Mothibi and Khalique Advances in Difference Equations 2013, 2013:166 ® Advances in Difference Equations
http://www.advancesindifferenceequations.com/content/2013/1/166 a SpringerOpen Journal

RESEARCH Open Access

On the exact solutions of a modified Kortweg
de Vries type equation and higher-order
modified Boussinesq equation with damping

term

Dimpho Millicent Mothibi and Chaudry Masood Khalique™

"Correspondence:
Masood.Khalique@nwu.ac.za
International Institute for Symmetry
Analysis and Mathematical
Modelling, Department of
Mathematical Sciences, North-West
University, Mafikeng Campus,
Private Bag X 2046, Mmabatho,
2735, Republic of South Africa

@ Springer

Abstract

In this paper, we obtain exact solutions of two nonlinear evolution equations, namely
the modified Kortweg de Vries equation and the higher-order modified Boussinesq
equation with damping term. The method employed to obtain the exact solutions is
the (G'/G)-expansion method. Traveling wave solutions of three types are obtained
and these are the solitary waves, periodic and rational.
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1 Introduction
In this paper, we consider two nonlinear evolution equations, namely the modified Ko-

rtweg de Vries equation [1]

Uyt — Uylhyy — 4-u3ut + AUl — DUy Uy — 16u3ux =0 1)
and the higher-order modified Boussinesq equation with damping term [2]

U + AUy + Bllyxry + )/[6u(ux)2 + 3u2uxx] =0. (2)

It is well known that nonlinear evolution equations, such as (1) and (2), are widely used
as models to describe physical phenomena in different fields of applied sciences such as
plasma waves, solid state physics, plasma physics and fluid mechanics. One of the ba-
sic physical problems for these models is to obtain their exact solutions for the better
understanding of nonlinear models [1-22]. In the last few decades, a variety of effective
methods for finding exact solutions, such as the homogeneous balance method [3], the
ansatz method [4, 5], the variable separation approach [6], the inverse scattering transform
method [7], the Backlund transformation [8], the Darboux transformation [9], Hirota’s bi-
linear method [10], the reduction mKdV equation method [11], the tri-function method
[12, 13], the projective Riccati equation method [14], the sine-cosine method [15], the Ja-
cobi elliptic function expansion method [16, 17], the F-expansion method [18] and the
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exp-function expansion method [19] and many others, were successfully applied to non-
linear differential equations.

Although a great deal of research work has been devoted to finding different methods
to solve nonlinear evolution equations, there is no unique method. In 2007 Wang et al.
[20] proposed a new method referred to as the (G'/G)-expansion method for finding trav-
eling wave solutions of nonlinear evolution equations. This paper showed that the (G'/G)-
expansion method is an effective method for finding exact solutions of nonlinear evolution
equations. It has been extensively used by various researchers (see, for example, papers
[20-22]) in a variety of scientific fields. The key ideas of the method are that the travel-
ing wave solutions of a complicated nonlinear evolution equation can be constructed by
means of various solutions of a second-order linear ordinary differential equation [20].

In this work, our main focus is on equations (1) and (2). We derive the traveling wave
solutions of the two equations by using the (G'/G)-expansion method. The paper is orga-
nized as follows. In Section 2, we describe the (G'/G)-expansion method. Exact solutions
of the modified Kortweg de Vries equation (1) and the higher-order modified Boussinesq
equation with damping term (2) are constructed in Section 3 using the (G'/G)-expansion
method. In Section 4, conclusion is given.

2 Analysis of the (G'/G)-expansion method
The (G'/G)-expansion method for finding exact solutions of nonlinear differential equa-
tions was introduced in [20]. Several researchers have recently applied this method to
various nonlinear differential equations. They have shown that this method provides a
very effective and powerful mathematical tool for solving nonlinear equations in various
fields of applied sciences (see, for example, papers [20-22]).

Consider a nonlinear partial differential equation (NPDE), say, in two independent vari-
ables x and ¢, given by

P(ut, e, e Uty Uty U - ..) = 0, 3)
where u(x, t) is an unknown function, P is a polynomial in u and its various partial deriva-
tives, in which the highest-order derivatives and nonlinear terms are involved. The essence
of the (G'/G)-expansion method is given in the following steps.

« Step 1. The transformation u(x, t) = U(z), z = x — v reduces equation (3) to the
ordinary differential equation (ODE)

P(Uu,—vu,u',vu,—u',u’,...) =0. (4)

« Step 2. According to the (G'/G)-expansion method, it is assumed that the traveling
wave solution of equation (4) can be expressed by a polynomial in (G'/G) as follows:

m G/ i
U(z) = l=), 5
(2) Za < G) (5)
where G = G(z) satisfies the second-order linear ODE in the form

G'+1G +uG=0, (6)
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with «;, i=0,1,2,...,m, X and p being constants to be determined. The positive
integer m is determined by considering the homogenous balance between the
highest-order derivatives and nonlinear terms appearing in ODE (4).

« Step 3. By substituting (5) into (4) and using the second-order ODE (6), collecting all
terms with same order of (G'/G) together, the left-hand side of (4) is converted into
another polynomial in (G'/G). Equating each coefficient of this polynomial to zero,
yields a set of algebraic equations for «g, ..., o, v, A, (.

+ Step 4. Assuming that the constants can be obtained by solving the algebraic
equations in Step 3, since the general solution of (6) is known, then substituting the
constants and the general solutions of (6) into (5) we obtain traveling wave solutions
of the NPDE (3).

3 Exact solutions of (1) and (2)
In this section we construct traveling wave solutions of mKdV and modified Boussinesq
equations by employing the (G'/G)-expansion method.

3.1 The modified Kortweg de Vries equation
The modified KdV equation is given by [1]

Ulhyy — Uy — DU Uy + Sty — Qthyihyy — 16151, = 0, 7)

where u is a real-valued scalar function, ¢ is time and «x is a spatial variable.
As the first step, we transform the modified KdV type equation (7) to a nonlinear ordi-
nary differential equation (ODE) using the traveling wave variable

u(t,x) =F(z), z=x-vt. 8)
Applying the above transformation, equation (7) transforms to the nonlinear ODE

~vFF" + vF'F" + 4vF°F + 4FF" - 4F'F" - 16F°F' =0, ©9)
which reduces to

(4-v)[FF" -F'F'-4F°F'] = 0. (10)
Hence if v # 4, we obtain

FF" -F'F" - 4F°F =0, (11)

where the prime denotes the derivative with respect to z.
The (G'/G)-expansion method assumes the solution of equation (11) to be of the form

M
F(z)=)_ A(G/G), (12)
i=0
where G(z) satisfies the second-order linear ODE with constant coefficients, viz.,

G +1G +uG=0, (13)

where A and u are constants.
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The balancing procedure yields M = 1, so the solution of the ODE (11) is of the form
F(z) = Ay + A1(G'/G). (14)

Substituting (14) into (11), making use of the ODE (13), collecting all terms with same pow-

ers of (G'/G) and equating each coefficient to zero yield the following system of algebraic

equations:
(G//G)O: ~ Ao AiA = 2 A0 A % + A2 ap? + daAda = 0, (15)
(G/G): 445 Ak + 12A5 AT 1 + ATAP 1 — Ag 1A% — 8 Ao Aidp = 0, (16)

(G1G)*: =7 A2 — 8 A2 — 7 Ao A13? — 8 A Ar s — 242010
+ 1240 A3 0 + 1242430 + 443 A = 0, 17)

(GG)*: 4At it +12A0 &30 + 12A2A? + AAPA? + 4421

—12A0A11 =0, (18)
(G1G)": 4Ab% +12A0 A3 - 7421 - 6 Ag A = 0, (19)
(GG)": 44} - 42 = 0. (20)

Solving this system of algebraic equations, with the aid of Mathematica, we obtain

Ao = =, A =1 (21)

Substituting these values of Ay, .4; and the corresponding solution of ODE (13) into (14),
we obtain three types of traveling wave solutions of equation (7). These are as follows.

Case 1: When A% — 41 > 0, we obtain the hyperbolic function solutions

A Ci sinh(812) + C; cosh(8:z)
u(t,x) = Ao+ Aj| —= + 6 - , 22
1(62) 0 1( 2 lC1 cosh(8,z) + C, sinh(8,2) 22)
where z=x - vt, §; = %\/kz —4u, C and C, are arbitrary constants.
Case 2: When A% — 4 < 0, we obtain the trigonometric function solutions
A —C; sin(822) + Cy cos(8,2)
ur(t,x) = Ao+ A1 —= + 6 - , 23
2(6%) 0 1( 2 72 C1c08(822) + C, sin(8>2) (23)
where z=x - vt, 8, = %,/4,u — 22, C; and G, are arbitrary constants.
Case 3: When A2 — 4 = 0, we obtain the rational function solutions
A C;
Lx)=Ag+ A —=+—""), 24
us3(t,x) 0 1( 2+C1+C2z> (24)

where z = x — vt, C; and C; are arbitrary constants.
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3.2 Higher-order modified Boussinesq equation with damping term

We now consider the modified Boussinesq equation with damping term [2] given by
U + OUlgyy + ﬂ”xxxx +Yy [6M(ux)2 + 3M2uxx] =0, (25)

where u is a real-valued scalar function, ¢ is time, x is a spatial variable and «, S, y are
nonzero real constants.

Following the same procedure of the previous subsection equation (25) is transformed
to the following ODE:

VU —avl” + pU" + y[6U(U) +3U°U"] =0, 20

where the prime denotes the derivative with respect to z. Balancing the order of /" and
U*U" in (26) yields M = 1. The solution to equation (26) is also assumed to be of the form

U(z) = ao + a1 (G'/G). (27)

Substituting (27) into (26) and making use of (13), we obtain the following algebraic system

of equations in terms of a, a;, by equating all coefficients of the functions (G'/G)’ to zero.

(G//G)O: ar v + 2ay > + ajpr oy + 8a1uzkﬁ + alukgﬂ
+ 661061%,&27/ + Ba%aluky/ =0, (28)
(G//G): a vt + 2alpw2 + 8aiurav + a)lav + 16a1,u2ﬁ
+ 2201 A2 B + At B + 18aoaf/my + Sagalkzy + 6u(2,a1uy
+6au’y =0, (29)
(G//G)Z: 3aAv? + 8ay v + 7a A2y + 60a1urB + 15a:138
+15a3 pdy + 24apas uy +12a0ai )’y + 9aiary =0, (30)

(G//G)S: 2a1v* + 12ahav + 40a,uf + 504, A% B + 931>y

+18a3uy +30apary +6aiary =0, (31)
(G'1G)": 6mav + 60a; 1 + 21a} 1y +18aga’y =0, (32)
(G'1G)’: 24, B + 124y = 0. (33)

Solving this system of algebraic equations, with the aid of Mathematica, one possible set

of solution is

T/ I . A 2 (34)

20— a y

Substituting these values from (34) and the corresponding solution of ODE (13) into (27)

yields three types of traveling wave solutions of equation (26) as follows.
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Case 1: When A% — 44 > 0, we obtain the hyperbolic function solution

-2 A C; sinh(8 C, cosh(8
Uy t) = Bl s (Csin (812) + 2 €08 (812) ’ (35)
y 2 C; cosh(81z) + C, sinh(8;z)
where z=x - vt, §; = %\/Az —4u and C; and C; are arbitrary constants.
Case 2: When A% — 4 < 0, we obtain the trigonometric function solution
-2 A —Cy sin(8 C 3
Uy t) = | 22| 2 45, (G50 + Gosaz)y | (36)
y 2 C1 cos(822) + Cy sin(8,2)
where z=x - vt, §, = %\/4/1“ — 22 and C; and C, are arbitrary constants.
Case 3: When A2 — 41 = 0, we obtain the rational function solution
-2 A C
U= |22 ( 2 2 ), (37)
Y 2 Cl + CQZ

where z = x — vt, and C; and C, are arbitrary constants.

4 Conclusion

In this paper, we studied two nonlinear partial differential equations that appear in a vari-
ety of scientific fields. These are the modified Kortweg de Vries equation and the higher-
order modified Boussinesq equation with damping term. We used the (G'/G)-expansion
method to obtain exact solutions of these two evolution equations. By using this method,
we have successfully obtained traveling wave solutions expressed in the form of a hyper-
bolic function, a trigonometric function and a rational function. This work also high-
lighted the power of the (G'/G)-expansion method for the determination of exact solutions
of nonlinear evolution equations.
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