Sun et al. Advances in Difference Equations (2018) 2018:243 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-018-1668-x a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Existence results for fractional order
differential equation with nonlocal
Erdélyi—-Kober and generalized
Riemann-Liouville type integral
boundary conditions at resonance

Qiao Sun', Shuman Meng' and Yujun Cui?’

“Correspondence:
yj720201@163.com Abstract

?State Key Laboratory of Minin . . . . .
Disaster Pyrevemon aynd cOmrogf In this paper, we discuss a nonlinear fractional order boundary value problem with

Co-founded by Shandong Province nonlocal Erdélyi-Kober and generalized Riemann-Liouville type integral boundary
and the Ministry of Science and conditions. By using Mawhin continuation theorem, we investigate the existence of
Technology, Shandong University of . . .

Science and Technology, Qingdao, solutions of this boundary value problem at resonance. It is shown that the boundary
PR. China value problem

Full list of author information is
available at the end of the article

DX =1 (t,x0),xX1), tel0,T,1<qg=<2,
X0 =al®x¢),  x(T)=prPxE)

has at least one solution under some suitable conditions, where ot, B e R,0< ¢, € < T.

Keywords: Boundary value problem; Resonance; Integral conditions

1 Introduction

In this paper, we intend to discuss the following boundary value problem at resonance:

Dix(t) =f(t,x(t),x'(¢)), tel0,T],

x0)=al)’x(¢),  *(T)=pris(E), 0<{m<T, .
where D7 is the Caputo fractional derivative of order 1 < g <2, I, Yisa Erdélyi—Kober
type integral of order § > 0 with n >0 and y € R, ?I? denotes the generalized Riemann—
Liouville type integral of order p >0, p >0, and o, 8 € R.

Boundary value problems at resonance have aroused people’s interest these days (see [5,
6, 8,9, 14, 16, 17, 19-21, 25, 29-33, 35, 40, 41, 43]). For instance, in [17], Jiang and Qiu
studied the existence of solutions for the following (k,n — k) conjugate boundary value
problem at resonance:

D"y @) = £ (630, 5 (©),..., 9" @), tel0,1],
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y20)=y"(1)=0, 0<i<k-1,0<j<n-k-2,

Y1) = ey V&),

i=1

where 1 <k <n-1,0<& <& <--- <&, < 1. Integral boundary value problems have
also gained many people’s attention and have been applied to many fields, such as physics,
chemistry, and engineering, see [11, 13, 22, 29-31, 35]. Besides, the subject of fractional
differential equations has attracted much attention, see [1-5, 7, 10, 12, 15, 23, 24, 27,
28, 32-34, 36-39, 42]. For example, in [5], Zhang and Bai investigated the existence of
solutions for the following m-point boundary value problems:

Do u(t) = f (& u(t), D u(®)) + e(t),  t€(0,1),a € (1,2],

m-2

I§u@®)],_,=0,  Diu(l)=>_ BD§ uln;)
i=1

by using the coincidence degree theory of Mawhin. Very recently, in [2], the authors con-
sidered boundary value problem (1) under the nonresonance condition vv4 + vavs # 0.
They established the existence and uniqueness results of BVP (1) by using the standard
fixed point theorems.

Inspired by the work above, in this paper, we intend to discuss the boundary value prob-
lem (1) under the resonance condition vivs + vov5 = 0. We shall study resonant BVP (1)
in three different cases of dimkerL = 1. Different from the above results, the boundary
conditions we study are nonlocal Erdélyi—Kober type integral and generalized Riemann—
Liouville type integral. To the best of our knowledge, it is innovative to study the boundary
value problem with the nonlocal Erdélyi—Kober type integral and generalized Riemann—
Liouville type integral by using the method of Mawhin continuation theorem.

The organization of this paper is as follows. In Sect. 2, we provide some definitions,
lemmas, and Mawhin continuation theorem which will be used to prove the main results.
In Sect. 3, we will give our main results and the proof, some lemmas will also be given to
prove the solvability of BVP (1).

2 Preliminaries
Firstly, for the convenience of the reader, we recall some definitions and lemmas.

Definition 2.1 ([2, 18]) The fractional integral of order g with the lower limit zero for a
function f is defined by

L[t fs)

HO7Tg ko

ds, t>0,q>0,

provided the right-hand side is point-wise defined on [0, 00), I'(-) is the gamma function.

Definition 2.2 ([2]) The generalized fractional integral of order g > 0 and p > 0 for a func-
tion f(¢) is defined by

0
M@ Jo W=y

PIAF(F) = ds, te(0,00),

provided the right-hand side is point-wise defined on (0, 0o).
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Definition 2.3 ([2]) The Erdélyi—Kober fractional integral of order § > 0 with n > 0 and

y € R of a continuous function f(¢) is defined as

nt=G+) rt gnyen=le(q)

)8 _
Irr0="567" ), wosy-

ds, te(0,00),

provided the right-hand side is point-wise defined on R,.

Definition 2.4 ([2, 18]) The Riemann-Liouville fractional derivative of order g > 0,

n—1<gq<n,neN can be written as

1 a\" ! o1
o) [

where the function f(¢) has absolutely continuous derivative up to order (n — 1).

Dl (o) =

Definition 2.5 ([2, 18]) The Caputo derivative of order ¢ for a function f : [0,00) — R is

defined as
n-1 tk
DIf(¢) = DL, (f(t) - Z‘ Frf<k>(0)), t>0,n-1<g<n.
k=0 "

Lemma 2.1 ([18]) Given that x € C[0, 1] with a fractional derivative of order q (1 < q < 2)
that belongs to C(0,1) N L(0, 1), then

J1Dx(t) = x(t) — x(0) — x'(0)z.

Lemma 2.2 ([2]) Let 8,7 >0, y,q € R, then we can get

qar 141
jvﬁﬂzt (v +5+ )'
7 Fly+I+8+1)

Lemma 2.3 ([2]) Let q,p > 0, then we have

(L) pperq
= ey
P
Definition 2.6 ([26]) Assume that X and Y are real Banach spaces, L:domL C X — Y is
a Fredholm operator of index zero if the following conditions hold:
(1) ImL is a closed subspace of Y;

(2) dimKerL = codimImL < oco.

Let X, Y be real Banach spaces, L :domL C X — Y be a Fredholm operator of index
zero,and N : X — Y be anonlinear continuous map. P: X — X, Q:Y — Y are continuous

projectors such that

ImP =kerl, kerQ=ImlL, X =kerL @ kerP, Y=ImLHImQ.
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It follows that
Ll|gomrnkerp : domL NkerP — ImL

is invertible, and the inverse of the mapping is denoted by Kp (generalized inverse operator
of L). Let 2 be an open bounded subset of X with dom L N Q2 #{J, the mapping N : X — Y
will be called L-compact on  if QN(S2) is bounded and Kp(I — Q)N : Q — X is compact.

Theorem 2.1 (Mawhin continuation theorem [26]) LetL:domL C X — Y be a Fredholm
operator of index zero and N be L-compact on Q. The equation Ly = N has at least one
solution in dom L N Q if the following conditions are satisfied:

(1) Lx # ANx for every (x,1) € [(dom L \ ker L) N a£2] x (0, 1);

(2) Nx ¢ 1ImL forevery x € kerL N 0<2;

(3) deg(QN|xerr, 2NkerL,0) #0, where Q: Y — Y is a projection such that Im L = ker Q.

Let Y = C[0, T] with the norm ||x||oo = max;c(o,1] [%(¢)| and X = C1[0, T] with the norm
||l = max{||x|co, ||| 00 }. Obviously, X and Y are Banach spaces.
An operator L is defined as L : Lx(t) = D7x(t) with
domL = {x € X:°Dix € Y,x(0) = al] *x(¢),x(T) = B I’ x(£) }.
Define the operator N : X — Y as follows:

(N®)(8) = f (£, (2), %' (2)).

So problem (1) becomes Lx = Nx.

Let
Iy +1) Ty +5+1)
vi=l-a——"—, V=,
Iy +8+1) F(y+5+8+1)
Y | pq+l  [(L2)
ngl_ﬁg— , V4:T—IBE 17‘),
p? T(q+1) p? T (ZEE)

then we consider the following three resonant conditions:
(A1) vi=v3=0,v, 70, v, #0;
(A2) Vo =V4 = 0, 151 #0, V3 7/0,
(A3) v; #0 (i=1,2,3,4), vivq + vv3 = 0.
Lemma 2.4 Assume that (A1) holds. Then there exists z € Y such that
va(BPIPJ92(8) = J92(T)) + aval)*]2(¢) = 1. ©)

Proof We define two linear functionals B, B : X — R as follows:

Bix =x(0) — al,‘]”ax(é'), x€X,

Box=x(T) - B IPx(§), xeX.
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Let ¢(t) = 1, ¥ (¢) = t. It follows from (A1) and Lemmas 2.2 and 2.3 that

Bip=9(0)—all’p(()=v1 =0, By =y(0) - all"Y(¢) = -ny,

By =(T) =B’ PP(§) =v3=0, By =y (T) = B’IPY(§) = va. ©
So, (2) can be rewritten by

By - By(J2) - Byyr - By (J72) = 1.
For convenience, set

Bx =By - By(x) -~ Boyy - By (x). )

If there is Z € Y such that BZ # 0 and, as a result, z = B% € Y with Bz = 1. Assume the
contrary. Then B(J9z) = 0 for all z € Y, and, in particular, for integer n > 2,

I'(n+1)

mB(]qtn_q) = B(t”) = 0

By (3), B(1) = B(¢) = 0. Therefore, B(g) = 0 for every polynomial g. Note that B # 0 on all of
X, there exists xy € X such that Bxy # 0. Thus, there exists a sequence of polynomials g,
such that [|xo — g, |lx < % So, we deduce that

i i 18]
0+ |Bxo| = |B(xo — gx) + Bgu| = [Bxo — gu)| < IBllll%0 — gullx < —

for all integer n, which is a contradiction. Thus, there exists z € Y satisfying (2). Thus the
lemma holds. O

Similar to the proof of Lemma 2.4, we also get the following lemmas.
Lemma 2.5 Assume that (A2) holds. Then there exists z, € Y such that
J'z(T) = B IP]7z1(§) = 1.
Lemma 2.6 Assume that (A3) holds. Then there exists z, € Y such that
va(B PP T 23(§) — J92o(T)) + 0lV41,],/’6/q22(§) =1
Remark 2.1 The main idea of Lemmas 2.4, 2.5, and 2.6 comes from [16, 19, 20].
3 Main results
Assume that the following conditions hold in this paper:
(H1) £:[0,1] x R? — R is a continuous function.

(H2) There exist nonnegative functions u, v,w € C[0, T'] such that

lf(tixlixZ)’ S u(t)|x1| + V(t)|x2| + W(t)’ te [Or T]! X1,X2 S R
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(H3) There exists a constant M > 0 such that if [x(¢)| + [x'(¢)| > M for all £ € [0, T], then
Vz(ﬂ”lp]qu(%‘) —]qu(T)) + av4l,’7”5]‘1Nx(g“) #0.
(H3") There exists a constant M > 0 such that if |x'(£)| > M for all ¢ € [0, T], then
B IPJINx(§) — JINx(T) # 0.
(H4) There is a constant D > 0 such that either
cva (B IPJING1(§) = JIN G (T)) + caval) *JIN$1 (£) > O ®)
or
eva(BPIPJING (€) = JIN$1(T)) + caval]*JIN¢1(£) < 0 (6)

holds if |c| > D, where ¢1(¢) = c.
(H4') There is a constant D > 0 such that either

cBIPJING>(§) — JIN$>(T) > 0
or
cBIPJING2(§) — JINg(T) <0

holds if |c| > D, where ¢,(¢) = ct.
(H4") There is a constant D > 0 such that either

eva(BPIPJIN$3(€) — JIN$3(T)) + caval] *J"N3(Z) > 0
or
vy (B IPJIN¢3(€) — JIN¢3(T)) + cavall J'Ne3(£) < 0

holds if |c| > D, where ¢s(t) = c(1 + kt), k = L.

2
Then we can present the following theorem.

Theorem 3.1 Suppose that (A1) and (H1)-(H4) are satisfied, then there must be at least
one solution of problem (1) in X provided that 2T || u s + 2T V]l 0o < T(q).

To prove the theorem, we need the following lemmas.

Lemma 3.1 Assume that (A1) holds, then L : domL C X — Y is a Fredholm operator with
index zero. And a linear continuous projector P: X — X can be defined by

(Px)(t) = %(0).
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Furthermore, define the linear operator K, : Im L — dom L Nker P as follows:

Iysfqy(f)
q_
(K, py q)/ t—s) ds —

V2
such that I<p = (L|d0mL|’chrP)_1

Proof Let ¢(t) =1, Y (t) = t. From (A1) and Lemma 2.4, we can easily get
kerL ={c,c e R}.
Moreover, we can obtain that
ImL = {y € Y :vy(B IJ7y(§) - JOy(T)) + aval]*J7y(¢) = O}.
On the one hand, suppose y € Im L, then there exists x € dom L such that
y=LxeY.

Then we have
1 t
x(6) =JUy(t) + co + c1t = —— / (t - s)q_ly(s) ds + co + c1t, (7)
I'(q) Jo

where cg, c; € R. Furthermore, for x € domLZ,

x(0) = al?*x(£) = I} JTy(¢) + coad] " p(Z) + 1)y (£)

= al};’a]qy({) +Co + €1V,
and
%(0) = J7y(t) + co + c1t|,_, = co.
The above two equalities imply that
Il J7y(¢) + e1vy = 0. (8)
Using (3) and (7), we get the system

x(T) = BPIPx(E) = B IPJUy(E) + coB P (&) + c1 B TP ()
=BPIPJUy(E) + co + c1(T —va),

x(T) =Jy(¢) + co + clt}tzT =JY(T)+co+c1T.

From this together with the second boundary value condition of (1), we can get

BPIP]Ty(&) = J1y(T) = c1va. )
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By using the eliminated element method, equalities (8) and (9) are changed into the equal-

ity
vo(B PPJTy(E) = JTy(T)) + aval]*J7y(Z) = 0.
So we obtain that
ImL C {y € Y :vy(B°IJIy(€) - JOy(T)) + avall*JOy(Z) = 0}.

On the other hand, if y € Y satisfies vo(B°IP]7y(&) — J9y(T)) + aml}{’a]‘ly({) =0, we let

- L.

58 q
10 = oyt - S0

2

Then we conclude that

Lx(t) = “Dix(t) = y(¢),

and
x(0) =0,
ol J1y(g)
aly 5(6) = aly 16 - UL ary(e)
8
= a[yl;ﬁ]qy(;) - M vy =0.
Besides,
y,0
x(T) = J7y(T) - M T,
Va
1y
BPIPR(E) = B IPTH(E) - %f‘“ BPPYE)
3
gy - IO gy,
Va
58 58
__avaly"Jhy(Z) + JI(T) aly " J1y(Z) (T —vy)
12 V2
y,0
_ay(r) - TV
Va
therefore

x(0) =all’x(¢),  x(T) =B IPx(&).
That is, x € dom L, then y € Im L. In conclusion,

ImL = {y eY: vz(lg/’[l’]qy(s) —]qy(T)) . OlV4]37/’5]qy(§) _ 0}'
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We define the linear operator P: X — X as
(Px)(t) = x(0).

It is obvious that P2x = Px and Im P = ker L. For any x € X, together with x = (x — Px) + Px,
we have X =ker P + ker L. It is easy to obtain that ker L Nker P = ¢, which implies

X=kerP@kerL.
Next the operator Q: Y — Y is defined as follows:

(Q)(8) = (va(B 2T Uy(&) = JT(T)) + cval) *JTy(2))2(2)
= B(/%)z(2),

where B is given by (4) and z € Y satisfying B(J9z) = 1.

Obviously, Q is a projection operator such that kerQ = ImL and ImL = {cz(¢) : c € R}.
For any y € Y, because y = (y — Qy) + Qy, we have Y = Im L + Im Q. Moreover, by a simple
calculation, we can get InQ NImL = @. Above all, Y =ImL & ImQ.

To sum up, we can get that Im L is a closed subspace of Y; dimker L = codimIm L < +00;
that is, L is a Fredholm operator of index zero.

We now define the operator K,y : Y — X as follows:

)8
(Kpy)(®) = ¥(2) - M -t

2

Lt _1 ol J1y(s)
_Tq)/o(t_S)q y(s) ds — " - L.

For any y € ImL, we have
(K 0) = all* (K@), (Kpy)(T) = BPIP(Kpy)(§),

then (K,y)(t) € dom L. In addition, (K,)(0) = 0, which means K,y € ker P. Therefore
K,y e domLNkerP, yelmL.

Next we will prove that K, is the inverse of L|gom rnkerp- It is clear that
(LKyy)(t) =y(t), yelmlL.

By Lemma 2.1, for each x € dom L Nker P, we have x(0) = 0 and

y,0
(KpLa)(¢) = J"D () - w ,
2

ol x(5) - x(0)al) o (5) - % (Ol Y ()
V2

%(0) = x(0)aly " ¢(¢) - % ()l " (£)
Va

t

=x(t) — x(0) — x'(0)¢t

=x(t) — x(0) —x'(0)t — t
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=x(t) — %' (0)t + x'(0)¢

=x(t).
This implies that K,Lx = x. So K, = (L|dom zrker p)~L. Thus the lemma holds. O
Lemma 3.2 N is L-compact on Q ifdom L N\ Q # @, where Q is a bounded open subset of X..

Proof 1t follows from the continuity of f in condition (H1) and z € Y that (I - QN() is
bounded. In addition,

. y,0 q .
{%q)‘/(;(t_s)q—ly(s)ds_%j(;).t;yG(I—Q)N(Q)}

and

1 ‘ , ol] " Jiy(c) -
{mfo(t—sﬂ y(s)ds—T.ye(z—@N(Q)}

are equi-continuous and uniformly bounded. By Ascoli-Arzela theorem, we get
K,(I - Q)N : Q — X is compact. Thus, N is L-compact. The proof is completed. d

Lemma 3.3 Theset 1 = {x € domL\kerL: Lx = ANx, 1 € [0,1]} is bounded if (H1)-(H3)
are satisfied.

Proof Take x € Q1, then x ¢ kerL, so A #0 and Nx € Im L. Thus we have

(vz(ﬁplp]qu(S) —]qu(T)) + av41,1l”5]qu(§))z(t) =0,
where z € Y satisfying B(J9z) = 1. So we get

vo (B IPJINx(§) - JINx(T)) + aval*JINx({) = 0. (10)
According to (H3), there exists at least a point £, € [0, T'] such that

|[x(to)| + |+ (f0)| < M.

Using the Newton—Leibnitz formula, we have

<M+T|«| (11)

00°

x(to) + /tx/(s) ds

[l%]loc = max |x(t)| = max
te[0,T1] tel0,7]
In addition, for Lx = ANx and x € dom L, we have
)\’ t
x(t) = —— / (t =977 (s,%(5),%(5)) ds + x(0) + &' (0)¢
I'(q) Jo
and

x(t) = ﬁ /:(t - s)q’zf(s,x(s),x/(s)) ds + x/(0). (12)
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Take t =ty in (12), we get
¥ (to) = ﬁ Ato(to - s)q_zf(s,x(s),x/(s)) ds + x'(0).

This together with |x'(tp)| < M and (11) implies that

|x/(0)| < |x/(to)| + ﬁ /:0 (to _s)q*ZV(s,x(s),x/(s))|ds

+ ﬁ /Oto(to —s)q—2[u(s)|x(s)| + V(S)|x/(S)’ N w(s)] s
=M %(”””w”x"w vl |+ IWlec)
Ta-1
<M+ g )(||M||oo(M+ THx H )+”V”°°Hx,Hoo+”W”oo)
e Tl + T V],
M e )+ =g

Then we conclude that

/ )\' ¢ — / /
‘x (t)‘ < Fg-1) /0 (t-s)? 2{f(s,x(s),x(s))’a’s:+ |x (0)|

< %(nunmuxum Wl [, + Il0)
s ?(Iq; M1l + Ioll) Tq||u||oor+(;q—1||vuoo 1.
< ?T;)(nuHN(m T ]L) + Wl [#] . + 1wl
PM ?:q; (Mllulloo + [Wl0) + Tq”””"";(;q_l”v”m I#]..
_M+2%(M”u”m  Iwlle) + 2Tq||u||wr+(;q-lnvnm ..
Therefore, we can obtain that
g

Combining this with (11), we have
[%lloo <M+ T|x'|| , <M+ TM,.

Then €2; is bounded. The proof of the lemma is completed.

Lemma 3.4 The set Q, = {x:x € kerL, Nx € Im L} is bounded if (H1), (H4) hold.

Page 11 of 16
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Proof Let x € Q,, then x(¢) = c and Nx € Im L, so we can get
va(BPIPJINx(E) — JINx(T)) + aeval? *JINx(s) = 0.
According to (H4), we have |c| < D, that is to say, 2; is bounded. We complete the proof. O

Lemma 3.5 Theset Q3 = {x € kerL : Ax + a(1 — 1)JQNx = 0, A € [0, 1]} is bounded if condi-
tions (H1), (H4) are satisfied, where ] : Im Q — ker L is a linear isomorphism defined by

J(cz1)=¢c, c€R,

and

_1, if(5) holds;
1, if(6) holds,

where z, is introduced in Lemma 2.4.

Proof Suppose that x € Q3, we have x(¢) = c and
Ax +a(l—X1)JQNx =0,
thus we have
A= —a(1 = 2)(va (B IPTINK(E) — JINx(T)) + avall *JINx(Z)).

If X = 0, by condition (H4) we have |c| < D. If A = 1, then ¢ = 0. If » € (0,1), we suppose
|c| > D, then

A = —a (1 = Me(va(BPIPJINx(E) - JIN&(T)) + aval) *JINK(£)) < O
which contradicts with Ac? > 0, so |¢| < D. Then the lemma holds. O

Theorem 3.1 can be proved now.

Proof of Theorem 3.1 Suppose that Q2 D U?zl ;U {0} is a bounded open subset of X, from
Lemma 3.2 we know that N is L-compact on . In view of Lemmas 3.3 and 3.4, we can
get:

(i) Lx # ANx for every (x,A) € [(domL \ kerL) N d€2] x (0, 1);

(i) Nx ¢ ImL for everyx € kerL N 9S2.
Set H(x,A) = AJx + a(1 — A)QNx. It follows from Lemma 3.5 that we have H(x, 1) # 0 for
any x € dQ2 NkerL. So, by the homotopic property of degree, we have

deg(JON |xerz, 2 NkerL,0) = deg(al, 2 NkerL,0) # 0.

All the conditions of Theorem 2.1 are satisfied. So there must be at least one solution of
problem (1) in X. The proof of Theorem 3.1 is completed. d
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Theorem 3.2 Suppose that (A2) and (H1), (H2), (H3'), (H4') are satisfied, then there must
be at least one solution of problem (1) in X provided that 2T9||u]|o0 + 2TT |v]|e0 < T'(q).

To prove the theorem, we need the following lemmas.

Lemma 3.6 Assume that (A2) holds, then L :domL C X — Y is a Fredholm operator with
index zero. And the linear continuous projector P : X — X can be defined by

(Px)(t) = @t.

Furthermore, define the linear operator K, : Im L — dom L Nker P as follows:

1

(Kpy)(t) = Fq)

/t(t —5)Tly(s)ds
0

such that K, = (L|dom 1okerr) -

Proof Let ¢(t) =1, Y (¢) = t. In view of (A2) we know

90) —all®p(t) =1,  ¥(0)-all’¥(Z) =0, (13)
o(T) - B’ Pp(E)=vs,  Y(T)- B IPY(&) =0,
and we get
kerL = {ct,c € R}
and
ImL={yeY:JiyT) =B IPJy)}.
Besides, operators P: X — X, Q: Y — Y can be defined as follows:
(Px)() = @t

and

(Q)(t) = (J79(T) - B IPJ7y(§))z1 (1),
where z; € Y satistying J9z,(T) — BI?]%z,(§) = 1. In addition, for each x € dom L N ker P,

we have x(0) = 0, x(T) = 0, then we get the generalized inverse operator of L as follows:

(Kp)(2) = Ty(2) = /0 (t - 5)T1y(5) ds.

1
I'(q)
The detailed proof of Lemma 3.6 is similar to that of Lemma 3.1, so we omit it. d

Proof of Theorem 3.2 The proof of Theorem 3.2 is similar to that of Theorem 3.1, we omit
it. O
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Theorem 3.3 Suppose that (A3) and (H1), (H2), (H3), and (H4") are satisfied, then there
must be at least one solution of problem (1) in X provided that 2T ul|e + 2T V| <
I'(g).

To prove the theorem, we need the following lemmas.

Lemma 3.7 Assume that (A3) holds, then L : dom L C X — Y is a Fredholm operator with
index zero. And a linear continuous projector P: X — X can be defined by

(Px)(t) = x(0)(1 + kt),

where k = 21 = -3 Furthermore, define the linear operator K,y : ImL — dom L Nker P as
2 V4
follows:

(K9)(0) = %q) /0 (- 97 y(s) ds

such that K, = (L|dom Lokerp) -
Proof Let ¢1(t) = 1 + kt. In view of (A3) we know
@1(0)—all?9i(£) =0,  @i(T) =B PPp1(§) =0,
we can easily get
kerL = {c(l +kt):ce R}.
Moreover, we can obtain that
ImL = {yeY:vi(B IPJy(§) - JTy(T)) = avs I} *Jy(¢)}.
We define the linear operator P: X — X as
(Px)(t) = x(0)(1 + kt),
and the operator Q: Y — Y as
(Q)(8) = (v (B P T7y(&) = JTW(T)) — avsI)*JTy(0))2(2),
where z, € Y satisfying vo(B°1P]925(€) — J12o(T)) + av413,”5]qzz(§) =1.
In addition, for each x € domL N ker P, we have x(0) = 0, then we get the generalized

inverse operator of L as follows:

ol J1y(g)
Va

_ L e _
-G fo (- 97 y(s) ds

The detailed proof of Lemma 3.7 is similar to that of Lemma 3.1, so we omit it. O

(Kpy)(8) = JTy(2) — -t

alIye)
Vo '
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Proof of Theorem 3.3 The proof of Theorem 3.3 is similar to that of Theorem 3.1, we omit
it. O
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