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Abstract

A mathematical model of the infection of CD4+ T-cells by HIV that includes the
effects of treatment by a reverse transcriptase inhibitor (RTI) and a protease inhibitor
(P1) is studied. The model includes three populations of CD4+ T-cells (healthy cells,
latently-infected cells which cannot produce virus, and productively-infected cells
which can produce virus) and two populations of free virus in the blood (infectious
virus and non-infectious virus). The model includes a time delay between a T-cell
becoming latently infected and productively infected. The model has a virus-free and
a chronic infection equilibrium. It is shown that the model has Andronov-Hopf
bifurcations leading to limit cycle behavior in the chronic infection region at critical
values of the time delays. For three data sets obtained from the work of previous
authors, numerical simulations have given critical delay values ranging from
approximately 15 days to more than 200 days. This range includes the period of
approximately 50 days for intermittent viral blips reported by Rong and Perelson (Plos
Comp. Biol. 5(10), 1-18 (2009)). Simple formulas are derived for the sensitivity indices
of the equilibrium populations and the basic reproductive number with respect to all
parameters in the model. Numerical simulations are carried out to support the
analytical results. The numerical results suggest that the most effective methods of
reducing both the basic reproductive number and the chronic infection CD4+ T-cell
and virus populations are the following: (1) to increase the efficacy of the antiretroviral
treatments and (2) to increase virus clearance rate, decrease infection rate, or
decrease viral reproduction rate.

Keywords: HIV model; RTl and Pl treatment; limit cycles; viral blips; sensitivity
analysis

1 Introduction

The development of antiretroviral therapy using reverse transcriptase inhibitors (RTI) and
protease inhibitors (PI) has resulted in a big reduction in the disability associated with HIV
and with the rate of progression to AIDS. Although there is evidence that antiretroviral
therapy does not completely eliminate the virus (see, e.g., [2, 3]), there is recent evidence
that antiretroviral therapy can reduce the level of virus in an HIV person below detectable
levels (see, e.g., [1, 4—6]) and that it can depress the HIV level in an HIV+ person suf-
ficiently to effectively stop transmission of HIV from an HIV+ person to an uninfected
person (see, e.g., [7-9]). However, in many countries antiretroviral therapy is not avail-
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able. Also, infection by HIV can be asymptomatic [3], and these asymptomatic infected
people may interact normally with people and pass on the disease to uninfected people.

Many researchers have developed mathematical models in an attempt to develop an
understanding of HIV transmission at either the cell level (see, e.g., [1, 5, 6, 10-15]) or the
population level (see, e.g., [16,17] ).

In this paper, we consider a model for HIV infection at the cell level recently discussed
by Wang et al. [15]. The model includes three populations of CD4+ T-cells (healthy cells,
latently-infected cells which cannot produce virus, and productively-infected cells which
can produce virus) and two populations of free virus (infectious virus and non-infectious
virus). The model also includes the effects of treatments with a reverse transcriptase in-
hibitor (RTI) and a protease inhibitor (PI). In their paper, Wang et al. showed that the
model has virus-free and chronic infection equilibrium solutions and they proved local
and global stability, boundedness and positivity of these solutions. They also used a latin
hypercube sampling technique for sensitivity analysis of the parameters in their model.

The model of Wang et al. is based on a model discussed by Rong and Perelson [1, 5, 6]
with the main difference being the addition of a logistic growth term for healthy CD4+
T-cells. One of the important questions discussed in the Rong and Perelson papers is the
mechanism that produces an intermittent viral blip with a period of approximately 50
days when subjects are treated with highly active antiretroviral therapy (HAARV). It is
well known (see, e.g., [18]) that time delays can produce bifurcations leading to limit cycle
behavior in both discrete-time and continuous-time dynamical systems. One of the aims
of the present paper is to check if time delays for procession of latently infected T-cells to
productively infected T-cells could result in viral blip-type behavior.

In the present paper, we develop simple analytical formulas for sensitivity indices for the
basic reproductive number, and for the virus-free and chronic equilibrium populations of
the time-delay model. We also show that the time-delay model can undergo Andronov-
Hopfbifurcations in the chronic equilibrium solutions at critical time delays and that limit

cycle behavior in all five populations occurs at time delays greater than the critical values.

2 Time-delay model

We consider the following model, which is generalized from the model of Wang et al. [15]
by including a time delay for the procession of latently infected T-cells to productively
infected T-cells. The variables in the model are defined in Table 1, and the parameters are

defined in Table 2.
% = A—drT(®) +rT(®) (1 - Tn(f )) — (1= mKV(OT(2) O
% =0 - m)kV ()T (t) — d L(t) — aL(t - T), @)
% = (-1 =n)kV()T () - diI(t) + aL(t - 1), 3)
% = (1 -n,)NdI(t) - cV(2), @)
240)

= n,NdI(t) — cW (2). (5)
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Table 1 Variables in the model (adapted from [1, 5, 6, 15])

Population  Definition

T Healthy CD4+ T-cells at time t

L(t) Latently infected CD4+ T-cells at time t

I(t) Productively infected CD4+ T-cells at time ¢
V(t) Free infectious virus at time t

W(t) Free non-infectious (inhibited) virus at time t

Table 2 Parameters in the model (adapted from [1, 5, 6, 15])

Parameter Definition

A Constant production rate of healthy CD4+ T-cells from precursors

dr Natural death rate of healthy CD4+ T-cells

r Logistic growth rate of healthy CD4+ T-cells

Tinax Carrying capacity of healthy CD4+ T-cells

k Infection rate of healthy CD4+ T-cells by free infectious virus

n Fraction of infections leading to latently infected CD4+ T-cells

d Death rate of latently infected CD4+ T-cells

d Death rate of productively infected CD4+ T-cells

a Activation rate from latently to productively infected CD4+ T-cells

N Average number of free virus released by a productively infected CD4+ T-cell during its mean
lifetime 1/d,

C Clearance rate of free virus

Nt Drug efficacy of RTI (0 < nj¢ < 1)

np Drug efficacy of PI (0 < n, < 1)

T Time delay for transformation from latently to productively infected CD4+ T-cells

3 Equilibrium points
As shown by Wang et al. [15] the system (1)-(5) has a virus-free and a chronic equilibrium
point. For completeness, we will briefly summarize the proof here.

Theorem 1 The system (1)-(5) has two equilibrium points:
1. Virus-free:

(T3, L7, 15, Vi, W) =

2. Chronic infection:

. cla+dp) . cn .
2 kN@+@Q-nd) 7 Na+@Q-nd)
1/Tx A T
(S v, Vz*::(—l*—l)(—*+r 2 ) 7)
Nd] k 2 1 Tmax
* n,N *
sz—pﬁ 27

where k = (1 - ny )k, N = (1 — n,)N.

Proof

1. Virus-free equilibrium. Setting L} = I} = V;* = W}* = 0, we have

% = % = ’Z—‘t/ = dstV = 0. Then, setting ‘2—7; = 0 and choosing the positive solution for

T gives the result in part 1 of the theorem.



Darlai and Moore Advances in Difference Equations (2017) 2017:138 Page 4 of 16

2. Chronic equilibrium. The equations for I and W follow immediately from the

conditions ‘;—‘t/ = dstV = 0. Then, setting ”é—f =0 gives
* n Tk E
L;= a+deV2 T;. (8)
Then, adding equations (2) and (3), setting % = 0, and substituting in

equation (8), we obtain the equation for T3 in (7). Then, substituting for T7 in (8),
we obtain the equation for L} in (7). Finally, setting % =0, we obtain

1 T
V;:_—(A+T§<r—dT—r 2 ))
kT; Tmax

1/TY A Ty
::<_1*_1><—*+r : ) )
Az N\ T

The proof is complete. d

Note: The chronic infected virus population V3 is greater than 0, i.e., the chronic equi-
T*
librium exists, if and only if the parameter Ry = ?1* > 1. We shall show in the next section

2
that Ry is the basic reproductive number of the model.

4 Basic reproductive number

For this model, as in most models with a virus-free and a chronic equilibrium state, there
are three methods of determining the basic reproductive number. They are: (1) Lyapunov’s
first method of checking the eigenvalues of the Jacobian of the linearized system at an
equilibrium point (see, e.g., [19]), (2) the next-generation method of van den Driessche and
Watmough [20], or (3) by finding the condition for the existence of the chronic equilibrium
as in equation (9).

4.1 Next-generation method

In using the next-generation method, it is necessary to identify a suitable infected popu-
lation in the model to choose as an initial infected population. Possible populations are
L,I, V. In this model L and I cannot be considered as separate initially infected popula-
tions since both infections come from infection of the susceptible population 7" by contact
with the V population. The population V comes only from one population (the / popula-
tion), and therefore we choose it as the initial infected population for the next-generation
method and order the variables as [V, T, L,I, W]7. As stated in Wang et al. [15], the next-
generation method gives

_a+(1—n)dL_ T

Ry = KNTY = oo (10)
2

cla+dy)
This formula for Ry is in agreement with the result derived in (9) as the condition for
existence of the chronic equilibrium.

4.2 Linearized equations and stability
For the time-delay model (1)-(5), the linearized equations about an equilibrium point are
(we let T(¢) = T* + x1(£), L(£) = L* + x5(8), I(t) = I* + x3(£), V(£) = V* + x4(¢), and W(¢) =
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W* + x5(t), where x;(T) are small perturbations)

di;t(t) = —drx(£) + rx (£) (1 -2 T]I:::X) - Ev*xl(t) - /_(x4(t) T,

da;zt(t) = nkV*x1(t) + nkxa(t) T* — dpxs(t) — axs(t - T),

dyz)—t(t) = (1= nkaa(O)T* + (1= k1 (OV* — dyxs (£) + axa(t - 1), 1)
d _

) Naes(0) - 2,0,

d

iiift) = npNdx3(¢) — cxs(£).

Equation (11) can be written in matrix form as % = Jx(t), where x = (x1, %9, X3,%4,%5) and
J is a Jacobian. Then, assuming a trial solution of the standard form x(¢) = v, where v is

a constant vector, we obtain the Jacobian

—dr +r(1-27—) - kV* 0 0 —KT* 0
nkV* —d,—ae?™ 0 nkT* 0

J= (1-n)kV* ae™? -d;  Q-nkT* 0 12)
0 0 Nd, - 0
0 0 n,Nd; 0 —C

Using the Routh-Hurwitz conditions (see, e.g., [19]), Wang et al. [15] showed for the case
of zero time delay that the eigenvalues of the Jacobian for the virus-free equilibrium have
negative real parts for Ry = % <1 and the eigenvalues of the Jacobian for the chronic
equilibrium have negative real parts for Ry > 1. In a later section, we will use the Jacobian
to find the critical time delays for Andronov-Hopf bifurcations.

Note: With modern mathematical software such as Matlab, Maple or Mathematica, it
is, of course, very easy to numerically compute the eigenvalues of the Jacobian for both

the virus-free and chronic equilibrium points for the case of zero time delay.

5 Sensitivity indices

We define normalized sensitivity indices for a quantity Q with respect to a parameter / as

_hiQ_, 0
SI(Qlh) = Qon - h Y In(Q). (13)

There are at least three possible methods of computing sensitivity indices: (1) direct com-
putation by differentiation of formulas for the quantity Q, (2) the method of Chitnis et
al. [21] of linearizing the original nonlinear model equations to set up a system of linear
algebraic equations for the sensitivity indices and then numerically solve these equations,
and (3) the method used in Wang et al. [15] based on a Latin hypercube sampling tech-
nique.

In this paper, we use the first method of direct differentiation as it gives explicit formulas

for the indices. We will first compute the sensitivity indices for T}, T} with respect to the
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Table 3 Sensitivity indices for virus-free healthy T-cell population T3

Parameter Index Parameter  Index
2rA 2r
Tmax [ =ver B TrmaxD
2(A-d7T¥) d
! - TmaxTDw dr - ZT 4rA
(r-dp)2+ 728
42, ArA _ 2. ArA
Where D=(r~dp)? + 728 4. ¢—ap) [(r-dr) +
Table 4 Sensitivity indices for chronic healthy T-cell population T
Parameter  Index Parameter  Index
___and o and
dL (a+d) )a+(1-n)d)) a (a+d))(a+(1-n)d))
c 1 k -1
Nrt
N =1 Nt ﬁ
p nd;
Np np n a+(1-md,

parameters by using the formulas in Theorem 1. We will then compute sensitivity indices
for Ry using the formula in (10). Finally, we will compute the sensitivity indices for V3, L3,

I3 and W5 using the formulas in Theorem 1.

5.1 Sensitivity indices for virus-free healthy T-cell population T}

From (6), we have

4rA
ln(Tl*) = In(Tmax) + ln(r—dT + [(r—dr)?+ d

max

) —1In(2) — In(r). (14)

The virus-free equilibrium T-cell population 77 is a function of the four parameters Ty,
A, rand dr. By differentiation of (14) with respect to these four parameters, we obtain the

sensitivity indices shown in Table 3.

5.2 Sensitivity indices for chronic healthy T-cell population T3

From Theorem 1, we have

In(T3) = In(c) + In(a + d;) — In(1 - 1) — In(k)

—In(1-n,) —In(N) —In(a + (1 - n)d.). (15)

The chronic equilibrium T-cell population is a function of eight parameters, d;, 4, ¢, k, N,
"y, 1y and 7. The sensitivity indices of T with respect to these parameters are shown in
Table 4.

5.3 Sensitivity indices for the basic reproductive number Ry
From equation (10), we have In(Ry) = In(77) —In(T7). We note that 7} and T’ are functions

of different sets of parameters. The sensitivity indices are shown in Table 5.

Page 6 of 16
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Table 5 Sensitivity indices for the basic reproductive number Rg

Parameter Index Parameter  Index
Tmax ST | Tmax) A SITFIA)

r SIT|r) dr SIT dr)
d =SIT31dL) a =SI(T5a)
C =SIT o) k =SIT51k)
N =SIT3IN) Nre =SIT5 1Nyt
Np =SIT3 Inp) n =SIT5 1)

Table 6 Sensitivity indices for chronic productive virus population V3

Parameter Index
RoSITH ITmax)  ATmaxSIT ITmax)+TF 75

Tmax Ro-T ATmax+T; T3
A RoSITY 1A) . ATmax (1-SIT{ | A)
Ro-1 ATmax+rT 7'2
ROS/(TW*M /ﬁ ATmaXS(ﬂ In
r Rt ATmax+rT 5
d RoSITF1dr) ATmaxS/(TTIdT)
T Ro-1 ATmaXHTJ( 5
a4 _ RoSKTS|d}) N TETESITS 1dy)
Ro-1 ATmaxHT *
112
ROS/( |a) rTTT;S/(Ti" |a)
a
Ro- 1 ATmaerrT%F Ti"
RoSITEIO | TFTASITS |c)
c _
Ro-1 ATmax+T3 TS
P _RoSITFI TETS 5/(73‘* \k)* 1
Ro-1 ATmax+T; T
2
s * Tk l
N _RoSITSIN) - T TSSITS *|Ni
Ro:l ATTa:wTL 3
p _RoSITSIne) TSSO I0) gy
n Ro-1 ATmax T T35 1=t
o B Rosl;@‘wmp) + TETSSITS an*)
0~ ATmax+T{T5
_RoSUTS 1) | AT TSSITS )
n Ro-1 ATmax+T{ T

5.4 Sensitivity indices for the chronic productive virus population V3

Using the formula for V' from Theorem 1, we have

£

A rT.
ln(Vz*) In(Rg — 1) + ln(F + ij

=In(Ro — 1) + In(A Thmax + rT; T ) — In(Tmax) — In(77)

) —In(1 - n,4) — In(k)

—In(1 - n,) — In(k). (16)
The formulas for the sensitivity indices can then be written in the form given in Table 6.

5.5 Sensitivity indices for the chronic infected T-cell populations L3, I5 and
nonproductive virus population W3
Using the formulas for L}, I, W5 from Theorem 1, we have

(L =In(c) + In(n) + ln(V*) In(1 - n,) —In(N) - ln(a +(1- n)dL),
In(Z3) =1n(c) + In(V5) - In(1 - ,) — In(N) - In(d)),

In(W5) =In(np) + In(V3) - In(1 - n,).
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Table 7 Sensitivity indices for chronic latently infected T-cell population L3

Page 8 of 16

®

Parameter Index Parameter Index
Tiax SIV3  Tinax) A SIVEIA)
r SIVE dr SIVE|dr)
-n)d,
d SIVE|dy) - afm'];)gl a SV310) - i
c 1+ SI(V4]0) k SIVE|K)
N SIVAIN) =1 Nt SIVE|re)
d
np SV np) + 5 n 1+ SIV3 1)+ Ziom

Table 8 Sensitivity indices for chronic productively infected T-cell population /5

Parameter  Index Parameter  Index

Tinax SV Tmax) A SIVEIA)

r SIVE|r) dr SIV3|dr)

d SIVE |dy) d -1

a SIVy |a) c T+ SIV5|c)

k SV 1K) N SIVEIN) =1

Nt SIVE Ine) Ny SIVE |np) + f—gp
n T+ SIV5In)

Table 9 Sensitivity indices for chronic non-infected free virus population W3

Parameter  Index Parameter  Index

Tmax SIV3  Tmax) A SIVZIA)

r SIVEIn dr SIV31dr)

d SIVZ|dy) d 0

a SIV5|a) c 1+ SIV5|c)

k SIV51k) N SIVZIN)

Nt SV nee) ny SV |np) + ﬁ
n SIV31n)

The sensitivity indices for L3, I;, W5 are shown in Tables 7, 8, 9.

6 Numerical results

We give examples of numerical results using the parameter values listed in Table 10 se-

lected from the work of previous authors.

6.1 Dependence of Ry on antiretroviral therapy

Figures 1(a), (b) and (c) show critical values of the antiretroviral parameters #,, and #,

separating the virus-free and chronic infection equilibrium regions (Ry = 1) for data sets
1, 2 and 3 of Table 10, respectively. For the three sets it can be seen that the model (1)-(5)
predicts that for sufficiently high antiretroviral therapy the HIV infection levels can be

reduced to zero. However, as there is evidence (see, e.g., [2, 3]) that the virus cannot be

completely eliminated from an HIV+ person, these results suggest that the model requires

adjusting in the region of high levels of antiretroviral therapy.
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Table 10 Parameter values (adapted from Wang et al. [15])

nrt values

(a) Data

o
o

set 1.

nrt values

(b) Data set 2.

Plot of RO values close to 1 for nrt and np fractions
Lamb=10,dT=0.01,r=0.1,Tmax=1500
k=0.0001,eta=0.5,dL=0.2,a=0.3,dI=0.8

np values
o o o o o °
o @ kN o > N

o

o

RO > 1. Chronic
infection region

RO < 1. Virus-free
region

=)

0.1 0.2 0.3

0.4 0.5 0.6 0.7
nrt values

(c) Data set 3.

08

Figure 1 Plots of the curve Ry = 1 separating the virus-free and chronic equilibrium regions as a
function of n,; and nj, for the data sets 1, 2 and 3 in Table 10.

Parameter  Set1 Set 2 Set3 Unit Source
Tmax 1500 1500 1500 ! [14,15]
A 10 10 10 ul~" day™! [1 5,6,14,15]
r 0.1 0.03 0.1 day™ [14,15]
dr 0.03 0.01 0.01 day™! [1,5,6,14,15]
dy 0.001 0.004 0.2 day™! [,5,6,15]
a 0.1 0.01 03 day™ [1,5,6,15]
c 20 3 15 day™! [1,5,6,14,15]
k 0.0001 0.0001 00001 ul~"day™"  [1,5,6,14,15,22]
N 1000 200 500 virions/cell ~ [1,5,6,14,15,22]
n 0.02 0.001 0.5 [,5,6,15]
dy 1 1 08 day™ [1,5,6,14,15]
om0 AT0 03101 Tran1500. Lo 10 T0 0112000 Tmccts0
09 k=0.0001,eta=0.02,dL=0.001,a=0.1,dI=1 09 k=0.0001,eta=0.001,dL=0.004,a=0.01,dI=1
08 RO <1, Virus-free 08 R« 1. Vinusiree | J
0.6 0.6
0.3 0.3
0.2 0.2
0.1 0.1
00 0‘.1 0‘.2 0.‘3 0‘.4 0‘.5 0.‘6 0‘.7 0‘.8 0.9 GCu 0‘.1 0.‘2 0‘.3 0.‘4 0.‘5 0‘.6 0.‘7 0.9

6.2 Sensitivity analysis

Page 9 of 16

For the sensitivity analysis, we consider three cases: (1) Virus-free equilibrium with Ry < 1,

(2) Chronic equilibrium with Ry ~ 1, and (3) Chronic equilibrium with Ry > 1.
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Virus-free case. For this case, we use data set 1 in Table 10 and values of #,, = 0.8, 11, = 0.6.
For these parameter values, Ry = 0.47087 < 1 and the equilibrium population values and

eigenvalues are as follows:

Virus-free (Ty, L3, 17, Vi, W) = (1177.4,0,0,0,0).
Eigenvalues ~ —20,-0.0870,-0.9884,—0.5282, -20.474.
Chronic (T3, L3, I3, Vi, W5) = (2500.5,-45.9, -231.75, 4635, -6952.5).

Eigenvalues -20,-20.977,0.2124,-0.4030,-0.1043.

As predicted for Ry < 1, the virus-free equilibrium is locally asymptotically stable as the
real parts of all eigenvalues are negative. Also, the chronic equilibrium does not exist be-
cause the infected T-cell and free virus populations are negative. It is also unstable because
at least one eigenvalue has a positive real part.

The sensitivity indices for the virus-free healthy T-cell population (77) are shown in
Table 11 and for the basic reproductive number Ry in Table 12.

From the numerical results in Table 12, it can be seen that the most effective methods
of reducing Ry are the following: (1) to try to increase the efficacies n,, and #, of the an-
tiretroviral therapy and (2) to increase virus clearance rate ¢, decrease infection rate k, or
decrease viral reproduction rate N.

Chronic case (Ry ~ 1). For this case, we use data set 1 in Table 10 and values of ,; = 0.575,
n, = 0.6. For these parameter values, Ry = 1.0006 ~ 1 and the equilibrium populations and

eigenvalues are as follows:

Virus-free (T3, LI, Vi, W) = (1177.4,0,0,0,0).

Eigenvalues ~20,-0.0870,-0.1199,0.000475, —20.982.

Chronic (T3, L3, I3, Vi, W) = (1176.7,0.0120,0.0605,1.210,1.815).
Eigenvalues ~20,-20.981,-0.000477,-0.0867,0.1198.

As predicted for Ry > 1, the virus-free equilibrium is unstable as the real part of at least

one eigenvalue is positive. Also, the chronic equilibrium exists because the infected T-cell

Table 11 Sensitivity indices for T}

Parameter  Sensitivityindex  Parameter  Sensitivity index

Tax 0.9024 A 0.00976
r 0.2472 dr -0.3449

Table 12 Sensitivity indices for virus-free basic reproductive number Ry

Parameter  Sensitivityindex  Parameter  Sensitivity index

Tmax 0.9024 A 0.00976
r 0.2472 dr -0.3449
d -0.000196 a 0.00196
c -1 k 1

N 1 Nt -4

Np =15 n -0.000198
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Table 13 Sensitivity indices for Ry and for chronic infected T-cells and virus populations for

Ro~1

Parameter Ry T; L3 [ v

Tinax 0.9024 0 15259 1525.9 1525.9

A 0.00976 0 16.618 16618 16.618

r 0.2472 0 419.24 419.24 419.24

dr —0.3449 0 -583.54 -583.54 -583.54

d; -0.000196 0.000196 -0.3414 -0.332 -0.33164
0.00196 -0.00196 2.3261 33164 33164

c -1 1 -1690.2 -1690.2 -1691.2

k 1 -1 1690.2 1690.2 1690.2

N 1 -1 1690.2 1690.2 1691.2

Nrt -1.3529 1.3529 -2286.7 —2286.7 -2286.7

Np -1.5 15 -2535.3 -25353 -2536.8

n -0.000198 0.000198 -0.6652 0.6650 -0.3350

d 0 0 0 -1 0

and free virus populations are positive. It is also locally asymptotically stable because the
real parts of all eigenvalues are negative. Also, since Ry = 1, the infected T-cell and free
virus levels are close to zero and could easily be undetectable. The sensitivity indices for
the chronic equilibrium with Ry ~ 1 are shown in Table 13 for Ry and for the infected
T-cell and virus populations 77, L}, I} and V.

Chronic case (Ro > 1). For this case, we use data set 1 in Table 10 and values of n,; = 0.4,
n, = 0.6. For these parameter values, Ry = 1.4126 > 1 and the equilibrium populations and
eigenvalues are as follows:

Virus-free (T7, Ly I, Vi, W) = (1177.4,0,0,0,0).

Eigenvalues ~20,-0.0870,-0.1067, 0.3657, ~21.360.

Chronic (T5,L35,I;, V3, W5) = (833.5,4.3624,22.026,440.52,660.78).
Eigenvalues ~20,-20.981,-0.0405 % 0.15004, —0.1054.

As predicted for Ry > 1, the virus-free equilibrium is unstable as the real part of at least
one eigenvalue is positive. Also, the chronic equilibrium exists because the infected T-cell
and free virus populations are positive. It is also locally asymptotically stable because the
real parts of all eigenvalues are negative. The complex conjugate eigenvalue with the small
negative real part indicates that the infected populations will oscillate with a slowly de-
creasing amplitude to the chronic equilibrium solution.

The sensitivity indices for the chronic equilibrium with Ry > 1 are shown in Table 14 for
Ry and for the infected T-cell and virus populations T, L}, I} and V5.

From the numerical results in Tables 13 and 14, it can be seen that in the chronic infec-
tion region the most effective methods of reducing the free virus population V7 are the
following: (1) to try to increase the efficacies n,; and 1, of the antiretroviral therapy and (2)
to increase virus clearance rate ¢, decrease infection rate k, or decrease viral reproduction
rate N.

6.3 Dynamic behavior of solutions
We used Matlab to integrate the system (1)-(5) for the parameter values in data set 1 in
Table 10 and the #,, and #, values for the virus-free case (n,; = 0.8, n, = 0.6) and for the
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Table 14 Sensitivity indices for chronic infected T-cells and virus populations for Rp > 1

Parameter Rp T3 L3 3 v
Tmax 0.9024 0 2.1023 2.1023 2.1023
A 0.00976 0 0.1647 0.1647 0.1647
r 0.2472 0 1.6811 1.6811 1.6811
dr -0.3449 0 -1.1350 -1.1350 -1.1350
dr -0.000196 0.000196  -0.01021 -0.000501  -0.000501
a 0.00196 -0.00196 -0.9852 0.00501 0.00501
c -1 1 -1.5562 -1.5562 -2.5562
k 1 -1 1.5562 1.5562 1.5562
N 1 -1 1.5562 1.5562 2.5562
Nrt -0.6667 0.6667 -1.0375 -1.0375 -1.0375
Np -15 1.5 —-2.3344 —-2.3344 -3.8344
n -0.000198 0.000198 0.9997 0.9995 -0.000506
d 0 0 0 -1 0
Plot of infected T cells and free virus vs time Plot of infected T cells and free virus vs time
delay = 0, taucrit = 0, delayfact = 0 delay = 0, taucrit = 16.29201, delayfact = 0
nrt=0.8, np=0.6 nrt=0.4, np=0.6
Lamb=10,dT=0.03,r=0.1,Tmax=1500 Lamb=10,dT=0.03,r=0.1,Tmax=1500
k=0.0001,eta=0.02,dL=0.001,a=0.1,c=20 k=0.0001,eta=0.02,dL=0.001,a=0.1,c=20
dl= 1, N=1000 di= 1, N=1000
1200 T T T T T T T T T 1500 T T T T
1000 | atently infected cells | | e | atently infected cells
[} = = = Infectious 4 = = =|nfectious
;5; 1o Productive virus E +1vvoProductive virus
2 800 Nonproductive virus 8 1000 Nonproductive virus
A il
3 400 3 s00f
B SN I
oba 0[3 D L e
0 05 1 15 2 25 3 35 4 45 5 0 50 100 150 200 250
time time
(a) Virus-free parameter values. (b) Chronic parameter values.
Figure 2 Plots of populations vs time for virus-free and chronic parameter values.

chronic case with Ry > 1 (11, = 0.4, 1, = 0.6). These parameter values correspond to cases
1 and 3, respectively, discussed in the sensitivity analysis section.

Examples of the time-dependence of the solutions for zero time delay for infected T-cells
and free virus are shown in Figure 2(a) for the virus-free case and (b) for the chronic case.
The populations converge to the virus-free equilibrium (1177.4,0,0,0,0) in Figure 2(a)
and to the chronic equilibrium populations (833.5,4.3624,22.026,440.52,660.78) in Fig-
ure 2(b). As noted for the chronic case with Rj > 1 in the previous section, the solutions
oscillate with decreasing amplitude due to the dominant complex conjugate pair of eigen-

values of the chronic equilibrium Jacobian.

6.4 Andronov-Hopf bifurcation for chronic solutions

One of the main conditions for the existence of an Andronov-Hopf bifurcation (see, e.g.,
[18]) is the existence of a purely imaginary pair of eigenvalues of the Jacobian of the chronic
equilibrium at a critical value of a delay time with all other eigenvalues having negative
real parts. In this paper, we find purely imaginary eigenvalues and the critical delay time
by direct numerical solution of the characteristic equation det(Al —J) = 0, where ] is the

Jacobian in equation (12).
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Table 15 Examples of critical delay times 7. (days) for Andronov-Hopf bifurcation

Set1 Set 2 Set3
(nre,np) Tc (nre,np) Tc (npe, np) Tc
Ro > 1 0.2,0.3) 15429 0.2,0.3) 216.215 0.2,0.3) 14171
(0.5,05) 16.077 (0.5,0.5) 216.299 (0.2,04) 26.563
(0.4,0.6) 16.292 (0.4,0.6) 216313 (0.25,04) 44.064
(0.5,0.6) 19.175 (0.5,0.6) 216405 (0.25,043) 132673
Ro~1 (0.575,0.6) 18.052 (0.633,0.7) 231.147
Plot of latent infected T cells vs time Plot of latent infected T cells vs time
Lamb=10,dT=0.03,r=0.1,Tmax=1500,nrt=0.5 Lamb=10,dT=0.03,r=0.1,Tmax=1500,nrt=0.5
k=0.0001,eta=0.02,dL=0.001,a=0.1,delt=1 k=0.0001,eta=0.02,dL=0.001,a=0.1,delt=1
np=0.6,N=1000,c=20, delay= 19.079 np=0.6,N=1000,c=20, delay= 19.271
3.1 T T T T T T T 5 T T T T T T T

Latent infected Tcells
Latent infected Tcells

. . . . . . . . . . . . . . . . . .
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000 0 02 04 06 08 1 12 14 16 18 2

(a) Delay 7 = 0.9957,. (b) Delay 7 = 1.0057.

Figure 3 Plots of latent T-Cell populations vs time for data set 1 for time delays less than and greater
than critical time (n,s = 0.5, np = 0.6).

We have used Matlab to obtain numerical solutions of the characteristic equation
det(Al — J) = 0 for parameter values given in data sets 1, 2 and 3 of Table 10 for a selec-
tion of #,; and n,, values corresponding to Ry ~ 1 and Ry > 1.

Examples of these critical values for data sets 1, 2 and 3 of Table 10 are shown in Ta-
ble 15. The critical delay values for a bifurcation are clearly very different for the three data
sets. A noticeable difference between the data sets is also that the critical values for data
sets 1 and 2 appear to change slowly as the level of the antiretroviral therapy is increased,
whereas the critical values for data set 3 change rapidly as the level of the antiretroviral
therapy is increased. The reason for this difference is at present unknown to the authors
and requires a sensitivity analysis of the critical delay times.

An example of the dynamical behavior of the solutions of the model for data set 1 of
Table 10 for the antiretroviral therapy levels #,, = 0.5 and #, = 0.6 are shown in Figure 3
for delay times just less than and just greater than the critical delay time. The plot for
delay time just less than the critical time shows convergence to the chronic latent T-cell
equilibrium population, whereas the plot for the delay time just greater than the critical
time shows convergence to an oscillating population value. An example of the limit cycle
behavior of the infectious free virus population for data set 1 in Table 10 for a time delay
just greater than the critical delay is shown in Figure 4. The phase plane plot in Figure 4(b)
shows a clear limit cycle behavior as predicted by Andronov-Hopf bifurcation theory (see,
e.g., [18]).
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Plot of productive virus population vs. time Phase plane with delay for productive virus population
delay = 19.27125, taucrit = 19.17537, delayfact = 1.005 delay = 19.27125, taucrit = 19.17537, delayfact = 1.005
nit=05, np=0.6 nrt=0.5, np=0.6
Lamb=10,dT=0.03,r=0.1,Tmax=1500 Lamb=10,dT=0.03,r=0.1,Tmax=1500
k=0.0001,eta=0.02,dL=0.001,a=0.1,c=20 k=0.0001,eta=0.02,dL=0.001,a=0.1,c=20
dl= 1, N=1000 di= 1, N=1000

16 T T T T T T blue* is start, black o is end

population
=)
o

111.1 5 12 125 13 1 .‘35 14 14115 15 22820 2&0 2“10 250 260 270 280 290 300 310 320
time (days) x10° X(t)
(a) Dynamical behavior. (b) Phase plane.

Figure 4 Limit cycle behavior of infectious free virus population for data set 1 for time delay greater
than critical time for n,; = 0.5, n, = 0.6.

In numerical results, not shown in this paper, we have found that in the limit cycle region
the model (1)-(5) predicts that the latently infected CD4+ T-cell population L can become
negative. Since this is physiologically impossible, it is necessary to put alower bound on the
L population. The evidence (see, e.g., [2, 3]) that the virus cannot be completely eliminated
suggests that placing a positive lower bound on L would give a more realistic model.

7 Conclusion
We have obtained simple analytical formulas for the sensitivity indices of this time-delay
HIV model and used them to compute numerical values. We have found the following:

(1) For the virus-free equilibrium, the virus-free healthy T-cell population depends on
parameters that cannot be changed easily and the chronic healthy T-cell population
is only useful because it is used to compute the sensitivity indices for Ry.

A reduction in Ry is important because it corresponds to a faster convergence of the
infected populations to zero. From the numerical results, it can be seen that the
most effective methods of reducing Ry are the following: (1) to try to increase the
efficacies n,, and n, of the antiretroviral therapy and then (2) to increase virus
clearance rate ¢, decrease infection rate k, or decrease viral reproduction rate N.

(2) For the chronic equilibrium, reduction of the productively infected viral population
V5 is the most important method of reducing the HIV infection. From the
numerical results, the most effective methods of reducing V5 are the same as for the
virus-free case.

(3) The numerical results show that Andronov-Hopf bifurcations occur in the time
delay model and that the critical delay times can vary over a wide range. For three
data sets published by [15] and selected from the work of previous authors
(Table 10), we have found delay times ranging from approximately 15-20 days to
more than 200 days.

As stated in the introduction, one aim of examining the effect of introducing a time

delay for procession of latently infected CD4+ T-cells to productively infected T-cells was
to check if Andronov-Hopf bifurcations could produce limit cycle behavior in the free
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virus populations that might be associated with the intermittent viral blips with period
of approximately 50 days observed by Rong and Perelson [1, 5, 6]. Our results show that
Andronov-Hopf bifurcations associated with this time delay in procession can produce
limit cycle behavior with periods similar to the viral blip period. However, the present
authors are not able to claim that this behavior actually causes the viral blips.

In numerical results, not shown in this paper, we have found that for a range of antiretro-
viral levels and delay times the model (1)-(5) predicts that the latently infected CD4+ T-cell
population L can become negative. However, in these cases, all other populations remain
positive. The evidence (see, e.g., [2, 3]) that the virus cannot be completely eliminated
suggests that placing a positive lower bound on L is necessary to obtain a more realistic

time-delay model.
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