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Abstract
Burgers’ equation frequently appears in the study of turbulence theory, as well as
some other scientific fields. High and low Reynolds numbers play important roles in
both modeling and numerical simulation. In this paper, we apply a numerical scheme
to solve a two-dimensional time-fractional Burgers equation. The key feature of the
proposed method is formed by combining the discontinuous Galerkin method to
spatial variables and a finite difference scheme to temporal variables. The
corresponding numerical analysis is also presented. Several numerical tests are carried
out to demonstrate the theoretical analysis and we present a shock wave
phenomenon of the new Burgers model.
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1 Introduction
The Burgers model, usually applied in the study of turbulence, is a very important non-
linear partial differential equation which has been widely investigated by researchers of
both theory and computation aspects. In the classical sense, a one-dimensional Burgers
equation is of the following simple form [, ]:

∂u
∂t

+ u
∂u
∂x

= ν
∂u
∂x , ()

where ν = / Re and Re indicates the value of the Reynolds number. u(x, t) represents the
speed of fluid media at time-space position (x, t). When the diffusion term is absent (i.e.,
the Reynolds number becomes very large), the Burgers equation becomes the inviscid
Burgers equation as follows: ∂u

∂t + u ∂u
∂x = ν ∂u

∂x ≈ . This is a prototype for conservation
equations that can develop discontinuities (also called shock waves) []. In recent years,
the study of Burgers’ equation has not only focused on fluid dynamics, but also included
nonlinear acoustics, gas dynamics, traffic flow, and so on (see [, ] and references therein).
With the assistance of Cole-Hopf transformations [], more and more mathematical anal-
ysis tools and computational skills can easily be developed to find more inherent charac-
teristics of Burgers’ equation. For instance, Hoffman et al. give a distributed approximating
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functional method to solve Burgers’ equation for relatively large Reynolds numbers in [],
where a nonlinear transform is applied to generating a nonuniform mesh so that tiny step
sizes are given near the boundary to catch the satisfying approximation of shock waves.
In [], the multiple-front solutions of a class of coupled Burgers systems is studied by
tanh-coth method and the Cole-Hopf transformation. In [], the solitary solution of Burg-
ers’ equation is studied by a modified exponential-function method. This method seems
to work perfectly for the integer-order Burgers model because the fractional exponential
function expansion is based on the smoothness of the solution. In [], the Crank-Nicolson
method for solving Burgers’ equation is discussed. The advantage of a direct full-discrete
method is that it can get rid of Cole-Hopf transforms and numerical analysis can be given
analogically with usual cases. Much effort has been done since the s for numerical
methods of the conventional Burgers equation.

Fractional calculus is not a new subject. It first appeared in the discussion by mathe-
maticians Leibniz and l’Hospital. However, its theoretical growth took up several hun-
dreds years before people found that it might have very important potential applications
[]. In many scientific and engineering fields, such as theoretical physical problems [],
diffusion processes [], vibration and control [], oscillating dynamical systems [],
thermal conductivity [], rheological models [], quantum models [], etc., fractional
derivative models manifest much better and describe real-world data more accurate than
integer-order models do. Fractional derivative models not only preserve the basic features
of considered problems, but also give more parameters to predict other inner properties of
the model, especially for the problems involving spatial dependence and temporal mem-
ory []. For instance, based on the previous research on diffusion models, it is found that
the temporal fractional derivative with order one is considered to be a critical value. Then
those models with orders of temporal fractional derivative of less than one directly lead to
subdiffusion processes, while the models containing orders greater than one indicate the
superdiffusion processes. Therefore, fractional derivative models provide an effective way
to model anomalous diffusion problems.

Nowadays, fractional calculus modeling methods are considered as powerful techniques
to handle physical and engineering problems with memory feature and nonlocal property,
due to the natural structure of fractional integrals and derivatives making them a global
and weak singular integration []. Nevertheless, the study of Burgers’ equation is fruit-
ful and the literature on these models with fractional derivatives is still scarce. Especially
for the multiple-dimensional fractional Burgers model, there are many concrete problems
that need to be solved. Therefore, it shall be meaningful to further examine Burgers mod-
els with various fractional derivatives. Since the s, numerical methods for fractional
differential equations have undergone considerable development, due to the reason that
more and more classic models are reconsidered by using a fractional calculus framework.
Thus, in this paper, we shall consider a class of two-dimensional time-fractional Burgers
equations over bounded domain with high and low Reynolds numbers, and further study
the dynamic behaviors through numerical simulations.

Numerical methods applied to a fractional Burgers equation include the finite differ-
ence method, the integral transform method, the variational method, and some others.
As mentioned, some of them become easier under a Cole-Hopf transform; i.e., see [].
For instance, in [] a fractional Burgers equation with half-order damping term is con-
sidered. It is verified that if the coefficient of the half-order derivative is also small, as is
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usually the case, the evolution comprises three stages, namely a lossless near field, an in-
termediate Burgers region, and a hereditary far field. In [], the series expansion method
is applied to a local fractional derivative to obtain the solutions of both homogeneous and
nonhomogeneous transport equations. The finite difference and spectral methods are ap-
plied to numerical simulations. In [], the Adomian decomposition method is applied
to solve the fractional KdV-Burgers equation. The decomposition methods are powerful
to provide a series expansion which eventually converges to the true solution. In [], the
Adomian decomposition method is applied to study a class of coupled Burgers equations
with Caputo derivatives equipped on both temporal and spatial variables. The obtained
numerical solutions are of a form of rapidly convergent series and easily computable com-
ponents. In [], a nonlinear fractional Burgers problem is approximated by finite volume
schemes of order one in space and, also, in time. It is proved that the finite volume solution
converges to a weak entropic solution as the step size vanishes finally. In [, ] new spec-
tral methods are proposed for fractional differential equations and high efficiency property
of the methods is demonstrated through numerical examples. More numerical studies on
time- and/or space-fractional Burgers equations can be found in [–]. Recently, one
interesting branch of numerical study of fractional Burgers equations has emerged: the
implementation of the discontinuous Galerkin method (DGM) [–]. The DGM has
several advantages to reach this goal: () it behaves well if the solution of Burgers’ equa-
tion is regular enough under certain initial and parameter settings; () when a shock wave
solution appears, the DGM can handle high-effective numerical approximations near dis-
continuities []. Unfortunately, the results for the DGM in fractional Burgers equations,
as well as many nonlinear fractional integrable systems, are not fruitful. This became the
major motivation to carry out the current work.

The rest of this paper is organized as follows. In Section , we briefly introduce fractional
integrals and derivatives to make this article self-contained. In Section , we propose a
two-dimensional time-fractional Burgers equation and present a hybrid numerical scheme
based on the DGM and the finite difference scheme. In Section , two numerical examples
are given and numerical simulations are carried out and discussed. Finally, conclusions are
drawn and some future plans are suggested in Section .

2 Preliminaries
We briefly recall some definitions and properties of fractional integrals and derivatives.
More details of them can be found in popular monographs []. Let �(·) be the gamma
function and let α >  be a real number. By extending the usual multi-fold integration of
integer-order, it is natural to have the following fractional integral operator.

Definition  (see []) The left Riemann-Liouville fractional integral of order α >  of a
function u(t),  ≤ t ≤ +∞ is defined as

(
Iα

+u
)
(t) =


�(α)

∫ t


(t – s)α–u(s) ds, ()

provided the integral is finite.

Borrowing the fact that differentiation and integration operations are mutually inverse
in general, there are two basic ways to define fractional derivatives, which are, respectively,
called the Riemann-Liouville sense and the Caputo sense.
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Definition  (see []) The left Riemann-Liouville fractional derivative of order n –  <
α < n of a function u(t) is defined as

(
Dα

+u
)
(t) =


�(n – α)

(
dn

dtn

)∫ t


(t – s)n–α–u(s) ds, ()

provided the right side of the identity is finite.

Definition  (see []) The left Caputo fractional derivative of order n –  < α < n of a
function u(t) is defined as

(cDα
+u

)
(t) =


�(n – α)

∫ t


(t – s)n–α–u(n)(s) ds, ()

provided the right side of the identity is finite.

In most of the literature, it is verified that models with Riemann-Liouville derivative
need some nonlocal initial condition to guarantee the existence and regularity of solution.
However, models with Caputo derivative can inherit the conventional initial and bound-
ary conditions of corresponding integer-order models. Therefore, we give the partial frac-
tional derivative of a function u(x, y, t) in the Caputo sense below.

Definition  (see []) The left partial fractional derivative of order n –  < α < n of a
function u(x, y, t), with respective to variable t, in the Caputo sense, is defined as

∂α
t u(x, y, t) =


�(n – α)

∫ t


(t – s)n–α– ∂nu(x, y, s)

∂sn ds, ()

provided the right side of the identity is finite.

3 Model and numerical method
Let � = [–L, L] × [–L, L] be a bounded domain from R

, L > . ∂� denotes its boundary.
Let  < t < T . ThenD = �× (, T) andS = ∂�× (, T) are the parabolic boundaries, where
 < T < ∞. In what follows, we shall consider a time-fractional Burgers equation

∂α
t u + u(ux + uy) = ν�u,  < α < , ()

where � = ∂

∂x + ∂

∂y ,ν > . We consider the cases with Reynolds number. Let Re ∈
[, ,]. To make () solvable, we impose the initial and boundary conditions

u(x, y, ) = ϕ(x, y), (x, y) ∈ �; u(x, y, t) = , (x, y, t) ∈ S . ()

3.1 Conservation of solution
Now we start our discussion by recalling the fact that solving () with a closed form so-
lution is impossible, thus we shall adopt some useful way to find the evidence that a solu-
tion with certain regularity exists. The fundamental skill is borrowed from the projection
method. Let φ(x, y) ∈ C∞

 (�), where C∞
 (�) denotes the set of all sufficiently smooth func-

tions with compact support defined in �.
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In the case of high Reynolds number, i.e., Re � , we have 
Re�u ≈ . This motivates us

to only study

∂α
t u + u(ux + uy) = . ()

We similarly call it an inviscid time-fractional Burgers equation. Let us integrate () over
domain �. Then

∫ ∫

�

∂α
t u dx dy +

∫ ∫

�

u(ux + uy) dx dy = . ()

Considering the second part of equation () and using the definition of divergence and
Gauss’s theorem, we have

∫ ∫

�

u(ux + uy) dx dy =
∫ ∫

�

∇ · G dx dy =
∫

∂�

G · n ds, ()

where G = ( u

 , u

 ) is the flux through the boundary of the domain, and n is the unit out-
ward normal vector. Using the boundary condition (), we have u

 |∂� = . We deduce

∂α
t

∫ ∫

�

u dx dy =
∫ ∫

�

∂α
t u dx dy = –

∫ ∫

�

u(ux + uy) dx dy = . ()

By the definition of the Caputo derivative, we get

∂

∂t

∫ ∫

�

u dx dy = . ()

Next, we consider a similar feature for viscous Burgers equations. Let H = (ux, uy). Inte-
grating both sides of the equation over �, the viscous part then becomes

∫ ∫

�

ν�u dx dy = ν

∫ ∫

�

∇ ·Hdx dy = ν

∫

∂�

H · n ds. ()

Assuming u is smooth near the boundary and, ∀(x, y) ∈ �\∂�,φ(x, y) > , obviously H ·
n < . Then we have

∂α
t

∫ ∫

�

u dx dy = ν

∫

∂�

H · n ds < . ()

By the definition of Caputo derivative, we get

∂

∂t

∫ ∫

�

u dx dy < . ()

Otherwise, if, ∀(x, y) ∈ �\∂�,φ(x, y) < , we have

∂

∂t

∫ ∫

�

u dx dy > . ()

Equations ()-() show the dissipative property of the viscous term. It is also called
dissipative term, which makes the solution approach . The dissipation strength is deter-
mined by the Reynolds number Re = 

ν
. For Re � , the equation approximates a pure



Cao et al. Advances in Difference Equations  (2017) 2017:338 Page 6 of 14

wave equation and the energy is almost conserved. While Re ∼ , the dissipative term will
be the leading part. The velocity of flow shall decay due to the impact of the viscous force.
The flow field becomes stable eventually.

By the property of Caputo derivative, the time-fractional Burgers equation keeps the
conservation or dissipation property of the classical Burgers equation.

3.2 Discontinuous Galerkin method
In this part, we propose a numerical scheme based on the full discretization which is of
finite differences for temporal variables and the DGM for spatial variables. The basic ad-
vantage of the DGM is that the shock wave solution of Burgers’ equation can be better
approximated.

.. Semi-discretization scheme
We assume that the domain � is well approximated by the computational domain �h.
Let Th be a quasi-uniform family of triangulations domain �h parameterized by h > .
For any triangle Dk ∈ Th, we define hk := diam(Dk), (k = , , . . . , K), h = maxDk∈Th

hk .
Then

� 
 �h =
K⋃

k=

Dk .

We define

E I
h := set of all interior edges of Th;

EB
h := set of all boundary edges of Th on ∂�.

For the construction of the discontinuous Galerkin scheme, we introduce the following
broken Sobolev space for given real number s:

Hs(�h) =
{

v ∈ L(�) : ∀k = , , . . . , K , v|Dk ∈ Hs(Dk)}

equipped with the broken Sobolev norm

‖v‖H(�h) =

( K∑

k=

‖v‖
Hs(Dk )

)/

.

In order to establish the local discontinuous Galerkin discretization, we introduce two
auxiliary variables p = ∂u

∂x , q = ∂u
∂y . Then we have

∂α
t u + u(ux + uy) =

√
ν(px + qy), ()

p =
√

νux, ()

q =
√

νuy. ()
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Given a triangulation Th, we try to find uh, ph, qh ∈ Hs(�h), such that, for any element
Dk and φk

i ,ψk
i ,λk

i ∈ Hs(Dk), the following equations hold:

∫ ∫

Dk
∂α

t uhφ
k
i (x, y) dx dy

+
∫ ∫

Dk

(



(
∂u

∂x
+

∂u

∂y

)
–

√
ν∇ · (ph, qh)

)
φk

i (x, y) dx dy = , ()

∫ ∫

Dk
phψ

k
i (x, y) dx dy =

∫ ∫

Dk

√
ν
∂uh

∂x
ψk

i (x, y) dx dy, ()
∫ ∫

Dk
qhλ

k
i (x, y) dx dy =

∫ ∫

Dk

√
ν
∂uh

∂y
λk

i (x, y) dx dy. ()

To avoid double values at edges, we define the numerical flux for values at edges u∗
h =

f(u–
h , h+

h), F∗
h = f(F–,F+), where Fh = ( u

h
 –

√
νph, u

h
 –

√
νqh)� and we define n̂ = (nx, ny).

By integration by part, we obtain

∫ ∫

Dk
∂α

t uhφ
k
i (x, y) dx dy = –

∫

∂Dk
n̂ ·F∗

h φk
i (x, y) ds +

∫ ∫

Dk
Fh · ∇φk

i (x, y) dx dy,
∫ ∫

Dk
phψ

k
i (x, y) dx dy =

√
ν

∫

∂Dk
n̂xu∗

hψ
k
i (x, y) ds –

√
ν

∫ ∫

Dk
uh

(
ψk

i (x, y)
)

x dx dy,
∫ ∫

Dk
qhλ

k
i (x, y) dx dy =

√
ν

∫

∂Dk
n̂yu∗

hλ
k
i (x, y) ds –

√
ν

∫ ∫

Dk
uh

(
λk

i (x, y)
)

y dx dy.

To define the numerical flux function f, f, let {{a}} denote average of a, that is, {{a}} =
a–+a+

 . Let [[a]] denote the jump value of a, that is, [[a]] = a+ – a–. For the flux associated
with the diffusion term, we define u∗

h = {{uh}}. For the convection term, we introduce the
local monotone Lax-Friedrichs flux defined by []. Then

F∗
h = {{Fh}} –

C


[[u]],

where C = maxs∈[u–
h ,u+

h ] | ∂Fh
∂uh

|. The local monotone Lax-Friedrichs numerical flux is a par-
ticularly convenient choice of numerical flux because it can easily be applied to any non-
linear hyperbolic system, it is simple to compute, and it yields good results, although there
are many other numerical fluxes which could also be used [].

We consider discretization of the fractional Burgers equation in a piecewise polyno-
mial space of degree N . Assuming Lk

j (x, y)s are Lagrange polynomials defined on Dk ,
j = , , . . . , Np, Np = (N+)(N+)

 , they form a group of bases for polynomial space of degree
N in Dk . Then, for any element Dk (k = , , . . . , K), we have

uh|Dk =
Np∑

j=

uk
j Lk

j (x, y).

Replacing the test functions φk
i ,ψk

i ,λk
i in the above equations with polynomial test func-

tions Lk
i (x, y), the semi-discretized scheme is derived. We have

Mk∂α
t Uk

h = –BkF k∗
h + SkF k

h , ()
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MkPk
h =

√
νBk

xUk∗
h +

√
νSk

xUk
h , ()

MkQk
h =

√
νBk

yUk∗
h +

√
νSk

yUk
h , ()

where Uk
h is a column vector with Np elements, Uk

h,j = uk
h,j, and F k∗

h and Uk∗
h are the corre-

sponding numerical fluxes defined at the boundary of element k.

Mk
ij =

∫ ∫

Dk
Lk

j Lk
i dx dy, Bk

ij =
∫

∂Dk
Lk

i Lk
i n̂ ds, Sk

ij =
∫ ∫

Dk
Lk

j ∇Lk
i dx dy,

(
Bk

x
)

ij =
∫

∂Dk
n̂xLk

j Lk
i ds,

(
Bk

y
)

ij =
∫

Dk
n̂yLk

i Lk
i ds,

(
Sk

x
)

ij =
∫ ∫

Dk
Lk

j
(
Lk

i
)

x dx dy,
(
Sk

y
)

ij =
∫ ∫

Dk
Lk

j
(
Lk

i
)

y dx dy.

.. Time integration
Compared with the classical Burgers equation, a proper discretization scheme for time-
fractional derivatives is important. In references, several different approximation schemes
are proposed, such as the Grünwald-Letnikov scheme, L approximation. The local DGM
is often combined with the explicit time integration scheme, s.t. the Euler method and the
Runge-Kutta method, to take its full advantages. Especially for nonlinear problems, the
implicit time integration scheme will bring about great computational cost due to large
degrees of freedom of the local DGM and the need to solve nonlinear equations.

For the discretization on fractional derivatives, we employ the algorithm from [],
which reads

(cDα
+f

)
(t) ≈ 

(�t)α

N∑

η=

ωα
η

(

f (tN–η) –
m–∑

k=

f (k)()tk

k!

)

,

where ωα
η = (–)η

(
η

α

)
, which can be obtained recursively through the following relation:

ωα
 = , ωα

η =
(

 –
α + 

η

)
ωα

η–.

We introduce the following lemma.

Lemma  (see []) Let f ∈ C[, T],  < α ≤ .  = t < t < · · · < tN = t with ti+ – ti = �t
is a discretization of [, t]. Then

(cDα
+f

)
=

N∑

ν=

ωα
ν

f (tN–ν) – f ()
(�t)α

+ O(�t). ()

Finally, we obtain the numerical scheme for solving the proposed model (). Denote the
values of Uk

h and F k
h at time level tn as (Uk

h )n and (F k
h )n. Combine the time discretization

with the local discontinuous Galerkin scheme and equations ()-() can be written

(
Uk

h
)n+ = (�t)α

(
Mk)–[–Bk(F k∗

h
)n + Sk(F k

h
)n] –

n∑

η=

ωα
η

(
Uk

h
)n, ()

(
Pk

h
)n =

(
Mk)–[√

νBk
x
(
Uk∗

h
)n +

√
νSk

x
(
Uk

h
)n], ()
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Table 1 Error and order of convergence of time discretization for example 1 (h = 0.3,
polynomial degree N = 4)

�t α = 0.7 α = 0.8 α = 0.9

‖eu‖2 Order ‖eu‖2 Order ‖eu‖2 Order

1.0e–4 1.46e–04 - 1.46e–04 - 1.48e–04 -
5.0e–5 7.83e–05 0.90 7.76e–05 0.91 7.79e–05 0.92
2.5e–5 4.28e–05 0.87 4.23e–05 0.88 3.97e–05 0.97

Table 2 Error and order of convergence of spatial discretization for example 1

h α = 0.7 α = 0.8 α = 0.9

‖eu‖2 Order ‖eu‖2 Order ‖eu‖2 Order

N = 1
0.4 4.43e–02 4.29e–02 4.1e–2 -
0.2 9.89e–03 2.16 9.80e–03 2.13 9.8e–3 2.06
0.1 2.37e–03 2.06 2.35e–03 2.06 2.3e–3 2.09

N = 2
0.8 7.78e–02 7.08e–02 6.45e–02
0.4 1.19e–02 2.71 1.13e–02 2.65 1.07e–02 2.59
0.2 1.39e–03 3.10 1.40e–03 3.01 1.30e–03 3.04

(
Qk

h
)n =

(
Mk)–[√

νBk
y
(
Uk∗

h
)n +

√
νSk

y
(
Uk

h
)n]. ()

4 Numerical simulation and discussion
Example  To test the performance and accuracy of the method, we consider the example
with source term and exact solution

⎧
⎪⎪⎨

⎪⎪⎩

∂α
t u + u(ux + uy) = 

�u + fα(x, y, t), (x, y) ∈ �, t ∈ (, ],

u(x, y, ) = , (x, y) ∈ �,

u(x, y, t)|∂� = , t ∈ (, ],

()

where � = [–, ]× [–, ], t ∈ [, ]. We assume the exact solution u(x, y, t) = t( – x)( –
y), so the source term is obtained. We have

fα(x, y, t) =
t–α( – x)

�( – α)
(
 – y) + t( – x)( – y)(xy + xy – x – y

)

– .t[(y – 
)(x – 

)
+

(
x – 

)(y – 
)]

.

From Table , we observe that, when high accuracy spatial discretization is used, the
accuracy is controlled by time discretization and the finite difference scheme is of first-
order accuracy, just as indicated by Lemma .

To test the effectiveness and accuracy of the spatial discretization, we set the time step
length to be very small and compare the errors for different spatial discretization. From
Table , we see that the convergence order approximates  for N =  and is close to  for
N = , which indicates that spatial discretization converges with order N + .
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Figure 1 Solution of example 2 with different fractional orders and high Reynolds number (Re = 1,000)
and at different times.

Example  In this example, we consider the following time-fractional Burgers equation:

⎧
⎪⎪⎨

⎪⎪⎩

∂α
t u + u(ux + uy) = ν�u, (x, y) ∈ �, t ∈ (, ],

u(x, y, ) = (x – )(y – ), (x, y) ∈ �,

u|∂� = , t ∈ (, ],

()

where all the symbols have the same meaning as in the last example.

We consider the problem in the domain � = [–, ] × [–, ]. To study the influence of
the order of time-fractional derivative and the Reynolds number Re (Re = /ν), we solve
Example  with different settings of α, ν and illustrate phase plots at some particular mo-
ments, to show the dynamics of equation (). The results are shown in Figures -.

From Figures -, the following observations can be obtained:
() We select three different values of ν , which, respectively, correspond to high, mod-

erate, and low Reynolds numbers. One can easily see that model () reveals a convection-
dominant phenomenon with a high Reynolds number, while it shows dispersion-dominant
characteristics with a low Reynolds number. This is expected by comparing with the clas-
sic Burgers equation. The fractional Burgers equation indeed preserves the fundamental
property of integer-order Burgers equations.

() When high Reynolds numbers are considered, we solve model () with different or-
ders of fractional derivatives and illustrate numerical solutions at moments t = . and
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Figure 2 Solution of example 2 with different fractional orders and low Reynolds number (Re = 1) and
at different times.

t = .. As we can observe from Figure , the peak of the solution moves to the boundary
rapidly and crushes at the wavefront, which is called the shock wave phenomenon in the
nonlinear partial differential equation theory. Therefore, the fractional Burgers equation
also can display a shock wave solution which is not globally continuously differentiable as
that of the classic Burgers equation, under certain selections of parameters in the equation.

() When low Reynolds numbers are considered, we also solve model () with different
orders of fractional derivatives and illustrate numerical solutions at the same moments t =
. and t = .. Similarly, we observe from Figure  that the peak of the solution moves to
the boundary slowly, and it is hard to see discontinuity in the solution domain. Therefore,
the fractional Burgers equation has a globally-defined solution as that of the classic inviscid
Burgers equation.

() When a moderate Reynolds number is considered, we again solve model () with
different orders of fractional derivatives and illustrate numerical solutions at the same
moments t = . and t = .. As we observe from Figure , the peak of the solution moves
to the boundary. However, due to the fact that the Reynolds number is not high enough,
the numerical solution is still regular on the boundary. Thus, we clearly see that the size
of the Reynolds number determines the behavior of the fractional Burgers equation.

() Now we make a systematic comparison on the above three plots. No matter how high
or low the Reynolds number is, when the Reynolds number is fixed, model () diffuses
relatively fast under small α and correspondingly slow under large α. This agrees with the
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Figure 3 Solution of example 2 with different fractional orders and moderate Reynolds number
(Re = 100) and at different times.

fractional Fick law: a large order of fractional derivative in fractional diffusion processes
implies slow diffusion [–]. Especially from Figures  and , we see that the peak of
the solution with α = . moves to the boundary faster than that with α = ..

Remark  We have mentioned that the fractional Burgers equation does have more in-
teresting dynamical properties and modeling advantages than the conventional Burgers
equation [–, , ]. Comparing with integer-order Burgers models, fractional ones
(e.g., with high Reynolds numbers) present rapid degeneracy; see the differences of dy-
namics between Figures -(a)(b) and Figures -(c)(d). We could also clearly see that the
smaller the order of fractional derivative, the faster the diffusion process of Burgers’ equa-
tion proceeds. Therefore, the fractional Burgers equation can have more applicable possi-
bilities in traffic flow, conservation law modeling, and turbulence theory. This shall be the
fundamental difference between classic and fractional Burgers equations, as well as the
basic motivation to further study two-dimensional and three-dimensional temporal and
spatial fractional Burgers equations.

5 Conclusion remarks
In this paper, we propose a time-fractional two-dimensional Burgers model which con-
tains a Caputo fractional derivative with order α ∈ (, ]. When α = , the proposed model
reduces to the classic Burgers model. We analyze the conservation and dissipation prop-
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erty for both viscid and inviscid fractional Burgers models. To catch the shock wave phe-
nomenon at the wavefront of the fractional Burgers model with high Reynolds number,
we implement a mixed algorithm involving time-stepping on temporal variables and the
DGM on spatial variables. Numerical simulations are given, which show that the frac-
tional Burgers model preserves the basic property that a shock wave type solution can
be found. Meanwhile it exhibits more interesting and rich dynamical behavior by varying
the order of fractional derivatives and the Reynolds number. We believe that the shape of
the spatial domain may change the dynamics of the fractional Burgers equation, since the
shape and volume of the domain determine the differences of eigenvalues of the fractional
Burgers equation. More details as regards the fractional Burgers equations (time- and/or
space-fractional cases) shall be further studied in the near future.

Acknowledgements
This work was partially supported by the National Science Foundation of China (No. 11501581), the Youth Foundation of
Jiangsu Province (No. BK20170628), the Fundamental Research Funds for the Central Universities (No. 0203-14380012), the
Project (No. 502042032) of Central South University and the China Postdoctoral Science Foundation (No. 2015M570683).

Competing interests
The authors declare that they have no competing interest.

Authors’ contributions
The authors have made the same contribution. All authors read and approved the final manuscript.

Author details
1School of Mathematics and Statistics, Central South University, Changsha, 410083, P.R. China. 2Department of
Mathematics, Nanjing University, Nanjing, Jiangsu 210093, P.R. China.

Publisher’s Note
Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 18 June 2017 Accepted: 10 October 2017

References
1. Hopf, E: The partial differential equation ut + uux =μuxx . Commun. Pure Appl. Math. 3(3), 201-230 (1950)
2. Evans, LC: Partial Differential Equations. Graduate Studies in Mathematics, vol. 19. American Mathematical Society,

Providence (2010)
3. Halabisky, L, Sirovich, L: Evolution of finite disturbances in dissipative gas dynamics. Phys. Fluids 3(16), 360-368 (1973)
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