% (see [1, 8—12]). (6)
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Here, we note that

et = Z(x),,,qu—}; (see [10, 12]), ?7)

where (x)o = 1, (%) =2(x —A)(x —21) - - (x = (m— 1)A) (n > 1).
In [2], Carlitz introduced the degenerate Bernoulli polynomials and the degenerate Euler

polynomials respectively given by

oo [”

" 2
ek(t) ZBnA(x mex(t) = ZEn k(x)n’. (8)

n=0

When x = 0, then B, = B, (0) and E,,, = E,;,(0) are called the degenerate Bernoulli num-
bers and the degenerate Euler numbers, respectively.
Kim et al. [10] considered the degenerate poly-Bernoulli polynomials as follows:

Eix(log(1 + ¢))

0= Y AW ©)
n=0 :

When x =0, ﬂn = ,3,(1]2(0) are called the degenerate poly-Bernoulli numbers.
Note that lim,_, ¢ ,3,(11; (%) = By(x) (n > 0), where B, (x) are the ordinary Bernoulli polyno-
mials given by

— = ZB,,(x);—n! (see [2-4, 26]). (10)

In [5], Kim et al. considered the degenerate Genocchi polynomials given by

2% L e ¢
o Ce() = Zo G (1) —. (11)

When x =0, G, = G,,,,.(0) are called the degenerate Genocchi numbers.
For n > 0, the Stirling numbers of the first kind are defined by

= ZSl(n, Dt (see [9, 10, 24]), (12)

where (x)g=1, (®), =x(x-1)---(x —n+1) (> 1).
From (12), it is easy to see that

; (log(1 + t) ZSl (n, k)—. (13)

In the inverse expression to (12), for n > 0, the Stirling numbers of the second kind are
defined by

&= S(m ). (14)

1=0
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From (14), it is easy to see that
1 k it t"
E(et -1) = Zk 5 (1, k) — ot (15)
=

Recently, Kim and Kim [6] introduced the degenerate Stirling numbers of the second
kind as follows:

@ = Y Soa(m D@ (1> 0). (16)
1=0
As an inversion formula of (16), the degenerate Stirling numbers of the first kind are de-
fined by
@n=)_ Sialm D) (1> 0) (see [6]). (17)

=0

From (16) and (17), Kim and Kim observed that

; e(t) - ZS“(n, k)— (see [6]). (18)

The paper is divided into two parts. In Sect. 2, we define a new type of the degener-
ate poly-Genocchi polynomials and numbers constructed from the modified polyexpo-
nential function. We also show several combinatorial identities related to the degenerate
poly-Genocchi polynomials and numbers. Some of them include the degenerate and other
special polynomials and numbers such as the Stirling numbers of the first kind, the de-
generate Stirling numbers of the second kind, degenerate Euler polynomials, degenerate
Bernoulli polynomials and Bernoulli numbers of order ¢, etc. In Sect. 3, we also introduce
the degenerate unipoly Genocchi polynomials attached to an arithmetic function, by us-
ing the degenerate polylogarithm function. We give some new explicit expressions and
identities related to degenerate unipoly Genocchi polynomials and special numbers and
polynomials.

2 Degenerate poly-Genocchi numbers and polynomials
In this section, we consider the poly-Genocchi polynomials and the degenerate poly-
Genocchi polynomials respectively as follows:

Ei(log(1+2¢)) ,, (k
& G ) 19
ef+1 Z "

and

Eix(log(1 + 2¢))

IR N
TP ek(t)—ZGM(x)E. (20)

n=0

When x =0, Gﬁ,k) = Gﬁ,k)(O) are called the poly-Genocchi numbers.
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It is easy to show that G,(x) = Gi,l)(x) (n > 0) are the Genocchi polynomials because of
Ei; (log(1 +2¢)) = 2¢.

When x =0, quk/)\ = Ggf;(O) are called the degenerate poly-Genocchi numbers.
It is easy to show that G, (x) = Gﬁ,li (%) (n > 0) are the degenerate Genocchi polynomials.

Theorem 1 Forn >0, k € Z, we have
-1 x
6w -2 (" sl (5)
=0 > (21)

Proof From (6) and (9), we observe that

ad t"  Eig(log(1 +2t))
Z a® i - 5
=0 " (x)”‘! en(®)+1 G

_ Eix(log(1 +21))
~(en(® + D(en(t) - 1)

_ Bir(log(1+20) , [~ "
" e,e0-p) 40 (Zu)m,%)

(e)\(t) - l)e’){(t)

m=1

o 21 l o m
(-

gy | x\ \ t"
= Z(Z ( z )21(1),1_;”3;@ <5>) — (22)

n=1 \ /=0

Therefore, by comparing the coefficients on both sides of (22), we get the desired result. (]

When x = 0, we have

n-1

n-1
Gl = ( l )21(1)n1,xﬂ;,2 (23)

=0

Theorem 2 For n > 0, we get

(k) rJd n 2j_1 ,
Gn,A (x) = E . -1 Sl (]7 m)En—m,A(x)y
j=1 m=1 ]/ m (24)

-0
Proof By using (4) and (8), we get

— 1 : p
HX:O: G5 () i Py Eiy(log(1 + 2¢))éj (£)
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>\ (log(1 + 2¢))"
) ; (m—l)!mk)
>

)
(et Eeem)
)

j=m

~.

© 1 N
Z Z 2 o Sl(], m)]—'
> (I (n 1 t"
= Z( > ( ,)2' 550 m)En_m,A(x)) — (25)
; !

Therefore, by comparing the coefficients on both sides of (25), we get the result that we
wanted. O

Theorem 3 For n > 0, we have

n I+l

G () = ZZ( ) ﬁ51(1+ 1,1)Gyp_1,(%). (26)

=0 m=1

Proof From (13) and (19), we observe that

ad t"  Eir(log(1l+2t)) ,
HZO:G,,,\( )— = Wq(t)

2t 1
= > (t) - — Eig(log(1 + 2¢
e,\(t)+lek() 2t lk(Og( i ))

oo I !
2% o1 ;1 t
T oe(t) + lek(t). 2t (ZZZ mk-1 S1ltym) l!)

=1 m=1
'S} v1 oo I+1 l+1
— l+1 S l 1
;Zo: ”(x)/'ﬂ(lio:; S L
oo j oo I+1
:ZG],,\ (ZZ 2 S1(l+1,m)— )
P b~ o~ (I+1 mk 1 |
n I+l t"
= [+1, e —. 27
309 (| EFES REEYIRRRCRRE) RS

Therefore, by comparing the coefficients on both sides of (27), we get the desired result. [J

For the next theorem, we need the following well-known identity:

t ' x-1 _ - (a—r+1) ﬁ
(410g(1+t)) (L+6)7" = BE"M(x) . (28)

.
a=0

where Bg")(x) is the Bernoulli polynomials of order « in (1).
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Theorem 4 Forn >0, k € Z, we get

n

- () = (")

m=0 MY+ Mg =m - M1
my+1lmy+me+1  my+---+my_g+1 b
where BY" is the Bernoulli numbers of order m at x = o.
Proof First, we note that
d d A (log(1 + 2x))"
— Eig(log(1 Zx —
dx ik (log(1.+ " dx Z (n—1)lnk
2 i n(log(1 + 2x))"*
T 1+2x ~  (n-1)nk
[e¢]
~ 2 Z (log(1 + 2x))"
T (1 +2x)log(1 + 2x) (n— 1)kt

n=1
_ 2
"1+ 2x) log(1 + 2x)

Eij_1 (log(1 + 2x)) dt

From (28) and (30), we obtain the following equation:

Eik(log(l + 2x))

* 2
- /(; (1+2¢)log(1 +2¢)

: 2
% /0 (1+20)log(1+2)

(k—2)-times

* 2
- /(; (1+2¢)log(1 +2¢)

‘ 2
X/O (1+20)log(1+28)

(k—2)-times
o0
=) 2 Y ( " )
m=0 MY+t =m My ey Mi-1
B%l) B%z) N B%(k-ll) ﬁ
my+1lmy+ma+1  my+--+mpq+1ml

From equation (31), we observe that

o0
e aw
gl T e (t) +

2t = " m
B e ) +1 ;2 Z (ml,. )

R
MY+ M1 = k-1

1 Eik(log(l + 2t))

t 2 2 9 Fi,(log(1 + 2t)) s
' /0 (1 +2t)log(1 + 2¢t) /O (1 +2£)log(1 + 2¢t)

Page 7 of 14

(29)

(30)

dt

2 2 a4t
/ / dt---dt
o (1+2t)log(1+2¢) Jo (1+28)log(1+2¢)

(31)
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8 B%l) B%Z) B%]:l) tm

mp+1my+my+1 my+ -+ mp_ + 1 m!
o0 l o0
t m
(et)zr ¥ (")
1=0 ) m=0  mp+e+my_i=m Mo s Mi-1
mi+1m+my+1 my+ -+ mg_ + 1 m!

- ii (:)2’" Z (ml,..r.rfmk—1>

n=0 m=0 my+e+mp_1=m
B%l) B%Z) B%f:l) "
o G-ty —- (32)
mp+1my+my+1 mi+--+mp_1+1 n!

Therefore, by comparing the coefficients on both sides of (32), we get the desired result. (I

Corollary 5 For k =2, we have
n ()
B
c? - "\ o1 211 Gt
o Z(z 5 Gt (33)
1=0
Theorem 6 Forn >0,k € Z, we get
n n .
G @)= ( 1) ()1 GLy- (34)
1=0
Proof From (7) and (19), we note that
0, " Eir(log(l+22)
D G W)= = = ()
’ n!

n
— e(t)+1

} : (k) E :
- Gl”\ I ©ma m!
1=0 m

=0

- (Z (’Z) (x)n-l,ngﬁ)) 3 (35)

n=0 \ /=0

Therefore, by comparing the coefficients on both sides of (35), we obtain the desired re-
sult. O

Theorem 7 Forn > 1, k € Z, we have

n

2"S1(n, m)
k k 1
GG, =) g (36)
m=1
Moreover, when k =1,
Gn—l,k(l) + Gy = Z 2"S1(n, m). (37)

m=1

Page 8 of 14
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Proof By using (6) and Theorem 6,

Eix(log(1 + 2¢))
e(t)+1

(l)mk ZGM ')+Z _‘
10 m! =

(k) "
( l)n Wl)\GmA+G )E

n

G ®
( G, 1, (1) + Gn—l,)\);'

Eik(log(l + 2t)) = (ek(t) + 1)

/_\

k zw

n=1
On the other hand,
o0
(log(1 + 2¢))
Ei 1 (1+21) =
1k og(l + ) Z (= Dk
00 0 ongn 0o n
:ZZ lelnm) ZZ lel(n’m)_
m=1 n= n=1 m=1

Now, by comparing the coefficients of (38) and (39), we get what we wanted.

Theorem 8 Forn=>1, k =1, we have

n
ZZ”Sl(n,m) =28,1,

where 8,k is the Kronecker delta.

Proof From (39), we obtain

Eij (log(1 +2¢t)) = 2¢ = 222 Sl(n,m)—

n=1 m=1

Hence, by comparing the coefficients of (41), we get the desired result.
Corollary9 Forn>1,k=1, we have

2, ifn=1,

G111+ G p =
n-14() oLk {O, otherwise.

Theorem 10 Forn >0, k € Z, we get

n !
3% (’Z) () S2,(m, DG, .

=0 m=0

(38)

(39)

(40)

(41)

(42)

(43)
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Proof By using (21), we get

ZGnkx( )_" _ Ei(log(1 + 2t))ej{(t)
n=0

e(t)+1
:E%%§%%%§Dwx—1+1y
T
=0 1=0 m=0
(ZZ( >(x)m5“ G M) "
=0 m=0

Now, by comparing the coefficients of (44), we get what we wanted.

3 The unipoly Genocchi polynomials and numbers

(44)

Let p be any arithmetic function which is real- or complex-valued function defined on the

set of positive integers N. Then Kim and Kim [27] defined the unipoly function attached

to polynomials p(x) by

u(x|p) = ZP(Z,)(x (k € 7).
n=1

Moreover,

ur(x|1) = Z P = Lix(x)

n=1

is the ordinary polylogarithm function, and for k > 2,

d 1
'—W@W=;W4mm

dx
and
*1 ft1 |
uk(x|p)=/ —/ —/ —uy(t|p)dtdt---dt.
o tJot ot
%‘,_J
(k—2)-times

In [28], Dolgy and Jang introduced the unipoly Genocchi polynomials as follows:

o0
. u(log(1 + t)|p)e* = Z Gg;),(x)—.

n!
n=0

(45)

(46)

(47)

(48)

(49)

Page 10 of 14
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In this section, we define the degenerate unipoly Genocchi polynomial by

w(log(L+20)|p) .\~ v
Tt 072Gy o

(0) is the degenerate unipoly Genocchi number.

When x =0, quk)\p = Mp
,\(x) is the degenerate poly-Genocchi polynomial of (19).

Whenp =1, Gn“(x) =

Theorem 11 Let p(n) for n € NU{0} and k € Z, then we have

GY | (%) =G (). (51)
n,k,f »
Proof Let p(n) = ﬁ = ﬁ Then we have
00 1
" ur(log(l +2t)|+)
Gk) i r’ x
; "’*’%(x) n! et)+1 )
Elk(]og(l +2t)) ®)
t) = G, —. 52
e+l a0 = Z (52)
Thus, we have what we wanted. O
Theorem 12 For n € NU {0} and k € 7, we have
® pm+1)(m+1)! 2
GnAp ZZ( )Wl—sl(l+ 1,m+1)G,,_1,,\. (53)
=0 m=0
Proof From (11) and (13), we have
[o¢] o0
t" 1 p(m) m
N = log(1 + 2¢
; AP e () + 1 ; mk (log(1 +20)
1 > p(m +1)(m +1)!
= S1(l, 1) —
e;\(t)+1§ (m+ DF l%; 1(lm + )
2 e pm+1)(m+ 1) 20!
= Si(l+1, 1
e(t) +1 Z (m+ 1) ;ﬂj W Lm DT
i pm + 1) m+ 1) 2! ¢
:(1_20 M}—)Z(Z = TS+, m+1)(l+1) 7

n

> !
Z(ZZ( )%,2 S+, m+1>Gm)%. 59

=0 \ /=0 m=0

Therefore, by comparing the coefficients on both sides of (54), we obtain the result of this
O

theorem.
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Theorem 13 For n € NU {0} and k € 7, we have

n Il+1

Gop=D_ 0 (l . 1)%2’*&(1, m+ DE, . (55)

=0 m=0

Proof From (8) and (13), we have

p(m)(log(1 + 2¢))"  m!
ek(t Y+ 1 Z mk “m!

oo

1 plm +1)(m + 1)! (log(1 + 2£))"*+1
Cet)+1 2 (m+ 1)k (m+1)!

m=0

_1 i =2 plm +1)(m + 1)!
=3 (;} ) Z it 1F l%;lSl(l m+ 1)

00 I+1 !

1 v 1 1)! t
"3 (ZEf'Af) Z(Z gy 2t ”) i

m=0

n

00 n o I+l n p(m +D)m+1) ;
= Z(Z . (l + 1) Wzl 151(1,1’7’1 + 1)Enl,k> ; (56)

n=0 \ [=0 m=

Thus, by comparing the coefficients on both sides of (56), we obtain the desired theo-

rem. -

Theorem 14 For n € NU {0} and k € Z, we have

a I+l

!
Gy ZZZ( )( ) 1o, 200 2"“”51(1+1,m)3n_%%(§>. (57)

a=0 [=0 m=1

Proof From (7), (8), and (13), we get

ZG”AP( )_
n=0

ur(log(1 + 2t)|p)

- W@’{(t)

B t; + 189{“) r;i;p(:lm! _i;sl(l, nﬂ%

) e:é;? 1 :23 -1 Ii;ip(m)m (+1, rn)zmtl+1

- ej(tze—;)(t_) e(t) - lfo:ip S+ 1,m)%tl

= (i:Bi,; <§) 2,—,t> (i(l);%) (i:il%zlsl(z +1,m)- ;)
= j= —0 m-=
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00 2ltl oo o I+l o (Wl)Wl ©
BM( ) )( ( )<1>a_ 21,1 + 1,m)—>
(120: ? L Z 1=0 m=1 ! Yomh me o!

a=1
a I+l "
Z(ZZZ( )( ) a_l,x’”(;”jm 2SI+ 1,m)B, _, (;))t (58)
n a=0 [=0 m=1

Thus, by comparing the coefficients on both sides of (58), we obtain the desired theo-

rem. O

4 Conclusion

In this paper, we introduced the degenerate poly-Genocchi polynomials by using the mod-
ified degenerate polyexponential function. We expressed those polynomials and numbers
in relation to: the degenerate poly-Bernoulli polynomials in Theorem 1; the degenerate
Euler polynomials and the Stirling numbers of the first kind in Theorem 2; the degenerate
Genocchi numbers and the Stirling numbers of the first kind in Theorem 3; the Stirling
numbers of the first kind in Theorems 7, 8; the degenerate poly-Genocchi numbers and
Bernoulli numbers of order # in Theorem 4; and the degenerate Stirling numbers of the
second kind in Theorem 10. Furthermore, we defined the degenerate unipoly Genocchi
polynomials and obtained some of their properties. Not to mention, we also obtained the
identity for degenerate unipoly Genocchi polynomials and numbers for: the degenerate
Genocchi numbers and the Stirling numbers of the first kind in Theorem 12; the degener-
ate Euler numbers and the Stirling numbers of the first kind in Theorem 13; the degenerate
Bernoulli polynomials and the Stirling numbers of the first kind in Theorems 14-.

It is important that the study of the degenerate version is widely applied not only to
numerical theory and combinatorial theory, but also to symmetric identity, differential
equations and probability theory. In particular, many symmetric identities have been stud-
ied for degenerate versions of many special polynomials [1, 5-12]. Genocchi numbers
have been also extensively studied in many different branches of mathematics. The works
of Genocchi numbers and their combinatorial relations have received much attention
[13, 17-20]. With this in mind, as a future project, we would like to continue to study
degenerate versions of certain special polynomials and numbers and their applications to
physics, economics, and engineering as well as mathematics.
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