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Abstract
In this paper we study linear and nonlinear fractional diffusion equations with the
Caputo fractional derivative of non-singular kernel that has been launched recently
(Caputo and Fabrizio in Prog. Fract. Differ. Appl. 1(2):73-85, 2015). We first derive
simple and strong maximum principles for the linear fractional equation. We then
implement these principles to establish uniqueness and stability results for the linear
and nonlinear fractional diffusion problems and to obtain a norm estimate of the
solution. In contrast with the previous results of the fractional diffusion equations, the
obtained maximum principles are analogous to the ones with the Caputo fractional
derivative; however, extra necessary conditions for the existence of a solution of the
linear and nonlinear fractional diffusion models are imposed. These conditions affect
the norm estimate of the solution as well.
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1 Introduction
Fractional diffusion models (FDM) are generalization to the diffusion models with inte-
ger derivatives. In recent years there has been great interest in the study of FDM because
of their appearance in modeling various applications in the physical sciences, medicine
and biology; see, for instance, [–]. Therefore, analytical and numerical techniques have
been implemented to study these models. The maximum principle is one of the common
tools to study partial differential equations analytically, see [, ] for intensive survey
and results. In recent years, maximum principles have been developed to study various
types of fractional diffusion systems (see [–]), and we refer the reader to [] for the
recent development on the theory of fractional differential equations. In [] and [], two
classes of eigenvalue problems of Caputo fractional order α,  < α < , were considered.
Maximum principles and the method of lower and upper solutions have been developed
and used to establish certain existence and uniqueness results of the problems. In [] and
[] Luchko has developed and implemented maximum principles to study the general-
ized fractional diffusion equation of Caputo fractional derivative. Existence and unique-
ness results were established by the new maximum principles obtained by estimating the
fractional derivative of a function at its extreme points. Analogous results were obtained
in [, ] for the fractional diffusion systems of multi-term and distributed order frac-
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tional derivatives of Caputo type. Another maximum principle for the linear multi-term
fractional differential equations with the modified Riesz fractional derivative of Caputo
type was introduced and employed in []. The applicability of maximum principles for
the linear and nonlinear fractional diffusion systems with the Riemann-Liouville fractional
derivative was discussed and proved for the first time by Al-Refai and Luchko in [], where
existence, uniqueness and stability results were established. Analogous results for the frac-
tional diffusion systems with the multi-term and distributed order fractional derivatives
of Riemann-Liouville type were obtained in [] and []. In [] and [], a maximum
principle was used to analyze a type of fractional diffusion equation without an explicit
formulation of this principle.

Recently [] Caputo et al. have introduced a new type of fractional derivative with non-
singular kernel. After then, the authors in [–] studied their discrete versions and an-
alyzed the monotonicity properties for the fractional difference operator. Insisting on the
importance of having fractional operators with non-singular kernels, later in [–] the
authors introduced, explored and studied fractional operators of Mittag-Leffler kernels
together with their discrete versions.

In this paper, we extend the results presented in [] for the fractional diffusion equa-
tions with the Caputo fractional derivative of non-singular kernel. The rest of this paper is
organized as follows. First, we give the basic definitions and results about fractional deriva-
tives with exponential kernels. In Section , an estimate of the Caputo fractional derivative
of non-singular kernel of a function at its extreme points is deduced in a form of certain
inequality. This inequality is then employed to derive a weak and a strong maximum prin-
ciples for the time-fractional diffusion equation with the Caputo fractional derivative of
non-singular kernel. We apply the obtained maximum principles to analyze the solutions
of linear and nonlinear time-fractional diffusion models in Sections  and , respectively.
Uniqueness and stability results as well as norm estimates of solutions are obtained. Some
illustrative examples are presented in Section . Finally, we close up with some concluding
remarks in Section .

Definition . ([, ]) Let f ∈ H(a, b), a < b, α ∈ [, ], the (left Caputo) fractional deriva-
tive in the sense of Caputo and Fabrizio is defined by

(CFCDα
a f

)
(t) =

B(α)
 – α

∫ t

a
f ′(x)e[–α

(t–x)α
–α ] dx. (.)

The associated fractional integral is defined by

(CFIα
a f

)
(t) =

 – α

B(α)
f (t) +

α

B(α)

∫ t

a
f (s) ds, (.)

where B(α) >  is a normalization function satisfying B() = B() = .

Lemma . ([]) For  < α < , we have

(CFIα
a

CFCDα
a f

)
(x) = f (x) – f (a).
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2 Maximum principles
We start with estimating the fractional derivative of a function at its extreme points. These
results are analogous to the ones obtained in [] for the Caputo fractional derivative. We
then use these results to establish new maximum principles for linear fractional equations
with Caputo fractional derivative of non-singular kernel.

Lemma . Let a function f ∈ H(, T) attain its maximum at a point t ∈ [, T] and
 < α < . Then the inequality

(CFCDα
 f

)
(t) ≥ B(α)

 – α
e– α

–α t
(
f (t) – f ()

) ≥  (.)

holds true.

Proof We define the auxiliary function g(t) = f (t) – f (t), t ∈ [, T]. Then it follows that
g(t) ≥ , on [, T], g(t) = g ′(t) =  and (CFCDα

g)(t) = –(CFCDα
 f )(t). Since g ∈ H(, T),

then g ′ is integrable, and integrating by parts with

u = e– α
–α (t–τ ), and dv = g ′(τ ),

yields

(CFCDα
g

)
(t) =

B(α)
 – α

∫ t


g ′(τ )e– α

–α (t–τ ) dτ

=
B(α)
 – α

(
e– α

–α (t–τ )g(τ )|t
 –

α

 – α

∫ t


g(τ )e– α

–α (t–τ ) dτ

)

=
B(α)
 – α

(
g(t) – e– α

–α t g()
)

–
αB(α)

( – α)

∫ t


g(τ )e– α

–α (t–τ ) dτ . (.)

Since g(t) ≥  on [, T], the integral in the last equation is nonnegative, and thus

(CFCDα
g

)
(t) ≤ B(α)

 – α

(
g(t) – e– α

–α t g()
)

= –
B(α)
 – α

e– α
–α t g()

= –
B(α)
 – α

e– α
–α t

(
f (t) – f ()

)
. (.)

The last inequality yields

–
(CFCDα

 f
)
(t) ≤ –

B(α)
 – α

e– α
–α t

(
f (t) – f ()

)
,

which proves the result. �

Lemma . Let a function f ∈ H(, T) attain its maximum at a point t ∈ (, T] and
 < α < . If f (t) is not the constant function on [, t], then the inequality

(CFCDα
 f

)
(t) >

B(α)
 – α

e– α
–α t

(
f (t) – f ()

) ≥  (.)

holds true.
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Proof Since f (t) is not constant, then g(t) = f (t) – f (t) ≥  and not identically zero on
[, t]. Thus

∫ t


g(τ )e– α

–α (t–τ ) dτ > .

Then Eq. (.) will lead to

(CFCDα
g

)
(t) < –

B(α)
 – α

e– α
–α t

(
f (t) – f ()

)
,

which proves inequality (.). �

We now employ the previous results to derive weak and strong maximum principles for
the time-fractional differential operator Pα of parabolic type defined by

Pα

(
u(x, t)

)
= L

(
u(x, t)

)
–

(CFCDα
u(x, t)

)
(t),  < α < , t ∈ (, T], x ∈ �,

where � is the rectangular region � : { < x < �,  < t < T}, L(u) = a(x, t)uxx + b(x, t)ux, and
a(x, t) > . The sides of � are

S : {x = ,  ≤ t ≤ T},
S : { ≤ x ≤ �, t = },
S : {x = �,  ≤ t ≤ T},
and S : { ≤ x ≤ �, t = T}.

We have the following weak maximum principle.

Theorem . (Weak maximum principle) Suppose that u(x, t) ∈ C[,�] ∩ H(, T] satis-
fies the inequality Pα(u) ≥  in the rectangular region �T = (,�) × (, T], then

max
�

u = max
S∪S∪S

u.

Proof Assume by contradiction that the result is not true, then u attains a maximum
at (x, t) ∈ �T with u(x, t) = M, and M > maxs∪S∪S u. Because ux(x, t) = ,
uxx(x, t) ≤  and a(x, t) > , we have

L
(
u(x, t)

)|(x,t)=(x,t) = a(x, t)uxx(x, t) + b(x, t)ux(x, t) ≤ ,

and

(CFCDα
u(x, t)

)
(t) ≥ B(α)

 – α
e– α

–α t
(
u(x, t) – u(x, )

)

=
B(α)
 – α

e– α
–α t

(
M – u(x, )

)
> . (.)

Thus,

Pα

(
u(x, t)

)
= L

(
u(x, t)

)
–

(CFCDα
u(x, t)

)
(t) < ,

and a contradiction is reached. �
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Theorem . (Strong maximum principle) Suppose that u(x, t) ∈ C[,�] ∩ H(, T] sat-
isfies the inequality Pα(u) ≥  in the rectangular region �T = (,�) × (, T] and that u
attains a maximum at (x, t) ∈ �T . Then u(x, t) = u(x, t) for all  ≤ t ≤ t.

Proof For  < t ≤ t, assume by contradiction that the result is not correct. That is, u(x, t)
is not constant on (, t]. By inequality (.) we have

(CFCDα
u(x, t)

)
(t) > ,

and thus

Pα

(
u(x, t)

)
= L

(
u(x, t)

)
–

(CFCDα
u(x, t)

)
(t) < ,

which contradicts the assumption of the theorem. Since u(x, t) = u(x, t), for all  < t ≤
t, and by the continuity of the solution u(x, t), we have u(x, t) = u(x, t) for all  ≤ t ≤ t,
which completes the proof. �

3 Linear fractional diffusion problems
In this section, we consider the time-fractional initial-boundary value problem

Qα(u) = L(u) –
(CFCDα

u
)
(t) – f (x, t) = ,  < α < , (x, t) ∈ �, (.)

u(x, ) = g(x),  ≤ x ≤ �, (.)

u(, t) = h(t), u(�, t) = h(t), t ∈ (, T], (.)

where f (x, t) is continuous on � = [,�] × [, T]. We start with the following uniqueness
result.

Theorem . The time-fractional initial-boundary value problem (.-.) has at most
one solution u ∈ C[,�] ∩ H(, T].

Proof Assume that u(x, t) and u(x, t) are two solutions of (.-.), and let v(x, t) = u –u.
Then v(x, t) satisfies

Pα(v) = ,  < α < , (x, t) ∈ �,

v(x, ) = ,  ≤ x ≤ �,

v(, t) = v(�, t) = , t ∈ (, T].

Applying the simple maximum principle will lead to v(x, t) ≤ , (x, t) ∈ �. The above state-
ments hold true for –v(x, t), and thus –v(x, t) ≤ . Hence v(x, t) =  and the result is ob-
tained. �

In the following we present essential results to guarantee the existence of a solution to
the time-initial-boundary value problem (.)-(.) and to obtain analytical bound of the
solution.
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Lemma . Consider the fractional initial value problem

(CFCDα
k

)
(t) = f (t), k() = c, t > , (.)

where f (t) ∈ C[, T]. The initial value problem has the unique solution

k(t) = c +
 – α

B(α)
f (t) +

α

B(α)

∫ t


f (τ ) dτ ,

if and only if f () = . Moreover, it holds that

∥
∥k(t)

∥
∥

[,T] ≤ ∣
∣k()

∣
∣ +

 – α

B(α)

(
 +

α

 – α
T

)∥
∥f (t)

∥
∥

[,T]. (.)

Proof By the help of Lemma ., we have

k(t) – k() =
(CFIα


CFCDα


)
k(t) =

(CFIα

)
f (t) =

 – α

B(α)
f (t) +

α

B(α)

∫ t


f (τ ) dτ ,

which proves the result.
The result in Eq. (.) follows since

∥
∥∥
∥

∫ t


f (τ ) dτ

∥
∥∥
∥

[,T]
≤ ∥∥f (t)

∥∥
[,T]

∫ t


dτ =

∥∥f (t)
∥∥

[,T]t ≤ ∥∥f (t)
∥∥

[,T]T . �

We have the following necessary condition for the existence of solution to Eq. (.).

Lemma . The time-fractional equation (.) has a solution only if

(
L(u)

)
(x, ) = f (x, ),

where L(u) = a(x, t)uxx + b(x, t)ux.

Proof We have (CFCDα
u)(t) = L(u) – f (x, t). Applying the fractional integral operator CFIα



yields

u(x, t) – u(x, ) =
(CFIα


)(

L(u) – f
)

=
 – α

B(α)
(
L(u) – f

)
+

α

B(α)

∫ t



(
L(u) – f

)
dτ .

By the continuity of the solution u, the above equations hold true at t = , which yields
(L(u) – f )(x, ) = . �

Theorem . Let u ∈ C[,�] ∩ H(, T] be a solution to the time-fractional initial-
boundary value problem (.)-(.) with f (x, ) = . Let z(t) ∈ C[, T] be such that

∣∣f (x, t)
∣∣ ≤ z(t), (x, t) ∈ �, z() = ,

and k(t) be the unique solution of

(CFCDα
k

)
(t) = z(t), k() = . (.)
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Then it holds that

‖u‖� ≤ ∥
∥k(t)

∥
∥

[,T]

+ max
{∥∥g(x)

∥∥
[,�],

∥∥h(t)
∥∥

[,T] +
∥∥k(t)

∥∥
[,T],

∥∥h(t)
∥∥

[,T] +
∥∥k(t)

∥∥
[,T]

}
, (.)

where ‖k(t)‖[,T] ≤ –α
B(α) ( + α

–α
T)‖z(t)‖[,T].

Proof Since z() = , applying the result in Eq. (.), we have

∥∥k(t)
∥∥

[,T] ≤  – α

B(α)

(
 +

α

 – α
T

)∥∥z(t)
∥∥

[,T].

Let v(x, t) = u(x, t) – k(t), then

Pα

(
v(x, t)

)
= L

(
v(x, t)

)
–

(CFCDα
v(x, t)

)
(t)

= L
(
u(x, t)

)
–

(CFCDα
u(x, t)

)
(t) +

(CFCDα
k

)
(t)

= f (x, t) + z(t) ≥ .

The initial and boundary conditions of v(x, t) are

v(x, ) = g(x) – k() = g(x), x ∈ S,

v(, t) = h(t) – k(t), v(�, t) = h(t) – k(t), t ∈ (, T].

Applying the weak maximum principle, we have

v(x, t) ≤ max
(x,t)∈S∪S∪s

{
g(x), h(t) – k(t), h(t) – k(t)

}
,

and thus

u(x, t) ≤ k(t) + max
(x,t)∈S∪S∪s

{
g(x), h(t) – k(t), h(t) – k(t)

}
. (.)

For w(x, t) = –u(x, t), we have Pα(w(x, t)) = –f (x, t). Let v(x, t) = w(x, t) – k(t), then v(x, t)
satisfies

Pα(v) = Pα(w) +
(CFCDα

k
)
(t) = –f (x, t) + z(t) ≥ ,  < α < , (x, t) ∈ �,

v(x, ) = –g(x),  ≤ x ∈ S,

v(, t) = –h(t) – k(t), v(�, t) = –h(t) – k(t), t ∈ (, t].

Applying the simple maximum principle will lead to

–u(x, t) = w(x, t) ≤ k(t) + max
(x,t)∈S∪S∪s

{
–g(x), –h(t) – k(t), –h(t) – k(t)

}
. (.)
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Combining Eqs. (.) and (.) will lead to

|u| ≤ ∥∥k(t)
∥∥

[,T] + max
{∥∥g(x)

∥∥
[,�],

∥∥h(t) + k(t)
∥∥

[,T],
∥∥h(t) + k(t)

∥∥
[,T]

}
,

which proves the result. �

Corollary . Let u ∈ C[,�] ∩ H(, T] be a solution to the time-fractional initial-
boundary value problem (.)-(.) with f (x, t) = . Then it holds that

‖u‖� ≤ max
{∥∥g(x)

∥
∥

[,�],
∥
∥h(t)

∥
∥

[,T],
∥
∥h(t)

∥
∥

[,T]

}
.

Proof Since f (x, t) = , we choose z(t) = , and thus the fractional initial value problem

(CFCDα
k

)
(t) = , k() = ,

has the unique solution k(t) = , which proves the result. �

We have the following stability result.

Theorem . Let u(x, t) and u(x, t) be two solutions of the time-fractional diffusion
equation (.) that satisfy the same boundary condition (.) and the initial conditions
u(x, ) = g(x), u(x, ) = g(x),  ≤ x ≤ �. Then it holds that

∥∥u(x, t) – u(x, t)
∥∥

�
≤ ∥∥g(x) – g(x)

∥∥
[,�].

Proof Let v(x, t) = u – u. Then v(x, t) satisfies

Pα(v) = ,  < α < , (x, t) ∈ �,

v(x, ) = g(x) – g(x), x ∈ S,

v(, t) = v(�, t) = , t ∈ (, T].

Applying the weak maximum principle, we have v(x, t) ≤ g(x) – g(x). Applying analogous
statements for –v(x, t) will lead to –v(x, t) ≤ g(x) – g(x). Thus,

∣
∣v(x, t)

∣
∣ ≤ ∣

∣g(x) – g(x)
∣
∣, (x, t) ∈ �,

and the result is obtained. �

4 Nonlinear fractional diffusion problems
We consider the nonlinear time-fractional diffusion equation of the form

Nα(u) =
(CFCDα

u
)
(t) – L(u) – F(x, t, u) = ,  < α < , (x, t) ∈ �, (.)

subject to the initial and boundary conditions (.)-(.), where F(x, t, u) is a smooth func-
tion. We start with the following uniqueness result.
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Theorem . If F(x, t, u) is nonincreasing with respect to u, then the nonlinear time-
fractional diffusion equation (.) subject to the initial and boundary conditions (.)-(.)
possesses at most one solution u ∈ C[,�] ∩ H(, T].

Proof Assume that u(x, t) and u(x, t) are two solutions of (.) subject to the initial and
boundary conditions (.)-(.), and let v(x, t) = u – u. Then v(x, t) satisfies

Pα(
(
v(x, t)

)
= L

(
v(x, t)

)
–

(CFCDα
v(x, t)

)
(t) = F(x, t, u) – F(x, t, u), (x, t) ∈ �,

v(x, ) = ,  ≤ x ≤ �,

v(, t) = v(�, t) = , t ∈ (, T].

Applying the mean value theorem to F(x, t, u) yields

F(x, t, u) – F(x, t, u) =
∂F
∂u

(
u∗)(u – u) = –

∂F
∂u

(
u∗)v,

where u∗ = ( – μ)u + μu for some  ≤ μ ≤ . Thus,

Pα(
(
v(x, t)

)
= L

(
v(x, t)

)
–

(CFCDα
v(x, t)

)
(t) = –

∂F
∂u

(
u∗)v. (.)

Assume by contradiction that v is not identically zero. Then v has either a positive maxi-
mum or a negative minimum. At a positive maximum (x, t) ∈ �T , we have

M = v(x, t) > , vx(x, t) = , vxx(x, t) ≤ .

Because a(x, t) > , we have L(v(x, t))|(x,t)=(x,t) ≤ , which together with

(CFCDα
v(x, t)

)
(t) =

B(α)
 – α

e– α
–α t

(
v(x, t) – v(x, )

)
=

B(α)
 – α

e– α
–α t M > 

will lead to

L
(
v(x, t)

)|(x,t)=(x,t) –
(CFCDα

v(x, t)
)
(t) < . (.)

Because F is nonincreasing, we have ∂F
∂u (u∗) ≤ , and thus

–
∂F
∂u

(
u∗)v(x, t) = –

∂F
∂u

(
u∗)M ≥ . (.)

The results in Eqs. (.) and (.) contradict Eq. (.). Analogous steps will lead to a con-
tradiction if v has a negative minimum. Thus, v =  and u = u. �

Theorem . Let u(x, t) and u(x, t) be two solutions of the time-fractional diffusion
equation (.) that satisfy the same boundary condition (.) and the initial conditions
u(x, ) = g(x), u(x, ) = g(x),  ≤ x ≤ �. If F(x, t, u) is nonincreasing with respect to u,
then it holds that

∥
∥u(x, t) – u(x, t)

∥
∥

�
≤ ∥

∥g(x) – g(x)
∥
∥

[,�].
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Proof Let v(x, t) = u – u. Then v(x, t) satisfies, see Eq. (.),

Pα(
(
v(x, t)

)
= L

(
v(x, t)

)
–

(CFCDα
v(x, t)

)
(t) = –

∂F
∂u

(
u∗)v, (x, t) ∈ �,

v(x, ) = g(x) – g(x),  ≤ x ≤ �,

v(, t) = v(�, t) = , t ∈ (, T].

(.)

Let

Ma =
∥
∥g(x) – g(x)

∥
∥

[,�],

and assume by contradiction that the result of the theorem is not true. That is,

∥∥v(x, t)
∥∥

�
� Ma.

Then v either has a positive maximum at a point (x, t) ∈ � with v(x, t) = M > Ma, or
it has a negative minimum at a point (x, t) ∈ � with v(x, t) = M < –Ma. If v(x, t) =
M > Ma, using the initial and boundary conditions of v, we have (x, t) ∈ �T . Applying
analogous steps in the proof of the previous theorem, we have

L
(
v(x, t)

)|(x,t)=(x,t) –
(CFCDα

v(x, t)
)
(t) <  (.)

and

–
∂F
∂u

(
u∗)v(x, t) = –

∂F
∂u

(
u∗)Ma > , (.)

which contradicts Eq. (.). Applying analogous steps will lead to a contradiction for the
case of v(x, t) = M < –Ma. Thus, ‖v(x, t)‖� ≤ Ma, which proves the result. �

By applying analogous steps in the proof of Lemma ., we have the following necessary
condition for the existence of solution of ..

Lemma . The nonlinear time-fractional equation (.) has a solution only if

(
L(u)

)
(x, ) = F

(
x, , u(x, )

)
,

where L(u) = a(x, t)uxx + b(x, t)ux.

5 Illustrated examples
Example . Consider the time-fractional initial-boundary value problem

(CFCDα
u

)
(t) =

(
 – e–t)uxx – te–x,  < x < , t > ,

subject to the initial condition u(x, ) = g(x),  < x < , and the homogeneous boundary
conditions u(, t) = u(, t) = , t > . Now, |f (x, t)| = te–x ≤ t,  < x < , and thus we choose
z(t) = t in Eq. (.). We have

∥
∥k(t)

∥
∥

[,T] ≤  – α

B(α)

(
 +

α

 – α
T

)∥
∥z(t)

∥
∥

[,T] ≤  – α

B(α)

(
 +

α

 – α
T

)
T .
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For T = , the last equation yields

∥
∥k(t)

∥
∥

[,T] ≤ 
B(α)

.

Applying the result in (.), we have

‖u‖� ≤ 
B(α)

+ max

{∥∥g(x)
∥∥

[,],


B(α)

}
.

Example . Consider the nonlinear time-fractional diffusion equation

Nα(u) =
(CFCDα

u
)
(t) – uxx – e–u = ,  < x < , t > .

Since F(x, t, u) = –eu satisfies ∂F
∂u = –e–u ≤ , then F(x, t, u) = –e–u is nonincreasing, and the

above diffusion equation has at most one solution by virtue of Theorem .. By Lemma .
a necessary condition for the existence of solution of the above diffusion equation is
uxx(x, ) = e–u(x,).

6 Concluding remarks
We have considered linear and nonlinear fractional diffusion equations with Caputo frac-
tional derivative of non-singular kernel. We have obtained an estimate of the Caputo frac-
tional derivative of non-singular kernel of a function at its extreme points. We then have
derived a weak and a strong maximum principles for the linear time-fractional diffusion
equation. We have analyzed the solutions of the linear and nonlinear time-fractional dif-
fusion models using the obtained maximum principles. Some examples are presented to
illustrate the applicability of the obtained results. The obtained results will lead to better
understanding of the time-fractional diffusion models with Caputo fractional derivative
of non-singular kernel. In contrast to previous studies on fractional diffusion models with
Caputo and Riemann-Liouville fractional derivatives, it is noticed that extra conditions
have been imposed to guarantee the existence of solutions to the linear and nonlinear
time-diffusion models.
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