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Abstract
The singular boundary value problem we discuss is as follows:

DL ul) = Aqf (tulr), 0<t<T,
ou(0) + arU'(0) = a, Bru(1)+ Bou'(1) =0,

where 1 <a < 2,A >0is a parameter, CDg‘+ is the Caputo fractional derivative. We
present the existence of positive solutions for a fractional boundary value problem
modeled from the Thomas-Fermi equation subjected to Sturm-Liouville boundary
conditions.
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1 Introduction

The Thomas-Fermi model (see [1-3]), named after Llewellyn Thomas and Enrico Fermi,
is a quantum mechanical theory of electronic structure within many-body systems. In
1927, Thomas and Fermi independently conceived this statistical model applying it to ap-
proximate the distribution of electrons in an atom. The Thomas-Fermi model leads to the

nonlinear second order differential equation

e

l//
t2y =y2,

The boundary conditions under discussion include three circumstances as follows:
(i) for the neutral atom with Bohr radius p, the boundary conditions are

¥(0) =1, 0y (p) = y(p);

(ii) for the ionized atom, the boundary conditions are
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(iii) for the isolated neutral atom, the boundary conditions are
y(0) =1, lim y(x) = 0.
X—>00

As we know fractional calculus has played a more and more significant role in engineer-
ing, science technology, economy and other fields (see [4—13]) just owing to the reason
that fractional derivatives could not only have the equation much briefer but also lead to
a better description that seems closer to reality. Standing on this point, our theory applies
to the generalized equation

CD‘(’)Z u(t) = )Lq(t)f(t, u(t)), 0<t<1,

o11(0) + a1/ (0) = a, Biu(l) + Boud (1) = b,

where we suppose
() 1<a<2,a,B:;>0,i=1,2,1>0, ﬁlfilﬂ2 < % <1,f:[0,1] x [0,+00) = (0,+00) is a
given continuous function, g : (0,1] — (0, +00) is continuous and
0< fol q(t) dt < +oo.

In order to get a better understanding of our work, let us retrospect some recent attrac-

tive results on the existence of positive solutions for boundary value problems.
Agarwal and O’Regan [14] discussed the two-point boundary value problem

Y =qf(t,y), O<t<a,
(1.2)

¥(0) = ao, ky(a) =y(a), k=>a,

where a > 0 is fixed. They presented an upper and lower solution theory for boundary
value problems modeled from the Thomas-Fermi equation subjected to boundary condi-
tions related to the neutral atom with Bohr radius.

Zhang [15] considered the existence and multiplicity of positive solutions for the non-
linear fractional differential equation boundary value problem

Dy, u(t) =f(t, u(t)), 0<t<l, 13
1.3
u(0) +#/(0) = 0, ul)+u'(1) =0,

where 1 < o < 2 is a real number, D, is the Caputo fractional derivative, f : [0,1] x
(0, +00) — (0, +00) is a given continuous function. Their results are based on a fixed point
theorem on cones.

Sun and Wen [16] investigated the nonlinear third order ordinary equation

u”(t) = )La(t)f(u(t)), 0<t<l,
with the boundary conditions
au'(0) + Bu"(0) = 0, u(l)=u'(1) = 0.

Via using the properties of Green’s function and Guo-Krasnosel’skii’s fixed point theo-
rem, Zhao et al. [17] studied the existence of positive solutions for the following boundary
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value problem:

D§.u(t) = Af (u(t)), 0<t<l,

(1.4)
u(0) + 4/(0) =0, u(l)+u/'(1)=0
Su and Zhang [18] proved an existence result for the problem
CD‘(’)Z u(t) =f(t, u(t), CD§+ u(t)), 0<t<1,
(1.5)

au(0) — aru’ (0) = A, biu(l) + byu'(1) = B,

where 1<a <2,0<8<1,a;,b;>0,i=1,2, aib, + aib, + ab; >0, CD‘5+ is the Caputo
fractional derivative and f : [0,1] x (0, +00) — (0, +00) is a given continuous function.

Zhai and Xu [19] established the existence and uniqueness of positive solutions to a class
of four-point boundary value problem of Caputo fractional differential equations for any
given parameter:

CDS‘+ u(t) + Af(t, u(t)) =0, O<t<l,

w(0)— mu(§) =0,  u'Q1)+paun) =0,

(1.6)

wherel<a <2,0<&<1n<1,0<pu, up <1, x>0 is a parameter, f(£,x) : [0,1] x R* —
R* is continuous and increasing in x for each ¢ € [0,1].

Moreover, there are also many interesting research works on the existence of solutions
of boundary value problems, readers can refer to [20-25].

After reading the previous results, it hits on the head that we might turn to problem
(1.1). Now let us have a look at the novel contributions of this work. First, we generalize
the Thomas-Fermi equation, the second order ordinary differential equation, into a frac-
tional order. Second, f is a function varying along with two variables ¢ and u instead of
being constrained by only one variable . Third, the problem is a singular one, as g(¢) may
be singular at ¢ = 0. Last but not the least, the existence and multiplicity of the positive
solutions depend on a parameter A.

This paper is organized as follows. In Section 2, we retrospect some preliminaries and
lemmas. In Section 3, our results about the existence of positive solutions of problem (1.1)
are obtained. The multiplicity of existence of positive solutions for problem (1.1) is debated
in Section 4.

2 Preliminaries
For the convenience of the readers, we give some background material from fractional
calculus theory to facilitate analysis of boundary value problem (1.1).

Definition 2.1 ([4]) The Riemann-Liouville fractional integral of order « > 0 of a function
y:(0,+00) — R is given by

I§oy(t) = /(t s)%” 1y(s)ds,

T (e)

provided the right-hand side is pointwise defined on (0, +00).
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Definition 2.2 ([4]) The Caputo fractional derivative of order « > 0 of a continuous func-

tion y: (0, +00) — R is given by

Cno (5)
DS, y(
Oy I’l C( / (t Sa n+1

where 7 is the smallest integer greater than or equal to «, provided the right-hand side is

pointwise defined on (0, +00).

Lemma 2.1 ([5]) The Caputo derivative of a power function is

CDg+t“:u(u—1)~--(u—n+l)£((i:7ZZ; fort € (0,00),

given, in particular, D%, t" = 0, u = 0,1,...,1n — 1, where D%, is the Caputo fractional

derivative, n is the smallest integer greater than or equal to o.

There are some reduced properties between the Riemann-Liouville type fractional

derivative and the Caputo one.
Lemma 2.2 ([6]) If « = n is an integer, the Caputo fractional derivative of order « is
the usual derivative of order n. Additionally, the following properties are well known:

15 f(O) =I5 (), CD IS f(8) = £(8), & > 0, f € C[0,1].

From the definition of Caputo derivative and Lemma 2.1, we can obtain the following

statement.

Lemma 2.3 ([4]) Let « > 0. Then the fractional differential equation
D% u(t) =
has a unique solution
ult)=co+cit+ct® +--+cpat"™, ¢ €eR,i=0,1,2,...,n-1,
where n is the smallest integer greater than or equal to o.
Lemma 2.4 ([4]) Let o > 0. Assume that u € C"[0,1]. Then
ISCDE ult) = ult) + co + a1t + cot* + -+ + Cuy "

for some ¢; € R, i=0,1,2,...,n -1, where n is the smallest integer greater than or equal

to «.

With the help of Lemmas 2.1, 2.3 and 2.4, we present the Green’s function for boundary

value problem of fractional differential equation.
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Lemma 2.5 Let h € C(0,1)NL(0,1) and 1 < < 2. Take A = a8 — o181 — 0182 < 0. Then
the fractional differential equation boundary value problem

D u(t) = h(t), 0<t<l,

(2.1)

a1u(0) + ayu/(0) = 0, Bru() + B/ (1) =0

has a unique solution
1
u(t) = / G(t,s)h(s) ds, (2.2)
0
where
(=) Bil=s)*" | pr(1-5)*2
Gls) =1 T@ + (ot — o) TG *Aren )y 0<s=t<l (2.3)

(l—S)a 1 )
AT () Al"(ot 1)

(ot — 012)(131 O<t<s<l.

Proof We may apply Lemma 2.4 to reduce equation (2.1) to an equivalent integral formula

u(t) = I h(t) —co — art

= ﬁ '/Of(t—s)alh(s)ds—co —at, c¢oc R (2.4)
Then
! = 1 ' a-2
u'(t) = F(ot—l)/o (t—5)*"h(s)ds - c1.

From a1u(0) + ayu'(0) = 0, Bru(1) + Bou'(1) = 0, we have

_ O[Zﬂl ! a-1 -2

Co= AT @) / 1 -9)*"h(s)ds + ————— AF( / 1 —9)*""h(s)ds,
_ Ol1/31 w1 a1fa ! w2

c=- / (1 S) h(S) ds — m A (1 - S) h(s) ds.

Therefore, the unique solution of problem (2.1) is

afit —as By

1
a—-1
AT@) /O(I—S) h(s)ds

u(t) = ﬁ /t(t—s)""lh(s) ds +

a1fat —az B 9

———— [ (1-9*"h(s)d

e f( $2h(s) .

The proof is complete. O

Lemma 2.6 Let 1< o < 2. Then the following fractional differential equation boundary
value problem

D& u(t)=0, 0<t<l,

a1u(0) + a1/ (0) = a, Biu) + B/ 1) = b
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has a unique solution

(B1 + B2)a — axb + (a1b — pra)t

u(t) = X

In the following discussion, we denote

_ (B1 + Ba)a —azb + (b — Pra)t
A ’

p(0):
Next we present some useful properties of the Green’s function.

Lemma 2.7 The Green’s function G(t,s) obtained in Lemma 2.5 has these properties as
follows:

(i) G(¢,5) € C([0,1] x [0,1)) and G(t,s) > 0 for t,s € (0,1);
(ii) there exists a positive function y € C(0,1) such that

min G(t,s) > y(s)M(s), m[g)lc] G(t,s) <M(s), se€(0,1), (2.5)
te[1,3] t€(0,
where
(1fr+aif)1—=5)*"  arfr(l—s)? 1
Mis) =~ AT (@) T TAreon 0 W=7

Proof From the expression of G(t, ), it is clear that G(t,s) € C([0,1] x [0,1)) and G(¢,s) > 0
for s, t € (0,1).
Here we define

(t—s)*1

gl(tis) = F(Ol)

s<t,

+ (ot — ) <ﬁ1(1 -5 Pl S)“‘z),

AT(@) | Al(@-1)

Bl —s)*? . Bo(l— S)a_2>
AT () AT (@ -1) )’

t<s.

&(t,s) = (ot - az)(

Then, obviously, g1(¢, s) is a continuous function for ¢t € [i, %] and g>(¢, s) is decreasing with
respect to t. Hence, we have

(3 Brl—s)*""  B(l-9)"" forte |l 3
—(1“1‘“2)( AT@ Ar(a—l>> o E[M]’

(Bilant —a2) + A)1=s)*" (ot — ) Bo(1 - 5)* 2

max &i(t:s) = AT (@) T AT
- (—Broz + A)(1 —5)* 7 . —0tBo (1 — 8)*2
= AT () AT (a - 1)
(- ap)(1 ) . —aafa(1—5)"
- AT (a) Al(@-1) '
_wpi(l- s)*! a1l 5)* 2

£,5) = (0, ) =
max &(6:s) = £(0,9) AT (@) AT(a—1)

- (1B —eafo)1 —5)*  —ayfo(l—5)* 72
+
= AT (o) AT(a -1)
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Thus, we get

. (3 Pl =51 B(1-s)*?
ter[nél’r%]G(t,s)Zm(s).— (Zal—a2)< AT @) + AF(a—l))’ s€(0,1),

_ (apiraB)1=5)"  axfp(l-s)*
trgg’)l(] G(t,s) < M(s) := - AT(@) - AT 1) s€[0,1).

Let

3 BLa-9*1  By(1-5)*2
(s) = m(s) (Fon1 —a)( lAl"(a) + ZF(a—l) )

- M(s) T (@frrenf)1-5)*"t  axprd-s)*2
AT () AT (a-1)

From hypothesis (I), we see

oa—1 o—2
(%051 _ 052)(’31(1_5) B2(1-s) )

AT () AT (a-1)
>
v(s) = _@wfi-92"1  ayfr(1-s)*2
AT (@) AT (@-1)
_emgen 1
[0%)) — 4 ’

Hence the statements in Lemma 2.7 are proved.

Our main results are typically based on the following fixed point theorem.

Page 7 of 16

Lemma 2.8 ([7]) Let B be a Banach space, and let K C B be a cone. Assume that Q1, Q2
are open and bounded subset of B with 0 € Q, Q1 C S, andlet T: KN (2 \ Q1) > K be

a completely continuous operator such that
(i) I Tull < ul, u e KNy and || Tul| > |lu||, u € KN IQ, or
(i) | Tu|l = |lull, u € KN 3R and || Tu|| < ||ul, u € K N 32,.
Then T has a fixed point in K N (S \ 1).

3 Existence results

In this section, we establish the existence of positive solutions for problem (1.1) in terms

of different values of the parameter X.

From Lemmas 2.5 and 2.6, we know that proving the existence of positive solutions for

fractional differential boundary value problem (1.1) is equivalent to discussing the exis-

tence of positive solutions for the problem

CDgv(e) = Aq@)f (6,v(0) + 9(8)), O<it<l,

a1v(0) + a2V (0) = 0, Biv(l) + Bov'(1) = 0,

then u = v + ¢ must be the solution of problem (1.1), and vice versa.

(3.1)
(3.2)

Let X = C'[0,1] with norm ||u|| = max;ec[o1; |u(2)|, u € X. Clearly, X is a Banach space.

Take
. 1
P=1u eX‘u(t) >0, min u(t) > —|lul .
telh3) 4

Then it is easy to see that P is a positive cone in X.
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Define an operator T : P — X by

1
Tv(t) = A/ G(6,9)q(s)f (s, v(s) + p(s))ds, 0<t<1,veP.
0

Noting that the possible singular point of ¢ is 0 and M maybe singular only at 1, we
are able to show that fol M(s)q(s) ds is well defined by hypothesis (I), Lemma 2.7 and the
convergence of fo s)ds and fo s)ds. From this, it is easy to see that the operator T is
also well defined.

Denote

% 1
Bt / MEq)ds, b fo M(s)g(s)ds.

Lemma 3.1 Assume that (1) holds. Then the pair of equations (3.1) and (3.2) is equivalent
to the nonlinear integral equation

1
v(t) = A /0 G(t, s)q(s)f(s, v(s) + ga(s)) ds. (3.3)

In other words, every solution of (3.1) and (3.2) is also a continuous solution of (3.3) and

vice versa.

Proof Letv € X be a solution of (3.1) and (3.2); as the same method of proving Lemma 2.5,
we can get that v is a solution of (3.3).
On the other hand, let v be a continuous solution of (3.3) on [0,1]. Then define

1
w(t) = A/(; G(t, s)q(s)f(s, v(s) + go(s)) ds

— _ a1
= (F( )/ (t—5s) q(s)f(s,v(s ) S))
apit — oo B
AT («)

a1 Bt —as P
ATl (a—-1)

/0 (1= 9 Lg(s)f (5, ¥(s) + p(s)) ds

1
/0 a- s)"‘_zq(s)f(s, v(s) + (p(s)) ds)

= A ([gﬁq(t)f(t, v(t) + (t)) + Mlaﬁq(l)f(l, v(1) + (1))
" Mﬁ;‘:lq(l)f(l, V(1) + <p(1))>. (3.4)

From Lemmas 2.1 and 2.2, we have

aip

' (8) = A (D})J})J(‘;‘Jq(t)f(t, v(t) + (b)) + A —— I8 q()f (Lv(D) + ¢(1))

a1

2 5y () + o)

+

A <Ig:1q(t)f(t, W(t) + (D)) + lTﬂlz Lq()f (1,v(1) + (1))
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F SR ) + o) ),

D% w(t) = D& (w(t) - 0(0") — &' (0%)) = D L5 Aq()f (¢, v(2) + (2))
= )»q(t)f(t, v(t) + (p(t)). (3.5)

One can verify easily that oy v(0) + a2/(0) = 0, B1v(1) + B2V (1) = 0. Therefore, v is a con-
tinuous solution of (3.1) and (3.2). The proof is completed. O

Lemma 3.1 indicates that the solution of problems (3.1) and (3.2) coincides with the fixed
point of the operator 7.

Incidentally, we have the following dispensable lemma at hand.
Lemma 3.2 The operator T : P — P is completely continuous.

Proof Obviously, Tv(t) > 0. Then first we are going to prove that the operator 7: P — X
is continuous. Actually, for each v,,,v € P and v,, — v, we get

[|7v,, — Tv|| = max
te[0,1]

1
)L‘/o G(6,8)q(s)(f (s, va(s) + @(s)) = f (5, v(s) + (s))) dis

1
< A max /0 |G(t,s)q(s)| [f(s, v,(s) + (p(s)) —f(s, v(s) + (p(s)) | ds

te[0,1]

1
= k/ max G(t, s)q(s)V(s, v, (8) + (p(s)) —f(s, v(s) + (p(s)) | ds.
0 te[0,1]

Since f is continuous, for any € > 0, there exists N € N such that |f (s, v,,(s) + ¢(s)) —f (s, v(s) +
©(s))| <&, when n > N. Hence,

1
1Tv, — Tv| < SA/ max G(¢,5)q(s) ds
0 te[0,1]
1
< SA/ M(s)q(s)ds =erl, forallm>N.
0

So it is sufficient to say that T is continuous.

For v € P, by Lemma 2.7, we have

min Tv(t) = min A [01 G(t,s)q(s)f(s, v(s) + (p(s)) ds

te(L,3] tel}.3]

> A 1 min G(t,s)q(s)f (s, v(s) + ¢(s)) ds

0 telg,3]

1
> ZA/O M(s)q(s)f (s, v(s) + ¢(s)) ds.

On the other hand,

1
[ITv|| = max ’Tv(t)‘ < / )»M(s)q(s)f(s, v(s) + (p(s)) ds.
te[0,1] 0
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Thus, we obtain

mm Tv(t) > —||TV||,
te[},3]

therefore, T: P — P.

Let Q2 C P be bounded. Then there exists a positive constant Q > 0 such that |v|| <
Q for all v € Q. Take L = maxye(o},jvj<o [f (¢, v(t) + ()| + 1. Then, for each v € Q, from
Lemma 2.7, we have

1
’Tv(t)’ 5/0 ’kG(t,s)q(s)f(s,v(s)+<p(s))’ds
1
< AL/ M(s)q(s)ds = LLL,.
0

Hence, T(2) is bounded.
Next we are about to prove that for all € > 0, each v € P, t,£, € [0,1], 1 < L5, let ny =
min{%, LE—I}, we have |Tv(t,) — Tv(t1)| < &, when £, — £; < 1. In fact, for each v € 2, we have

(TV'(2) = & (F( = / (£ = 9)"2q(s)f (5,v(6) + 0(s)) ds

b [ st o)+ ot0)
1
s [a-orawrts v+ ot0) as)

AL AalﬁzL ! a=2 kalﬂlL 1
= <F(oe—1) * Ar(a-1))/0 (1=5)""qls)ds + AT@) Jy q(s) ds.

)a—2

Since we have proved fol(l —5)**q(s) ds < 0o and fol q(s) ds < 0o, we can just define

_ )\,L )\011,3214 w2 alﬁlL 1
Ll_(r‘(ot—l) AT (@ - 1))/(1_5) q(s)d. * AT (@) | q(s)ds.

Then (Tv)'(¢) < L;.
Whence,

| Tv(t:) - Tv(ty)| < Li(ta - 1) < &.

By the Arzela-Ascoli theorem, the operator T : P — P is completely continuous. The proof
is completed. 0

For convenience, we give some denotations:

t; t t, t
FO =lim sup max JM, F =lim sup max M,
v—0* t€[01] v v o0 2€[0,1] v

Lyv+elt L+t
fo =liminf min JM, fo = liminf min JM

v—0* te[0,1] Vv v—>+00 ¢t€[0,1] Vv
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Theorem 3.1 Assume that (I fso) ™ = 0 if foo = 00 and (I,Fo) ™' = 00 if Fy = 0. If [ f»o > I F
holds, then for each

we (o)™ (Fo) ™), (3.6)
the boundary value problem (1.1) has at least one positive solution.
Proof Choose ¢ > 0 sufficiently small such that
(L(fo — )" <t < (L(Fo+e) ™. (3.7)
By the definition of Fj, we see that there exists r; > 0 such that
f(t,v + (p(t)) <(Fg+¢e)v forO<v<rn. (3.8)
So if v € 9P with ||v|| = 1, then by (3.7) and (3.8), we see
1
| Tv|| = tren[aaylg]‘Tv(t)| 5/ AM(s)q(s)f(s, v(s) + (p(s)) ds
: 0
1
< / AM(s)q(s)(Fo + €)1 ds
0
SAL(Fo+e)rp <r=|v|.

Hence, if we choose Q1 = {v € X : ||v| < r1}, then | Tv|| < ||v| for ve PN 0L2.
Let r, > 0 be a constant such that

fEv+o®) = (fo—ev forvz=r,. (3.9)

If v € 9P with ||v|| = r3 = max{2r,7;}, then by (3.7) and (3.9) we have
%
1TV = m[gylg]|Tv(t)| > /1 AG(t,s)q(s)f(s, v(s) + go(s)) ds
telo, i
1 (i
> Zk/l M(s)q(s)(foo — €)V(s) ds
I

> 5 /;M(sm(s)(foo - )Vl ds = V.

Thus, if we define Q5 = {v € X : ||| < r3}, then | TV|| > ||v|| for v e PN 0R;.

Then, by Lemma 2.8, we find that T has a fixed point v € PN (2, \ Q1) withr, < [|v|| <13,
therefore, v is a positive solution of (3.1) and (3.2), then v + ¢ is a positive solution of (1.1).
The proof is completed. d

Theorem 3.2 Assume that (Iify) ™" = 0 if fy = +00 and (ILFs) ™ = 00 if Fso = 0. If Iify > I, Foy
holds, then for each

L e ((Ifo) ™ (LEx)™), (3.10)

the boundary value problem (1.1) has at least one positive solution.

Page 11 of 16
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Proof Let A be endowed with (3.10) and ¢ > 0 be such that

(L(fo-)) " <A < (b(Fx+6) . (3.11)
By the definition of fj, we see that there exists r; > 0 such that

fEv+e@)=(fo—¢ev forO<v=r. (3.12)

Hence, if v € 9P with ||v|| = r1, then by the same method used in Theorem 3.1, we get
[ITv]] = |[v|l. Furthermore, if we choose Q; = {v € X : ||v|| < 1}, then || Tv|| > ||v| for v €
PN 9L;. In the next, we choose r, > 0 subjected to

f(t, v+ (p(t)) <(Fxo+&)v forv>r,. (3.13)

We discuss two cases as follows.

Case 1. Assume that f is bounded. Then there exists a certain constant L > 0 such that
ft,v+ () <Lrs for v e (0,+00). We define r3 = max{2r;,r,} and v € 9P with ||v| = rs,
then

1
|| Tee|| = max ’Tv(t)‘ 5/ AM(s)q(s)]’(s, v(s) + <p(s)) ds
te[0,1] 0

1
<ALy / M(s)q(s) ds
0
<AirshLL<r3=|v|.

Therefore, | Tv|| < ||v|| forve dP,, ={ve P: ||v| <r3}.

Case 2. Assume that f is unbounded. Then there exists some constant ry > max{2ry,r;}
such that f(¢,v + ¢(t)) <f(t,ra + ¢(t)) for 0 < v <ry. Let v € 9P with ||v|| = r4. Then, from
(3.11) and (3.13), we have

1
|1 Tv| = max|Tv(t)| < / )»M(s)q(s)f(s, v(s) + go(s)) ds
te[0,1] 0

1

< / AM(5)q(s)(Foo + €)rads
0

SAM(Fo +8)ra <1y =|v|.

It is sufficient to show that || Tv|| < ||v|| for v € dP,, = {v € P: |[v|| < r4}. Then we take
Q) ={veX:|v| <rs =2max{rs, rs}}, then ||Tv|| < ||v| for v € PN 3L,. From Lemma 2.8,
operator T has a fixed point v € PN (Q, \ ©1) with r; < ||v|| < 7s. It is clear enough that v
is a positive solution of (3.1) and (3.2), then v + ¢ is a positive solution of (1.1). The proof
is completed. O

Theorem 3.3 Suppose that there exist constants ro > > 0 for all t € [0,1], the following
condition holds:

. r ry
min tLv+oe(t) > —, max f(tL,v+oe(t)) < —. 3.14
%nﬁvsnf( “ )) A Ofvfrzf( d )) My ( )

Then the boundary value problem (1.1) has at least one positive solution.
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Proof Choose Q1 ={ve X :|v| <r}, then for ve PN 32, we have

3

ITv]] = max \Tv(t)| > Il”llll‘13 /11 AG(t,s)q(s)j”(s, v(s) + <p(s)) ds

tef0.1] tel1,3)

A/Z min G(t,s)q(s)f(s, V(s)+g0(s)) ds
borelid)

v

ik /; M(s)q(s)f(s, v(s) + <p(s)) ds

\%

i)\ 11 M(s)q(s) | min S(s,v(s) + p(s)) ds

— 16 1 tr=vsn

L — 7 V.
jotl 1)\,11 1

On the other hand, choose €2, = {v € X : ||v|| < 2}, then for v € P N $2,, we have
1
1Ty = tren[g)f] | Tv(1)| < / AM(s)q(s)f (s, v(s) + ¢(s)) ds
: 0

1
< [ AMO) max £(ev9) + 009

ry
SAh—=r=|v|.

Al

Therefore from Lemma 2.8, operator T has a fixed point v € P N (Qy \ Q;) with
r < |lv]l £ . It is clear enough that v is a positive solution of (3.1) and (3.2), then v + ¢ is
a positive solution of (1.1). The proof is completed. d

Theorem 3.4 Suppose that the following condition holds:
)sz(t, v+ <p(t)) <v forallte[0,1],ve (0,+00). (3.15)
Then the boundary value problem (1.1) has no positive solution.

Proof Assume to the contrary that v+ ¢ is a positive solution of (1.1), v is a positive solution
of (3.1) and (3.2). Then

1
VIl = 1TVl = max | Tv(2)| 5/ AM(s)q(s)f (s, v(s) + (s)) ds
te(0,1] 0

< )Li[z||v|| /OIAM(s)q(s) ds=|v|,
which comes to a contradiction and completes the proof. 0
Theorem 3.5 Suppose that the following condition holds:
ALf (t,v +(t)) > v forallt €[0,1],v € (0, +00). (3.16)

Then the boundary value problem (1.1) has no positive solution.
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Proof The proof of Theorem 3.5 is similar to that of Theorem 3.4, therefore omitted. [

Example 3.1 Consider the boundary value problem

3
Dl u(t) = A2 u(t) (t+2+u), O0<t<l,

u(0) =1, u(1) = 0.
Then

Fo=2,  fo=00, FEx=00, fy=1
By a direct calculation, we get

I; ~0.0369261219, I, ~1.7724538358.

From Theorem 3.1, we see if

1 1
0=—<A<—=0.2820947942,
[lfoo IZFO

then problem (1.1) has at least one positive solution. From Theorem 3.4, if

A

< =0,
L F,,

we see that problem (1.1) has no positive solution. By Theorem 3.5, if

1
A > — ~27.0811000058,
Ifo

then we obtain that problem (1.1) has no positive solution.

4 Existence of multiple positive solutions
Here we are about to give some results on the existence of multiple positive solutions. The
following two lemmas will be of use to prove our main results.

<

Lemma 4.1 Assume that there exists a constant ¢ > 0 such that maxo<y<cf(t,v+¢(t)) < 5

forallt €[0,1]. Then
ITv|| <c forvePwith|v| =c.
Proof 1If v € P with ||v| = ¢, then

1
| Tv|| = max|Tv(t)| < / )»M(s)q(s)f(s, v(s) + go(s)) ds
te[0,1] 0

1

< )»ilz | AM(s)q(s)ds =c,

the proof is complete. O
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Lemma 4.2 Assume that there exists a constant ¢ > 0 such that minicsvyf(t, v+ o) >
s Jorallt € (0,1]. Then

|Tv|| > ¢ forvePwith|v| =c.

Proof Ifve P with ||v] =¢, thenfort e [i %] we have v(t) > |v|| Therefore, we have

3

max | Tv(t)| > min /4 LG (t,8)q(s)f (s, v(s) + @(s)) ds
] 1

I Tvl]
te[0,1] te [ 1

v

%A /; M(s)q(s)f (s, v(s) + (s)) ds

> %)\ IIM(s )q(s) mm f(s, ()+¢(s))ds

I C<V<C

c
> }\Ilﬁ =c=|vl,
1

so the proof is complete. O

Theorem 4.1 Assume that there are constants 0 < ¢1 < ¢y < ¢3 < ¢4 Such that
(i) maxo<y<c, f(&Vv+@(t) < ifor allt€[0,1],i=1,4 and
(ii) m1n1C<V<cf(t V+g0(t)> forallte[O 1],i=2,3.

Then the boundary value problem (1.1) has at least two positive solutions.

Proof 1f

Q={veX:|vl<e}, i=1,234,
then from Lemmas 4.1 and 4.2, we have

1TV < |lvil forvePNoKy,i=1,4
and

1TV > vl forvePNas,i=2,3.

Now from Lemma 2.8 we get that T has two fixed points, one in each of two sets PN (€24 \
Q3) and P N (Q, \ Q1). This completes the proof. O

In the same way, we can obtain the following result.

Theorem 4.2 Assume that there are constants 0 < ¢1 < ¢3 < ¢3 < ¢4 Such that
(1) maxo<y<c, f(&,v+e(t) < )\1 L forallt € [0,1],i=2,3, and
(if) mmlc,<v<cf(t v+(p(t)z forallte [0,1],i=1,4.

Then the boundary value problem (1.1) has at least two positive solutions.

For an arbitrary positive integer #, we can choose proper constants to meet expectation
of f, so that problem (1.1) has at least # positive solutions.
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Theorem 4.3 Assume that there are constants 0 < ¢y < ¢y < €3 < +++ < Cou_1 < Cop Such that
(i) maxo<y<c f(&, v+ (t)) <L forallt€[0,1],i=1,4,...,4k -3 + 3+ g
=V=¢; rp 2

(i) miny, . f(t,v+0®) > & forallt€[0,1],i=2,3,..., 4k -2+ "G,

where k=1,2,..., [”T”]. Then the boundary value problem (1.1) has at least n positive so-

lutions.
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