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1 Introduction

Fractional calculus is a generalization of ordinary differentiation and integration to arbi-
trary noninteger order. The fractional differential equations have been of great interest
recently. This is because of both the intensive development of the theory of fractional
calculus itself and its numerous applications in various fields of science and engineering
including fluid flow, rheology, control, electrochemistry, electromagnetic, porous media
and probability, etc. (see [1-4]).

In recent years, the existence and uniqueness of solutions of the initial and boundary
value problems for fractional equations have been extensively studied (see [4—16] and the
references therein). But there are few works that deal with the existence of solutions of
nonlinear fractional differential equations in Banach spaces; see [17-24]. In [19], Hussein
investigated the existence of pseudo solutions for the following nonlinear #-point bound-

ary value problem of fractional type:

Dg+u(t) +a()f(tu()=0, 0<t<l,
u(0)=1/(0) = =u(0) =0,  u(l)=3"72culn)

in a reflexive Banach space E, where D, is the pseudo fractional differential operator of
ordern—-1<g<mn>2.
In [22], by the monotone iterative technique and the Monch fixed point theorem, Lv et

al. investigated the existence of a solution to the following Cauchy problem for the differ-
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ential equation with fractional order in a real Banach space E:
“Dru(e) =f(tul®)),  w0)=uo,

where ©D7u(t) is the Caputo derivative of order 0 < g < 1.
By means of Darbo’s fixed point theorem, Su [23] established the existence result of
solutions to the following boundary value problem of fractional differential equation on

unbounded domain [0, +00):

Dl u(t) =f(t,u(t)), tel0,+00),1<q<2,

w©0)=6,  DI'u(00) = tny

in a Banach space E. D{, is the Riemann-Liouville fractional derivative.

Being directly inspired by [9, 15, 19, 22] but taking quite a different method from that
in [15, 19-23], we discuss in this paper the following high-order boundary value problem
(BVP for short) in a Banach space E:

DY u(t) +f(tud,...,u" D) =0, Vte(0,1),qe(n-1,mn],
u?(0)=0, 0<i<n-3, (11)
au(n—Z)(o) _ ﬁu(”_l)(()) =0, yu(n—2)(1) + 314("_1)(1) -9,

where 0 is the zero element of E, n > 2, &, B, y and § are nonnegative constants satisfying
pt=ay+ad+By >0,and D, isthe Caputo fractional derivative. Note that the nonlinear
term f depends on u and its derivatives u’,u”, ..., u"?,

The paper is organized as follows. In Section 2 we give some basic definitions in
Riemann-Liouville fractional calculus and the Kuratowski noncompactness. In Section 3
we present the expression and properties of Green’s function associated with BVP (1.1),
and by using the fixed-point theorem for strict-set-contraction operators and introducing
anew cone €2, we obtain the existence of at least two positive solutions for BVP (1.1) under
certain conditions on the nonlinearity. Moreover, an example illustrating our main result

is given in Section 4.

2 Preliminaries and lemmas
For convenience of the reader, we present here some definitions and preliminaries which
are used throughout the paper. These definitions and lemmas can be found in the recent

literature such as [1, 5].

Definition 2.1 ([1]) The Riemann-Liouville fractional integral of order g > 0 of a function

y(¢) is given by

12,0 = %q) /0 (£ = 5T y(s) ds

provided that the right-hand side is defined pointwise.
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Definition 2.2 ([1]) The fractional derivative of order g > 0 of a function y : R§ — R is

1 d " ! n—-q-1

where n = [q] + 1, [q] denotes the integer part of number g, provided that the right-hand

given by

Dg+y(t) =

side is defined pointwise. In particular, for g = n, Dg () = y(”) (2).
Lemma 2.3 ([1]) Let q > 0. Then the fractional differential equation
Di.y(t)=0

has the unique solution y(t) = c;t97 + ot 2+t i c;€R,i=1,2,...,n heren—1<
q<n.

Lemma 2.4 ([5]) Let q > 0. Then the following equality holds for y € L(0,1), D}y € L(0,1):
IE.DE y(t) = y(t) + crt?™ + ot 4 -+ oyt
forsomec; €eR,i=1,2,...,N, here N is the smallest integer greater than or equal to q.

Let the real Banach space E with the norm || - || be partially ordered by a cone P of E, i.e.,
u <vifand onlyif v—u € P, and P is said to be normal if there exists a positive constant
N such that 0 < u < v implies ||| < N|v||, where the smallest N is called the normal
constant of P. For details on cone theory, see [25].

The basic space used in this paper is C[I, E]. For any u € C[I, E], evidently, (C[,E], || - || c)
is a Banach space with the norm ||| ¢ = sup,; |u(¢)|, and P = {u € C[I,E]: u(t) > 0 for t €
I} is a cone of the Banach space C[[,E]. We use «, a¢ to denote the Kuratowski non-
compactness measure of bounded sets in the spaces E, C(I,E), respectively. As for the
definition of the Kuratowski noncompactness measure, we refer to Ref. [25].

Definition 2.5 ([25], Strict-set contraction operator) Let Ej, E; be real Banach spaces,
S CE,. T:S— E, is a continuous and bounded operator. If there exists a constant k such
that a(7T'(S)) < ka(S), then T is called a k-set contraction operator. When k <1, T is called
a strict-set contraction operator.

Lemma 2.6 ([25]) If D C CI[[,E] is bounded and equicontinuous, then a(D(t)) is continu-
ous on I and

ac(D) = ntlglxa(D(t)), a({/u(t) dt:u ED}) < /Ia(D(t)) dt,

1

where D(t) = {u(t) :u € D, t € I}.

Lemma 2.7 ([25]) Let K be a cone in a Banach space E. Assume that Q, Q2 are open
subsets of E with 6 € Q1L C Q. IfT:KnN (22 \ 1) = K is a strict-set contraction
operator such that either
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@) N17Tx|l < lIx)l, x € K N0y and || Tx|| > ||x||, x € K N 92, or
(i) [1Tx[l = [lxll, x € KN 32y and || Tx|| < ||x]l, x € K N 32,
then T has a fixed point in K 0 (Q, \ Q).

In the paper, we always assume that the following three assumptions hold:
(HO) 0<p*:=p fol (s) ds < +00, where ¢(s) is defined as

96) = (B+as)[yd-s)+8(g-n+1)](1-s)7".

(g-n+2)

(H1) There exista € C[I,R,] and & € C[R"™, R, ] such that

Hf(t) ul;'“run—l)” = d(t)h(llulllwn, ”un—1”)>
VitelLupeP,k=1,...,n-1. (2.1)

(H2) f:1 x P*' — P forany r > 0, f is uniformly continuous on I x P*"! and there

exist nonnegative constants Lg, k =1,...,n— 1, with

9 n-2 Lk

— ——— + L, 1 2.2

,o*(z(n—Z—k)!Jr 1)< 22)

k=1
such that

n-1

a(f(t,D1,Dy,...,Dy1)) < Y Ly(Dy), Vel bounded Dy e P, (23)
k=1

where P, ={u € P: ||ul <r}.

3 Main results
Lemma 3.1 Given y € C[I, E], then the unique solution of

Dg:n+2x(t)+y(t):0, O<t<lLn-1<g=<mnn>2,

(3.1)
ax(0) - Bx'(0) = 0, yx(1) +6x'(1) =0
is
1
x(t) = / G(t,5)y(s)ds, (3.2)
0
where
Glt.s) - Gi(t,s) = -(FE;TZS +Golt,s), 0<s<t<l, (33)
Go(t,s), OftSSSL
and
Go(t,s) = % [y(l -s)+8(g—-n+ 1)](1 —s)".
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Proof Deduced from Lemma 2.4, we have
x(t) = —Ig;mzy(t) +c1 + ot

for some ¢;, ¢; € R. Then we get
1 t
x(t)z_m/o (t — )T y(s) ds + ¢, + cat,
1 L
)= ———— t—s)1"y(s)d .
x'(2) F(q—n+1)/0( )" y(s)ds + ¢y

By boundary conditions ax(0) — 8x'(0) = 0, yx(1) + 8x’(1) = 0, and noting that I'(g—n +2) =
(g—n+1)I'(g—n+1), we have

1
“as #iu)/o [y =s)+8(g-n+1)]A-5)"y(s)ds

and
1
“7T(q fz +2) /o [y(@-9)+8(g—n+1)]A~5)""y(s)ds.
Thus
o t (t _ S)q—n+1 4
x(t) = - A my(s) S
1
+ ﬁl}zz) /o [y(l —-s)+8(g—n+ 1)](1 —$)Ty(s) ds
1
+ % /0 [y(l -8)+8(g-n+ 1)](1 —8)T"y(s) ds
[t syt "y(L-s)+68(g—n+1)](1-s)1™"
==/ my(s)ds+p(ﬁ+at)/0 Flq—n+2) y(s)ds
1
= / G(t,8)y(s)ds,
0
where G(t,s) is Green’s function defined by (3.3). This completes the proof. O

Moreover, there is one paper [10] in which the following statement was shown.

Lemma 3.2 ([10]) The function G(t, s) defined by Lemma 2.3 has the following properties:
(i) G(t,s) is continuous on [0,1] x [0,1];

(i) if B> q:zla, then 0 < G(t,s) < G(s,s) for any t,s € [0,1].

Lemma 3.3 If8 > q:’fltx, then the function G(t,s) satisfies:

rp(s) < G(2,s) < po(s) fort,se0,1],
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where

e mi {4pay8[ﬁ(q—n+1)+a(q—n)] 4paﬂy5(q—n+l)}

:= min , )
¢ ¢

l:= [ay—ﬁy +a6(q—n+1)]2+4~otﬁy[y+8(q—n+1)].

Proof According to (3.3) and Lemma 3.2, we have

G*(s) < G(t,5) < po(s),

where
G- | Ok 0=s< BGEER,
Go(0,s), P <51,
Since
Gi(Ls) . . -ptd-s)+(B+a)y(l-s)+8(g-n+1)]

o s o T a5 18 -n D)
p3[B(g—n+1)+alg—n)]
T (Bras)y(l-s)+d(g-n+1)]
- 4payd[plqg-n+1)+alg—n)
T [ay - By +ad(g-n+1)]2 +4aByy +8(g—n+1)]
_ dpay§[Blg—n+1)+alg-n)]
é‘ )

and

inf Go(0,5) inf plBy1—s)+ Bé(g—n+1)]

O<s<1 (p(s) - 0<s<1 (IB +OtS)[)/(1 —S) + a(q—}’l + 1)]
- 4p ' aByslqg—n+1)
T lay -By +adlq-n+1)]? +daByly +8(q-n+1)]
_4paByslg-n+1)
B S

’

then we get
Ap(s) < G(t,s) < G(s,s) < pp(s). O

Lemma 3.4 Let u(t) = I(’,‘sz(t), x € C[I,E]. Then problem (1.1) can be transformed into the
following modified problem:

Dg:mzx(t) +f (8, I52x(s), ..., I (8), %(s)) = 6,

(3.4)
ax(0) — Bx'(0) =6, yx(1) +8x'(1) = 0,

where 0 <t<1,n—-1<q<mn, n>2. Moreover, ifx € C[I,E] is a solution of problem (3.3)
and x > 0, x # 0, then the function u(t) = I(’,’:Zx(s) is a positive solution of (1.1).
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To obtain a positive solution, we construct a cone Q by
A
Q= {x(t) € P:x(t) > —x(s),Vt,s € 1}, (3.5)
p

where P = {x € C[I,E] : x(t) > 0,t € I}.
Define an integral operator T : Q — E by

1
(Tx)(t) = /O Gt 9)f (s, 157 2x(8), 5 x(s), ..., [ x(s),x(s)) ds, 0 <t<L (3.6)

Lemma 3.5 Assume that (H0)-(H2) hold. Then T : Q — Q is a strict-set contraction op-

erator.

Proof From Lemma 3.3 and (3.6), we obtain

1
(Tx)(t) > }L/O (p(s)f(s, I(',’szj(s), . ..,I(l)+xj(s),x/(s)) ds.

On the other hand,

1

(Tx)(s) =/0 G(s,s)f(s,l(')’Iij(s),...,Iém,»(s),xj(s))ds
1

< ,0/0 <p(s)f(s,lg+_2xj(s),...,Ié+xj(s),x,(s)) ds

1
= g](; K¢(Sy(s,lgj2xj(s),...,I(l)ij(s),xj(s)) ds < g(Tx)(t)

Then (Tx)(t) > %(Tx)(s), which implies (Tx) € @, i.e., T(2) C Q.

Next we prove that T is continuous on . Let {x;}, {x} C Q and [|x; - x||o — 0 (j — 00).
Hence {x;} is a bounded subset of 2. Thus, there exists r > 0 such that r = sup; [|x;[lo < 00
and ||x|lq <r.

According to the properties of f, for Ve > 0, there exists / > 0 such that

Hf(s, I(',’szj(s), . ..,I(l)+xj(s),x/(s)) —f(s, I(’)‘IZx(s),...,Iém(s),x(s)) || < %

forj>],Vtel
Then

1
||(ij)(t)—(Tx)(t)|| 5[; G(t,s)|[f(s,lg+_2x,~(s),...,I(l)+xj(s),xj(s))
—f (8, 2572%(8), ..., I+ (), x(s)) || ds
1
< p/; o(s)ds - |[f (s, I52x)(s), ..., I x5(5), %;(5))

—f (8, I572x(5), ..., I+ (), %(5)) | < .
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Therefore, Ve > 0 for any ¢ € I and j > J. We get
||(ij)(t) - (Tx)(t)” — 0.

This implies T is continuous on €.
By the properties of continuity of G(t,s), it is easy to see that T is equicontinuous on /.
Finally, we are going to show that T is a strict-set contraction operator. Let D C Q2 be
bounded. Then, by condition (H1), Lemma 3.1 implies ac(7D) = max,c; a((TD)(2)). It fol-
lows from (3.6) that

1
a((TD)(t)) = a({/(; G(t,s)f(s, (T1x)(s), ..., (T,,_zx)(s),x(s)) ds e D})
1
< [ ({6657 (5 (T, (T, 2090 6) ds € D))
0

1

=< p/O (/’(S)Ol(f(l X (]g:zD)([) X oee X (1(1)+D)([) % D(I))) ds
n-2

=p (Z Lya((Ig-' D)D) + Ln_la(D(l))>,
k=1

which implies
n-2
ac(TD) < p* (ZLkO{((IngD)(I)) + Lnlo((D(I))) (3.7)

k=1

Obviously,

( )n —2-k
a(IgII‘kD)(I):a<{/ 7 )x(s)ds vel0,s],selk=1,. ,n—2}>

1

<———a(DW)). 3.8
= (o) (3.8)

Using a similar method as in the proof of Theorem 2.1.1 in [25], we have
a (D)) < 2ac(D). (3.9)

Therefore, it follows from (3.7), (3.8) and (3.9) that

P1

n-2
c(TD) < —( T~ 2 PR +Ln—l)aC(D)‘
k=1

Noticing that (2.3), we obtain that T is a strict-set contraction operator. This completes
the proof. d

Now we are in a position to give the main result of this work.

Theorem 3.6 Let the cone P be normal and conditions (HO)-(H2) hold. In addition, as-
sume that the following conditions are satisfied:
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(H3) There exist u* € P\{0}, c; € C[I,R,] and h, € C[P"},R.] such that
ftuy,... uyq) = a®m(m, ..., u,1)u*, Vielug P,
and

. hy(u, ..., 1)
K= lim  — S AT asup e P,

1
Y lmll—oo Y gy llukll

where A := N"2p~1 (A2 fol o(s)ci(s) dsllu* ).
(H4) There exist u, € P\{8}, c; € C[I,R,] and hy € C[P"\,R,] such that

f(t) Ulyeons MVHZ) = Cz(t)hz(”h e unfl)u*l Vt e 11 Ui € P7
and

. ho(uis ...y ty1)
H = l1m —— sV, asueP,

1
Y =0 > gy gl

where V := N"2p71(32 fol ©(s)ca(s) ds||us)).
(H5) There exists & > 0 such that

1
,oNMg/o p(s)a(s)ds < &,

where ME =MaXy, epg {h(llul oo et ”)}
Then problem (1.1) has at least two different positive solutions.

Proof Consider condition (H3), there exists r; > 0 such that

n-1 n-1
Ity . ttg) = (K = e0) > lluall,  Yux € P llull =,
k=1 k=1

where ¢; > 0 satisfies (h{° — &) A > 1.

Therefore,
n-1 n-1
[, ) = (K =&)Y llwill - i (Ou*, Yux € P,y uell = 7.
k=1 k=1
Take

R> max{Np)Flrl,S}.
Then, for t € I, x € 2, ||x||q = R, we have by (3.5)

[x@)] = 2(oN)xl@ = A(oN)'R > 1.

Page 9 of 15
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Thus
1
(Tx)(¢) = / G(t,s)f(s,lgizx(s),...,1(1)+x(s),x(s)) ds
0

1
> / )»(p(s)f(s,lgizx(s),...,Iéwc(s),x(s)) ds
0
> (h° - &) /M @(s) <Z||I”+1kx(s) |+ [ %(s) ||)cl(s) ds-u*

> (hfO - 81))»/0 o(s)c1(s) ||x(s)|| ds-u*

1
> (th —sl)AZ(pN)—1||x||Q<f0 o(s)ci(s) ds) ut

A? ! N|x[le
= (h° -5 —(/ o(s)ci(s) ds| u* ) —u
e -a) o, 1) Ty
N
> Nlirlle (3.10)
floex |
and consequently,
ITxlle = lIxlle, VxR lxlle=R. (3.11)

Similarly, by condition (H4), there exists r, > 0 such that

n-1 n-1
houn, .y tta) = () = £2) Y llwall, Ve € P,0 <Y uell <7,
k=1 k=1
where ¢, > 0 satisfies (b9 — &)V > 1.
Therefore,
n-1 n-1
S, ttn) = (B = 22) Y gl - ety Vi € P,0 <Y gl < 7.
k=1 k=1
Choose

n-2 -1
1
0<r<min[<z E) rz,é}.
k=0

Then, for t € I, x € , ||x|lq = r, similar to (3.10), we have
1
(@0 = (1 - e | o0hao)(0)] ds .
0

1
> () - ez)xz(pN)-lnan( /0 0(s)ca(s) ds) u,

22 ! Nllx|l o
=(H -¢ —(/ s)c sdsu*>- Us
(8 -e) (| e@e@dstiuat )-S5

N||x
_ Nlxlla

(A

*7

Page 10 of 15
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which implies

[ Txllq > || %(s)]

o VxeQxlg=r. (3.12)

On the other hand, according to Lemma 3.3 and (3.6), we get

1
(Tx)(t) < p/o <p(s)f(s,1(’)712x(s),...,Iéw(s),x(s)) ds. (3.13)

By condition (H1), fort € I, x € Q, ||x||q = &, we have

“f(t! Ml:--w”n—l)H = ﬂ(t)h(||bi1||n~: ||Mn—1||) EMSa(t)'
Therefore,
1
|0, < pNM: - [ oato)ds <& = sl (3.14)

Applying Lemma 2.7 to (3.12), (3.13) and (3.14) yields that T has a fixed point x; € Q,¢,
r < |x| <&, and a fixed point x, € Q¢ z, & < |x2]| < R. Noticing (3.13), we get |x,| # &
and ||, || #&. This and Lemma 3.4 complete the proof. O

Theorem 3.7 Let the cone P be normal and conditions (HO) ~ (H3) hold. In addition,
assume that the following condition is satisfied:

(He)
h(||eerl], ... |- —
(Il 1||n_1 ll24n1ll) 0, asu EP'Z el = O*. (3.15)
> ke Nuxll k-1

Then problem (1.1) has at least one positive solution.

Proof By (H3), we can choose R > NpA~lr;. As in the proof of Theorem 3.6, it is easy to
see that (3.11) holds. On the other hand, considering (3.15), there exists r3 > 0 such that

n-1 n-1
h(lwall,..o lunall) <es Y lluell, forteLug e P0< Y flull <73,
k=1 k=1

where g3 > 0 satisfies

n-1 1 1 -1
- - ds) .
& (Np,; - /O o(s)als) s)

Choose 0 < r* < min{(ZZ;é %)‘1;"3,13}. Fortel,x € Q, ||x||q = r*, it follows from (3.5) that

0 < (pN)"ar* < |lx| <73,

el nl g (3.16)
0<(pN)ir® < 3 |15 x| < 3 el < 7.

k=1 k=1
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Then, fort €I, x € 2, ||x||q = r*, we have

1
[0 < o /0 &) (5, 124(6), ..., oo x(5),%(6)) | s

)ds

1
< 0/0 p(s)a(s)h(| 15>

1 n-2
< 83,0/0 @(s)a(s) (Z”Ig:l—kx(s) |+ [|(s) ||) ds
k=1

-1

E

1
£30 Fr f o(s)a(s)ds =r",
ko o
and consequently,
[T @), < llxlle,  VxeQ,|x] <r*. (3.17)

Since 0 < r* < R, applying Lemma 2.7 to (3.11) and (3.17) yields that T has a fixed point
%o € Qe p, r* < ||%o]| < R. This and Lemma 3.5 complete the proof. O

4 An example

Consider the following system of scalar differential equations of fractional order:

~D3u(t) = sk (0) + g {200 (0) + 20y, () + 3275 wi(0) + 3275 b (6))
+ \/3u2k(t) F3u,(6) + YN w0 + 5 w0, tel,

u(0) = 1, (0) = 0, 1uk(0) - 3u(0) = 0

() + 2u (1) =0, k=1,2,3,....

(4.1)

Conclusion Problem (4.1) has at least two positive solutions.

Proof Let E=1"={u = (u1,uz, ..., tp,...) D poy |tk < 00} with the norm [Jull = > 7o) |uxl,
and P = {(uy,..., ux,...): u;p >0,k =1,2,3,...}. Then P is a normal cone in E with a normal
constant N = 1, and system (4.1) can be regarded as a boundary value problem of the
5 1

»n=3,a=,B= %, y=1268= %, U= Uty Upyy...),

form (1.1). In this situation, g = 3

f=0.f2--rfur---), in which

3
Sty i 1) = iuk(t) 312;2 { |:2uk+2(t) 2, (8) + Z ui(t) + Z i, t):|

j=1 j=1
+ | Bun(t) + Buf (6 + Y wi() + Y u(t) } (4.2)
j=1 =1

By calculating, we have p = %, A~ 0.1515, and

1 n—q 1
—=f>—-a=—,
2 qg-n+1 4
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and

44

! 1 1 1
*= s)ds = —— 2+s 1-s+ ds = ~ 0.3310,
o pfo @(s) Sﬁ/o( )(«/ 4*1_) N

which implies that condition (HO) is satisfied. Observing the inequality )2, k% <2, we
get, by (4.2),

o0
1+t/(1 1 1
Hf(t, u, V)” = Zlfk(tﬂflk: Vk)| =< T(g””” + 5(||14|| + ||V||)3 5V lleell + ||V||)~ (4.3)
k=1
Hence (H1) is satisfied for a(t) = %, and

1 1 1
h(x,y) = gt E(x+y)3 + ﬁm

Now, we check condition (H2). Obviously, f : I x P> — P for any r > 0, and f is uni-
formly continuous on I x P2 Let f = f + £, where f® = (f7,...,£,..) and £ =
()’1(2), . ..,fk(z), ...), in which

o0 oo 3
O u,v) = 312 Z ;2 { [2%2(” 2l (O + ) uit)+ Y u;,(t)}

Jj=1 Jj=1

+ | Bun(t) + Buf () + Y () + ) u;(t)} (k=1,2,3,...), (4.4)

j=1 j=1
and
@) 1
(L u,v) = ﬂuk(t) (k=1,2,3,...). (4.5)
For any ¢ € I and bounded subsets D;, D, C E, by (4.4), (4.5), we know
1
a(fP1,Dy,D,)) < 2—40:(D1), Vtel,Dy,D, CE, (4.6)

and

oo
0 =< W) = YOI )]
k=1

< (llull + 1v1)* + %\/m Vtelu,veE.
Similar to the proof of [25, Example 2.12], we have
a(f(l)(t, Dl,Dz)) =0, Vtel, bounded sets D;,D, CE. (4.7)
It follows from (4.6) and (4.7) that

1
a(fI,Dy,D2)) = (D), Vel DD, CE,
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and

2 (5~ e 2 02518<1
J— + _ = A . < »
p\ = n-2-kr " TN

i.e., condition (H2) holds for L; = ﬁ, L, =0.

On the other hand, by (4.2), we have

1+t
filt,u,v) > (lull +vl)°, Vtel,uveP(k=123,..),

~ 324k2
and
1+¢
felt,u,v) > m,/ lleell + VI, Veel,u,veP(k=1,2,3,...).

Hence condition (H3) is satisfied for

1+¢

alt) = 3042

1
Ini(e,v) = (lull + vIl)’,  and u=(1ﬁ>

in this situation,

Cllaell + IvID* _

lul+lvi—oco ||z]| + V||

0o _ -1
hiy = >AT.

And condition (H4) is also satisfied for

1+t¢ 1
c(t) = hop(u,v) =/|lull +|vll, and u, = (1,..., p,...),

324k2’
in this situation,

0o B Nllull + vl

5% = =o00>VL
O+ ivi—o el + vl

Finally, choose & = 1. It is easy to check that condition (H5) is satisfied. In this case,
Mg ~ 41774, and so

1
PNM; / o(s)a(s)ds ~0.9604 < & =1.
0

From Theorem 3.6, the conclusion follows and the proof is complete. g
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