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1 Introduction
The aim of this paper is to contribute to the rapidly developing theory of conditionally
oscillatory half-linear differential equations. Our paper is organized to three sections. In
this section, we recall the notion of the so-called conditional oscillation and we give a his-
torical background of the topic. In the second section, the reader can find the considered
equations together with the description of the used methods (the Riccati and Priifer trans-
formations). These methods lead to the equation for the Priifer angle which is the main
tool in our investigation. Finally, in the last section, we state lemmas, results, corollaries,
and examples.

Let us begin with the concept of the conditional oscillation for half-linear differential

equations. We consider the equation
[r(t)cb(x’)]/ +yc(t)®(x) =0, d(x) = [x[Psgnx, p>1, 1.1)

where y is a given real constant, coefficients r and ¢ are continuous functions, and r is
positive. We say that (1.1) is conditionally oscillatory if there exists a positive constant I'
such that (1.1) is oscillatory for y > I' and non-oscillatory for y < T". Such a constant I is
called the critical (oscillation) constant of (1.1).

Now we collect the milestones in the theory of the conditional oscillation with respect
to the topic of our paper. It appears that appropriate half-linear equations for the study of
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the conditional oscillation are the Euler type equations, i.e., the equations written in the

form

[r(t)@(x/)]/ + yit)

®(x) =0.

The conditional oscillation (as well as many other areas in the oscillation theory) of
half-linear equations originates from the oscillation theory of linear differential equations.
The first result about the conditional oscillation of the considered differential equations
was obtained by Kneser in [1], where the oscillation constant I = 1/4 was found for the

equation
X"+ tzzx =0. 1.2)

More than 100 years later, in [2, 3], the above result concerning (1.2) was extended for the

linear equations

[r(t)x’]/ + y;it)x =0 (1.3)

with positive «-periodic coefficients 7, s, where the critical constant is

o ([ (% de \ Y/ [ -1
F:Z(/O m) (/0 s(r)dt) . (1.4)

Next, in [4], it was proved that (1.3) is non-oscillatory in the critical case y = I'. For other
related results, we refer to [5-7].
In the field of half-linear equations, the basic critical constant

r- (’%)y (1.5)

for the equation
[o(x)] + L6 =0

comes from [8] (see also [9]). Then, in [10-12], the conditional oscillation was proved for

more general equations of the form

[oe@)] + 10

®(x) = 0. (1.6)

Especially, the critical constant of (1.6) with positive «-periodic functions r, s was identi-
fied as (¢f (1.4), (1.5))

(alp-D\ ([ (¢ .t T -
F1—< » )(/0 r (‘L')d‘[) (/0 s(t)dr) 1.7)

in [10]. For the literature and an overview of the theory concerning half-linear (differential)

equations, see [13, 14].
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Let us turn our attention to the perturbed Euler type equations. The linear case of such
equations with periodic coefficients is studied in [4, 5]. The half-linear case is treated in

[15], where the equations

-0 (1.8)

[rO@ )] + [ys(t) N ud(t)} (x)

log?t |

are analyzed for positive a-periodic coefficients r, s, and d. There it is proved that, in the
critical case y =TI'1 (see (1.7)), (1.8) is oscillatory for

_ o (p-1 p-1 o ﬁ 1-p o -1
,u>1“2.—7(7> (‘/or (r)dr) </0 d(r)dr)

and non-oscillatory for u < I'y. For further generalizations, we refer to [16—19] (see also
(20]).

In this paper, we are interested in the case when the perturbation is also in the differential
term and both of the perturbations are sums of periodic functions. In contrast with the
situation common in the literature, the functions in the perturbations do not need to have
any common period and can change sign. We prove that all considered equations are non-
oscillatory in the critical case. According to the best of our knowledge, this result is new
also in the linear case (i.e., for p = 2).

Concerning the conditional oscillation of Euler type linear and half-linear equations,
several results are known in the discrete case as well. We point out at least papers [21-23]
for difference equations and [24, 25] for dynamic equations on time scales. Note that, in
the critical case, any of the discrete (and the time scale) counterparts of the above men-

tioned results is not known even for equations with periodic coefficients.

2 Preliminaries
This section is devoted to the description of the considered equations, the correspond-
ing Riccati equations, and to the modified Priifer angle which is the main method in our
processes. We also mention basic definitions and observations which will be essentially
applied later.

Throughout the paper, let p > 1 be arbitrarily given. We use the standard notation
R, := [a,00) and the symbol g denotes the number conjugated with p (i.e., p + g = pq).

We consider the Euler type half-linear equations expressed as

[R‘%’(t)@(x/)]’ + sm% =0, ®(x) = |xP ' sgnx, (2.1)
where R,S : Re — R (e stands for the base of the natural logarithm log) are continuous
functions such that R is positive and bounded and S is bounded. Note that the power
—p/q in the differential term does not mean any loss of generality (see also [17]).

Our main objective is to give a non-oscillation criterion for the half-linear differential
equations in the form

ri(t)
wr-22)

_pr
q

@(x/)} N (so(t) + %) % -0, (2.2)
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where rg, 71,580,851 : R, = R, a > e, are continuous functions such that rq is positive and
a-periodic, sg is «-periodic, and

no= R, s@O=) S, tza (23)
i=1 i=1

for arbitrarily given periodic continuous functions R; and S; with periods «; and §;, re-
spectively. Of course, we can assume that all considered periods «, «;, B; are positive and
that some of functions R;, S; are identically zero.

At this place, we recall the definition of mean values for continuous functions as a tool
that helps us to identify the critical case for studied equations. Let a continuous function
f:R, — R be such that the limit

b+t

M(f) := lim ! f(s)ds
t—oo b

is finite and exists uniformly with respect to b € R,. The number M(f) is called the mean
value of f. It is seen that functions ry, 5; given in (2.3) have mean values

M(r) =) MR),  M(s)=) MI(S). (2.4)

i=1 i=1

Concerning the presented results, we will assume that M(r;), M(s;) > 0.
In fact, we study oscillatory properties of the equation

[( 0+ Z”R(t>qq>(x’)]+<s(,(t Z”S(t>%=o (25)

log? t log? t 74

with periodic coefficients Ry, ..., R, S1, ..., S, on R, atinfinity (i.e., value a is large enough)
when Y7 M(R;) > 0, Y_I M(S;) > 0. For simplicity, we will consider (2.2) only in the
critical case (see the below given Theorem 3.4 and [12, 16-18]) given by

[M(ro)]gM(So)=$(/a ro(r)dr>q</a aSo(r)dt)=q"’, (2.6)

p 1-p
q

M(s)[M(r0)] 7 + qﬁ M) M) = T 2.7)

1 a+t a+t L a+t d 1-p
lim |:—</ sl(t)dr> (/ ro(r)dr> ! + M} = q—.
t—oo| P\ J, a qp‘fl fa ro(t)dr 2

Then (see the below given Theorem 3.5), we formulate the general result about the oscil-
lation and non-oscillation of (2.5).
To study (2.2), we will consider the equation

P

M(rl) 1 T4 , ! M(sq) 1 ®(x) B
|:<M(r0) log . log—4t> q)(x)] +(M(s0)+ = +log4t) " =0 (2.8)

Q

Page 4 of 17
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with constant coefficients and we will also use the notations

rg = max{ro(t);teRa}, rf = sup{|r1(t) ;teRa}, 29)
2.9
5= max{|so(t) ;teRa}, 8 = sup{|s1(t) ;te]Ra},
and
R} := max{!Ri(t) ;teRa}, Si= max{|S,-(t) ;teRa} (2.10)

for each i.

As we have already mentioned above, the main method used in this paper is the modi-
fied Priifer angle. To clarify this method, we need some basic properties of the half-linear
trigonometric functions. We denote

27
My i= —— (2.11)
psm 1—7
and consider the initial value problem
[o()] +@-DP@) =0, x(0)=0, «(0)=1 (2.12)

The odd 27, -periodic extension of the solution of (2.12) is called the half-linear sine func-
tion and is usually denoted by sin,. The half-linear cosine function is defined as the deriva-
tive of the half-linear sine function and it is denoted by cos,. The needed properties of
the half-linear trigonometric functions for our purpose are the validity of the half-linear
Pythagorean identity

[sin, yI” + |cos,ylf =1, yeR, (2.13)
and the boundedness of these functions given by (see (2.13))

|cos,ylf <1, |®(cos, y) sin, | <1, [sin, gl <1, yeR.
For other properties, we refer, e.g., to [14], Section 1.1.2.

To introduce the notion of the modified half-linear Priifer angle, we consider the concept
of the Riccati equation. Using the transformation

et (X0
w(t) =R (t)dD(x(t)), (2.14)

where x is a non-trivial solution of (2.1), we directly obtain the so-called Riccati equation

w o+ % +(p-DRE)|w1=0 (2.15)

associated to (2.1).
Hence, we can introduce the modified half-linear Priifer transformation as follows:

R(#)p(2)
¢

x(t) = p(¢) sin, (1), x'(t) = cos, ¢(t). (2.16)
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Our aim is to obtain an equation for the Priifer angle . Therefore, we sketch its derivation
at this place. For more details, see [15]. Let us consider a solution w of (2.15). Using (2.14)
and (2.16), we have

COS
yi= P lw= (—”‘p> (2.17)
sin, ¢

which, together with the fact that sin, is a solution of the initial value problem in (2.12),

leads to

O%e H s (2.18)

V=>1-p) |:1 +
sin, ¢

Now we derive v/ using (2.15) and (2.17). We obtain

V= [tp’lw]/ =(p-D 2w+ W

_p—l[ S(t) oS, @

sin, ¢

-2 Rt
P [ R0

P
], (2.19)

Finally, using (2.17) and comparing (2.18) and (2.19), we have

p]¢’=p_1[q><cf’s"(p>— SO R ,,]
t sin, ¢ p-1

which gives (consider the Pythagorean identity (2.13)) the required equation

COS, ¢

sin, ¢

COS, @
sin, ¢

(1—p)[1+

(2.20)

v = %[R(t”“’w(f) [~ ®(cos, o(8)) siny 0(0) + s(:)W}

p-1

associated to (2.1).
In particular, the Priifer angle ¢ associated to (2.2) via (2.16) satisfies the equation

o) = 1[<ro(t> . ﬁ) lcosy o(0)]”

log®t

_ CD(cosp (p(t)) sin, @(t) + (so(t) + lilg(?t) | Sir;::p(lt) |p:|‘ (2.21)
The equation for the Priifer angle ¢ associated to (2.8) is (see again (2.20))
o) = 1[(M(m) S M) %) lcos, ¢ (0)]?
t log“t log*t
— ®(cos, () sin, (2) + (M(so) + ?:)[;12 + 10;4 t) | Sil;,ip(lt) |P:|. 222)

For any solution ¢ of (2.20) on R,, we define the function v : R, — R by the formula

t+/t
W(t):= /t % dt, t>a. (2.23)
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This auxiliary function ¥ will play an important role in the rest of our paper. Note that
(2.21) and (2.22) are special cases of (2.20). Thus, the above function v is introduced also
for solutions of (2.21) and (2.22).

3 Results
Now we complete necessary statements which we will use to prove the main result. We
begin with two known lemmas.

Lemma 3.1 If ¢ is a solution of (2.20) on R,, then the function ¥ : R, — R defined by
(2.23) satisfies

(e +9) - v ()] < Cljzgt, t> ase 0V,

for some C > 0.
Proof See [26], Lemma 3.2. O

Lemma 3.2 Let ¢ be a solution of (2.20) on R,. Then there exist A,c > 0 such that the
function ¥ : R, — R defined in (2.23) satisfies the inequality

‘w () - [ICOSpIﬁ(t)I”

t+E
NG / R(t)dr — d>(cosp I/f(l’)) siny, ¥ (¢)

p et
| sip v @OF S(e )d1:1| <
(p 1 \/_ tl+e
forallt>a.
Proof The lemma comes directly from [26], Lemma 3.4. O

Next, we will need the following results.

Lemma 3.3 Let ¢ be a solution of (2.22) on R,. Then the function ¥ : R, — R defined in
(2.23) satisfies the inequality

v(t) > %[(M(ro) + %) |cos, ¥ (8)|" — ®(cos, ¥ (t)) sin, ¥ (2)

(M(SO) M(s, ))lsmp (t)|1f’+ 15 ] 51
log?t p-1 log” t

for all sufficiently large t.

Proof From Lemma 3.2, we have

|cos, Y ()P [V ( M(m) 1 )
Y'(E) > [7\5 /t M(r0)+—10g2t+10g4r dr

— ®(cos, Y (2)) sin, ¥ (2)
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|sin, Y ()17 “ﬂ(M(S) M(s:) 1 ) & A]

’ -t J; 0 +log21 +log“r £
1 ) M(ry) 1
= Z[|Cospw(t)| (M(VO) Tlog(t+ o) " loghe+ \/Z))
- dJ(cosp 1/f(t)) sin, ¥ (¢)
| sin, ¥ ()1 ( M(s1) 1 ) B éi|
+ 1 M(so) + T + Y

for all ¢ > a. Via the mean value theorem, one can directly compute

2logt
0 < limsuplog? t[logz(t +/t) — log? t] < tlim log? ti«/_ =0. (3.2)

t—00 t

Thus, we have

M M log?(t + «/t) — log*t 1
: ) (21) < M) E «/;) et 1 (3.3)
log?(t + /t) log*t log*¢t log® ¢t
M M log?(t + /) —log*t -1
2 (s) (32'1) < M(s) 0E \/;) et _p- (3.4)
log(t + /t) log*t log* ¢t log® ¢t
for all large ¢. From (2.13), it is seen that
. 1
max{|smpy|p,|cospy|p} > X yeR.
Hence, for large ¢, we have
| cos, yI? | sin,, y|? 2
+ > s eR. 3.5
log*(t+ /1) (p—1)log*(t++/t) log°t y (3:5)
Altogether, using (3.3), (3.4), and (3.5), we obtain
, 1 M(r) .
vi(t) > E[(M(m) + log_zlt> ’cosp ¥ (t) }p - CD(cosp w(t)) sin, ¥ (¢)
M i )P 2 2 A
+ (M(So) + (il)> | sinp ¥ (9] + — -~ —:|
log“ ¢t p-1 log’t log”t ¢
for large ¢, which gives (3.1). g

Lemma 3.4 Let ¢ be a solution of (2.21) on R,. Then there exists B > 0 such that the
function ¥ : R, — R defined by (2.23) satisfies the inequality

¥i(t) < %[(M(ro) + %) |cosp Y(t) |p — ®(cos, ¥ (2)) siny, ¥ (¢)

( M(S1)) sin,y()FF B ]
+ +

M(so) +
(s0) log?t p-1 log® ¢

for all sufficiently large t.
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Proof From Lemma 3.2, we know that the inequality

t+/t
v(t) < [M/t (Vo(f) + 101; o) )dr - (cosp 1//(t)) sin, ¥ (¢)

NG
s yp o 1) \ g, , A
(p (p-1VE (SO(I) ’ log2r> o ;:|

holds for all £ > 4. It means that it suffices to prove

t+/t
l\/_f 7)dt — M(rg)| < 14/02, ‘%/ﬁ so(r)dT — M(so)| < \B;OZ, (3.6)
n@ o M| A
|\/_/ log? r  log’t = log®t’ 37
and
s o Me)|_ B
‘f/ log? r  log’t = log®t 38)

for some Ay, By, A1, B; > 0, and for all large ¢.
Letf : R — R be an arbitrary continuous periodic function with period § > 0. Let a given
number ¢ be sufficiently large and / € N be such that /£ € (I8, ({ + 1)§). We have

t+/t
i/ f(T)dT—M(f)‘

4
NG t+1
f(l')dl'—%/ sf(r)dt

+

t+18
%/ Flo)de —M(f)‘

t+18 1 t+18
‘\/_ - fr)dr + \/_/ f(r)df—E/ f(r)dr
8 maxeqo,s) |f(2)] <i 3 _) dmaxeos) [f (£)| + SM(f)
< —\/Z + TN IBM(f) < i . (3.9)

Thus, (3.6) is valid for (see (2.9))
Ay = oz[rg +M(r0)], By = a[sg +M(So)].

Since (3.9) is true for any periodic continuous function f, we obtain (see (2.3), (2.4), (2.10))

t+/t
‘% f n(r) dr - M(r)

1 t+t M
= ﬁ/t ZR(r)dr M(ZR)

(f/ Ddr - MR ))‘
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7)dr - M(R;)

- O[iRJrr + aiM(Ri)
<y TR (3.10)
i=1 ﬁ

Analogously,
ST+ BiM(S;
‘ / 1) dr — M(sy) Zﬁ +ﬁ (S (3.11)
Vi =
Using (3.10), we have
’ /”ﬁ n( . M)
Vi log? 1' " log?t
V@) 1 YV ) 1 (*Vin() M)
dr - — —-dt|+|—= s—dr - —
log? 7 JtJo logit Jt log” t log* t
NG t
r /t 1 1
<— - + — ri(r)dr — M(r
Vi s logt  log’t logt |/t J; 1(®) ()

<r 1[1(’% (t+ VD) ~log’ t}+ Ly aiRl s aMR) (312)

log*t log? ¢ p=y NG

for large ¢. Considering (3.2), we obtain (3.7) from (3.12). Analogously, one can obtain (3.8)
applying (3.11). Hence, the proof is complete. d

Lemma 3.5 Equation (2.8) is non-oscillatory.

Proof The non-oscillation of (2.8) follows from [16], Theorem 4.1 (see also [17]) and the
Sturmian half-linear comparison theorem (see, e.g., [14], Theorem 1.2.4). More precisely,
from [16], Theorem 4.1 it follows that the equation

M) ¢ Yo
[(M(m) " log?t " Tlogt- log(log t)]z) ve )}

Ms) e i)
' (M(SO) Tlogt [logt~log(logt)]2> 2

Qs

(3.13)

is non-oscillatory for any sufficiently small ¢ > O (it is described in [17]) and (3.13) is a
non-oscillatory majorant of (2.8). O

Lemma 3.6 For a solution ¢ of (2.22) on R,, we have

lim sup ¢(¢) = limsup ¥ (¢) < oo, (3.14)

t—00 t—00

where  is introduced in (2.23).

Proof Lemma 3.5 says that any considered solution ¢ is bounded from above. Indeed, it
suffices to consider (2.16) and (2.22) when sin, ¢(t) = 0. For details, we can refer, e.g., to
[14], Section 1.1.3, [4, 15, 19]. Finally, the equality in (3.14) follows from Lemma 3.1. O

Page 10 of 17
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Now we can prove the announced result.
Theorem 3.1 Equation (2.2) with (2.6) and (2.7) is non-oscillatory.

Proof We recall that the non-oscillation of (2.2) is equivalent to the boundedness of a
solution ¢ of (2.21) on R, (see again each one of papers [4, 15] or [19]). In addition, a
solution ¢ of (2.21) on R, is bounded if and only if limsup,_, ., ¢(£) < co. It is seen from
the right-hand side of (2.21) when sin, ¢(t) = 0.

Let sufficiently large T > a be given. Let us consider an arbitrary solution ¢ of (2.21) on
Rz and the corresponding function ¥ : R — R given by (2.23). Lemma 3.4 ensures

M(ry)

V() < %I:(M(VO) + 10;—2) |cos, ¥ ()] — ®(cos, ¥ (£)) sin, ¥ (2)

+ <M(So)+ M(Sl)> | sin, Y (O + B i|, t>T.

log?® ¢t p-1 log®¢t

Thus, we have

¥(t) < %[(M(ro) + %) |cosp W (t) |1J — @(cosp w(t)) sin, ¥ (¢)

( M(S1)> |sin, @) 1
+ +

M(sp) +
(s0) log? p-1 logst

], t>T, (3.15)
og-t

because T can be chosen arbitrarily.
We consider the solution ¢ of (2.22) given by the initial condition (see (2.11))

o(T) =max{(p(T+\/Z);te [0, T]} + 7, (3.16)

and the corresponding function v given by (2.23). Considering the form of (2.22) and
(3.16), one can show that

U (T) < (7). (3.17)
Lemma 3.6 says that (3.14) is valid for ¢ and ¥, i.e., we have

lim sup @(t) = limsup ¥ (£) < co. (3.18)

t—00 t—00

Lemma 3.3 gives

M(

U'(t) > %[(M(ro) + E?;) |cos, V(2) }p - ®(cos, lﬂ(t)) sin, ¥ (£)

M(sl)>|sinpw(t)|” L ] T (3.19)

+ | M(so) +
< (s0) log?t r-1 log®t

Considering (3.15), (3.17), (3.18), and (3.19), we obtain

lim sup ¥ (£) < limsup ¥ (£) < co.

t—00 t—00
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Indeed, it suffices to consider the case when ¥ (¢) = ¥/ (£,) for any tp > T. Using Lemma 3.1,
we know that ¢ is bounded from above which implies the non-oscillation of (2.2). a

To illustrate our results, we mention examples. We remark that all given examples are
not generally solvable using any previously known non-oscillation criteria.

Example 1 Immediately, Theorem 3.1 gives the non-oscillation of several equations. For
example, the equations

sint q* + sin(v/2t) -4
14 200, 4 TIRVED 0,

» plog s @(x')] + (q_” + sin(St))

[(1 + arctan(sing t))fg qa(x’)]/ +q? (1 ¥ %};;') % =0

are non-oscillatory.
Theorem 3.1 implies new results in many special cases. We obtain a new result even
for linear equations with constant and periodic coefficients which is formulated as the

corollary below.

Corollary 3.1 Let f, g be periodic and continuous functions such that M(f), M(g) > 0 and
M(f) + M(g) = 1. The equation

fON ] HORW
|:<1+ logzt) xi| + E(l + log2t>x_ 0 (3.20)

is non-oscillatory.

Example 2 Leta € (0,1) and 9,0 > 1 be arbitrary. For the linear equations

i x' " 1+ (1-a+sin, t)/log’t
L1+ (a + sin, t)/log? t] 42 =
i x' " 1+ (1 —-a+-cos,t)/log?t
L1+ (a + sin, t)/log? t:| 4¢2 =0,
i x " 1+ (1 -a+sin, t)/log’t
L1+ (a +cos, t)/log? ti| 42 =0,
i x " 1+ (1-a+cos,t)/logt
L 1+ (a+ cos, t)/log? t:| 4¢2 =5

we can apply Corollary 3.1. Thus, the above equations are non-oscillatory.
Now we mention two relevant results.

Theorem 3.2 Letc:R, — R bea continuous function, for which mean value M(c*~9) exists
and for which

0 < inf ¢(£) < sup c(t) < o0,
teR, teR,

Page 12 of 17
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and let d : R, — R be a continuous function having mean value M(d). Let us consider the

equation
[ct)o(«)] + %f)eb(x) =0 (3.21)
and denote

A:=q* [M(cl’q)]l_p.

The following statements hold.
(i) Equation (3.21) is oscillatory if M(d) > A.
(i) Equation (3.21) is non-oscillatory if M(d) < A.

Proof See [12], Theorem 9. O

Theorem 3.3 Let ¢, be a positive a-periodic continuous function, let dy be an a-periodic
continuous function, and let ¢y, dy : R, — R be arbitrary continuous functions for which
mean values M(cy), M(|ca]), M(dy), M(|d,|) exist. Let us consider the equation

O\ " yn] () ) 2@)
[(“(t)+122g_2t) @(x)] +(d1(t)+10';2t)7"=0 (3.22)

and denote

I 1= 247 M(d) [M(c1)]* + 24 *pM(cy)[Mc)] ™

Let

a(t) + li)zg—(ﬁ)t >0, t>a, g’ M(dy)[ M(cy)]

Qs

=1

The following statements hold.
(i) Equation (3.22) is oscillatory if T > 1.
(i) Equation (3.22) is non-oscillatory if T < 1.

Proof See [18], Theorem 5.1, where it suffices to put n = 1. O
Combining Theorems 3.2 and 3.3, we obtain the following one.

Theorem 3.4 The following statements hold.
(i) If[M(rO)]gM(so) > q?, then (2.2) is oscillatory.
(ii) If[M(rO)]gM(so) < q?, then (2.2) is non-oscillatory.
(i) 1 [M(r0))7M(so) = 47 and
1—
; 2

+ LMo [meo)] > T,

M(s1)[M(ro)] pry 5

then (2.2) is oscillatory.
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(iv) If [M(ro)) M(so) = ¢ and

bop a g
1 qp+1M(Vl)[M(VO)] <T,

M(s1)[M(ro)]7 +

then (2.2) is non-oscillatory.
Proof The theorem follows immediately from Theorem 3.2 (parts (i), (ii)) and Theo-
rem 3.3 (parts (iii), (iv)). It suffices to consider the identities p — 1 = p/q, (1 — q)(-p/q) = 1.
O

Applying Theorem 3.4, we can improve Theorem 3.1 and Corollary 3.1 into the following
more convenient forms. We give illustrating examples as well.

Theorem 3.5 Equation (2.5) is non-oscillatory if and only if

a+a L a+a
lim [i</ ro(r)dr>q (/ SO(r)dT) -q"t
t—oo| f a a
a+t " a+t 2 att 5m R: d 1-p
+l / ZSi(T)dT </ ro(r)dt)q+pf” Xﬂ:::l (T)de <71
tP a 1 a qp+1 fa 7'0(1') dr 2

Proof 1t suffices to consider Theorems 3.1 and 3.4. d

Example 3 Leta,b,c,d >0, ay,a;,as,b, #0, p = 3/2. Let us consider the half-linear equa-
tion

1 x 7
|:\/a + c(cos(ayt) sin(at) + cos(ayt) + sin(ast))/log” t . «/W]

cos(bif)sin(bit) 1\ x
+ <b+d[ Togz ] )W =0. (3.23)

Theorem 3.5 guarantees the oscillation of (3.23) if ab? > 1/27; and its non-oscillation if
ab® <1/27. We put ab® = 1/27. Since

M(cos(at) sin(at)) = M(cos(at)) = M(sin(at)) =0, a0,
and

M([cos(at) sin(at)]z) ==, a0,

oo | =

we obtain the oscillation of (3.23) for ad? > 16/3 and the non-oscillation in the opposite
case ad? < 16/3.

Corollary 3.2 Let f, g be periodic and continuous functions such that M(f), M(g) > 0.
Equation (3.20) is oscillatory if and only if M(f) + M(g) > 1.
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Example 4 Using Corollary 3.2 (and Theorem 3.5), we can generalize Example 2. For any

ay,az, b1, b, >0, and g,0 > 1, the linear equations

i x ] ay + (by +sin, t)/log? t
x=0,

L a1 + (by +sin, £)/log* ¢ 412

i x :|/ ay + (by + cos, t)/log* t 0
x=0,

| a1 + (by +sin, £)/log* ¢ 42

i x' :|/ as + (by + sing )/ log? t 0
x=0,

Lai + (b + cos, t)/log2 t 442

i x' j|/ as + (by + cos, t)/log* t
X =

L a1 + (by +cos, t)/log* t 42

are oscillatory for a;a, > 1 and non-oscillatory for a;a; < 1. In the limiting case a1a; =1,
one can easily rewrite the considered equations in the form of (3.20), where M(f) = b1/ay
and M(g) = a1 b,. Therefore, in the case aya; = 1, the above equations are oscillatory if and
only if by > a;(1 — a1b,).

If we know that an equation is conditionally oscillatory, then we can use it as a testing
equation for many other equations. For example, using the Sturmian comparison theorem
(see [14], Theorem 1.2.4), we can proceed for perturbed Euler type half-linear equations

as follows. Let us consider

[ 00 ()] #5002 + (009 =0 (3.24)
and
[[roe) +£O] F@ )]+ 72 <o, 25)

where f, g are arbitrary continuous functions and r, sy are «-periodic continuous func-
tions such that ry, f are positive and M(ry) =1, M(so) =g 7.

Equation (3.24) is non-oscillatory if there exist 8;-periodic continuous functions S;, i €
{1,...,n}, such that

n n
M(Z si) =1, ) Si()>0, teR, (3.26)
i=1 i=1

and
P log>t gq'*
limsup 80108 L 4 (3.27)
t—00 Zi:l Si(t) 2
Equation (3.24) is oscillatory if the functions S; satisfy (3.26) and
Hrlog*t  q'*
o {OLAL SN il (3.28)

t—00 Z?:] Si(t) > 2
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Indeed, from inequality (3.27), we obtain ¢ > 0 with the property that

g(t)< (ql—p—g>M

2 trlog?t

for all sufficiently large ¢. Thus, it suffices to use Theorem 3.5 and the Sturmian comparison
theorem. Analogously, we get the statement concerning inequality (3.28).

Similarly, (3.25) is non-oscillatory if there exist ¢;-periodic continuous functions R; for
ie{l,...,m} such that

M ZRi =1, ZR,-(t)>O, teR, (3.29)
i=1 i=1

and we have

. f®log’t 4*
limsup = < —.
oo Do Rit) " 2p

On the other hand, if the functions R; satisfy (3.29) and

Hlog’t 4?
T VAOLL SN i
{—00 Zl‘=1Ri(t) 2]7

then (3.25) is oscillatory.
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