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Abstract

This paper is concerned with the existence of solutions of an inverse discrete problem
with sign-changing nonlinearity. This kind of problems includes, as a particular case,
nth order difference equations coupled with suitable conditions on the boundary of
the interval of definition. It would be valid for the case in which the related Green's
function is positive on a subset of its rectangle of definition.

The existence results follow from spectral theory, as an application of the
Krein-Rutman theorem and by means of degree theory.
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1 Introduction

During the last years, many authors discussed the existence of solutions for boundary
value problems by using various topological methods. However, there are just a few results
with sign-changing nonlinearities. Usually, in order to obtain positive solutions of semi-
positone problems for ordinary differential or difference equations, by using fixed point
methods, the nonlinearity terms need to be bounded from below and ultimately positive.

For example, in [2] the authors studied the following problem:

(p®u) +rg(t,u) =0, te(a,b),
yiu(a) — yop(@)u'(a) =0,  ysu(b) — yap(b)u/'(b) =0,

where g : [a,b] x R* — R is continuous, bounded from below (i.e., g(¢,z) + M > 0 for some
M > 0) and limzeoof(i’z) = oo uniformly for ¢ € [o, B] C (a, b). Later, Bai and Xu [4] dis-

cussed its discrete analog and it also required boundedness from below on the nonlinear-

ity term, as well as a superlinear condition at co. We also refer the reader to [9, 11, 12],
where the authors used topological methods to deduce, under a similar hypothesis, the
existence results to a discrete fractional semipositone boundary value problem.

By using Guo—Krasnosel’skii’s fixed point theorem, Bai, Henderson, and Zeng [3] ob-
tained the existence of positive solutions of the discrete Neumann boundary value prob-
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lem

—Azu(k - 1) :f(kr M(k)): ke [11 T]Zr
0= Au(0) = Au(T),

where the nonlinearity term f : [1, T]z x R* — R is a continuous sign-changing function,
for which there exist a function /4 : [1,T]z; — R*, with %2 # 0 on [1, T]z, and a constant
L>0such that f(¢t,z) + Lz + h(t) > 0, (t,2) € [1, T]z x R*.

In [17], using Krein—Rutman theorem, Zhang studied the fourth order singular bound-
ary value problem

u® () = h(o)f (), te(0,1),
0=u(0)=u(l) =4 (0) =4 (1),

under some suitable conditions concerning the first characteristic value corresponding to
the relevant linear operator. Here, % is allowed to be singular at both £ =0 and £ = 1. In
particular, f : R — R may be a sign-changing and unbounded function from below, and
the existence of a control from below function related to f is not assumed. The existence
results of nontrivial solutions and positive-negative solutions are given by the topological
degree theory and the fixed point index theory, respectively.

A similar idea can be found in a very recent paper [18], where under suitable conditions
concerning the first eigenvalue corresponding to the relevant linear problem, the authors
established the existence of nontrivial solutions for boundary value problems of the fol-
lowing fourth order difference equation with a sign-changing nonlinearity:

Atu(k - 2) = f(k,u(k)), kel2,Tlz, W
0=u(l)=u(T +1) = A%u(0) = A%u(T),
where T > 5 is an integer and f : [2, T]z x R — R is a continuous function. The results
are based on the topological degree theory and generalize some previous results obtained
for this problem. It is important to point out that our results generalize some ones given
in that reference, in fact, as we will see in Example 9, Theorems 3.2 and 3.1 in [18] are
particular cases (respectively) of Theorems 5 and 6 in this work.
Our aim is to extend these results as we study the following #nth order boundary value
problem:

u(k + n) + Z;':_()lpi(k)u(k +i) =f(k,uk)), kel=la,blz,
Lu=0, i=1,...,n

(P)

Here, f: I x R — R is a continuous function, b —a > 2, and
. Tb-a+1 .
L;:R —-R, i=1,...,n,

are linear operators, for which the following conditions for the related Green’s function
G(k, s) are fulfilled:
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(G1) G(k,s)>0forallkelandsel.
(G2) G(k,s) is symmetric for all k e I and s € [, i.e., G(k,s) = G(s, k).
(G3) There is ky € I such that G(koy,s) >0 forall s € I.

Remark 1 Notice that condition (G2) implies that all the eigenvalues of the matrix
(G(k,s))kser are real and that its associated Jordan matrix is diagonal. As a consequence,
all its eigenvalues are zero if and only if G is identically zero which, from (G3), is not true.

So we deduce that the spectral radius is strictly positive.

There are several papers in the literature, where the related Green’s function of the stud-
ied difference equation verifies previous properties for a suitable value of parameters, see,
for instance, [1, 6, 7] (and in [5] for order four), where the nth order Problem (P) with

periodic conditions, i.e.,
Lix=x(i-1)—x(N+i-1), i=1,...,n,

has been studied.
The Neumann conditions were considered in [8].
So, with this idea in mind, we study a more general problem that includes the difference

equations as particular cases. That is, we consider the general inverse discrete problem

b
u(k):=Y Glk,s)f (s,u(s)), kel, )

s=a

where G satisfies conditions (G1)—(G3), but it is not necessarily the Green’s function of a
related linear operator.

To deduce the existence results of equation (2), we will work with spectral and degree
theory. To this end, define the space E as the collection of all maps from I to R equipped
with the norm ||| = maxk¢s |u(k)|. Clearly, E is a Banach space.

Now, we recall some definitions that will be useful in the sequel. Let X be a Banach space.
We say that K C X is a cone if K is a closed convex set such that AK C K for all > > 0 and
KN(-K)={0}.IfK —K = X, i.e, the set {u — v | u,v € K} is dense in X, then K is called a
total cone. If K — K = X, K is called a reproducing cone. If a cone has nonempty interior K°,
then it is called a solid cone. Any solid cone has the property that K — K = X; in particular,
it is total.

Let us recall Krein—Rutman theorem.

Theorem 2 (Krein—Rutman, [10, Theorem 19.2]) Let X be a Banach space, K C X be a
total cone,and T : X — X be a compact linear operator that is positive (i.e., T(K) C K) with
positive spectral radius r(T). Then r(T) is an eigenvalue with an eigenvector u € K\{0}, i.e.,
Tu =r(T)u.

Now we introduce two useful results using the properties of the topological degree,
which can be found in [13].
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Lemma 3 Let X be a Banach space and §2 be a bounded open set in X. Suppose that A :
2 — X is a continuous compact operator. If there exists ug € X\{0} such that

u-Au#puy forallu e d§2 and u >0,
then the topological degree deg(I — A, £2,0) = 0.

Lemma4 Let X be a Banach space and $2 be a bounded open set in X with 0 € 2. Suppose
that A : 2 — X is a continuous compact operator. If

Aupu forallued$2 and pu > 1,
then the topological degree deg(I — A, £2,0) = 1.

The paper is scheduled as follows: In the next section we deduce the main properties
of the kernel G. Section 3 is devoted to nonlinear problem (2). In it, under suitable as-
sumptions on the nonlinearity f, which is allowed to change its sign, related to the first
eigenvalue of the linear problem, the existence of a nontrivial solution is proved. The pa-
per ends with some examples where the applicability of the results is pointed out.

2 Kernel properties
In this section we present some additional assumptions on the kernel G, and we deduce
some suitable properties.

Define the cone K on E as follows:

K:={ueE:u(k)>0,kel}.

To the end of the paper, let B, = {u € E: ||lul]| < p} for p >0, 9B, ={u € E: ||u| = p}, and
B, ={ueE:|ul <p).
Define the operator T : E — E as follows:

b
Tu(k) =Y " Gk,s)f (s,u(s)), kel 3)

s=a

By definition, we have that the solutions of problem (2) coincide with the fixed points of
operator 7.
Now, define the operator

b
(Lu)(k) =Y Gk s)uls), kel (4)

From Remark 1, we have that r(L), the spectral radius of operator L, is such that r(L) > 0.
Thus, since the compactness and the continuity properties are equivalent on finite dimen-
sional spaces, we can apply Krein—Rutman theorem to operator L. So, it follows that

b
}:Gmgwg=ﬂuwm, (5)

s=a

where v(k) > 0 on I, v 0 on I, is the corresponding eigenfunction.
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Notice that if v(kp) = 0, from condition (G3) we arrive at the following contradiction:

b
0< Y Glko,s)v(s) = r(L)v(ko) = 0.

s=a

Moreover, since G is symmetric, we have

Z(ZGks ) Z(ZGk, ) k). 6)

k=a k=a
In the sequel, we introduce the following functions:

G(k,s)

(k) := Urer}fsrél Go.s) kel (7)
G(o,5)#0
and
o(s):= max{ (a,s)}, sel. (8)

It is clear, from (G1), that /; > 0 on I and, by condition (G3), that /; (ko) > 0. From (G1)
and (G3) we have that ¢(s) > 0 for all s € I. Moreover, the following inequalities hold:

l1(k)G(o,s) < G(k,s) <@(s) forallk,s,o el 9)

3 Nonlinear problem
This section is devoted to proving the existence of a nontrivial solution of Problem (2)
which, as we have noted in previous sections, is equivalent to finding a fixed point of op-
erator T defined on (3). The proofs follow similar arguments to the ones developed by
Zhang, O’Regan, and Fu in [18] for equation (1).

So, we present some assumptions about the nonlinearity f:

(HO) f:I xR — Risa continuous function on I x R.

(H1) lim,_o- inf &2 5 ) < 5 forallk e 1.

(H2) limpy -0 sup L

1
IuI <D forall k e I
Our first main result is as follows.

Theorem 5 Suppose that (H0)—(H2) hold. Then Problem (2) has at least one nontrivial

solution.

Proof From (H1) there exist g € (0, @) and 7 > 0 such that

flk,u) > (% +£0>u forallu € [0,r] and k €I

and

fk, u)_(%—a())u forallu € [-r,0] and k € I.

Page 5of 16
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Using the above two inequalities, one can obtain that

flk,u) > (L + 80>M forallu € [-r,r] and keI (10)
r(L)
and
flk,u) > (L—‘eo)u forall u € [-r,r] and k € I. (11)
r(L)

Now, taking into account that
b
8:= ) Lkv(k) = h(ko)v(ko) >0,

k=a

we introduce the following cone:

b
K = {u €K ‘ > ukv(k) = 81lul }
k=a

We claim that L(K) C K;. Indeed, using the definition of L, for all u € K, Lu > 0 on I. So,

for any o € I, we have that

b
= (Z L (k)v(k)) (Lu)(0).

k=a

G(k, s)u(s)) v(k)

I
! S8

b b
S v =3
k=a

k=a

b
L) Glo, s)u(s)) v(k)

b
=
k=a

Thus,

b
> (Lw)(k)v(k) = 8| Lul.

k=a

Notice that, since v = % it follows that v € Kj.
Now, we claim that u — Tu # v for all u € 3B, and p > 0. Assume, on the contrary, that

there exist u#; € 9B, and 1 > 0 such that

up — Tuy = pqv. (12)

Using (10) and (12), we have that

1

b
uy (k) > (% + £0> ; G(k,s)u1(s) = (r—L) + ao)Lul(k), kel (13)

Page 6 of 16
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Multiplying both sides of the above inequality by v(k), summing from a to b, and using
(5) and (6), we obtain that

b

b
> wlyvk) > E + & Z (Z G(k,s)ul(s)> v(k)

k=a k=a
b

_ @ + & kz (Z G(k,s)v(s)) uy (k)

b
(1 + 8or(L) Z up (k)v(k),
k=a

whence 3°°__ u, (k)v(k) < 0.
On the other hand, from (12) we have, for any k € I,

(k) - (% - so)(Lul)(k)

=(Tu1)(/<)—( (IL) 80)(LM1)(7<)+M1V(/<)

b b
= Z Gk, s)f (s, u1(s)) - (% - 80) Z G(k,s)u(s) + uyv(k)

b
= Z G(k,s) (f(s, ul(s)) - (% - 80) ul(s)> + (k).

Now, using the latter together with L(K) C K3, v € K3, and (11), gives us that u; — (% -
so)Lu1 € 1(1
Hence, from (5) and (6), we deduce

1
‘ U — (m —ao)Lu1

1 1
> <u1(k) ( D 80) (Lul)(k)> v(k)
k=a
1 b
=5 Z 1y () (E - 80> > Ly (kyv(k)

k=a k=a

(=2}

b
_ ’(L;‘?" gul(k)v(k)

<o.
The above inequality implies that

1
up = (m - 80>LM1,

which, together with (TlL) —&0)~' > r(L), implies that %, = 0, which contradicts the fact that
U € BB,
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Thus, (12) is false and, from Lemma 3, it follows that
deg(I-T,B,,0) =0.

From (H2) there exist &1 € (0, ﬁ) and ¢; > 0 such that

1
V(k,u)} < (m —81)|u| +c¢; forallkelandueR. (14)
r
Let
X:={ueE|u=1Tu,re0,1]}.

Now, we will show that X is bounded in E.
To this end, as a direct consequence of [16, (57d)], we have that for any 0 < « < ﬁ, its

corresponding Neumann series converges in the operator norm:

(I-al)™! = Z (aL)".

n=0

In addition, since it is a sum of positive operators, we have that (/ — aL)™! is a positive
operator on E.

On the other hand, using (14), we have that the following inequalities are fulfilled for all
uelX:

b
()] = 1|(Tu)(k)| < Gk, 8)|f (s, u(s))|

b
< ;G(k,@((ﬁ —81> |u(s)| + c1>.

Clearly, the previous inequality is of the form |u| < «L|u| +v, withO <« = ﬁ —£ < %
and v = Zf:a G(k,s)cq.

As a consequence, from the positiveness of (I — aL)™! on E, we deduce that |u| < (I -
aL) 'y, u is bounded, i.e., X is bounded.

Now, one can choose R > max{sup,,.y ||u||, 7} for r defined by (10). Then, ATu # u for all
u € 0B and A € [0, 1]. From Lemma 4 it follows that deg(/ — T, Bg,0) = 1.

Using the latter one, together with deg(/ — T, B,,0) = 0, gives us

deg(I — T, Bg\B,,0) = deg(I — T, Bg,0) — deg(l — T, B,,0) = 1.

Therefore, operator T has at least one fixed point in Bz\B,, which is a nontrivial solution
of (2). O

Before formulating our second main result, let us introduce the following conditions
about the nonlinearity:
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(H3) There exist two constants a; >0, b; > 0 and a function @ € C(R,R*) such that
flk,u)>-a; —b1®(u) forallueRandkel.

(H4) Timy, s o0 ﬁﬂ) = o.

(H5) iy, o0 mff k > s forall kel.
(H6) lim, -0 sup £ Iu\ r(lL forall k e I.

The result is the following.

Theorem 6 Suppose that (HO) and (H3)—(H6) hold. Then Problem (2) has at least one
nontrivial solution.

Proof From (H5) there exist &, > 0 and N; > 0 such that

1
flk,u) > (m +82>|u| for all k € I and |u| > N;.

For any given €, > by 3, using (H4), there exists N, > N; such that
@ (u) < e3|lu| for all u with |u| > Ns.

From (H3), since a; > 0, b; > 0 and @ is a nonnegative function, we have

f(k,u)z<%+82>lul b1¢(u)z(m+sz>lul a1 breslul

for all & with || > N,.
Let us denote ¢, = (%L) + & — b163)Ny + maxker <N, [f (k,u)], ¢3 = ¢ + a1, and @* =
max, <n, P (). Then

1
f(ku)_(mﬂsz b183)|u|—63 forallk e land u € R.

Note that €5 can be chosen arbitrarily small, and let us set

(3 + by ®*) maxes h(K) S0 o(s)
1 — bye3 maxkey f1 (k) Zf:a o(s)

(c3 + b1 @*)((e2 — b1£3)(1 + maxges [1(k)) Zs . 9(s
(82 — bres)(1 — bres maxeer L1 (K) 2, (s)) (,(L) +63—b1€3)b183 Zia @(s)

1=

Ry =

and

R > max{Ry,R,}.

Now, we will prove that

u—Tu+pv foreveryue dBgand u>0. (15)



Cabada and Dimitrov Advances in Difference Equations (2019) 2019:450 Page 10 of 16

Notice that, if the equality holds for ; = 0, we have proved the existence of the fixed
point of T.
Define the cone K; as follows:

K; = {bl e K :u(k) = L(k)||ul, k 61}

Using (9), we have that L(K) C K,. Moreover, v = %Lv e K,.
Let 7(k) = Zia G(k,s)(a1 + b1 D (uz) + ¢3). Then, for all k € I, the following inequalities

hold:
b b
u(k) < Z G(k, s)(C3 + byes|uy| + bltp*) < ll(k)(03 +b1e3R + blcb*) Z(p(s). (16)
Therefore,
b
7] < max Li(k)(c3 + biesR + by @*) gw(S)- (17)

Note that from the definition of R, since R > R;, we have ||| < R.
Assume, on the contrary, that there exist u#, € 9B and o > 0 such that

Uy — Tbtz = U2V. (18)
From
uy (k) + u(k) = (k) + (Tuz) (k) + pov(k)

b
= Z G(k,s)(f(s, uz(s)) +b1® (uz(s)) +ap+ cz) + uav(k),

using (H3), L(K) C K3, and v € K3, we deduce that u, + % € K.
As a result, we obtain that, for all k € I,

b
Uu(k) + (Tuy) (k) = Z Gk, s)(f (s, u2(s)) + b1 P (ua(s)) + c3)

b
> Z (( +82—b183)’u2(5)‘ _CS+b1¢(u2(s)) +63>

s§=a

b
> (% + &) — blé‘g) ZG(k;S)|u2(S)|

b
+8 - blsg) > Gk, s)us(s). (19)

s=a

Now, we claim that

(62— bles)ZG(k ials) 2 5 ZG(k S)ii(s), (20)

s=a



Cabada and Dimitrov Advances in Difference Equations (2019) 2019:450

which is equivalent to

b b
(62— big3) Y G(k,s)(ua(s) +7ils)) = (m +y— b183> > Gk, s)ii(s).

s=a

Since uy + u € K, we have that uy (k) + (k) > I1(k)||us + || > 11 (k)(Jlu2|| = ||%]|). Then

b b
(62— bi3) Y Glk,s)(ua(s) + %ls)) > (2 — bres) (R [[#])) D Glk, )l (s).

s=a s=a

From (17) and from the definition of R, since R > R,, we deduce

b
(82— bre3)(R— [|El) = (e2 — bae3) <R - max Li(k)(c3 + biesR + by @*) Z‘P(Q)

b

> (% + &y — b1€3> (C3 +b1e3R + b1¢*) Z¢(5)'

s=a

Finally, from (16) we obtain

b
(2= bies) Y Glk,s)(ua(s) +7i(s))

s=a

b
> (62— bres) (R IIi]l) Y Glk, )l (s)

s=a

b b
> (% &y — b183) (c3 + b1e3R + by @*) Z G(k,s)l(s) ZQ"@

s=a j=a
1 b
<m + &y — b183> SE:a G(k, S)’ZZ(S)’

which proves our claim.
Now, using (20) it follows that

( DT bag) Z Glks)uals) =~ Z Gk, ) (ua(s) + (s))

b
- % Z Gk, s)ii(s)

b

+ (62— b1es) Y G(k,$)ua(s)

s§=a

1

b
D Z Gk, ) (ua(s) + 7(s)).

v

(21)

Page 11 0of 16
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From (19) and (21), we deduce

b
(Tux) ) + (K)o Z (k) (12(5) + (s)) = %

Then (18) gives us

- - L(uy +u
Uy +U=Tuy + U+ UV > ———— + UV > V.
r(L)
Define u* := sup{u >0 | uy + % > uv}. Note that s € {0 >0 | uy + % > uv}. Thus u* > u,
and uy + % > p*v. Using (5) we deduce that

L(Mz + l/l) *

r(L) (L)

Lv=u*v
whence

up + > (2 + 1"y,
which contradicts the definition of pu*.

Then (15) holds and Lemma 3 gives us that deg( — T, Bg,0) = 0.
On the other hand, from (H6), there exist g4 € (0, ﬁ) and r € (0, R) such that

|f (k, u)| < (m —£4>|u| forall k € I and |u| < r.
We will prove that
Tu # puu for every u € 9B, and u > 1. (22)

Assume on the contrary that there exist u3 € B, and 3 > 1 such that Tus = usus. Then

’Mg(k)‘ = ‘ TM3 ’< Tug k)’
M3

ZGks s, u3(s ))

b
< ZG(k 9|f (s, u3(9))| < (m -84) > Gk,

and (I — ( —¢&4)L)|uz| < 0.
So, argumg as in the proof of Theorem 5, with « = %
contradiction with #3 € dB,. Hence (22) holds and from Lemma 4 we deduce

— &4, we deduce that u3(k) =0, in

deg(I-T,B,,0) =1.
Thus,

deg(I — T, Bg\B,,0) = deg(I — T, Bg,0) — deg(I — T, B,,0) = —
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Therefore, operator T has at least one fixed point in Bz\B,, which is a nontrivial solution
of (2). O

4 Examples
In this section we introduce a few examples where the applicability of the existence results
proved in the previous section is pointed out.

Example 7 Consider the second order problem with Dirichlet conditions

—A%u(k 1) =f(k,u(k)), keji:={1,...,N-1},
u(0) =0 = u(N).

We have that this problem is equivalent to the operator equation

N-1
Tu(k) = Z G(k, s)f(s, u(s)) =u(k) fork={0,1,...,N}
s=1
with
1 |(N-9k 0<k<s<N-1,
G(k,s) = —

N I (N-k)s, 1<s<k<N.

Clearly, G(0,s) =0 = G(N,s) for all s € J; and G(k,s) = G(s, k) >0 for all (k,s) € J1 x J;.
If we restrict the equation to the interval /; and set the operator

N-1

Tulk) =" G(k,s)f (s, u(s)) forke],

s=1

we have that the Green’s function G(k, s) satisfies conditions (G1)-(G3) on J; x /.
Moreover, the smallest eigenvalue of the eigenproblem

“AN%ulk-1) = ruk), ke,
#(0) = 0 = u(N)

i = 4sin? X -1 _ 1
is A1 = 4sin” 55 and (L) = T a

Similar results for the same second order problem with periodic conditions #(0) = u(N),
u(1) = u(N + 1) or with Neumann conditions #(0) = u(N), Au(0) = Au(N) might be ob-

tained.

Example 8 Now, consider the fourth order Lidstone problem

Au(k =2) + Au(k - 1) = f(k,u(k)), ke:={2,...,N +1},
u(1) = A%u(0) = u(N + 1) = A’u(N) = 0.

It is shown in [14] that the corresponding Green’s function G(k, s) is strictly positive and
symmetric on J, x J; and it also satisfies conditions (G1)-(G3).
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One can compute that in this case

4 T Lo T
Ay =16sin" — +4sin”“ —,
2N 2
whence
1 1
ra(l) = —

= 4o 2 T "
Ay 16sin m+4sm 3N

Example 9 Consider now the fourth order Lidstone problem

Auk -2) =f(k,uk)), keJz:=1{2,...,N+1},
u(1) = A%u(0) = u(N + 1) = A’u(N) = 0.

One can verify (see [15, 18]) that the corresponding Green’s function G(k,s) is strictly
positive and symmetric on /3 x /3 and it also satisfies conditions (G1)—(G3). Moreover,

1

= 4T
16smm

r3(L)

As a direct consequence, we have that the enunciations of Theorems 5 and 6 for this
problem coincide, respectively, with Theorems 3.2 and 3.1 in [18].

Example 10 Consider the inverse difference equation

N-1
u(k) = Zf(s, u(s)) forkejs:={1,...,N-1},
s=1

which corresponds to the kernel
Gk,s)=1, k,se],.

It is immediate to verify that the eigenvalues of the matrix function G(k,s) are N — 1
and 0. Sory(L) =N - 1.

Example 11 Let N = 101 and consider the inverse difference equation
100
u(k) =Y " (k+5)*f(s,uls)) forkeJs:={1,...,100},

s=1

which corresponds to the kernel
Gk,s) = (k+s)?, k,s€]s.

By numerical approach, one may verify that the nonzero eigenvalues of G are given by
1.45456 x 10°, —107,101, and 5940.08. In consequence,

rs(L) ~ 1.45456 x 10°.
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For any of the previous examples, we can take

sinx +

fltx)=p —tq(l —e‘x), (t,x) el xR,

x2+1

with p > LL) >|p—tg|fori=1,2,3,4and t €l.

ri(

Since
t’ . t’
lim M =|lp-tq] and lim M =p,
k-0 |x| lx—>o0  |x|

it is clear that conditions (H0) and (H3)—(H®6) hold.
We notice that a necessary condition on p and g is

O0<g< p.

N-1

From Theorem 6 it follows that all of the considered examples have at least one nontrivial
solution.

Moreover, choose

. 3
tp(sinx + m) +gtanhx, x>0,

f(trx) = " -
tHp(sinx + x;‘il) -q%35), x<0
with
1

— —g<p< ————.

ri(L) ri(L)(N - 1)
Due to the fact that

t; . t} . t:
lim M =tp+q, lim AUL) =t(p-¢q), and lim M = tp,
x—0% X x—0~ X |x|— 00 |x|

we deduce that conditions (H0)—(H2) hold and, from Theorem 5, we have that all of the
considered examples have at least one nontrivial solution.
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