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operators. The multidimensional space-time fractional derivative is developed to
augment the equations. The results show that this method is effective, convenient,
and easily executable. The main advantage of the proposed approach is that it is an
accurate analytical method (the Laplace transform method) that can be implemented
for both space and time discretizations of the fractional derivatives and allows us to
present new solutions to problems by certain applications for solving space-time
fractional derivatives.
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1 Introduction

The integrals of integer order have clear physical interpretations in engineering and ge-
ometry and are features that help to solve applied problems in various scientific fields.
Fractional calculus describes and is used to model physical processes via fractional differ-
ential equations. In the past, the investigation of nonlinear equations of traveling-wave so-
lutions played an important role in the study of nonlinear physical phenomena (see [1-4]).
Fractional differential equations are used to model various physical phenomena in porous,
colloid materials, disordered, random, amorphous, geology, finance, and medicine [5, 6].
In [1, 3, 7, 8], many new mathematical models were developed to represent the limiting
distribution of a specified stochastic, and the developed models successfully employ frac-
tional derivatives in respective diffusion equations. Also, many physical situations were
observed using anomalous diffusion.

Bhrawy et al. [9] proposed the implementation of a spectral method for time and space
discretizations. They presented a new and efficient algorithm for solving a time fractional
subdiffusion equation on a semiinfinite domain. The shifted Chebyshev-Gauss-Radau in-
terpolation method is adapted for time discretization, along with the Laguerre-Gauss-
Radau collocation scheme, which is used for space discretization on a semiinfinite domain.

Bhrawy [10] adapted an operational matrix formulation of the collocation method for
one- and two-dimensional nonlinear fractional subdiffusion equations. They also used
both double and triple shifted Jacobi polynomials as basis functions to elucidate approxi-
mate solutions of one- and two-dimensional cases. The space-time fractional derivatives
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given in the underlined problems are expressed by Jacobi operational matrices. This helps
to investigate spectral collocation schemes for both temporal and spatial discretizations.
Bhrawy [11] also employed the shifted Legendre Gauss-Lobatto collocation scheme and
Chebyshev Gauss-Radau collocation approximations for temporal and spatial discretiza-
tions. He then focused on implementing the new algorithm for two physical problems,
time fractional modified anomalous subdiffusion, and fractional nonlinear superdiffusion
equations.

The main type of spectral methods, collocation [12], shows that spectral methods not
only have exponential rates of convergence, but also high levels of accuracy.

Bhrawy et al. [13] reported a new space-time spectral algorithm for obtaining an approx-
imate solution for the space-time fractional Burgers equation based on spectral shifted
Legendre collocation method in combination with the shifted Legendre operational ma-
trix of fractional derivatives in the Caputo sense and proposed this method in both spatial
and temporal discretizations for the space-time fractional Burgers equation to reduce such
problems to that of solving a system of nonlinear algebraic equations.

Furthermore, Mainardi et al. [14] discussed the fundamental solutions of space-time
diffusion equation of fractional order using the Fourier and Laplace integral transforms
and Mittag-Leffler functions, in which the fundamental solution can only be expressed
as a convolution form of a Green function and the initial value function, which is then
computed.

In the case of the fundamental solutions of space and space-time Riesz fractional partial
differential equations with regular conditions, in [15], the authors considered the funda-
mental solutions of the space-time fractional partial differential equations of the Riesz type
with regular conditions; they are obtained from the partial differential equation by replac-
ing the time derivative with fractional derivative of Caputo type and the space derivative
with Riesz potential. Also, they derived explicit expressions of the fundamental solutions
for the space Riesz fractional partial differential equation and the space-time Riesz frac-
tional partial differential equation. Ebadian et al. [16] solved the fractional diffusion-wave
equation using algorithms that are dependent on triangular function methods.

Wijker [17] discussed a random vibration of linear dynamic systems and considered
spacecraft structures as behaving linearly and having an important role in the design and
verification process for characteristic models. Similarly, Brooks et al. [18] constructed
functions (spin-wave) of the inversion symmetry, obtained a relation between the basic
functions of different members for the wave vector, introduced order parameters, and de-
termined the properties of transformation under the operations of a paramagnetic crystal.

Ahmet [19] utilized the method of tanh-coth with the Riccati equation to handle non-
linear wave equations and to travel wave solutions of nonlinear evolution equations. Mark
and Hans [20] developed limit theorems by triangular arrays for sequences of continuous-
time random walks processes and solved fractional diffusion equations by transition den-
sities of continuous-time random walks.

Wu et al. [21] proposed a Riesz Riemann-Liouville difference for modeling the diffu-
sion equation on discrete media, proposed a lattice fractional diffusion equation, reduced
Burgers equations to a system of differential equations with initial conditions, and adopted
the Adomian decomposition method to obtain numerical solutions for the fractional par-

tial difference equations.
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Wu et al. [22] also proposed a fractional logistic map and Lorenz maps of Riemann-
Liouville type and designed chaos synchronization of fractional chaotic maps according
to the stability results. They extended the control method to discrete fractional equations
and selected the control parameters according to the stability conditions.

In [23], Wu et al. proposed a Riesz-Caputo fractional difference within the discrete frac-
tional calculus, suggested a fractional difference equation method for anomalous diffusion
in discrete finite domains, and discussed the numerical simulation of a lattice fractional
diffusion process for various difference orders.

Wu and Baleanu [24] studied master-slave synchronization for the fractional differ-
ence equation with a nonlinear coupling method. The designed synchronization method
numerically can effectively synchronize the fractional logistic map. They adopted the

Caputo-like delta derivative as the difference operator.

2 Space-time fractional derivative
Let v be a probability distribution on 9, x %R? = [0,00], where R, = [0, 00]. Define the
Fourier-Laplace transform as

P= / / e*ke=ty(dt, dx),
" J R,

where V" = v - - - x v is the n-fold convolution of v, v is infinitely divisible for n = 1,2,...,

and v, is a probability distribution such that v/} = v.

Theorem 1 Let v be finitely divisible on %, x R? and define
t
1600 = [ [ Fo-st-sv(dsidsa)
0 J%y,

for f € LLIN, x R?)} and x > 0. Then M(x),-, has the following properties for all f €
LL (R, x R9):
(i) M(x+v)f =M(x)M(v) for v,x > 0.
(i) MO)f =f.
(iii) f>0= M(x)f >0 forx>0.
() IME)f lw =< IIf llw for all x = 0.
(V) limgo [M@)f - fllw = 0.

Proof Let f = Ip(y,t) =1 ((9,£) € P), P = (5,t) € Ry x R :ag <t < by, and a; < y; < b;,

i=1,2,...,d.
Then

Am md|M(x)f(y,t)’dydt:/Ooo/md

o)
:/ / f/ d51d521/y(d51,d$2),
0 Ny S1,82+P

where v is infinitely divisible, and we have v* — v as u |, 0 and v*(B) — v(B) for all Borel
subsets B C 9, x 0¥ such that v*(dB) = 0, where 9B = B\ B, B is the closure of B, that is,

t
/ fy—s1,t—sy)v*(dsy, dsy)| dy dt
o Ja,
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the intersection of all closed sets containing B, and B is the interior, that is, the union of
all open sets contained in B.
If (0,0) € 9B, then, for all (y, ) € R, x R4 with ¢ Zag,bpandy; #a;, b;foralli=1,2,...,d,

we can get
xli}})l* Mx)f (y,t) = xlilg V"((y, t)— P) =10 ((y, t) — P) =f(s2, t).

By the dominated convergence theorem,

//|M(x)f(y,t)—f(y,t)|dydt://|vx((y,t)—P)—vo((y,t)—P)|dydt
P P

_ / / / / dydev*(ds,, ds»)
0 Ny S1,82+P

implies that

// |M(x)f (5, 8) —f(y,t)|dydt:// |Mx)f (y,t)| dydt — 0.
0)¢P (y,t)¢P
Hence,

// | M) (5, 8) —f (3, 8) | dy dt — 0.

O.1)eP

By the triangle inequality,

[MGf -], < [M@S - T@e! |, + M@y -], + | -,
By property (iv),

| M) - Mgy, < |f-gr], <n.
Thus, we have

|MGy =], =™ + | M@y - gy, + 77"

For a continuous semigroup M(x), x > 0, on Y, the generator is given by

Lf = lim

x—0

M) -f
—

Then ||x~Y(M(x)f —f) = Lf] — O in || Y. O

Theorem 2 If X = L., = \* x N, then L is the generator of a continuous semigroup, and
M(u) is defined as

M(bdf:/o . fx—y,t—s)v*(dy,ds).
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Then,

Lf (k,s) := ¥ (k,s)f (K, s),

where r is given, H(L) = {f € X : wf’ = fl(k,s) 3h € X}, and ¥ is a subset of L}, = R* x ..
Then ¥ C H(L) for f € ¥, and we can get

of

Lf(x,t) = —a-Vf(x,t)+b- &(x,t) + %V -AVf(x,t)

+ Vf(x’t)y

1= Iyl )d)(dy '

+/ (G(t—s)f(x—y,t—s)—f(x,t)
N+(0,0)

where G(t) is the Heaviside step function.

Proof If f e H(L) C L}V(S)’i* x N.), then its Fourier-Laplace transform exists. The Fourier-
Laplace transform of a convolution is T (u)f (k,s) = exp(mp(k,s))f(k,s). Then

xp(uy (k, s))

L{f}(k,s) = lim f f(k,s)
= Y (k,s)f (k,s)

for f e H(L).

Let f € X. Then g := Af — h € X. By semigroup theory, (Al — L)™! is a bounded linear for
A>0.

Now, let g = (A — L)'g. Then

gks)  Aflks) - vk s)fks)

W= ks~ amwks
Now,
Il = I a— s “
L ] llw

and using a Taylor series expansion on x, we have

1
flx—yt)—f(x, ) +y-Vfxt) :y-/o (L= 7r)My_pyydr,

where P, is the Hessian matrix of f, and

[ ——

llyl?

———~ldxdt < C||f||
=1

for some C. Further, by Taylor series expansion we obtain

/e_m[f(x»f—s) ~f(x,0)| dxdt < H|f| - lsTs

for some constant H.
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Then, by Fubini’s theorem we have

( P(x =)~ flat) + LD ff"”)

- [([elra-ri-9-stmn - S0
ol
2
< Ilfllz(c /; ﬂy””ynzqs(dy,ds)

T f 1L¢(dy,ds>) <KIflls.
+ S

o(dy, ds)) dxdt

dx dt> o(dy, ds)

We show that ¥ c H(L). If

Lif @, t)=—a-Vf(xt)+b- g—ftf(x, £) + %v LAV - f(x,8),
then
ILf 1w < Bllf s
for B independent of f,
Lof (x,0) = /) _— <f(x —yt—5)—flx 1)+ %)qﬁ(dy, ds).

Then, L = L; — L, and
FETNC®R xR, Ll < ILif o + ILaf < BIf Iz + KI5
If f is denoted by
il CZNCO(R x Re),

then f, — f in the ||L} |, and the above equation shows that {f,}5°; converges to g in the
fu— f. Since {L} is closed, f € D(L) and L{f} = g. 0

3 Solution of the linear space-time fractional differential equations
Consider the space-time fractional order for a one-dimensional differential equation. The
general form of derivative with respect to ¢ is given by

m m

3"iu(x;, ;) Z 3"iu(x;, t;) Xm: 7" iu(x;, t;)
B at;" at; "

i=1

i=1

where #; is the smallest integer greater than v; > 0 and u; = n; —v; foreach i =1,2,...,m.
We can write this equation as

m m

0Vin(x;, ;) Z 0"iu(xi, t;) Xm: A~y (x;, 1)
at"’ - 8t:1i WiV

(n;=v;)
i=1 i= i=1 ati
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together with the initial condition. By the Laplace transform we can get

m m m .
aviu(xl.’ tt) 0" u(xi; tl) ai(nliw)u(xi; tl)
L ——— =1L :
{Z at;’l Z atlnl Z at;(”i*Vi)

i=1 i=1 i=1
i my ia“""‘v")u(xi,ti) i i 01y (%7, 0)
5i at—(n,'—vi) - Si 8ti—1—ni+vi
i=1 L i=1 i i=1 i
m [ m
) az 1- n+v,u(x 0)
ni ( —nj+v;
= Z Sil(s ' LL[x,,sl Z z 1-n;+v;
i=1 L i=1 i
az—l—nﬁvlu X‘,O
Z i U("wst)—zsm % :
i=1 i=1 8ti .

Now, if # = 1, then the transform is given by

= 8_1+Viu(xi’ 0)

Z[s}’iu(xi,si) - W} O<v; <l.

i-1 i
If n =2, then
m . .
. 97 2iy(x;,0) 9 Viy(x;,0)
= Z[sf’ U(x;,s;) —s; _2+V: - —1+v: , 1<y <2.
i=1 at; 8tl
If n = 3, then
“N» 5073 in(x;,0)  972iu(x;,0) 97 iu(xy, 0)
Z Si U(xi’si) —Si —3+v; —Si —2+v; - —1+v; ’
- ot, or, ot,

where 2 < v; < 3.
Now, if # = 4, then we obtain

m

Z , 5 07 iu(x;,0) 9~3+viy(x;,0)
|:S},l Ulinsi) - i —4+vl - Siz —3+vf
ot ! ot !

i=1 i i

9~ 2iy(x;,0) 8‘1+"iu(xi,0)]
—Si )

ati—2+vi ati—1+vi
where 3 <v; < 4.
Similarly, the general form of the derivative with respect to x is given by

" v .t m m i~1-n;+v;
L{Z %} = Z|:Sriu(5i;ti) - Z e 889517?’9’”}
i-1 i i-1 i=1 i
Now, we provide some basic definitions and examples where the method is applied for
solving linear space-time fractional differential equations. In fact, many different disci-
plines, such as biology, finance, semiconductor research and hydrology (see [25]), and
space fractional differential equation (see [26, 27]) all utilize irregular transport in the
context of the flow porus media, fractional space derivatives model, and huge motions
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through largely conjunctive fractures. Now, we recall a method to solve the space-time

fractional differential equations.

Definition 1 (see [28]) The Laplace transform of f(x) for x > 0 is denoted by L{f(x)} or
F(s) and defined by

L@} =Fo) = [ e

0
where s is a complex number.

Example 1 Solve

1
+

D=
W

3
02 92
— 0y t) - —y(xt) = e‘g"[cosax + (
0x2 ax2

> sin ax],
wherea=1,1<3/2<2,and0<1/2 <1.
Solution: By using the Laplace transform to the above equation we get:

3

02 02

L{__?ﬂxﬁ)—__Tﬂ%tﬁ
x2 0x2

1,3
_+ =
=L{e‘§x|:cosx + (%) sinx:| },

1
S+§

3 1
s2Y(s, t)+s2Y(s,t) = ———i,
(1) (52) (s+3)2+1
s+%

Y(s,2) = —
s2(s+1)[(s + %)2 +1]

1
s+ 3 1

) s2(s+1)[(s+ 232 +1] ' sEs+D)[(s + 32 +1]

1 s+3 1
=1 321 (se32+1|
s2(s+1)LGs+3)+1  (s+3)?+1

By using the inverse three-dimensional Laplace transform to the above equation we can

get:
3 3 . 3y .
y(x, t) = xiEL%H(x)[e’?x[cosx +sinx] + e 2% s1nx].

Example 2 (i) Letting y = %, solve y"(x,£) — ¥ (x, £) = §'(x).

Solution: By taking the Laplace transform of the above equation we can get:

§* Y(s,t) - sy(0,2) = ¥/'(0,2) - s% Y(s,t) + sD’(z’m)y(O, t) + D’(1’4/3)y(0, t)=s
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together with the initial conditions

¥(0,£) = y/(0,£) = D"3)y(0,£) + DY?y(0,£) = 0.

We can get

Y (s, t) _s3 Y(s,t) =s.

Now, by solving for Y (s), we obtain:

Y(s,t) = T
§2 —s3
Finally,
1
y(xt) = L7 > }
81/3(53 1)

(ii) Now let y = % andl<a = % < 2. Then solve y" (x,£) + ¥ (x,£) = (§'(x) — 8(x))(—x* x

31,%2(96)), 2<y <3.
Solution: By taking the Laplace transform of the above equation we can get:-

Liy"}+ L{y'} =L{(5'(x) - S(x))(xO‘SL%z ®))},

5

where y = % ando = 3.
Together with the initial conditions, we can get:

S3Y(s,8) +sY(s,8) = (s — D(%)'

Now, by solving for Y (s, t) we obtain:

Wi

Y(s5,0) = —

S,t) = ———.

s(s°3 +1)
Finally,

5

y(x, £) = 8% (—x3).

Note that, in particular, if y = 1,2, then the derivative is the classical ordinary deriva-

tive.
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4 Solution of space-time fractional linear partial differential equation
Consider the initial and boundary value problem of the space time fractional linear partial
differential equation: The general form for multivariables with derivative with respect to

one variable is given by

0
Z azl iy x}lr L, Xj2, t]2; rxjmtjn)
=1 [T axi

%) o
- Z xi (X1, 51y %20 £y -+ 2 Kjs i)
- n mj

j=1 Hi:l 8xi

o0 o (mi—y:
> Z 821:1 (mi Vl)u(le) tjl)ij:th;wajn’tjn)

—(mj—v;)
j=1 [T 9«

Together with appropriate initial and boundary conditions, by taking the multidimen-

sional Laplace transform, we can get:

00 no
I Z3212”’%(9@‘1,tﬂ,sz,tjz,.--,xjmt/n)
n n Vij
j=1 [T 0%

00 noo
-1 Z 9Lz "i(Xi1s L1 X2 E2s -+ 3 Ko i)
o 1%, 0«

j=1 i=1 i

n — PR
8Zi:1 (mi Vl)l/t(xﬂ, tﬂ,xjg, tjg, <o Xjns tjn)

—(m;—v;)
H?:l 0x; e

]
—

J

Thus,

I { O (X1, b1, K72 2> K i) }
n n vi
[T 0
_ ﬁsmiL 9xi Dy, 1,820 s s Kjns L)
= i tn —(m—v;)
l‘[” ax i—Vi
i=1 i

n

m;

mj, —

oty [ T e
1112 ..... lk 1 j=1 i=1 h=1

11,02 5ee0in i#i/
for each j=1,2,...k

Ylioq mi=li+vy)

oL o i u(0,41,0,t2,...,0, tjn, Xit, £1, 0, ..., 0, X2, £j2, 0, . .., 0, Xig, £k, 0, ..., 0)
k
[T Omi = L+ vi)
i

9= Zatmi=litvid (0, £4,0, £, . .., 0, £i)

-1 71y j29 ¢+ s bjn

+( 1)’11—[2 3 —(mi=lj+v;) !
i=1 ;=1 Hz 1

Example 3 Consider the initial and boundary value problem of the space time fractional

order linear three-dimensional differential equation

7
a3 u(xl; tl)x21 t2tx3: t3)
- + u(x, b, %0, 6,03, 83) = 1

4
39,35,3
0x; 0x5 0x3
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together with initial and boundary conditions

-3 -5
8_3_1’{(x11 b, 0; t2;01 t3) a?u(oy h, %2, tZ’OI t3) 8_214(0, tl;O: by, %3, t3)

F .3 33 o Vel
0x,” 0xg 0x;° 0xg 0x,° 0%y

-1 -4
a?u(xl;tl,xbtbortS) 8?14(0, t11x2>t27x3’t3)

3 3
0%,

0x5

k) Soxd gl
RE Ox; 0xy 0x3

-2 =7
aTu(xli t110)t2)x31 t3) a?u(()’ tl)O; t2;07 t3)

Then, by taking three-dimensional Laplace transforms we obtain

4 2 1
3.3.3
8785 85 U(s1,t1, 80, 1,83, 83) + U(s1, b1, 52, b2, 53, £3) =

515283

Then it follows that

u(slx tl:SZrtZ:SB: t3) = 2 1
(s18283)(s7 8383 +1)

Hence,

7
{ 03 M(xly tl;x27 tZ;x?n t3) }
L3

LR
0x; 0xy 0%y

=2 -1

8_73 u(xl, t1, 0, ta, 0’ t3) }
0x, dxg

4 2 1 4
3.303 3
=81 8583 U(Sl, 4,82, 12,53, t3) -8 Ll{

-5
2 (83 u(0,4,%0, 8,0, ¢ 1 (972u(0,8,0,t,x3, t
23L1{ ( 1) A2, L2 3)}—S§L1{ ( 1 2,43 3)}

- 4 -1 T
0x,° dxy’ 9x,> dxy
‘—31 % 851u(x1,t1,x2,t2,0,t3) % % 8%2u(x1,t1,0,t2,x3,t3)
—8; 85 Ly = —5; 831y =)
dxy’ ox,
—4 =7
% % aTu(OrtlyxZ,terB,t?;) 37u(0,t1,0,t2,0,t3)
_ L _
S2 8342 = T 2 1 :
ax,® ox; dx; 9x3

Now, by taking the inverse three-dimensional Laplace transforms of the above equation
we can get:

2 1

4 2 1
u(xl, tl,xz,tz,xg,tg) = (1 —E% (—xfl))(l —E% (—xg))(l —E% (—x%))

Example 4 As a more general example, consider

n

dLi=1 Vi u(Xj1, 515 %25 525+ + 5 Xjns Ljn)
E Y —H)LiRiM(le,tﬂ,x/z,tjz,--.,xjn,tjn)
j=1 Hi=1 Kji i=1

0 no
_ Z 9xi "i(X15 L1 X2 L -+ -3 Ko L)
- n m; N
j=1 Hi:l at]l
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Then, by taking multidimensional Laplace transform to the above equation we get

n

T 0% - l_[Ri()\i + 8)U(Xj1, Sj15 X125 /21 - + -3 Xjs Sjin)
i=1 9%j;

Z 9% (15t Xj2s Lo -+ Xjins L)
j i=1

= R,-u(le, O,xﬂ, O, e ,xj,,, 0)

By transformation the above equation can be written as

n

o0

3 1 iy x]ljt}lvxﬂrtﬂy <3 Xjns tjn)
E [ 95" - l_[ Titd(Xj1, Sj1, %25 Sj25 + + - s Xjins Sjn) = 0,
j=1 i=1 i i=1

where #; is the variable of Laplace for the time-component. Let
U1, t15 %25 G2s - 5 Ko L) = U1, Xy - 25 K.

Then the equation becomes

n

gxiavi u(X1, 51, %25 525+ + 5 Xjns Ejn)
[T Xji

j=1 i=1

By applying the Laplace operator we can get:

Ln{u(pjl;pﬂr-u:pjn)}
7 i h-1
(1 n kZlNZ vlk 11_[1 194 ’ l_[” ll;ll ZZ”:I Sil

1502 yeerin
for each j=1,2,....k

Py *(W'F"i)u(

Xj15Lj1%)2 o2 5eeer x/'nvl/‘n)
l_[lll L{ af(m,vl) }_1
1
Yloq mi=litvy)
I o i u(0,£1,0,t2,...,0, tjn, Xi1, tj1, 0, ..., 0, X2, £j2, 0, ..., 0, Xig, £k, 0, ..., 0)
k
H: 1(””1 li+v)
i L]
S 2107 T D) 40,0 0,8,..,0,65)
Hz IZI =15 o] (ml—l ;)
1
+ PRy ’
T, s L, { o i 0 Vt)’4(7‘/‘1r[jlrijijZr---ern:tjn)} -1
i=15i e ax’(mi*‘/i)
i=1 "%
and
n ) no.
_ lL onta—j gLic1 i E oi—B;
=t l_[ ¥ E T, o ai-prampie 1 (")
’ i=1 j=1 1 1li=1 7%ji
where
00 3251:1 Vi n

Z T, Eo pitoin) = 1_[ i Fn+j+1) &

=1 0% i\ [(na; + B; + aji) ]'
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i g i [ iV
= Z l_[’;ll'fl l_[ xt;lmw, ' Z 1‘[” - Z Earﬂiﬂinﬂ#l*f(Mixaiiﬂi)

n=0 ’ i=1 j=1 11li=1 Bxﬁ

Thus

2
y@) =Y hiyi).

i=1

5 Conclusion

This work involved an implementation of the multidimensional Laplace transform to solve
the multidimensional space-time fractional differential equation. Space-time derivatives
of fractional order can be defined as the originators of semigroups to calculate the Fourier-
Laplace signs. Hence, by the fractional calculus we established the space-time fractional
diffusion equation, which is also applicable in this field. It was shown that the present

method is a powerful and effective scheme for solving other fractional problems.
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