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1 Introduction
In this paper, we investigate the existence of solutions for the following higher-order cou-
pled fractional differential equation with infinite-point boundary value conditions:

D u(t) = f(t,v(E),V(),...,v" D), 0<t<],
DEv(t) = g(t, ult), ' (t),...,u"V(t), 0<t<1,
W(0)=---=ul"D0)=0,  u(l) =Y au&),
V(0)=---=v"D0)=0,  v(1)=Y7 biv(n),

(1.1)

wheren —1<o,B<nmn>2,0<&E <E< <& << <L,0<n<my< <y <
Ni1 <---<1,0<a;b; <1; Dg, and Dg+ denote the Caputo fractional derivatives, f, g are
given continuous functions, and

which implies that BVP (1.1) is at resonance.

During the past decades, fractional differential equations have attracted considerable in-
terest because of their wide applications in various sciences, such as physics, mechanics,
chemistry, engineering, electromagnetic, control, etc. (see [1-4]). In recent years, bound-
ary value problems of fractional differential equations or systems of fractional differential
equations at resonance have been discussed in some papers, such as [5-10]. Most of the
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results on the existence of solutions for fractional boundary value problems at resonance
are concerned with finite points. For example, Wang et al. [5] discussed the following cou-
pled system of fractional 2m-point boundary value problem at resonance:

D&, u(t) = f(t,v(®), DY v(t), Dy v(®)), 0 <t<l,

0+v(t) g(t,u(t),D ﬂu(t) +2u(t)) 0<t<l,

I37u(t)l=0 = 0, Dy u(l) = Y7, aiDgu(8),

L v(®)li0 =0, Df v(l) > eDE vy,
=2 % biu(ny), v(l) = 37 div(8)

where2 <a,8<3,0<& < <§,<L,0<m< - <np<L,0<y < <Yn<l,0<8 <
<8<l a,bic,d; €R, f,g:[0,1] x R® — R, f, g satisfy the Carathéodory conditions,
D§., I§, are standard Riemann-Liouville fractional operators.
In [6], Liu et al. discussed the following boundary value problem for a coupled system
of fractional differential equations at resonance:

D2, u(t) = f(t,v(t ), DZ.v(t)), 0<t<l,
D v(e) = g(t, u(t),D0+u(t))» 0<t<l,
w0)=0,  Dhu(l)=Y 7> a:Df u(&),
w0)=0,  Dgv() = X7 biDh,v(n),

where1<a B8<20<pg<l,a-p-1,8-q-1>0,a;,b; >0,0<&,n;<1(i=12,...,m—

2), P aEl = =372 by ﬂ oy Dgﬁ,D are standard Riemann-Liouville fractlonal
derivatives.

Very recently, the infinite-point boundary value problems of fractional differential equa-
tions have been discussed by researchers, whose excellent results extend many previous
results; see [11-14].

In 2015, Zhang [11] considered the existence of positive solutions of the following non-
linear fractional differential equation with infinite-point boundary value conditions:

Deu(t) + q()f (b, u() =0, 0<t<1,
w(0)=/(0)=---=u"20)=0
(1) = > n oyu(&)),

where @ >2, n-1<a <nma>0,0<& <& <--<§<---<l(j=12,..), A-
Zjo:ol a}-“g‘j""l >0, A=(a—-1)(@—-2)-(a—i),ie[l,n—2]is a fixed integer, D, is the
standard Riemann-Liouville fractional derivative.

In [14], Ge et al. considered the existence of solutions of the following nonlinear frac-
tional differential equation with infinitely many points boundary value problems at reso-
nance:

D21 (8) = fi(t,%1(8), DYy 5(2),

D} x2(t) = fo(t, %2(8), D3 (8)),
%1(0)=0, Lm0 Dx1(8) = Y15 vini(my),
%(0)=0,  limy oo D xa(t) = Y1 00280
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wherel <o, <2,0<m<m< <<, 0<E <& < <&<-, limiqon = 00,
lim;, oo & = 00, and Y ) [yiln¥ <00, > o |al|§ﬂ < 00. Here, fi,f>: [0,+00) x R x R — R
satisfy the Carathéodory conditions, Df., D0+ are the standard Riemann-Liouville frac-
tional derivatives.

From the above work, we note that it is meaningful and interesting to study the exis-
tence of solutions for fractional boundary value problems with infinite-point boundary
conditions. Although fractional boundary value problems at resonance have been studied
by some authors, to the best of our knowledge, fractional differential equations subject to
infinite points at resonance have not been studied till now. Motivated by the work above,
we considered the existence of solutions for BVP (1.1).

The rest of this paper is organized as follows. In Section 2, we give some necessary nota-
tions, definitions, and lemmas. In Section 3, we study the existence of solutions of (1.1) by
the coincidence degree theory due to Mawhin [14]. Finally, an example is given to illustrate

our results in Section 4.

2 Preliminaries
We present the necessary definitions and lemmas from fractional calculus theory that will

be used to prove our main theorems.

Definition 2.1 ([1]) The Riemann-Liouville fractional integral of order « > 0 of a function
f:(0,00) > Ris given by

1 t
S0 = o | -9 F00ds,
of [(a) Jo s
provided that the right-hand side is pointwise defined on (0, 00).

Definition 2.2 ([1]) The Caputo fractional derivative of order & > 0 of a continuous func-

tion f : (0,00) — R is given by

“(s)
+f(t) ( —Ol)/ t— SO‘ n+1ds

where n — 1 < o < n, provided that the right-hand side is pointwise defined on (0, c0).
Lemma 2.1 ([1]) Letn—1<a <n,uc C(0,1) NLY0,1), then
I8DYu(t) = u(t) + co + it + - + ¢t
wherec; € R,i=0,1,...,n-1.
Lemma 2.2 ([1]) If B >0, « + B > 0, then the equation
D f(x) = I (%)

is satisfied for a continuous function f .
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First of all, we briefly recall some definitions on the coincidence degree theory. For more
details, see [14].

Let Y, Z be real Banach spaces, L : domL C Y — Z be a Fredholm map of index zero
andP:Y — Y, Q: Z — Z be continuous projectors such that

KerL=ImP, ImL=KerQ,  Y=KerL®KerP, Z=ImL®ImQ.
It follows that
Lldomznkerp : domL NKerP — ImL

is invertible. We denote the inverse of this map by Kp.
If Q is an open bounded subset of Y, the map N will be called L-compact on Q if QN ()
is bounded and Kp N = Kp(I — Q)N : Q — Y is compact.

Theorem 2.1 Let L be a Fredholm operator of index zero and N be L-compact on Q. Sup-
pose that the following conditions are satisfied:
(1) Lx # ANx for each (x,)) € [(domL \ KerL) N 9L2] x (0,1);
(2) Nx ¢ ImL for each x € Ker L N 9L2;
(3) deg(JON|kerz, 2N KerL,0) #0, where Q: Z — Z is a continuous projection as above
with ImL = Ker Q and ] : Im Q — Ker L is any isomorphism.
Then the equation Lx = Nx has at least one solution in dom L N Q.

3 Main results
In this paper, we will always suppose the following condition holds:
(HY) 3% @i #1, 320 binf #1.
Denote by E the Banach space E = C[0,1] with the norm ||| oo = maxo<,<; |u(t)]. We
denote a Banach space X = {u(t)|u(t) € E,i = 1,2,...,n — 1} with the norm |u|y

max{|| ]| oo, |4 |l ags -+ -» 14" V]| ). Let Y = X x X be endowed with the norm ||(x,v)|y

max{||u||x,|lvlx}, and Z = E x E is a Banach space with the norm defined by ||(x, )z

max{[|xl e, 1¥llco}-
Define the linear operator L; : domL; — E by setting

domlL; = {u € X‘u’(O) = =" V(0)=0,u(1) = Zaiu(éi)
i=1

and
Liu=Dg.u, uedomlL;.

Define the linear operator L, from dom L, — E by setting

domL, = {v eX[V(0)=---=v"10)=0,v(1) = Z biv(n;)
i-1

and

Loyv= D§+v, vedomlL,.
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Define the operator L : dom L — Z with
domZL = {(u,v) € Y|u € domLy,v € dom Ly}
and
L(u,v) = (Liu, Lyv).
Let N :Y — Z be the Nemytski operator
N(u,v) = (N1v, Naus),
where N : X — E is defined by
Niv(t) = f (6, v(@®), V&),V (), ...,V (1)),
and N, : X — E is defined by
Nou(t) = g(t,u(t), u (8),u" (t),...,u" ().
Then BVP (1.1) can be written as L(u, v) = N(u, v).

Lemma 3.1 L is defined as above, then

KerL = {(u, v) € X|(u,v) = (co,do), co,do € ]R}, (3.1)
ImL = i (x,) € Y‘Igﬁx(l) =Y il x(E) = 0,05 y(1) = Y bilby(n;) =01 (3.2)
i=1 i=1

Proof By Lemma 2.1, the equation D), u(t) = 0 has the solution
u(t) =co+crt + -+ cpqt"™

Combining with #?(0) =0,i=1,2,...,n—1,0onehasc; = 0,i=1,2,...,n—1. Then u(t) = co.
Similarly, for v € Ker L,, we have v(£) = dy. Thus, we obtain (3.1).

Next we prove (3.2) holds. Let (x,y) € Im L, so there exists (¢, v) € dom L such that x(¢) =
D§. u(t), y(t) = Dg+ v(¢). By Lemma 2.1, we have

n-1 n-1
u(t) = I§xe)+ Y at',  vO) =IO+ Y dit, c,dieR,i=01,...,n-1
i=0 i=0

In view of #?(0) = v@(0) = 0,i=1,2,...,n—1,wegetc;=d; =0,i=1,2,...,n — 1. Hence,

we have

u(t) = I&.x(6) + co,  W(e) = IL.y(t) + do.
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According to u(1) = Y - a;u(§;) and v(1) = Yo biv(n;), we have

I§x) +co= Y am(E) =Y ai(l§.x(E) +co) = Y aily.x(&) + co,

i=1 i=1 i=1

Iya %—va&)—Zb 1.ymi) + co) = Zb10+y(m)+do,

i=1 i=1 i=1

that is,

I§ox() =Y alfx&),  Iny1) =Y bdly(n).

i=1 i=1

On the other hand, suppose (x, y) satisfies the above equations. Let u(t) = I, x(t) and v(¢) =
0+y(t), we can prove (u(t), v(t)) € dom L and L(u(z), v(¢)) = (x,y). Then (3.2) holds. O

Lemma 3.2 The mapping L :domL C Y — Z is a Fredholm operator of index zero.
Proof The linear continuous projector operator P(u,v) = (Piu, P,v) can be defined as
Pru = u(0), Pyv =v(0).

Obviously, P} = P; and P = P;,.
It is clear that

KerP = {(u, v)|u(0) = 0,v(0) = 0}.
It follows from (u,v) = (u,v) — P(u, v) + P(u,v) that Y = Ker P + Ker L. For (u,u) € KerL N
KerP, then u = ¢y, v = dy, co,do € R. Furthermore, by the definition of Ker P, we have
¢o = do = 0. Thus, we get

Y =KerL & KerP.

The linear operator Q(x,y) = (Q1x, Q2y) can be defined as

ra ad
Q) - 1_(270?‘;)5 [Igﬂx(l) 3 a,»zsax@,-)}

1+p) |4 }
Quy(t)=——— | IPyq) - thy(m
1- Z[ =

Obviously, Q(x,y) = (Qux(£), Qy(t)) = R>.
For x(t) € E, we have

ra >
Qi (Qix(8)) = Qux(e) - - éf}lo:liéf |: 1§:1) |1 — ;ﬂ; 15:1) ], é,:| = Qux(?).
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Similarly, Q3 = Q,, that is to say, the operator Q is idempotent. It follows from (x,y) =
(x,9) — Q(x,7) + Q(x,y) that Z = ImL + Im Q. Moreover, by KerQ = Im L and Q3 = Q,, we
getImL NImQ = {(0,0)}. Hence,

Z=ImL&®ImQ.

Now, IndL = dimKerZ — codimImL = 0, and so L is a Fredholm mapping of index zero.

g
For every (u,v) € Y,
| P, v)|[, = max{IPullx; 1Povilx} = max{[u(0)]; [v(0)]}. (3.3)
Furthermore, the operator Kp : Im L — dom L N Ker P can be defined by
Kp(x,9) = (I8, 15.9). (3.4)

For (x,y) € ImL, we have
LKp(x,9) = L(I§:, 15, y) = (D 1.2, D} I, ) = (x,).
On the other hand, for (¢, v) € dom L N Ker P, according to Lemma 2.1, we have

I§ Liu(t) = I Dy u(t) = u(t) + co + it + -+ - + Cpt"

15+L2V(t) = 1§+D§+v(t) =v(t)+dy +dit+ - +d,t" .

By the definitions of dom L and Ker P, one has #?(0) = v)(0), i = 0,1,...,# — 1, which im-
plies that ¢; =d;, i =0,1,...,n - 1. Thus, we obtain

K,L(x,y) = (I3 D%x, I5. Dj. y) = (x,9). (3.5)

Combining (3.4) and (3.5), we get Kp = (Ldom nKerP) -

For simplicity of notation, we set a = b= T ﬁ—ln+2) .

1
IN(a-n+2)’
For (x,y) € ImL, we have

Koo, = 15 1), = max{ el 1251 )

1 1
= max{ m”x”oo; m”)’”m}

= max{aloo; bllyll o} (3.6)

Again for (u,v) € @1, (u,v) € dom(L) \ Ker(L), then (I — P)(u,v) € domL N KerP and
LP(u,v) = (0,0), thus from (3.6), we have

| =P)(w,v)||, = |KeL( = P)(w,V) ||, = | Kp(Lrut, Lov) |,
< max{a| Nivlloo; bl N2ul| o }. (3.7)

With a similar proof to [15], we have the following lemma.
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Lemma 3.3 Kp(I - Q)N : Y — Y is completely continuous.

Theorem 3.1 Assume (H1) and the following conditions hold:
(H2) There exist nonnegative functions ¢;(t), ¥;(t) € E, i =0,1,...,n, such that, for all
t€[0,1], (u1,us,...,u,), V1, v2,...,v,) € R”, one has

f (61, 12, )| < @0 (0) + Q1) uia | + @2(8) 2] + -+ - + @u(E) |14,

gt v va e V)| < Yo @) + YO 1] + Y2 () va] + -+ + Yu(E) |Vl

(H3) There exists A > 0 such that, for (u,u,...,u" V), (v,v,...,v" V) if lu| > A or
[v| > A, Vt € [0,1], one has

oo
u- |:18‘+f(t, wv,..., v(”‘l)) o1 — Z al§ f(tv,v,..., V(”‘l)) |t=é,z| >0,
i=1
oo
V- |:Ig+g(t, wu,..., u(”’l)) lp=1 — Z b,»]ég(t, wu,..., u("’l)) |t,h.i| >0,
i-1
or
oo
u- |:18‘+f(t, w,..., v(”’l)) o1 — Z al§ f(tv,v,..., v(’"l)) |t=€1] <0,
i=1
oo
V- |:Ig+g(t, u,u,..., u(”_l)) lp=1 — Z bi1§+g(t, u,u,..., u("_l)) |tm:| <0.

i=1

Then BVP (1.1) has at least a solution in Y provided that

max{zaz I9illcra Y llilloo +bZ||wi||m,2bZ||winoo} <l (3.8)
i=1 i=1 i=1 i=1
Proof Let
Q= {(u, v) edomL \ KerL: L(u,v) = AN(u,v), 1 € (0,1)}.

For L(u,v) = AN(u,v) € ImL = Ker Q, by the definition of Ker Q, hence

o0
I.ftvv,..., V("_l)) lee1 — Z ail§f(tv,v,. .., V) |g = 0,
i-1

o0
Ig+g(t, u,u,..., u(”_l)) =1 — Z bilg+g(t, u,u,..., u("_l)) l¢=n, = 0.
i=1

From (H3), there exist fy,#; € (0,1) such that |u(f)| < A and |v(f;)| < A. According to
Liu = AN, u € domL; \ Ker L, that is, Dj, u = AN1v, we have

u(t) = % /0 t (- 5) " (s,v(5), V(5),..., V" D(s)) ds + co.
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Substituting ¢ = t, into the above equation, we get

u(to) = ﬁ fo ’ (to = )" f (5, v(8),V/ (), ..., V" (s)) ds + co.
Furthermore, we get
)~ utt) = s | = S (AN O () d
-/  to = () VS I s
Together with [u(to)| < A, we have

|4(0)] < |ulto)] +

L o _ el / (n-1)
F(a)/o (to =) f(s,v(s),v(s),...,v (s))ds

L N el / (n-1)
§A+F(a)/o (to =) |f (s, v(9),V'(9),...., V" V(s)) | ds

1 fo a-1 - . (i-1)
<A+ m/{) (to —5) <¢0(t)+;‘ﬂt(t)|v | ds
<a+—— (e, + Xn:”‘ﬂi(f)” [Vl ) - / Cto-ota
= F((X) [ee) = o0 © 0
YR AT g AT L
=TT+ )T e T (e 1) T e >

1 1
<A+ m”‘ﬂo(f)”oo +[vilx - m;”%(t)“w

<A+aleo®|, + Ivlx - “Z”W(t)uoo'

i=1

By similar arguments, we obtain

V)| <A+b[vo®] + lulx - bY_|v:@®)] .-
i=1

For (u,v) € €1, by (3.7), we have

|@w), = [Pv)+ T - P,
< [Paw], + | -P)wv)],
< max{|u(0)| + allN1v|lo, |4(0)| + BNyt o

|v(0)] + allN1Vlloo, [V(0)| + bl Naull oo |

The following proof is divided into four cases.

(3.9)

(3.10)

Page 9 of 13
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Case 1. ||(&, V) |ly < |u(0)| + a||N1v|| 0o By (3.9) and (H;), we have
[, < [u(0)] + @l NyVlloo

n
<A+algolos + IVlx - @)y _llgilloe +alf (& v,....vN V)|
i=1

n n
<A+algollo + [Vlx-a) _ llgilloo + a<||¢o||oo +lvix- ||¢i||oo)

i=1 i=1

=A+2a<||wo||oo+ ||v||x-Z||<oi||oo>. (3.11)

i=1

According to (3.11) and the definition of ||(«, v)||y, we can derive

i=1

n
Vix <[], <A+ 24<II¢olloo Flvix-) ||<pilloo)-

By (3.8), we have

ol < At 20l
S 1-2a% 7 il

From (3.11), we see that 2; is bounded.

Case 2. ||(&,v)|ly < |v(0)| + b||Naut|| - Similar to the above argument, we can also prove
that Q; is bounded. Here, we omit it.

Case 3. |[(&, v)|ly < |u(0)] + b||N>u||50. From (3.10) and (H2), we obtain

| @ )], < [u(0)] + bINull

n
<A+allgollse + Vlx-a)_lgilloo + blg(t ..., u" )|
i=1

n n
<A+algolloe + VIx -2 loillo +b<||1/fo||oo Flullx Y ||1/fi||oo>

i=1 i=1

<A+allgollo + bllolloo + [uZ lgilloo +5 ||1m||oo] @),

i=1 i=1

By (3.8), we get

n n -1
@), < {1_512 lgillo =B ||wl-||oo} (A +allgolloo +bllYolleo) := M,
i=1 i=1

that is, £2; is bounded.
Case 4. ||(#4, V) |loo < |[V(0)] + a||N1V||s0- We can prove that €2; is bounded too. The proof
is similar to the case 2. Here, we omit it.

According the above arguments, we have proved that €2; is bounded.
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Let
Qs = {(u,v) e KerL: N(u,v) € ImL}.

Let (u#,v) € Ker L, so we have u = ¢y, v = dy. In view of N (i, v) = (N1v, Nou) € ImL = Ker Q,
we have Q;(Nyv) = 0, Qa(N>u) = 0, that s,

o0
I8.f (t,do,0,...,0) 121 = Y _ ail§of (£, do,0,...,0) =g, = O,
i=1

o0
Ig+g(t’ Co» 0) .. '10)|t=1 - szlg+g(t; €0, 01 ey 0)|t=m = O'

i=1

By (H2), there exist constants £y, #; € [0,1] such that
|u(to)| = lcol < A, [v(t1)] = |do| < A.

Therefore, 25 is bounded.
Let

Q3 = {(u,v) € KerL: A(u,v) + (1 - )QN(%,v) = (0,0), 1 € [0,1]}.
For (u,v) € Ker L, we have u = ¢y and v = dj. By the definition of the set Q23, we have
)\,C() + (1 — )\,)QlNl(dQ) = 0, )\,do + (1 — )\)Q2N2(CQ) =0. (312)

If & = 0, similar to the proof of the boundedness of 2;, we have |co| < A and |dy| < A. If
A =1, we have ¢y =dp = 0. If > € (0,1), we also have |¢y| < A and |dy| < A. Otherwise, if
lco|l > A or |dy| > A, in view of the first part of (H3), we obtain

A+ (1= A)co - QiNi(dp) > 0, A3+ (1= 2)do - QuNa(co) > 0,

which contradict (3.12). Thus, 3 is bounded.
If the second part of (H3) holds, then we can prove the set

Q= {(u,v) e KerL: =A(u,v) + (1 - A)QN(»,v) = (0,0), 1 € [0,1]}

is bounded.
Finally, let © be a bounded open set of Y, such that U?:l Q; C Q. By Lemma 3.3, N is
L-compact on 2. Then by the above arguments, we get:
(1) Lu # ANu, for every (u,v) € [(domL \ KerL) N 32] x (0,1).
(2) N(u,v) ¢ ImL for every (u,v) € KerLN 9.
(3) Let H((#,v),A) = £AI(u,v) + (1 — L)JQN(u, v), where I is the identical operator. Via
the homotopy property of degree, we obtain

deg(JQN |ker, @ NKer L, 0) = deg(H(-,0), 2 N KerL,0)
=deg(H(-,1), 2 NKerL,0)
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=deg(l,2NKerL,0)
=1+#0.

Applying Theorem 2.1, we conclude that L(x,v) = N(u,v) has at least one solution in
domLN Q. O

4 Example
Let us consider the following coupled system of fractional differential equations at reso-
nance:

Ditut) =f(tv,v,V'), 0<t<l,

D27v(t) git,u,u',u’), 0<t<l,
#'(0)=u"(0)=0=v(0)=v"(1),

W)= Y5 Lu(h), 1) = ¥ 2k,

where

toL i gn2
ft,x1,%0,%3) = — + —e + sin” xp + cosxz + 1,

2 15
arctany; sin(y; +y3) 1
t» ) ) =t —.
gy ynys) =t+ — == —— =+

Corresponding to BVP (1.1), we have o = 2.4, 8 =2.7, n
(M'(1.4)1'~113,b=T(B-n+2)"'=T17)'~110,4; =
i=1,2,.... We can get

3,a= (F(oz—n+2))‘1 =

=1l

1
) i Bt’gl_ ’nl_2i+1!

[e¢]

1 1
Zaléa Zle ~0.106 #1, Zbln, Z 3 Qi1 ~0.037 #1,

which implies (H1) holds. We choose ¢ (t) = % +4,Yo(t) =t+2,¢;=%; =0,i=1,2,3. Then
we can verify (H2) and (3.8) hold. Take A = 12, then the condition (H3) holds. Hence, from
Theorem 3.1, BVP (4.1) has at least one solution.
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