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probably the first time that the existence of two infinite families of positive solutions
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1 Introduction
In this paper, we consider the existence of two infinite families of positive solutions for the

second impulsive singular parametric differential equation

A (8) + o(O)f (6 x(8) =0, te],t#t,
() - x(tx) = ax(t), k=1,2,...,n,
ax(0) - bx'(0) = [ h(s)x(2) dt,

ax(1) + bx'(1) = [ h(s)x(t) dt,

(1.1)

where A > 0 is a positive parameter, / = [0,1], & € R, k =1,2,...,n, n € N satisfy 0 < £; <
by<:-- <t <---<t,<1l,a,b>0,{c} is a real sequence with ¢; > -1, k =1,2,...,n, x(£])

(k=1,2,...,n) represents the right-hand limit of x(¢) at #, @ € L?[0,1] for some p > 1 and

1
’ E .
In addition, w, f, & and ¢ satisfy the following conditions:

and has infinitely many singularities in [0

(H1) w(¢) € L?[0,1] for some p € [1,+00), and there exists & > 0 such that w(f) > & a.e.
onJ;

(Hy) There exists a sequence {£;}7° such that ¢] < %, ;] t*>0and limHtl( o(t) = +oo for
alli=1,2,...;
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(Hs) f(t,u):J x [0,+00) — [0,+00) is continuous, {ck} is a real sequence with ¢x > -1,
k=1,2,...,m, c(t) := Moy (1 + ci);
(Ha) h e C[0,1] is nonnegative with u € [0,1), where

1
u:/o A(@)h(t)c(t) dt,

and

(a+b—-at)cd)+a+b
A= ala+2b)cd) (1.2)

Remark1.1 Throughout this paper, we always assume that a product c(£) := T < (1+ck)
equals unity if the number of factors is equal to zero, and let

1

¢y = max c(t), ¢ = min ¢(2), )= — = Mocg (1 + )t tel.
te] te] c(t)

Remark 1.2 Combining (H;), Remark 1.1 and the definition of c(t), we know that c(t) is a

step function bounded on J, and
c(t)>0, Vte], c(t)=1, Vte[0,t4].

Remark 1.3 To make it clear for the reader what c(¢) is, we give a special example of ¢(¢),
e.g., letting k=3, ¢ = i, L = %, t3 = %, ¢ = —%, cy = —%, c3 = —i, we can get the graph of

¢(¢). For details, see Figure 1.

Such problems were first studied by Zhang and Feng [1]. By using the transformation
technique to deal with impulsive term of second impulsive differential equations, the au-
thors obtained the existence results of positive solutions by using fixed point theorems
in a cone. But they only gave the sufficient conditions for the existence of finite positive
solutions. In fact, there is almost no paper that considers the existence of infinitely many
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Figure 1 Graph of function c(t) for k = 3.
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positive solutions for second order singular impulsive parametric equations; for details,
see [2-7].

Forthecase A =1,a=1,b=0,h(t)=0onte]Jand ¢t =0 (k=1,2,...,n), problem
(1.1) reduces to the problem studied by Kaufmann and Kosmatov in [8]. By using Kras-
nosel’skii’s fixed point theorem and Hoélder’s inequality, the authors showed the existence
of countably many positive solutions. The other related results can be found in [9-14].
However, there are almost no papers considering a second order impulsive parametric
equation with infinitely many singularities. To identify a few, we refer the reader to [8—14]
and the references therein.

The main reasons are that A # 0 and ¢ #0 (k =1,2,...,n) in problem (1.1). If A # 0, then
it is very difficult to be concerned with determining values of X, for which there exist in-
finitely many positive solutions. On the other hand, if ¢x # 0 (k = 1,2,...,#n), then there
exist singular points and impulsive points in the same problem, which leads to many dif-
ficulties in defining the interval [7;,1 — t;], where £,; < 7; < .. The goal of this paper is to
seek new methods to solve these difficulties and to give some new sufficient conditions to

guarantee that problem (1.1) has two infinite families of positive solutions.

2 Preliminaries
In this section, we collect some definitions and lemmas for the convenience of later use

and reference.

Definition 2.1 A function x(¢) is said to be a solution of problem (1.1) on J if:
(i) x(2) is absolutely continuous on each interval (0, #] and (¢, t+1], K =1,2,...,1;
(ii) forany k=1,2,...,n, x(t7), 2(£;) exist and x(¢;) = x(t);
(iii) x(z) satisfies (1.1).

We shall reduce problem (1.1) to a system without impulse. To this goal, firstly by means
of the transformation

x(2) = c(t)y(t), (2.1)

we convert problem (1.1) into

=1y (t) = M O)@)f (¢, c(t)y(t), te],
ay(0) - by (0) = [} h(s)c(s)y(s) dis, (2.2)
ac(l)y(1) + be(1)y' (1) = fol h(s)c(s)y(s) ds.

It follows from (1.1), (2.1) and (2.2) that we can obtain the following lemma.

Lemma 2.1 Assume that (H;)-(Hy) hold. Then
(i) if y(¢) is a solution of problem (2.2) on ], then x(t) = c(t)y(t) is a solution of problem
1) on];
(ii) if x(2) is a solution of problem (1.1) on ], then y(t) = c"L(£)x(¢) is a solution of problem
(2.2) on J, where c™(¢) is defined in Remark 1.1.



Wang and Feng Advances in Difference Equations (2017) 2017:154 Page 4 of 14

Lemma 2.2 [If (H;)-(Ha4) hold, then problem (2.2) has a solution y, and y can be expressed

in the form
¥ = / H(t,5)c (S)os)f (5, c9)y(6)) ds, (23)
where
H(t,s) = G(t,s) + % /0 ' G, 2)el)h(r) d, (2.4)

Git,s) 1 |B+as)(b+a(l-t), 0<s<t<], @5)
»S) = .
dl(b+at)b+all-s), 0<t<s<l,

(a@a+b—at)cQ)+a+b
A(t) = 20 , d=ala+2b).

Proof First suppose that y is a solution of problem (2.2). It is easy to see by integration of
problem (2.2) that

YO =y/(©0) -3 fo ) (5, c(5)y(6)) s (2.6)
¥(t) = y(0) + ¥/ (0)t — A7 /0 (t—s)c! (s)a)(s)f(s, c(s)y(s)) ds. (2.7)

Letting ¢ =1 in (2.6), (2.7), we find

1
Y1) =y(0)~ 27! / HSs)f (5, cy(9)) ds
’ (2.8)

1
y(1) = y(0) +y/(0) — A7 /o 1- s)c_l(s)a)(s)f(s, c(s)y(s)) ds

Combmmg the boundary condition ay(0) — by'(0) = fol h(s)c(s)y(s)ds, ac(1)y(1) + bc(1) x
fo s)ds and (2.8), we obtain

¥ (0) =

:i\—zlb /01(1 — )M ($)w(8)f (s, c(s)y(s)) ds

- 1
+ abi‘;b/ Cfl(s)a)(s)f(s, c(s)y(s)) ds

1- c(l)
(a +2b)c(1) / ($)e(s) 29)

-1

b
¥(0) = . A / 1-s)c 1(s)a)(s)f(s, c(s)y(s)) ds

Pt ot
+ m c (S)W(SV(S,C(S)y(S)) ds

b+ (a+b)

+ m/ h S)C(S)y(S) ds. (210)
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Substituting (2.9), (2.10) into (2.7) and letting

(@a+b—-at)cQ)+a+b 1
Al =S - /0 AOR(Oe(?) dt,

we have
1 1
y(t) = 27" / G(t, s)c_l(s)a)(s)f(s, c(s)y(s)) ds +A(t)/ h(s)c(s)y(s) ds,
0 0

1
/0 h(s)c(s)y(s) ds

-1 1 1
1A_M/O h(s)c(s) </0 G(t,8)c (@) ()f (v, c(r)y(r)) dr) ds.
Therefore, we have

1
y(t) = A7t /(; G(t,s)c_l(s)w(s)f(s, c(s)y(s)) ds

AA@) [t
+
1-p Jo

1
= )CI/ G(t, ) (w(s)f (s, c(s)y(s)) ds
0

(A Jo
+ A /0 1—M/o G(t,s)c(r)h(r)dT |c (s)a)(s)f(s,c(s)y(s))ds.
Let
H(t,s) = G(t,s) + & /1 G(t,s)c(r)h(t)dr,
1-wuJo
then

1
y(t) = Fl/o H(t,s)c‘l(s)w(s)f(s,c(s)y(s)) ds.

The proof of the lemma is complete.

h(s)c(s) (fl G(t,8)c (D) (T)f (T, c(T)y(T)) dr) ds
0

Page 5 of 14

(2.11)

(2.12)

(2.13)

(2.14)

O

Lemma 2.3 Let 6 € (0, %) and 0; be defined in (3.4). Noticing that a,b > 0, it follows from

(2.4) and (2.5) that

0<ay < G(t,s) < G(s,s) < B, H(t,s) <DG(s,s) <Dp1 =B, Vtsej,

G(t,S) Z SG(S)S); H(t,S) Z SG(&S)) Vt € [9’1 - 9]13 E],

G(t,S)Z‘X;k; H(t,S)ZO[,’, Vi e [91'11_91']»3 G],

where

a+2b b? b(b + ab;)
= , a=—, o= :

4a d ! d

o =a;D;, B=Dp, )

(2.15)
(2.16)

(2.17)

(2.18)
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and

D - 1-p+A; f91;9,- c(r)h(r)dr D 1-p+Ay fol c(t)h(r)dr
L= l—ll, ’ - 1—/J, )

4 A) A (@+b—-ab)c(l)+a+b
= max A(z), P
M de(1)

Proof It is obvious that (2.15) and (2.16) hold by the definition of G(¢,s) and H(Z,s).
Next, we show that (2.17) holds for ¢ € [6;,1 — 6;], s € J. In fact, if s < ¢, it follows from

(2.5) that
1 b(b + ab;
G(t,s) = = (b +as)(b + ab;) = w,
d d
Similarly, we can prove that G(¢,s) > M, Vo<t<s<l.

Therefore,
G(t,S)ZOl;k, Vte[6;,1-6;],s€].
And then, by (2.4), for t € [6;,1 - 6;], s € ], we have

40 [

H(t,s) = G(t,s) + G(s,t)c(t)g(r)dT
1-p Jo

A; 1
>af+ — / G(s,7)c(r)g(r)dr
1-pJo

A 1-6;
sar et [ G g dr
1-pJy

o [
>+ A0 f (r)g(r)de
_I'L 9,'

So,
H(t,S)ZOlz’, Vte[gi,l_ei]vge]~
The proof is complete. 0

Lemma 2.4 (see [15]) Let E be a real Banach space and K be a cone in E. For r > 0, define
K, = {x € K : ||x|| < r}. Assume that T : K, — K is completely continuous such that Tx # x
forx e dK, ={x € K: ||x| =r}.

() If I Tx > |Ix|| for x € OK,, then i(T, K, K) = 0.

(i) If|| x| < ||x|| for x € AK,, then i(T,K,,K) = 1.

Lemma 2.5 (Holder) Lete € LP[a,b) withp > 1, h € L1[a,b] with q > 1, and}g + [11 =1. Then
eh € L'[a,b) and

llenlly < llell,lI7llq-
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Letec L'[a,b], h € L®[a,b]. Then eh € L'[a,b] and
lleklly < llellull?ll co-

3 The existence of two infinite families of positive solutions

In this part, applying the well-known fixed point index theory in a cone, we get the op-

timal interval of parameter X in which problem (1.1) has two infinite families of positive

solutions. We remark that our methods are entirely different from those used in [8-14].
Let E = C[0,1]. Then E is a real Banach space with the norm || - || defined by

yeE.

llyll = max
Define a cone K in E by

1<=[y€E:y(t)20»tel, min y(t)zSDHyll,te]], (3.1)
te[0,1-0)

where ép = £
Remark 3.1 It follows from the definition of § and D that 0 < §p < 1.

Define T, : K — K by

1
(Toy)() = %/0 H(t,s)a)(s)c_l(s)f(s, c(s)y(s)) ds. (3.2)

Theorem 3.1 Assume that (H;)-(Hy) hold. Then T;(K) C K and T), : K — K is completely

continuous.

Proof For y € K, it follows from (2.15) and (3.2) that

1
(Ty)() = % fo H(t, 9)w(s)c (s)f (s, c(s)y(s)) ds
1 1
< —D/ G(s,s)w(s)c‘l(s)f(s, c(s)y(s)) ds, te]. (3.3)
A Jo

It follows from (2.16), (3.2) and (3.3) that

1
e D0 = 5 %ﬁnm/ H{(t,s)o(s)e™ () (5,c(5)y(6)) ds

> l8/‘ G(s,s)a)(s)cfl(s)f(s,c(s)y(s)) ds
A Jo

> l ED ' G(s,s)a)(s)c_l (S)f(S, C(S)y(s)) ds
AD Jy

= Spl Toyll.

Next, by similar arguments of Theorem 1 in [16] one can prove that T}, : K — K is com-
pletely continuous. So it is omitted, and the theorem is proved. d
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Remark 3.2 From (3.2), we know that y € E is a solution of problem (2.2) if and only if y
is a fixed point of operator T;.

Let {6;}7°, be such that ¢/, <6; < ¢, i=1,2,.... Then, for any i € N, we define the cone

I(giby
Ko, = {y €E:y(0)z0,te), min y(0) = 8plylt e]}, (3.4)
te(6;,1-0;
where
8i b+ﬂ9i
Sip=—, §; = , i=12,.... 3.5
"D a+b ! (3:5)

Remark 3.3 Assume that (H;)-(Ha) hold. Then T} (Ky,) C Ky, and T, : Ky, — Kp, is com-
pletely continuous.

Next, using Lemmas 2.1-2.5, we give our main results under the case w € L?[0, 1;p>1,
p=1and p=oo.
For convenience, we write
f&y)

p . o _ f&y)
ﬁspp—mm{tg[g{?@] ’ 'yE[SDp,p]}, ﬁ)—maX{ngg]X ) ~y€[0,p]},

Ky, =y €Ky : Iyl <p), p>0.
Firstly, we consider the case p > 1.
Theorem 3.2 Assume that (H;)-(Hy) hold. Let {r;}?°,, {yi}S, and {R;}, be such that
Riji<éipri<ri<cmdipyi<cemyi<Ri, i=12,....

For each natural number i, let f satisfy the following conditions:

(Hs) fiM" <l and f{"* < I, where

2Ac 2Ac 2Ac
0<I< max{ " " m };

’ ’
emllGligllelly emllGlhllolleo” cuBlielh

(He) fMV1 >y, wheren > 0.

cmdipYi —

Then there exists T > 0 such that, for 0 < A < T, problem (1.1) has two infinite families of
positive solutions xg)(t), xg)(t) and maxc; xg)(t) >CubipYi i=1,2,....

Proof Let t = inf{t;}, 7; = ozic;nlén(l - 290)/[1, i=12,.... Then, for 0 < A < 7, (3.1) and
Theorem 3.1 imply that 7 : K — K is completely continuous.

Lett e,y € 0K, Then 0 < c(£)y(t) < cyri. Therefore, for t € J, y € 9K,q,, it follows
from f3™"" <[ that

1
(Toy)(t) = %/0 H(t,s)w(s)c_l(s)f(s, c(s)y(s)) ds

1o 1H d
< XC”‘_/O (s,s)a)(s)f(s,c(s)y(s)) s
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< —¢, | Hllgllwllplear:
7 <1y (3.7)
Consequently, for y € 0K, we have || T)y|l < ||yll, i.e., by Lemma 2.4,
i(T5, K0, Kp,) = 1. (3.8)
Similarly, for y € 0K, we have || T;y|l < ||lyll, and then it follows from Lemma 2.4 that
i(T5, Ko, Ky;) = 1. (3.9)
On the other hand, let

y €Ky = |y € Ko Iyl <y _min 5(0) 2 8y,

then 0 < ¢(£)y(2) < cp|lyll < cary:- And hence, it follows from (2.15) and (3.2) that

1
1Tyl < XC;,}”H”q”w”plCMyi <Vi- (3.10)

Furthermore, for y € kﬁ}?pvﬂ%’ we have c(t)y(t) < cuyi, t € J, mingepp,1-0, c()y(t) >

¢mbipyi, and then

min (T5y)(t) = min ths (s)c” ()f(s,c(s)y(s))ds

te[6;,1-6;] te[6;,1-6;] A
L.
> onicm & f(s, c(s)y(s)) ds
0
1 ) 1-6;
> onic;n & / f(s, c(s)y(s)) ds
0;
L
> 5 QiC E(1-26)n
L
> —a;c,, §(1-20;)n
T
- v (3.11)

Let yo = M and F(t,y) = (1 - )Ty + tyo, then F:] x I<5}/IDV9

continuous. From the analysis above, we obtain for (¢,y) € J x K}! Byl

— Kpy, is completely

F(t,y) e K}

[ (3.12)

Therefore, for t € J, y € 9K g: 0, we have F(¢,y) # y. Hence, by the normality property
and the homotopy invariance property of the fixed point index, we obtain

(T, KJL 60 Ks,) = i(%0, K550 K,) = 1. (3.13)
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Consequently, by the solution property of the fixed point index, T5 has a fixed point yﬁ)
and yg) ek 5)1 jjmﬂf By Lemma 2.2 and Remark 3.1, it follows that yg\) is a solution to problem
(2.2), and

(1) . (1)
maxy; (£) > min y.’ (¢£) > é;pV;.
te] AUE te[@,-,l—@i]y i (8) > dipy;

Therefore, it follows from Lemma 2.1 that problem (1.1) has a solution xg)(t) = c(t)yg)(t)

with

(1) (1) : (1)
maxx;, (£) = maxc(¢)y;, (¢£) > min c(£)y;, (£) > ¢,.é:pY;-
te] zA( ) te] ( )J’,,\( ) - te[6;1-6] ( )J’l)\( ) mOiD Vi

On the other hand, from (3.8), (3.9) and (3.13) together with the additivity of the fixed
point index, we get

l’(T)u I<RL‘9,'\(I_<V,‘0,' U kg;i)yl.gi):l@i)
= i(Tl’KRﬁt’K@i) - i(TbK;;;yigi:KG,-) - i(TA7I<ri0511(9i)
=1-1-1=-1. (3.14)

Hence, by the solution property of the fixed point index, T} has a fixed point yg) and

yfi) € I<Ri\(1_<ri Ukt{i)]/,’@[
to problem (2.2), and yg) 7 yg). And then, by Lemma 2.1, we have problem (1.1) has another

solution xﬁi)(t) = c(t)yl(-i)(t). Since i € N was arbitrary, the proof is complete. O

). By Lemma 2.2 and Remark 3.1, it follows that yg) is also a solution

The following results deal with the case p = co.
Theorem 3.3 Assume that (H;)-(Hy) hold. Let {r;}?°,, {yi}S, and {R;}, be such that
Ri+1 < SiDri <r;< CmSiDVi <mYi < Rl‘, i=12,....

For each natural number i, letf satisfy (Hs) and (Hg), then there exists T > 0 such that,

for 0 < A < t, problem (1.1) has two infinite families of positive solutions x&)(t), xg)(t) and

1 .
maxtgxgl)(t) >CubipYii=1,2,....

Proof Let |G|l ||o|l« replace ||Gll,ll@]l, and repeat the previous argument. O
Finally, we consider the case of p = 1.
Theorem 3.4 Assume that (H1)-(Ha) hold. Let {r;}2), {vi}i5, and {R;}7°, be such that
Riy1 <0ipri<ri<cudipyi<cemyi<Ri, i=12,....
For each natural number i, let f satisfy (Hs) and (Hg), then there exists T > 0 such that,
for 0 < A < T, problem (1.1) has two infinite families of positive solutions xg)(t), xg)(t) and

1 .
maxtelxgl)(t) >CubipYini=12,....

Proof Let B|lw||; replace ||G||4llwl|l, and repeat the previous argument. O
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Remark 3.4 Comparing with Kaufmann and Kosmatov [8], the main features of this paper
are as follows.
(i) The solvable intervals of positive parameter A are available.
(ii) Two infinite families of positive solutions are obtained.
(ili) ek >-1,k=1,2,...,n, notonly ¢t =0.

4 Examples

From Section 3, it is not difficult to see that (H;) and (H;) play an important role in the
proof that problem (1.1) has two infinite families of positive solutions. So, we firstly provide
an example of families of functions w(¢) satisfying conditions (H;) and (H3). And then we
consider a boundary value problem associated with problem (1.1).

Example 4.1 We will check that there exists a function w(¢) satisfying conditions (H;) and
(Ha).
Let

/ 3 1 8 Ly 1 1o
= - T - =4F ~? - = n ) &) )
177 5735 2 moml T 5 4 1)4
4
and from ) 2, n% = 55 there is
3 11 3 1 7% 3 7#* 2
o= lim ¢, =———Z—————~—=— — > —
n—00 7 5 —~ nt* 7 5 90 7 450 21
Consider the function
o0
o)=Y w,t), te],
n=1
where
1 t;1+t;t+1
GrnEmaGer,) L€ [0, #=5=4),
1 b4t
T te [Tr tn))
@n(t) = tlnit t+t!
Y te [t;p = 271—1],
NI
1 te (’;1”;,4 1]
(6n-1)(5n+4)(2-ty—t], 1)’ 2
0 1 1 o 1 2
From } .7 eoGms = 20 and 22,0 57 = %> we have

Lt )2 1

© (Gt
21:/0 nle)dt = 2{/0 G- DG+ L.

1
1
+ dt
/u/n_lﬂ;q)/g G- DG+ 821, 1, )
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1

th 1 ()1 +ty)/2
+ dt + / — dt}
-/(tn+tn+1)/2 Vi —t t JVt-t,

-3 s (e
:% gi((l’l+1)2 iﬂ))
B

Thus, it is easy to see

1 1 >
/Ow(t)dt:fo ;a)n(t)dt:

which shows that w(¢) € L'[0,1].

Zfo wy(t) dt = T

n=1

On the other hand, a simple calculation shows that w(t) =

w satisfies conditions (H,) and (H;).

)+ (6 - 1)

%(——1)«30,

3

21 1
Ziila),,(t) zg =35 X %SO

Example 4.2 Let w(t) be defined as in Example 4.1. Consider the following boundary

value problem:

() + w@)f (6x(6) =0, t€],t#3,
x(3") - (1)=lx(l)
x(0) — x/( fosx s)ds,

x(1) +4'(1) = fo sx(s) ds.

Letclztlzé,h(t):it,a:l,b: ,and

1
5 5 3- Thend =

=

L, 0sts<j,
c(t) = s
27 EStEL

and then ¢ = 3, cn=1,¢Q1)= §

Similarly, a simple calculatlon showsthat A(f) =2 —¢t, Ay =
dip = —119(319;29 ,i=1,2,...,and

1
1= /0 A®h(t)c(t) dt

1

1 1
:i[/z(é—t>tdt+§/ (§_t>tdt]
19|/, \2 2 Ji\2

1
H(t,s) = G(t,s) + @/0 G(s,7)c(t) dT,

(4.1)

_ 130 65 1+20;
- 119’ 'B 119’ 8 37
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Gltrs) 1] @+2s)(3-2¢), 0<s<t<l,
»8) = —
8 l1+203-2s), 0<t<s<l.

Now we consider the multiplicity of positive solutions for problem (4.1).

Letf(t,x) = m (£+1)x. It follows from the definitions of w(t), f (¢, x), c(t) and k(¢) that
conditions (H;)-(Ha) hold. Hence, we only verify the other conditions of our main results.

Let 9; = ; - m.Then@ € (O,%). ForR; = ﬁ, Y= m and r; = W,i:l,z,...,
we have

1<8m<1<%<8m<1
1001 30 x 100¢ 30 x 100i 10 x 100/ 10 x 100! ~ 1007’

By a direct calculation, we have

1
flt,x) = ———(+1)x
27||w[h B
2 3
< — X =17
27|l 2
B 1
" 9wl B x 30 x 100
1 I, Vte] 0,2
< ——/m— =, €/, x e , =l |.
w1 x 9 2"

Similarly, for any t € J, x € [0, %R,-], we have f(t,x) < m <[, and

1
ft,x) = 727||a)||1f5 (t+1)x

1 +85
2 [
27||lwll B
1 119 1
> — X —
=~ 27|lwli B~ 39010 x 100
1 1 1
> X — p
27|lw|1 B 410 x 100¢
1
—_— X —
1,080(|w|:18 ~ 100

X 8;pYi

3
=n, Vtelb,1-6lxe |:8iDVi: 5%‘}

Hence, by Theorem 3.2, problem (4.1) has two infinite families of positive solutions
xﬁ)(t) and xg)(t) for 0 < A <t =infleyEn(1 - 20)y, '}, i=1,2,....
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