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Abstract

This paper investigates the existence of denumerably many positive solutions and
two infinite families of positive solutions for the n-dimensional higher-order fractional
differential system Dg, x(t) + Ag(t)f(t,x(t)) =0, 0 < t < 1. The vector-valued function x is
defined by x = [x1,X,...,x,] T, 9(t) = diaglg; (1), g>(0), ..., g (D], where g; € LP[0, 1] for
somep>1,i=1,2,...,n and has infinitely many singularities in [0, %)4 Our methods
employ the fixed point theorems combined with the partially ordered structure of a
Banach space.
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1 Introduction

Fractional differential equations, which provide a natural description of memory and
hereditary properties of various materials and processes, are regarded as an important
mathematical tool for better understanding of many real world problems in applied sci-
ences, such as physics, chemistry, aerodynamics, Bode’s analysis of feedback amplifiers,
capacitor theory, electrical circuits and so on. This is the main advantage of fractional
differential equations in comparison with classical integer-order models. For applications
and explanations of fractional differential equations, we refer the reader to the texts [1-4].
In particular, many authors have shown great interest in the subject of fractional-order
boundary value problems (BVPs), and many excellent results for BVPs equipped with dif-
ferent kinds of boundary conditions have been obtained, for more details and examples,
see [5—23] and the references cited therein.

Moreover, Alsulami, Ntouyas, Agarwal, Ahmad and Alsaedi [24] pointed out that frac-
tional differential system constitute an important and interesting field of investigation
because of their applications in many real world problems such as anomalous diffu-
sion [25], disease models [26—28], ecological models [29], synchronization of chaotic
systems [30—32] and so forth. For some theoretical work on the fractional differential
system, we refer the reader to [33—41]. However, it is not difficult to see that there
are only a few results on n-dimensional fractional differential systems; for example, see
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[42, 43], especially for n-dimensional higher-order singular fractional differential sys-
tems.

At the same time, we notice that a class of boundary value problem with integral bound-
ary conditions have attracted the attention of Boucherif [44], Zhang et al. [45, 46], Hao et
al. [47], Jiang et al. [48, 49], Kong [50], Feng et al. [51], Ahmad et al. [52], Mao et al. [53],
and Liu et al. [54, 55].

To the best of our knowledge, in the literature there are not articles on denumer-
ably many positive solutions for the analogous of n-dimensional higher-order singular
fractional differential with integral boundary conditions. More precisely, the study of
g €L?[0,1] for some p > 1,i=1,2,...,n, and having infinitely many singularities in [0, %),
is still open for the following #n-dimensional higher-order singular fractional differential

system:
D§. x(t) + Ag(Of(£,x(t)) =0, 0<t<1 (1.1)
with the following boundary conditions:

x(0) = x(0) = - =x"2(0) = 0,

ax(1) + bx'(1) = [, h(t)x(t) dt,

(1.2)

where Dj, is the standard Riemann-Liouville fractional derivative of order n — 1 <o <,

n > 3, A is a positive parameter, 2 > 0, » > 0 and a > (¢ — 1)b. In addition,

X=[x1,%0,..., %],

g(t) = diag[gi (£), &2(0), ..., gu(®)],

£(,%) = [A(6X),AEX), . fil6%), - f(6,)]
h(¢) = diag[h11(2), ha(0), ..., ha(8)]

where

ﬁ(t¢ X) =ﬁ(t7xl!x2) ceesXipeon 7xn)'
Therefore, system (1.1) means that

-Dg.x1(2) = Agi ()it %1 (1), %2(8), ..., x4(2), O<t<1,

—D§, x2(t) = Aga () (£, %1 (1), 22(F), . .., %4(2)), O<it<1, (1.3)

ce,

=D§. x,(t) = Agu(O)fu(t, %1 (1), %2(2), ..., x4(2)), O<t<1,
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(1.2) means that

x,(0) =, (1) = - =" 2() = 0,

axi (1) + bx)(1) = [y b (£)x(t) dt,

2(0) =4y(1) =+ =23 (1) = 0,

axy(1) + by (1) = [ ha(D)xa(0) dit, (1.4)
X0 =x,(1) = =a2(t) =0,

ax,(1) + bx,(1) = [ By (D)% (t) dt.

Here we emphasize that our problem is new in the sense of the n-dimensional higher-
order singular fractional differential systems introduced here. To the best of our knowl-
edge, the existence of single or multiple positive solutions for n-dimensional higher-order
singular fractional differential system (1.1)—(1.2) has not yet to be studied, especially for
the existence of denumerably many positive solutions and two infinite families of positive
solutions for system (1.1)—(1.2). In consequence, our main results of the present work will
be a useful contribution to the existing literature on the topic of #-dimensional higher-
order singular fractional differential systems. The existence of denumerably many posi-
tive solutions and two infinite families of positive solutions for the given problem are new,
though they are proved by applying the well-known method based on the fixed theory in
cones and the partially ordered structure of Banach space.

Throughout this paper, we use i = 1,2,..., s, unless otherwise stated.

Let the components of g and f satisfy the following conditions:

(H1) g; € L?[0,1] for some p € [1, +00), and there exists N; > 0 such that g;(¢£) > N; a.e. on

J=10,1];

(H,) there exists a sequence {t;};’jl such that #] < %, t]f 1 ty>0and limt_n]{ gi(t) = +oo for

allj=1,2,...;

(Hs) fi(¢,x) € C(J x R",R,), where R* = [0, +00) and R” = []%, R,;

(Hy) h; € L'[0,1] is nonnegative with w; € [0,a — (o — 1)b), where u; is defined in (2.18).

The plan of this paper is as follows. We shall introduce some basic definitions and lem-
mas of fractional calculus in the rest of this section. In Sect. 2, we give the expression
and new properties of Green’s function associated with system (1.1)—(1.2). In Sect. 3, we
present some characteristics of the integral operator associated with system (1.1)—(1.2)
and state two fixed point theorems in cones. In Sect. 4, we discuss the existence of denu-
merably many positive solutions of system (1.1)—(1.2). In Sect. 5, we will prove the exis-
tence of two infinite families of positive solutions of system (1.1)—(1.2). In Sect. 6, we give
some interesting comments and remarks associated with system (1.1)—(1.2).

In the rest of this section, we introduce some basic definitions and lemmas of fractional

calculus.

Definition 1.1 ([2]) The integral

Ig+f(x)=rl)/0 (f(t) dt, x>0,

(o x—t)l-e

where « > 0, is called Riemann-Liouville fractional integral of order .
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Definition 1.2 ([2]) For a function f(x) given in the interval [0, 1), the expression

a o1 aN' o fo
Do, f ) = I'n-a) (dx) /0 (x — p)x—n+l at,

where n = [@] +1, [«] denotes the integer part of number ¢, is called the Riemann-Liouville

fractional derivative of order o.

Lemma 1.1 ([7]) Assume that u € C(0,1) N L(0,1) with a fractional derivative of order
a > 0 that belongs to u € C(0,1) N L(0,1). Then

I, Dy, u(t) = u(t) + Gt + Gt 2 + -+ +C %N,
forsome C;eR,i=1,2,...,N, where N is the smallest integer greater than or equal to a.

2 Green's function associated with system (1.1)-(1.2)
In this section, we discuss the expression and properties of the Green’s function associated
with system (1.1)—(1.2).

Lety = [y1,%2,...,¥.] ' Consider the fractional differential system

Dg.x(t) +y(£) =0, O0<t<1, (2.1)
with the boundary conditions (1.2). Equation (2.1) means that

_Dg+xl (t) =J’1(f); 0<t<l,

-D% x5(t) = yo(), O0<t<]1,
0rx2(2) = y2(2) 22)

cey,

_Dg+xﬂ(t) :yn(t); O<t<l1.

Lemma 2.1 Iffo1 hi(t)t*tdt #a—(@-1)bandy; € C[0,1],i=1,2,...,n, then system (2.1)—
(1.2) has a unique solution x = [x1,%y,...,%,] " € R" in which x;(t) is given by

1
50 = [ Gt o), 23)
0
where
Gi(t,5) = G1(t,5) + Gal(t, ), (2.4)

at® (1 =91 + blo — 1)t* (1 — 5)*2

Gultss) = 1 —(@a+(@-1Db)(t-s)*1, 0<s<t<l, 25)
e L(e)(a+ (- 1)b) | ge2=1(1 - s)* L + b(a — 1)t L(1 - 5)*72, '

0<t<s<l,
toz—l

Goiltys) =
2 e m - S e at

1
/ hi(t)G1(t,s) dt. (2.6)
0
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Proof By the fact that system (2.1)—(1.2) is equivalent to system (2.2)—(1.4). Therefore
system (2.1)—(1.2) has a unique solution x which is equivalent to the following sys-

tem:

D§, xi(t) +y:(t) =0, O0<t<]1,
x:(0) =x(0) = --- =&"2(0) = 0, (2.7)
axi(1) + bxj(1) = [ h()x,(6) dt

has a unique solution x;, which is given by (2.3).
Next, by a proof which is similar to that of Lemma 2.1 in [8], we can show that (2.3)
holds. This finishes the proof of Lemma 2.1. O

From (2.4), (2.5) and (2.6), we can prove that G;(¢,s), G1(¢,s) and Gy;(t,s) have the fol-

lowing properties.

Proposition 2.1 The function G1(t,s) defined by (2.5) satisfies
(i) Gi(t,s) = 0 is continuous for all t,s € J, G1(¢,s) > 0, Vt,s € (0, 1);
(ii) Forallte],se (0,1), we have

G (t,s) < Gi(z(s),5)

= (a(t(s))a71(1 —8)* 4 b — 1)(t(s))a71(1 )

—(a+bl@-1)(x()-9)")/(T(@)(a +bla-1))), (2.8)
where
S a+ b(f‘__l) a2
7(s) = W, e(s) = [m] . (2.9)

Proof (i) It is obvious that Gy (¢, s) is continuous on J x J and Gy(£,s) > 0 when s > ¢.

For 0 <s<t <1, wehave
at®* (1 =51+ bl — Dt* 1 - 5)*2 - (a + (o — l)b)(t S

a-1
= (1= [(ﬂ +hla-1)(1-5)1) = (a + bla - 1)) (ij) }

-S

>0.
So, by (2.5), we have
Gi(t,s) >0, Vt,se].

Similarly, for ¢,s € (0,1), we have G;(¢,s) > 0.
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(ii) Since n — 1 < @ < m, n > 3, it is clear that G (¢,s) is increasing with respect to ¢ for

0<t<s<l.
On the other hand, from the definition of G;(¢,s), for given s € (0,1), s <t < 1, we have

(@21 =9 + bler — 1“1 - )7

aGl(t,S) _ oa-1
9t T(a)(a+bla-1))
- [a +b(a - 1)](t - s)“’z}.
Let
8G1(t,s) -0
ot
Then we have
at®2(1-s)*+b(a—1)t*2(1-5)* 2 = [u +b(a — l)](t —5)*72,
and so
bla -1) w1 s -2
(a+ s )(l—s) —[a+b(a—1)]<1—t> . (2.10)
Noticing « > 2, from (2.10), we have
bla-1) -1,
s — =:1(s), e(s) = |:a+b(cj_—s 1):| .
O

L=

1-e(s)(1—s)e2
Then, for given s € (0,1), we have G (¢, s) arriving at a maximum at (z(s),s) when s < £.
From this, together with the fact that Gi(t,s) is increasing on s > ¢, we see that (2.8)

Remark 2.1 From Fig. 1, we can see G1(s,s) < G1(z(s),s) fora >2.If 1 < <2, then

holds.
as® (1= 8)* 1 + b(a — 1)s*71(1 — 5)*2
G1(t,5) < Gi(s,s) = (1=3 ( 5 1 =9)
I'(a)(a + b(a — 1))
Figure 1 Graph of function G (z(s),s), G1 (s, s) for 0.104
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Figure 2 Graph of function t(s), fora =5/2,a=1,
b=0
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Figure 3 Graph of function Gy (t(s),s), for ¢ = 5/2,
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Remark 2.2 From Fig. 2, we can see that 7(s) is increasing with respect to s.

Remark 2.3 From Fig. 3, we can see that G1(t(s),s) > 0 for s € J, = [6,1 — 0], where 6 €

0,1).

Remark 2.4 Let G1(t(s),s) = a(r(s))* (1 - )2 ! + bla — 1)(z(s))* (1 - )* 2 - (a + blo —

1))(z(s) — s)*"L. From (2.8), for s € (0, 1), we have

dGy(z(s),s)

_ _ a2 a-1
R =—ale-1)(1-5s) (r(s))

+ale-1)1 —txs)""l(r(s))m_1 (7'(9)
—bla - )@ -2)1 -5 (z(s)"

+bla—1)*(1—5)%(2(s)) (¢ (s))

—(@-1)(@-1)(a+bla-1)(z(s) -5)**(¢'(s) - 1).

(2.11)
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Remark 2.5 From (2.11), we have

G a-1 -2
i “OD et 2)(422) @m0 (472) ]

s—0 dS o — a—1
(*2\ (s b2a -3
= (ﬁ) (ﬂ+ ( o — ))
=f(a).

Remark 2.6 Noticing that « > 2, it follows from Remark 2.5 that f(«) > 0.

Remark 2.7 1t is interesting to point out that f(«) is not decreasing with respect to « in
the case witha >0and b > 0.If a > 0 and b = 0, then f(«) is decreasing with respect to a.

Proposition 2.2 There exists y > 0 such that

min Gy(¢5) > yGl(r(s),s), Vse/. (2.12)
te(6,1-0]

Proof For t € Jp, we divide the proof into the following three cases for s € J.
Case 1. If s € Jy, then from (i) of Proposition 2.1 and Remark 2.3, we have

Gi(t,8) >0, G, (r(s),s) >0, Vtsej.

It is obvious that G; (¢, s) and G1(t(s), s) are bounded on Jy. So, there exists a constant y; > 0
such that

Gi(t,8) = 11Gi(z(s),s), YVt s€. (2.13)

Case 2. If s € [1 - 0, 1], then from (2.5), we have

Cat (1-5)*" + bla - Dt (1 - 5)?
Gilt,s) = M) @+ bla-1)

On the other hand, from the definition of 7(s), we see that 7(s) takes its maximum 1 at
s=1.So

Gi((5),5) = (a(()" " (1 =" " + bla = 1)(2(s))* (1 - )

- (a +b(a-1)) (r(s) - s)ail)/(l’(a)(a +bo - 1)))
- a(t(s))* (1 - 9)*" + bla - 1)(z(s)* ' (1 —5)* >
= F@) @+ bla 1))

(w6t a(l—5)* M + bla - 1)(1 - 5)* P!
= Fa)@+bla—1)

1
< mGl(t,S). (214‘)

Therefore, Gy(¢,s) > 0% 1G;(z(s),5). Letting 0% = y,, we have

Gi(t,s) = 12G1(z(s),5). (2.15)
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Case 3. If s € [0,60], from (i) of Proposition 2.1, it is clear that
Gi(t,s) >0, Gl(t(s),s) >0, Vtey,se(0,0].

In view of the Remarks 2.4—2.6, we have

1. Gl (tr S)
0 Gy (t(9),5)
. at* M1 =981+ bl = Dt* 11 =5)*2 = (a + bla — 1)) (¢ — 5)*!

20 a(e(6)* (L =)+ blo — D(0(9)* 1 (L- )2 — (@ + bla - D)(z(5) )

= 121(1)((—51(04 D1 -9 —bla - Dt (1 -9

+la-1)(a+bla-1)(- s)“-z)/<w>)
> 0. (2.16)
From (2.16), there exists a constant y5 such that
Gi(t,s) = y3G1(z(s),5). (2.17)

Letting y = min{y1, y», 3} and using (2.13), (2.15) and (2.17), it follows that (2.12) holds.

This completes the proof. O
Let
1
Wi = / hi(6)t* L dt. (2.18)
0

Proposition 2.3 If u; € [0,a — b(a — 1)), then we have
(i) Gai(t,s) = 0is continuous for all t,s € J, Gy;(t,s) > 0, Vt,s € (0,1);
(i) Gult:s) < Gopamnon Jy ()G (t,5)dt, Vt €], s € (0,1).

Proof Using the properties of G1(t,s), definition of Gy;(t, ), it can easily be shown that (i)
and (ii) hold. O

Theorem 2.1 If u; € [0,a — b(a — 1)), the function G,(t,s) defined by (2.4) satisfies
(i) Gi(t,s) >0 is continuous for all t,s € ], Gi(¢,s) > 0, Vt,s € (0, 1);
(i) Gi(t,s) < Gy(s) foreacht,s €], and

min _G;(¢,8) > y*Gi(s), Vse], (2.19)
te[6,1-6]
where
y* =min{y,0°"}, Gi(s) = G1(z(s),) + Gai(L,5), (2.20)

©(s) is defined by (2.9), y is defined in Proposition 2.2.



Li and Feng Advances in Difference Equations (2018) 2018:145 Page 10 of 26

Proof (i) From Proposition 2.1 and Proposition 2.3, we see that G;(t,s) > 0 is continuous
for all ¢,s € J, and G;(¢,s) >0, Vt,s € (0, 1).

(i) From (ii) of Proposition 2.1 and (ii) of Proposition 2.3, we have G;(t,s) < G;(s) for
each t,s €.

Now, we show that (2.19) holds.

In fact, from Proposition 2.2, we have

) 901—1 1
rtré}gl Gi(t,8) = yGi(t(s),s) + PETES /0 hi(H)Gi(t, s) dt
1
Z )/* |:G1 (‘L'(S),S) + (a — b(ot 1_ 1)) y /(; hi(t)Gl (t, S) dt]

=y*Gi(s), Vse].
Then the proof of Theorem 2.1 is completed. O

Remark 2.8 From the definition of y*, it is clear that 0 < y* < 1.

3 Preliminaries
Let E=C[0,1], X =E x --- x E, and, for any x = [x1,%y,...,%,] " € X,
| S—;

n

X[l = ) sup|x(8)]. (3.1)
=1 t¢J

Then (X, -) is a real Banach space.
To establish the existence of positive solutions to system (1.1)—(1.2), for a fixed 6 € (¢, %),
we construct the cone Ky in X by

Ky = {x=(x1,%0,...,%,) €X:x;(8) >0,i =1,2,...,mt €],

n
min xi(8) = v lIxIl ¢ (3:2)
tel0,1-0] <
i=1
where y* is defined in (2.20), and it is easy to see Ky is a closed convex cone of X.
Let {6)}0, be such that ¢/, <6 <t,j=12,.... Soweget0< - <, <O <t < - <3<
Oy <th<by << % < 1. Then, for any j € N, we define the cone Ky, by

n

Ky = {xeX:x(t)>0,6€/,i=1,2,...,n, min x> yrxl Y, (3.3)
j telf)1-6) S /
where
V= min{yj,ej"“l } (3.4)

here y; = min{yyj, y2j, ¥3j}, ¥1, v2 and y3 is similarly defined in (2.13), (2.14) and (2.17), re-
spectively. It is easy to see Ky, is a closed convex cone of X.
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Also, for a positive number 7, define Kz, by
Kug, = {x e Ky : x| < 7).

Let T, : Ko — X be a map with components (77, Tf, o Ti, ..., T}). We understand that
Tx = (T}x, T2x,..., Tix,..., T/'x)", where

1
(T3x)(8) = A/ Gi(t,8)gi(9)fi(s,x(s)) ds, i=1,2,...,n. (3.5)
0
Remark 3.1 It follows from Lemma 2.1 and the definition of T that
x=[x1,%0,...,%,]" €X

is a solution of system (1.1)—(1.2) if and only if x = [x},%5,...,%,] " is a fixed point of oper-
ator T;. And then x = [x,%,...,%,] " € X is a solution of the system (1.1)—(1.2) if and only

ifx; (i=1,2,...,n) is a fixed point of operator 7.

Lemma 3.1 Assume that (H1)—(Hy) hold. Then T)\(ng) C Ky, and T, : Ky, — Ky, isa com-

pletely continuous.

Proof By the theory of matrix analysis, if we want to prove that T, (Ky) C Ky, and T :

Ky, — Ky, is a completely continuous, then, fori = 1,2,...,n, we only prove that T,{(Kgi) C

Kg}. and T,{' ZI(@/. — ng is a completely continuous.
Firstly, we prove that T,‘\'(ng) CKy.Forte],it follows from (ii) of Theorem 2.1 and
(3.5) that

1
(Tix)(t) = k/o G,'(t,s)g,'(s)fi(s, x(s)) ds
1
< )L/O Gi(s)gi(s)fi(s, x(s)) ds. (3.6)

On the other hand, it follows from (2.19) and (3.5) that

1
min (7ix)(t)= min A/(; Git,5)gi(s)fi(s,x(s)) ds

t€[91',1—9j] t€[9/',1—91‘]
1
> J/j*A/ Gi(s)gi(s)ﬁ(s,x(s)) ds
0
> 77 Tixl. 6)

This shows that Ti(l(ei) C Ky,
Next, by using similar arguments of Lemma 3.1 in [7] one can prove that the operator

Ti: Ky, — Ky, is completely continuous. So the proof of Lemma 3.1 is complete. O

To obtain some of the norm inequalities in our main results, we employ the famous
Holder inequality.
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Lemma 3.2 (Holder) Lete € LP[a, bl withp > 1, h € L1[a,b] withq > 1 and}? + % =1. Then
eheLa,b] and

ekl < llellpllallg
Lete € L'a,b], h € L®[a,b]. Then eh € L'[a, b] and
llenllr < llell1llAlloo-

Finally, we state the well-known fixed point theorems, which can be found in [56].

Lemma 3.3 Let E be a Banach space, K be a cone in E. Assume that Q, Q, are bounded
open subsets in E with 6 € Q, and Q) C Q, where 0 denotes the zero operator. Suppose
A: KN (Q\Q1) — K is completely continuous such that either

(@) [Ax[ < llx[l, Vx € K N 3Q2; [|[Ax] > [lx[l, Vx € K N 32;

(i) |Ax]| < |lx|l, Vx € KN 9Qy; ||Ax]| > |lx||, Vo € K N 3.

Then A has a fixed point in K N (Q2\Q1).

Lemma 3.4 Let E be a real Banach space and let K be a cone in E. For r > 0, we define
K, = {x € K : ||x|| < r}. Assume that T : K, — K is completely continuous such that Tx # x
forx e d0Kr={x € K : ||x|| = r}.

(i) If I 1x|| = |Ix|l for x € 0K, then i(T, K, K) = 0.

(i) IfITx| < ||x|| for x € 0K, then i(T, K;,K) = 1.

Remark 3.2 It is well known that Lemma 3.3 and Lemma 3.4 have been instrumental in
proving the existence of positive solutions to various boundary value problems for integer-
order or fractional-order differential equations-for details; see Sect. 6.

4 The existence of denumerably many positive solutions
In this section, we establish the existence of the denumerably many positive solutions for
system (1.1)—(1.2). We give our main results in the cases with g; € L”[0,1];p > 1, p = 1 and
p = 00.

Firstly, we consider the case p > 1.

Theorem 4.1 Assume that (H,)—(Hy) hold. Let {r}5 and R} be such that

R <y/*rj<r,-<R/, ji=12,....

For each natural number j, we assume that f satisfies
(Hs) Foranyte], x| €[0,R], fi(t,x) < LR;, where

1 1 1
O<L§max{ , , },
nAllGillgllgilly nAllGill1llgilloo nAM; gl

M; = max G;(s); (4.1)
sef

(He) foranyte[0,1-6], |x|l € [yj*r,», ril, fi(t,x) > Irj, where [ > 0.
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Then there exists Ao > 0, such that, for 1 > Ag, system (1.1)—(1.2) has denumerably many

positive solutions {X;}<; such that
r]SHXJHSRr j:1)2;~--

Proof Let Ag = sup{i;}, \j= ———2——,i=1,2,...,m,j=1,2,.... Then, for any A > A,
VNl [y, 7 Gi(s)ds

(3.5) and Lemma 3.1 imply that T; and 77 (i = 1,2,...,n) are all completely continuous.

We consider the open subset sequences {2175 and {2} of X
{Qu b5 = {xeX:|xll <R};
{2} = {xeX:x[ <r}.

Let {6;}7%) be as in Sect. 3 and note that 0 < £,; <6, <{; < 1i=12...
For fixed j, we assume that x € ng N0y, then forany t €/

n n
r=lxl =) suplxi(®)] = min > xi(t) = yFlIxl =y,
e telgpl-61 <=

Noticing (2.19) and (3.5), for all x € Ky, M 02, by (H1) and (Hg), we have
IT5xl| = sup|(T;x) ()|
te]

1
=X sup/0 Gi(t, s)gi(s)f: (s, x(s)) ds

te

1
> min )L/o Gi(t,5)gi(s)fi(s,x(s)) ds

- t€[9/,1—91']

1
Zy]*)"]\[l/o Gi(s)ﬁ(s,x(s))dé'

1-6;
>y AN; Gi(s)fi(s,x(s)) ds

b

9:

1-6;

] Gi(s) dsr;

1—9/'
> koy/j*Nil/ Gi(s) dsr;

9]
=rj= x|,
which shows that
ITox]l = [1x[l,  Vx €Ky N2y, (4.2)

On the other hand, forallt € J, x € Ky, N 02,5, then [x|| = R;.
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Noticing Theorem 2.1 and (3.5), for all ¢ € J, x € Ky, N 91, by (H5), we have

1
(Tix)(t) = }\/o Git,5)gi(s)fi(s,x(s)) ds
1
< k/o Gi(t,9)gi(s)fi (s, x(s)) ds
1
< )L/O Gi(s)gi(s)ﬁ(s,x(s)) ds
1
<2 [ 16 glfisx(5) ds

1
E)L”Gi”q“gi”p/(; fi(s,x(s)) ds

= MGillglgillpLR;

which shows that
1T = Z su})I(T){x)(t)| <Ixl, VxeKyno,. (4.3)
1 t€

Applying Lemma 3.3 to (4.2) and (4.3) yields that operator T, has a fixed point x; €
Ky N (S_Zz,j/Ql,j) such that r; < ||x;|| < R;. And then it follows from Remark 3.2 that sys-
tem (1.1)—(1.2) has a solution X; = (x1,%3),..., %) " . Since j € A" was arbitrary, the proof is
complete. O

The following theorem deals with the case p = co.

Theorem 4.2 Assume that (H;)—(Hy) hold. Let {r,»}]‘?z"1 and {R,};fl be such that
Rj1 < y/*r/ <ri<R;, j=12,....
For each natural number j, we assume that f satisfies (Hs) and (Hg), then there exists .o > 0,

such that, for A > Ao, system (1.1)—(1.2) has denumerably many positive solutions {x;(t) ;fl
such that

r<lxl <R, j=12,....
Proof Let ||G;ll1 gl replace ||G;ll4llg:|l, and repeat the previous argument. O

Finally, we consider the case of p = 1.

Theorem 4.3 Assume that (H,)—(Hy) hold. Let {r; jofl and {Rj};’fl be such that

Rj+1<yj*r/<r,»<Rj, ji=12,....
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For each natural number j, we assume that f satisfies (Hs) and (Hg), then there exists .o > 0,
such that, for A > Lo, system (1.1)—(1.2) has denumerably many positive solutions {xj(t)}ff1
such that

<Xl <R, j=1,2,....
Proof Let M;| g1 replace ||G;ll4 g, and repeat the previous argument. O

Corollary 4.1 Assume that (Hy)—(Hy) hold. Let {17}]‘?:1 and {R,»}]‘?f1 be such that
R < yj*r}- <rj<R;, j=12,...

For each natural number j, we assume that f satisfies:

(HY) foranyt €], |Ix|| € [0,r7], f(t,X) < Lr;, where L is defined in (4.1);

(Hy) foranyte[0,1-6], |x|l € [yj*R,»,R,'],f(t, X) > [R;, where [ > 0.
Then there exists Lo > 0, such that, for A > Ag, system (1.1)—(1.2) has denumerably many
positive solutions {xj(t)}}‘-’f1 such that

<l <R, j=12,....

5 The existence of two infinite families of positive solutions
In this section, we use Lemma 3.4 to establish the existence of two infinite families of
positive solutions for system (1.1)—(1.2).

For ease of expression, we introduce the following notations:

. (L, i
(fof)l = max{ma]xﬁ( x),O < x|l = r}, F§ = max (ﬁ)r)l’
te

T 1<i<n

coNE . filtx) . PPN
«+.) =min{ min Vit < |Ix|| <t F'. =min(f. ),
(fyi ) {te[Gj,l—(Jj] c U= el < nE lﬁifn(fy/' )
wherei=1,2,...,n,j=1,2,....
In this section, we also consider the following three cases for g; € L’[0,1]: p> 1, p =1
and p = co. Case p > 1 is treated in the following theorem.

Theorem 5.1 Assume that (H;)—(Hy) hold. Let {r,»}ffl, {le}ffland {R,};fl be such that

Rii<oirj<rj<omi<n <R, j=12,... (5.1)

Furthermore, for each natural number j, we assume that f satisfies

(H7) Fg <Land Ff’ <L, where L is defined in (4.1);

(Hg) F:}n,- > [, where [ > 0.
Then there exists Lo > 0 such that, for . > ko, system (1.1)—(1.2) has two infinite families of
positive solutions {x}(-l)(t) ]‘?fl, {)(1(2)(1.‘)};’;’1 and ||x;1)|| > yj*n,-.

Proof Let Ao be defined as in Theorem 4.1. Then, for any A > A¢, (3.5) and Lemma 3.1
imply that T) and 7! (i = 1,2,...,n) are all completely continuous.
Lett €], x € 0K, Then |x|| = 7.
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Therefore, for any x € IKyq, it follows from (H>) that

1
(Tix)(t) = }\/o Gilt,5)gi(s)fi(s,x(s)) ds
1
<2 fo Gi(t, )gi(5)i (s X(5)) ds
1
< )L/O Gi(s)gi(s)ﬁ(s,x(s)) ds
1
<2 fo Gl gl fi (5, x(s)) ds

1

< MGl gl / F(sx(s)) ds
0
< MGl gL

=

N

rj = I,

which shows that
x|l = ijsgi(ﬂx)(m <lxl,  VxeaKg,. (5.2)
And then, by Lemma 3.4, we get
(T3, Ky, Kg) = 1. (5.3)
Similarly, for x € IKgyq;, we have | T;x| < |x||, and it follows from Lemma 3.4 that
i(T, Kgye, Kg) = 1. (5.4)

On the other hand, letting
n
eK’, = e Ky : <p;, min x;(t) >y ni ¢,
X yous X 9 IxIl < n telipig) ; i(t) > Y ’7}}

then [x|| < n;. And hence, similar to the proof of (5.2), we have
ITsx[l <n;. (5.5)

i
Furthermore, for x € I(y]*n-e" we have
i 1Y)

n
x| <n;, t€J, min x;(t) > v*n;,
Il < me]_’l_@]; (GESTY
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and then it follows from (Hg) that
(T,x)(£) > Stu})| (T3x) ()]
1
> A/ Gi(t,s)gi(s)fi(s, x(s)) ds
0
1
> te[Iél,ilrle,'])\_/o Gi(t,8)gi(s)fi (s, x(s)) ds
1
> yj*)\Ni/‘O Gi(s)ﬁ(s,x(s)) ds

1-6;
2)/,'*)\]\[1'/9, Gi(s)fi(s,x(s)) ds

1-6;
> )/j*njA]\[il‘/; Gi(s)ds
j

1-6;
> ko)//*anil/ Gi(s)ds
j
=175 = [Ix]|. (5.6)
Letti (]l W2 i n dF -1 T h i yj*nf+77i _
etting Xo = (xp, X, - -, %, -, %p) and F(¢,x) = (1 - £)Tyx + txo, where xy = *—5—, i =

1,2,...,n,thenF:J x I_("’:* — Ky, is completely continuous, and from the analysis above,

R
we obtain, for (£,x) €] x K%,
Vi 1%
_
Fex ek, ,. (5.7)

Therefore, fort € J,x € I_(Zj noy We have F(t,x) # x. Hence, by the normality property and

the homotopy invariance property of the fixed point index, we obtain

j
*n.0.7
¥; 16

nj
*0.0.7
¥; ;0

i(T,, K Ky) =i(x, K Ky) =1 (5.8)

Consequently, by the solution property of the fixed point index, T has a fixed point x}l)

and x](.l) € I_(Z]:*n/@;‘ By Remark 3.1, it follows that x](-l) is a solution to system (1.1)—(1.2), and
]

n

(1) : (19 *
X; > min X t) >y n;.
|| ] H te[e/‘,lf@/‘] — j )() ,n]

On the other hand, from (5.3), (5.4) and (5.8) together with the additivity of the fixed

point index, we get

i(T;, Ko,/ (Kyy, U I_(:}njaj), Ky)

= (T, Kiyg, Kg) — (T, KL

I<9/) - i(T)n I_(rjej) KG/)

=1-1-1=-1. (5.9)
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Hence, by the solution property of the fixed point index, T, has a fixed point x]@) and
x]@ € Kg,/ (I_(r/. U I_(Zj*n'ﬁ')' Since j € N was arbitrary, the proof is complete. (I
i 1%

The following corollary deals with the case p = co.

Corollary 5.1 Assume that (Hy)~(Hy) hold. Let {r;}?2), {nj}Siand {R;}%) satisfy (5.1). Fur-
thermore, for each natural number j, we assume that f satisfies (H7) and (Hg). Then there
exist Ay > 0 such that, for A > ro, system (1.1)—(1.2) has two infinite families of positive

solutions (x;"(©))%, (x* (©))% and x| > ;.
Proof Let ||G;|l111gilloo replace ||G;ll4llgill, and repeat the argument above. a
Finally, we consider the case of p = 1.

Corollary 5.2 Assume that (H,)—(Ha) hold. Let {ri}2n i} and {R;} 2 satisfy (5.1). Fur-
thermore, for each natural number j, we assume that f satisfies (H7) and (Hg). Then there
exist Ao > 0 such that, for . > ,o, system (1.1)—(1.2) has two infinite families of positive
solutions {x}l)(t)};’fl, {x}Z)(t) ) and ||x1(.1) > v

Proof Let M;||gll1 replace ||G;li4llgill, and repeat the previous argument. Similar to the
proof of Theorem 5.1, we can get Corollary 5.2. d

Corollary 5.3 Assume that (H,)—(Ha) hold. Let {ri}Z1 {nj}}‘-’fland R} satisfy (5.1). Fur-
thermore, for each natural number j, we assume that f satisfies (Hg). Then there exist 1o > 0
such that, for A > Lo, system (1.1)—(1.2) has one infinite family of positive solutions.

If we replace (H7) by the following condition:
(H?) Fg <Lor ng < L, where L is defined in (4.1), then we have the following corollary.

Corollary 5.4 Assume that (Hy)~(Hy) hold. Let {r;}?2), {nj}51and {R;}%) satisfy (5.1). Fur-
thermore, for each natural number j, we assume that f satisfies (H5). Then for all X > 0,
system (1.1)—(1.2) has one infinite family of nonnegative solutions.

6 Comments and remarks
In this section, we give some comments and remarks associated with system (1.1)—(1.2).

It is well known that Lemma 3.3 and Lemma 3.4 have been instrumental in proving
the existence of positive solutions to various boundary value problems for integer-order
differential equations. See for instance [44—46, 51] and the references therein. Several au-
thors have investigated boundary value problems of fractional differential equations; see
for instance [8, 11, 13].

However, it is not difficult to see that if (H;)—(Hs4) hold, and f satisfies (Hg), by using
Lemma 3.3, we can not obtain the results of Corollary 5.3.

At the same time, it is not difficult to see that (H5) plays an important role in the proof
that system (1.1)—(1.2) has two infinite families of positive solutions. However, if the con-
dition (H,) does not hold, then we can only obtain the existence results of one and two

positive solution for system (1.1)—(1.2).
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Theorem 6.1 Assume that (H,), (H3) and (Hy) hold. Furthermore, we assume that f sat-
isfies:

(H:) foranyte], |Ix|| € [0,R], fi(t,x) < LR, where L satisfies (4.1);

(Hy) foranyte[0,1-06], x|l € [y*r,rl, fi(t,x) > Ir, where [ > 0.
Letting 0 < r < R, then there exists Ao > 0, such that, for A > Lo, system (1.1)—(1.2) has at

least one positive solution x with
r<lxll <R

Theorem 6.2 Assume that (Hy), (Hs), (Hy) hold and 0 < r < n < R. Furthermore, we assume
that f satisfies

(HY) Fy<Land F§ <L, where L is defined in (4.1);

(Hg) F7, > 1, wherel>O0.
Then there exist Ay > 0 such that, for A > Lo, system (1.1)—(1.2) has at least two positive
solutions xV, x? and Y1 | xﬁl)(t) >y*n,Vte[6,1-0].

Remark 6.1 If (H,) does not hold, we can also consider the other cases.

To this aim, we begin by introducing the notations

it7 . ity
fiozlimsupmaxf( y), ﬁo":hmsupmaxf( Y)’
Iyl—o ¢/ lyll lyl—oc t&/ Iyl

K,z = {x|x € Ky, 7 < ||Ix]| <R}.

Theorem 6.3 Assume that (H;), (Hs) and (H,) hold. Furthermore, let the following two

conditions hold:
(i) f2=00rf>*=0;
(i) There exist p >0, 8 >0, such that f;(¢t,x) > § for |x|| > p, t €]
be satisfied, then there exists Ao > 0 such that, for all ). > Ao, system (1.1)—(1.2) has at least
one positive solution x*.
Proof Considering f = 0, there exists 0 < r < p such that fi(¢,x) < &7, for 0 < ||x|| <r,

t €], where & > 0 satisfies 1¢1]|G;ll4[lgll, < &.
So, for x € 9K,4, we have from (3.5)

1
(Tix)(t) = )L/o Gi(t,5)gi(s)fi(s,x(s)) ds
1
< A/O Gi(t,s)gi(s)fi(s,x(s)) ds
1
< )\/(; Gi(s)gi(s)f; (s, x(s)) ds
1
< [ UG gl s x(0) ds

1
< MGl gl fo F(s.x(s) ds
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= MGillqligillperr

1
< —r=—|x],
n n
which shows that
ITaxll = " sup|(Tix)(®)] < IIxll,  Vx € K. (6.1)
=1 ¢

If £°° = 0, similar to the proof of (4.1), there exists R > p such that f;(£,x) < &;|x]|, for
x|l > R, t € J, where g, > 0 satisfies A&z || G;l4llgill, < %, and, for x € 9Kgg, we have

T < [Ix]|. (6.2)

On the other hand, from (ii), when a p > 0 is fixed, then there exists a Ag > 0 such that
F(6%) > 8> Ly 8N [, Gils)ds] ™ p for 3> ko, x € DKo,
Therefore, for x € 0K, t € J, we have

I'T5x| = sup|(Tix)(8)]
te]

1
=\ sup/o Gi(t, 8)gi(s)f: (s, x(s)) ds

te]

1
> min AS/ Gi(t,s)gi(s)ds
0

- tE[Q/,l—Qj]

1
Zy*MM/ G;(s)ds
0

1-4;
> y*ASN; Gi(s)ds
b

> p = |x]|.
Consequently, for x € 4K, we have
Tl > [1x]l- (6.3)

By Lemma 3.3, for all A > A, (6.1) and (6.3), (6.2) and (6.3), respectively, show that T,
has a fixed point x* € I_(,,p, r<|x*l<pand YL x5 (6) > ylIx*|, t€[0,1-0] orx* € I_(p,R,
p <|Ix*| <Rand > 7 xf(t) > yx*|| >0, t € [#,1 - 0]. Thus it follows that system (1.1)—
(1.2) has at least one positive solution x* for all A > A,. a

Theorem 6.4 Assume that (Hy) and (H3) hold. Furthermore, lett the following two condi-
tions hold:

(i) 2 =0andf>=0;

(ii) there exist p >0, 8 >0, such that f;(t,x) > § for ||x|| > p, t €],
are satisfied, then there exists Ay > 0 such that, for all A > Lo, system (1.1)—(1.2) has at least
two positive solutions x* and x**.
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Proof The proofis similar to that of Theorem 6.3. By Lemma 3.3, (6.1)—(6. 3) show that T,
has at least two fixed pomtsx x**, where x* € K,p, r<|Ix*|l<pand )1, x5 (2) > ylIx*|| >
0,te[0,1-0],x* KpR, p<Ix*|l <Rand ) [, x*(t) > ylIx™*||, ¢ € [0,1 — 0]. Thus it
follows that system (1.1)—(1.2) has at least two positive solutions x*, x** for all A > 4¢. [

Remark 6.2 Results similar to Theorems 6.3—6.4 have been established by Wang [57] for
other types of n-dimensional system.

Remark 6.3 Boundary value problem with infinitely many singularities has been studied
by Kaufmann, Kosmatov, Wang and Feng. For more details on this study, we refer the
reader to [58, 59] for a second order two point boundary value problem.

7 Anexample

In Example 7.1, we select n =3, a = g, a=2,b=1.

Example 7.1 Consider the following system:

D§.x(t) + Ag()f(£,x(¢)) =0, O0<t<1,
x(0) = x/(0) =0, (7.1)
ax(1) + bx'(1) = [, h(O)x(t) dt

where
@ o0 5 0 0
gt)=| 0 @@ 0 |, h®=]0 5 of,
0 0 gg(lf) 0 0 5

(2 + L0)Lxy + 1Lxy + +3 L3
f(t,x) = (é + ét)Lxl + %LxZ + +%Lx3 )

1,1 1 1
(g + gt)Lx1 + 3Lxy + +3Lx3

where L is defined in (4.1), #;(¢) = 5 on ], fi(t,x) = fi(t,x1,%2,%3) = (é + ét)Lxl + %sz +
+%Lx3 ont €], g(t) (i=1,2,3) are singular at t}f,j =1,2,...,and

2 1 1
£-2_— =12 7.2
- 102(2;‘-1)4 J (7.2)

2 1 3
f=2-— ==,
5 10 10
t—t 1o+ 15’ i=1,2,...,
1= 100+ ) 7
and from } 7 (2],_11)4 = % 2, there is

gy 2 1 i 1 7% 2 7t 1
=limt =—-— - — = = - — __— > —,
0~ 1—>oo] 5 10 4 2j-1* 5 10 9 5 960 ~ 10
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Consider the function

[o¢] [o¢] o0
1 2 3
a®=) "0, an=) g, sO=)¢"0 teJ
j=1 J=1 J=1
where
j2 G+t
G, tel0,5-)
t+t,
t tel50),
D py _ A
& ®) = 1 , t;+t;71
Tt}f’ te(t, =)
j+2 G+
N7 te(=5—1l,
2 t;+t1/'+l
(-2t +t,)’ tel0, 2 ),
t+t]
L, te[L5,0),
@ fi=t !
& ®)= 1 te(t !,/+:]f_1]
\/ql e 1" 2 7
5 t}’+t}f_1
(21'—2)!(2—:;-5{_1)’ te( 2 1],
t+t]
j o+l
Y(E+t,) t €0, 2 ),
t+t]
L, te[L1L),
Bz Vi
gJ' () = 1 . (t’ t}ﬂ},l]
[—t;, e 1” 2 )
; t+t]
J J -1
W(Z—t;—t’il)’ te( 2 ,1]'

, , y
From ;’fl(;:—f)!:2e—3,2fflﬁ:e+e‘l, ?1§:Zand2ffl(2j_;l)2:%,weget
gyl > t’—;Q j+2 1 j+2
(1)
g () dt = {/ %dmff o dt
121:/0 / ]21: 0 G+ DU +1,,) PTG+ N2 -t -t )
g z/f_]+z/f )
]
+/; » dt + dt}
=t -t 4 t—t
=Z(]+1)‘+«/§Z<\/t;—t1’+l+\/t]_l—t]’)
j=1 j=1
V2 & 1 1
=2e-3+ - 5+ 753 3
V10 Z\(@+172  (2j-1)
2 2 2
:26_3+i(n__1+n_)
J/10\ 8 8
2 2
:2e—3+i10(%—1), (7.3)
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1 o) 2 1 2
(2)
; (t) dt = {/ - n 7 dt + ’/;/ o 7 7 dt
2 /0 § 2\ @rmeeey @t )i geme-g—gy

j=1 j=1
, z/._l+z/f
; 1 1
+ /;/i[{ dt + dt}
N g t-1
o 2 o0 - -
Z (2j-2)! + \/EZ<\/tl/ “hat \/tJ/—l _t})
1 j=1
P 1 1
—e+el+ V2 Z( 5 2)
VIO F\@+1)? (Z-1)
—e+el+ ﬁ(nz 1+n2>
- J10\ 8 8
2 2
=e+e’1+—\/_ (n——1>, (7.4)
J/10\ 4
00 o0 (t+t,1)/2 i 1 i
S [wa-Yl [T L [ o
=1 0 i1 0 2/(t + t]+1) (t]{71+t;)/2 2/(2 - t] - 75]‘71)
t]f 1 (t;%”/{)/z 1
+ f dt +/ dt}
(t/f+t;+1)/2 /t]{ —t z}f t— t;
— J
DI EREY NEAENIIE)
j=1 J=1
2 o 1 1
2 3 )
10 7 \(Z+1)? T j-12
wE15)
=24+ —=|=-1+—
10\ 8 8
2 2
=2+i<”——1>. (7.5)
V10 \ 4
Thus, from (7.3), (7.4) and (7.5), it is easy to see that
1 00 © .1 V2 2
1(t)dt=/ (1)(t)dt= / {1 (t) dt 2e—3+—(— 1) < +00,
./ & 0 ]Zﬂ:g] ]Zﬂ: 0 J10\ 4
1 1 0 a1 V2 (72
(2) (2) -1
() dt = g7t dt = f g7 (t)dt=e+e +—(——1)<+oo,
f 12—1: / ]zﬂ: 0o~ J10\ 4
1 oo o0 1 2
f gg(t)dt:/ Zg](B)(t)dt:Z/ g’ de=2 2 <”— -1) <+00
J=1 j=1 70 4

Therefore gi(¢t) € L1[0,1], i = 1,2, 3, which shows that conditions (H;) and (H,) hold.
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On the other hand, it is not difficult to see that by means of the definition of f(¢,x) con-
dition (H3) holds. At the same time, it follows froma=2,b=1,a = % and /;(t) =5 that

1
7
m=/ h,»(t)t""ldt:2<a+b(a—1):5, i=1,2,3,
0

which shows that condition (H,) holds.
Next, we show that conditions (Hs) and (Hg) of Theorem 4.1 hold. In fact, for any ¢t € J,
x|l € [0,R;], we get

fi(t,x) LR R L xs <LR
\OLX) ==+ X1+ —LXy ++—-LX H
i 6 6 1 3 2 3 3= j

foranyte[6,1-6], x| € [yl.*r,», rjl, we get

Fe0= (L2 )i+ 1r L P here = (116 + SL+ 1L
W(t,x)=(=+=t)Lxy+ =Lxy + +=Lx3 > Ilr;, wherel==LOy*+-L+=L).
66 ) M1y T2 3 Y T3ty

Therefore, it follows from Theorem 4.1 that there exists Ay > 0, such that, for A > A,
system (7.1) has denumerably many positive solutions {x;}%} satisfying

<l <R, j=12,....
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