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Abstract

We study, for a given process X, the conditions under which v-similarity is provided,
relations between similarity and v-similarity of processes, and we analyze (doubly)
limiting conditional distributions. We present sufficient conditions for the existence of
at least one v-similar process to a given one. Moreover, recursive formulas for birth
and death rates of v-similar processes are formulated. We apply differential equations
and uniqueness of solutions to such equations to derive the main results of the paper.
Finally, an example illustrates the applications of our results.
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1 Introduction

In this paper we are concerned with the concept of v-similarity for birth-death processes.
The idea of similarity was introduced by Di Crescenzo in 1994 (see [1]). Two birth-death
processes X’ and X are said to be similar if their transition probability functions p and p
satisfy

~ Vi
pz’j(t) = ;Ptj(t),

where v;, V; are constants.

Later on the theme of similar processes has been investigated by some authors in the
last two decades. Therefore, for one-dimensional birth-death processes it was considered
by Lenin et al. [2], who define the more general idea of introducing the notion of similarity

constants c;j,
Dij(t) = cijpy(2)

showing that c;; = «;f;; for Markov chains by Pollett [3], who calls such a concept of simi-
larity a strong similarity; for random walks by Schiefermayr [4]. Several authors extended
their results to the two-dimensional case [5], others investigated birth-death processes
with killing [6-8].

In [2] the authors consider also the concept of v-similarity,

Pii(t) = ciie" py(2),
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and derive the necessary condition for the existence of distinct v-similar birth-death pro-
cesses.

Moreover, in [9] and [10] the authors study the spectral structure of birth-death pro-
cesses and present simple conditions for the classification of boundaries, while in [11] a
bilateral birth-death process that is similar to the birth-death process over Z with con-
stant rates is considered.

In our work we extend these results and formulate the sufficient condition for the exis-
tence of v-similar processes and specify a one-parameter family of birth-death processes
v-similar to a given one. It is well known that the time-dependent behavior of birth-death
processes involves orthogonal polynomials and, therefore, its orthogonalizing measure.
Our purpose is to study, using orthogonal polynomials, the conditions under which v-sim-
ilarity is provided, relations between similarity and v-similarity of processes and to analyze
(doubly) limiting conditional distributions. Such distributions, as Schoutens states in [12],
can be used to gain insight into the asymptotic behavior of processes with absorbing and
reflecting states. In order to derive sufficient conditions for the existence of at least one
v-similar process to a given one, we use differential equations and uniqueness of solutions
to such equations.

The paper is organized as follows. In Section 2 preliminary definitions and notions are
gathered. Section 3 is the one that contains main results, namely Theorem 10, which gives a
sufficient condition for the existence of v-similar process to the given one, and Theorem 11,
which provides necessary and sufficient conditions for the existence of v-similar processes
to the given one with recursive formulas for birth and death rates. Further, we give the
formulas of the limiting conditional distribution and the doubly limiting conditional dis-
tribution for a v-similar process. We end the paper presenting an illustrative example.

2 Preliminaries
Let X = {X(¢),t > 0} denote a birth-death process on the state space S = ' U {-1}, where
N ={0,1,2,...} with transition probability function

pi(0) =Pr[X () =jIX(0)=i], ijeS,t>0.

We assume that the transition functions pj;(t) satisfy both the Kolmogorov backward
equation

p;(t) = Zqikpkl‘(t), l,] [S S; > 0,
keS

and the forward equation

Pyt) =) putlqy, ijeS,t>0,
keS

where g1 = A, qiis1 = i, and gy = —(A; + ;) for all i € A and g = 0 otherwise. The
constants A; (birth rates) and pi; (death rates) may be thought of as the rates of absorption
from state j into states j + 1 and j — 1, respectively, with A; > 0, pj;1 >0, j € N, po > 0.
Additionally, we assume that the potential coefficients

’_)\0}\1“')\}'—1

=1, T =
" pe

, >0,
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satisfy the condition

[e¢]

>y + (ymy)Y) = oc. M)

j=0

~.

Karlin and McGregor [13] have shown that the transition probabilities p;;(¢) can be repre-
sented as

o0
Py =7, [ QIO o)
0
By {Q)(x)} we mean a sequence of birth-death polynomials defined recursively as follows:

Q1) =0,  Qolx)=1,

—xQj(x) = Q1 (x) — (& + 1)) Qi(x) + 4;Qia ), j=1, 2)
orthogonal with respect to the spectral measure o, i.e.
o0
5 [ QeQ@det -5,
0

where §;; denotes the Kronecker delta. It was shown by Karlin and McGregor [13] that
there is at least one such measure with total mass 1 on [0, c0).

Remark1 The polynomial Q, (x),/ > 0 has; positive distinct zeros xj; <% < - - - < xj; and its

leading coefficient equals ,j>0.Hence Q;(x) > 0 for x < &, where & = lim;_, o, %1

-1y
%0 A A1
with 0 < & <x;; forj> 0 (see [14])

Let us consider the series

o 1 o0
A:ZT B:;ﬂj,

j=0

\tl

3)

5(

00 1/
XY p-YiiY
j=0

i=0 = 1 7ij i=j+1

We follow the notation of [15] and [16]. The series C and D determine the behavior of
the process X' near the boundary point at infinity. The assumptions C = co and D = 0o
rule out the possibility of an explosion of the process X, i.e. reaching infinity in finite
time. Although A and B have no physical interpretation, they are related to C and D, i.e.
C+ D =ABand A + B = oo (which is equivalent to (1)) if and only if at least one of C or D
diverges. The divergence of the series (3) guarantees the convergence of the probability to a
proper limiting and doubly limiting conditional distributions. Let us consider conditional
probabilities of the form

ry(t) = Pr[X(t) =j1X(0) =i, X(t) e N, X(t + o) = -1 for some o > 0],

ri(t,s) = Pr[X(2) = jIX(0) = i, X(t) € N, X(t + s + 0) = —1 for some & > 0]
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for a process with absorbing state (@ > 0) and

rij(t) = Pr[X(t) =j|X(0) =i, X(¢ + o) = 0 for some o > 0],

rij(t,s) = Pr[X(t) =j|X(0) =i, X(¢t + s+ o) = 0 for some o > 0]

in the irreducible case (o = 0). Here i,j € N/, t > 0. It was proved by Kijima et al. [16]
and Schoutens [12] that, for the absorbing case, if C = co and D = oo then the limiting
conditional distribution and the doubly limiting conditional distribution of the process X

are given by

i 7;Q;(é1)

lim r(f) = —29Y

A rilt) = S &
o Q7 (&1)

lim 1im 7;(t,5) = <—5 -
Jm lim ()= S e

For the reflecting case po = 0, if B= 00 and C = 0o (B = oo implies D = 00) then

. a;m;Q;(61)
lim () = 2 TIE)
fad () > koo @k Qi(&1)
o Q7 (&1)
lim lim r;(t,5) = =——>
A ) = e e

where

. IS %' Qi(x) do (%)
T [Catdo(x)

The above limits equal 0 whenever the series in the denominators diverge. We refer the
reader to [16] for a detailed discussion of the limiting conditional distribution problem.

Besides &, let us consider another process X, determined by birth rates 5»; and death
rates ji; with potential coefficients 77; and transition functions p;;(t).

Definition 2 ([2]) The birth-death processes X and X are said to be similar if the transi-
tion probability functions of X and X differ only by a constant factor, that is, if there are
constants ¢; > 0, i,j € N such that

Pi(t) = cypy(t), t>0.

For the classical works on similar birth-death processes, see [1] and [2]. It is well known
that if X and X are similar processes, then their birth and death rates are related as fol-
lows: )N», + flj = Aj + uj and 5»/;1;+1 = Ajijs1, j € N, with their transition functions satisfying
pij(t) = Zf—i’:pi,»(t), i,j >0, t > 0. The converse statement is true only under an additional

iTj

condition. Indeed, if

) j-1 2
Zﬂj (Z()\kﬂk)_l> =00 (4)
k=0

j-1
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for the process X with o > 0 and X is a birth-death process the rates of which are related
to those of X as I\,- + 1 = Aj+ pjand Xjﬂjﬂ = Ajitjs1,j € N, then the processes X and X are
similar. In the sequel we will assume the validity of condition (4) (which is stronger than
(1)), when g > 0.

Reference [2] gives the conditions under which the phenomenon of similarity occurs. It
also identifies the family of all processes which are similar to a given process.

Theorem 3 ([2]) A birth-death process X with birth rates {); : j € N'} and death rates
{u;:j € N'} is not similar to any other birth-death process if and only if

[o¢]
no=0 and Z

Jj=0

1
— =00.
AjTj

In the opposite case the process is similar to any member of an infinite, one-parameter
family of birth-death processes {AN,’(") :0<x<1/S}ifuo =0, and {é’?(") i—00 <x<1/T}if
wo > 0. The birth rates )N\;x) and death rates /1}@, jeN, of X9 are given by

~ 1-xS; 1-xS;_
~(x) (%) j ~ (%) -1 ,
=Aox, AV =p—"T @) g ——2— >0, 5
Ho 0 J ]l—xSH Hyer = 1 l—xS/ /= ()
if o =0, and

~ 1-xT; 1-xT;_

() J+1 ~ (%) j-1 ;
A =  —— S= U, >0, 6

T 1T M=l /= (©)

if wo > 0. Here S; = Ag Zjl;zo()\knk)’l, $.4=0, S=1limj S, and Tj = 1o Zjl;zo(uknk)’l,
T—l = 0, T= llm]*)oo ]}

Remark 4 The similarity constants Cf‘), i,j > 0, for processes X and X® equal Cff) =

j
if 1o = 0 and Cl-(f) ==

1-xS;_1 .
j
T if po > 0.

1-xS; 1

Remark 5 Let us notice that if the process X is positive recurrent (or ergodic) and the
processes X and X are similar, then also the process X' (with fiy = 0) is positive recurrent
(ergodic).

3 Processes v-similar
In this section we present our main results that concern conditions providing existence of
v-similar family of processes to the given birth-death process.

Definition 6 ([2]) The birth-death process X is said to be v-similar to the birth-death
process X for some real number v if there are constants c;; > 0, i,j € NV, such that

Pif(t) = e’ py(t), > 0.

See Lenin et al. [2] for more details. For the special case v = 0, we say X is similar to X'
The relation ‘v-similar’ is an equivalence relation if v = 0 but not if v # 0.

We mention some results concerning v-similarity of birth-death processes (see [17]
and [2]).
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Theorem 7 ([17]) If X and X are birth-death processes such that X is v-similar, v <& to
X, then their distribution functions of the spectral measures satisfy 0(x) = o(x + v), x > 0.

Theorem 8 ([2]) If a birth-death process X is v-similar to a birth-death process X, then
their birth and death rates are related as

A+ =R+ =, Aifljs = A1,  wherejeN, (7)
with their transition functions satisfying p;(t) = Z’Z’ e”tp,',»(t), i,j>0,t>0.
i

Theorem 9 ([2]) For each v < & there is a unique solution i; = i;v) and ji; = [L/(.”),j enN,

to (7) satisfying [y = O which is given by ):,- = )»J'Qé;—l(il;), L1 = ,uju%,j € N. There is no

1
solution to the system (7) if v > &.

In a comparable manner to the notion of similarity, the converse statement to Theorem 8
is also true only under condition (4).

Theorem 10 Let X' be a birth-death process that satisfies (4) if po > 0, and let X be a
birth-death process with the rates related to those of X, satisfying equations (7) for some
real v. Then the process X is v-similar to X.

Proof The concept of the proofis adapted from [2] where the case v = 0 is considered. Let

us consider the matrices

P(t) = (p5(0);cn 205

—(Xo + 140) Lo 0 0 0
M —(A1 + 1) M 0 0
Q= 0 M2 ~(A2+p2) A O - f”
—(ko+ o) Aot 0 0 0
Viour (M +m) VA 0 0
A= 0 Vi (o +pa) Aauz 0

The matrix A can be represented as
1 1
A=TI2QIT 2, (8)

where TT"? and MT~"> denote the diagonal matrices with entries 7/”* and 7", j € N,

respectively, on the diagonals. It follows that we can write the Kolmogorov backward and
forward equations in the form
1oy 1 1 1 1 1
MZP ()12 = ATIZP()T1°2 = TTZP()TT 24, > 0. 9)

Denoting

R(t) = TIZP()IT"2, >0,
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we can rewrite (9) as

R(t)=AR(¢) =R(t)A, t=>0,

R(0) =1, 10)

where I denotes the infinite identity matrix.
If the birth and death rates of X’ and X are related as in (7) we have

~

[T

— 202 = A + 1.

It turns out that R(t) = [TY2B(¢)[1~"/2 is a solution to the system

R(t) = (A +vDR(t) = RO(A +vI), t>0,

R(0) =1I. D

If the solution of (10) is unique then we have the following unique solution to (11):
R(2) = " R(t).

Therefore

1

2P 2 = e 12 P(¢) 1T
and
P(t) = e TT 22 P(e) T2 71 2.

Thus processes X and X are v-similar. There is a unique (relevant) solution to (10) if and
only if either po = 0 and (1) holds true or o > 0 and (4) holds true (see [2]). O

Theorem 11 Let X be the birth-death process with birth rates {};,j € N'} and death rates
{uj,j € N'} and let v < &. Then there exists a birth-death process X # X which is v-similar
to X if and only if

.02 _
Z )‘1 QI(V)Q}H(V) <o and ;ﬂ/Qi (v) = o0. 12)

j=0

If (12) holds, then any member of an infinite, one-parameter family of the birth-death pro-

cesses {X®") 10 < x < 1/SW} is v-similar to X, where the parameters {)N»}x’”),/ll(.x’”) 0 of
XV gre given by
1-«S"
> (xv) _ Qj+1(V))V x9;
! QW) 1 —xS(fi
(v
~(xv) _ Q](U) i 1 xS (13)
Hja = (v)
Qi+ (V) —xS;

J

25" = (ho + o = V),
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where S) =0,

j

S = (Ao + fo — ;m

and SV = hmHOO ). The similarity constants Cf;c'”), i,j > 0, are given by

(v)
C(x,v) Q](V) 1- xS -1

Q) 1- xS”;.

(14)

Proof By Theorem 9 there exists a unique birth-death process X with parameters ij, s
j €N, and fip = 0 which is v-similar to X for v < &. Using the equalities from Theorem 9
it is easily seen that 77; = anf(v) and

oo 1 o0
; 5» ; )¥/ Q}(V Q]+1(V)

j70

We know from Theorem 3 that there exists a process X with Lo > 0 similar to X if and
only if 7% 075 <ooand > oo+ + (&)™) = 00. By the above, the process X # X, with

fLo >0, is v- 51m11ar to the process X if and only if

oo 1 o0
———— <00 and Q¥ (v) = 00
~ i Qi(1) Qi (v) ; 1
By Theorem 3 and Theorem 9 it follows that any member of the one-parameter family
X@Y) is y-similar to X when 0 < x < 1/S0, S0 = lim;, o S;V), and

A 1

= i v)Zm

o pyz.

J
1
:(Ao+uo—v)gm’

1- xS”) Q) 1- xS

“(x0) _ 4
! jl—xSI(i ! Q(v) l—xS;1
)
,&(x’) M 1- ach1 Q}( v) 1- xS
, — =
s l+ 1- ngv) Q}+1(V) 1- xS

J

5" = Rox = 2oQuw)x = (o + 1o — V).

~ =(x,v)
by .
It is easily seen that the constants n](x V) - W satisfy nj(x’”) = n,Q,'z(v)(l - xSI(H)z.
/
Hence (14) is an immediate consequence of Theorem 3. a

Corollary 12
(i) If wo >0, for v <0, the condition (12) holds.
(i) If uo =0 and Z}’fo ﬁ < 00, ;:0 7; = 00, for v < 0, the condition (12) holds.
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Proof (i) Let X be the birth-death process with parameters i, ftj,j > 0 defined by fiy = 0

by Qj+1(0) ~ Q;j(0) . S5 L.
Aj= é( 0) s (i1 m,u./ﬂ for j > 0. Then, by Theorem 9, & is similar to X.

Since X is similar to X, by Theorem 3 and (1) we get

]Zzojij TTj ]Zzoj)‘/ Q/(O)Q/+l( )

and
Zﬁ'i = Z]T}Q]Z(O) =00
j=0 j=0

And now, by Remark 1, v < 0 implies Q;(v) > Q;(0),

o0 oo

1
Z 7 M 1Q;( V)Q1+1( v) © = ;‘:Zo Am;Q;(0)Q;41(0)

Z n,Qz Z n,Q2

5

2

and the first part is proved.
(ii) Since o = 0, it follows that Q;(0) = 1. For v < 0, Q;(v) > Q;(0) =1, we get

oo o0 1
Z MTT Q] V)Q]+1(V g): )\_

j=0
and
=Y m<y mQw),
j=0 j=0
which finishes the proof. O

Remark 13 Suppose (12) holds. Then for each process X (mentioned in Theorem 11),
0 <x <1/S™, v < &, v-similar to the process X, if

i 1 Zn, le) =00

o AmiQi(v) Qi (v)1 - xS(V Y1 - S 1)

and

1 00 ,
Q) (1-x5")° =
A Q) Qyua(v)(1 — 8. )(1 - 25" wzf RY

Mg

]
(=]

J

its limiting conditional distribution and the doubly limiting conditional distribution are

given by
lim 7;(¢) = WG —xS;ﬂ) lim lim 7;(¢,s) = w
00 U % Qi) Q&) - xgl((”_)l)’ 00500 U S Q)
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Remark 14 Let us notice that according to Theorem 9 there exists a unique birth-death

process X0 with o = 0 which is v-similar to the process X'. For such process X0 if
oo
> Q) =00
j=0

and

o]

2T IG )

j=0 "7

2
Q/ V)Q/+1 V) 4 ZT[ZQ )=

then its limiting conditional distribution and the doubly limiting conditional distribution

are given by

a;m;Q;(v)Q;(&1)
Y roo akmkQi(v)Qi(&r)’

lim ;'ij(t) =
t—00

where

. _ 0= dolo)
"7 Q) [P0 - v) T dglo)

and

lim lim 7;(¢,s) = &
t—>005—>00 7 Zk oﬂka(El)

Example 15 Let us consider a birth-death process X with constant parameters 1, = 1,
iy, = u for n € N In this case the birth-death polynomials are of the form

e 2 A+ U—x
Qn(x)—<x> Un(m); n=>0,

where U,(x) denote the Chebyshev polynomials of the second kind. In such a situation
& =inf(supp(o)) = A + u — 24/Au. The corresponding measure g satisfies

1
do(x) = m\/m —(A+pu—x)2dx

in the interval |A + u — x| < 24/Au, and it is zero outside this interval. For u > A the limiting
and doubly limiting distributions of the process X equal

Y
s ([ (2o

lim lim ry(Z,s) = 0.

t—>005—>00

It is obvious that for » > u both distributions of X" equal zero.
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We describe the one-parameter family (X0} of processes v-similar to X'. Let v = A +
w—2by/ A < &, where b > 1. We get Q,(v) = (%)"/Zun(b). According to Theorem 11 we
have

n

) 1 " 1
S, =()\,0+/,L0—V)Z— ZbZ

Q) Qun(v) = Ui(B) U (b)°
Using the well-known properties of the Chebyshev polynomials of the second kind, i.e.

U, () Uy (x) +1 = u3+1(x)

and
(x+ Va2 = 1)1 — (x — /a2 = 1)"+1
un (x) = ’
24/x2 -1
we can prove that
“ 1 u,(b
SV=2b)" 2p-Un®)

e Up(B) Ui (0) " Upia ()

and

S = 1im S =2b(b - Vb* - 1).

n—00

Additionally let us notice that

oo oo
> maQiv) =) UAb) = oo
n=0 n=0
Hence any member of the family

~ b+b?-1
{X(’““):ngs +T,V=)»+,U«—2b\/)h“«}

with parameters

- U (b) — 2bxUy ()
W =
0 H Uo(b)

'y un+1 (b) - beun (b)
AE) = o ,
” " U (b) - 26, (5)
~ (x,v) un(b) - 2hxun—l(b)

=i - ,
Howst U1 (b) — 262U, (b)

A = 2bx /A

is v-similar to the process X. In Figure 1 we show graphs of A% for n=0,1,2,3,4 in the
case A = %,;L: %,b:Z.
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n=1 n=0
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Figure 1 Plot of the rate A*"), n=0,1,2,3,4 for A = Tim=1,b=2

Let us consider b = 1, then the family X takes the form {2?(’“") :0<x<1/2,v=A+
u—2+/Au}. The series B, C, and D are divergent for the whole family. For x = 0 we get the

birth-death process X' with [LE)V) =0and

JLUo)W1=0%(1-0) " do

1

1

a, =

U, [T 02(1-0)ldo  UD) n+l’

where it is easily proved by induction that f_ll U,(0)V1-02(1-0)"'do =x for n> 0.

Therefore

(v)

G+1) [ Ulo)V1-02(1-0)"do

lim 7;7(¢) =

oo TS 1) [ o)V — 02 (- o) do

For 0 < x < 1/2 we have the processes X@Y) with [Lg"”) >0 and

G+ D(U;Q) - 2xU;-41(1))

Jim 7570) =

For all processes f(x’”), 0 <x<1/2,weget

. s ~(xv) _ (] + 1) _
A Ty 69)= S e =0
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