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1. Introduction and preliminaries
As is known, integro-differential equations find many applications in various mathema-
tical problems, see Cordunean’s book [1], Guo et al.’s book [2] and references therein
for details. For the recent developments involving existence of solutions to BVPs for
integro-differential equations and impulsive integro-differential equations we can refer
to [3-17]. So far the main method appeared in the references to guarantee the exis-
tence of solutions is the method of upper and low solutions. Motivated by the ideas in
the recent works [18,19], we come up with a new approach to ensure the existence of
at least one solution for certain family of first-order nonlinear integro-differential equa-
tions with periodic boundary value conditions or antiperiodic boundary value condi-
tions. Our methods involve new differential inequalities and the classical fixed-point
theory.

This paper mainly considers the existence of solutions for the following first-order
nonlinear integro-differential system with periodic boundary value conditions.

¥ = f(t,x (Kx)(t)). t €0, 1]; @y

x(0) = x(1); ’
and first-order integro-differential system with “non-periodic” conditions.

¥ =f(t,x (Kx)(t)). t € [0, 1]; (1.2)

Ax(0) +Bx(1) =0, '

where (Kx)(t) denotes
/kl(t,s)xl (s)ds,/kz(t,s)xz(s)ds,--- ,/kn(t, $)xn(s)ds
0 0 0
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with &; (¢, s) : [0, 1] x [0, 1] — [0, +o0) continuous for i = 1, 2, ..., n; A and B are n x
n matrices with real valued elements, @ is the zero vector in R”. For A = (a;),, x » We

denote ||A]|| by o, Z]ﬂ:l | aij|);' In what follows, we assume function f: [0, 1] x R”

x R” — R" is continuous, and det (A + B) = 0.

Noticing that det (A+B) = 0, conditions Ax(0)+Bx(1) = & do not include the periodic
conditions x(0) = x(1). Furthermore, if A = B = I, where I denotes n x n identity
matrix, then Ax(0)+Bx(1) = 0 reduces to the so-called “anti-periodic” conditions x(0) =
-x(1). The authors of [20-24] consider this kind of “anti-periodic” conditions for differ-
ential equations or impulsive differential equations. To the best of our knowledge it is
the first article to deal with integro-differential equations with “anti-periodic” condi-
tions so far.

We are also concerned with the following BPVP of integro-differential equations of

mixed type:
{x’ = f(t, x, (Kx)(¢), (Lx)(t)), t € [0, 1]; (1.3)
x(0) = x(1); ’

where function f: [0, 1] x R” x R” x R” — R" is continuous, (Lx) (t) denotes
1 1 1
fll(t,s)xl (s)ds,/lz(t, s)xz(s)ds, - - - ,/ln(t, $)xn(s)ds
0 0 0

with ; (¢,s) : [0, 1] x [0, 1] > R, i = 1, 2, ..., n being continuous.

This article is organized as follows. In Sect. 1 we give some preliminaries. Section 2
presents some existence theorems for PVPs (1.1), (1.3) and a couple of examples to
illustrate how our newly developed results work. In Sect. 3 we focus on the existence
of solutions for (1.2) and also an example is given.

In what follows, if x, y € R”, then (x, ¥) denotes the usual inner product and ||x||
denotes the Euclidean norm of x on R”. Let

C(]0, 1], R") = {x : [0, 1] — R", x(t) is continuous}
with the norm

llxllc = sup [x(£)l].
te[0,1]

The following well-known fixed-point theorem will be used in the proof of Theorem
3.3.

Theorem 1.1 (Schaefer)[25]. Let X be a normed space with H : X — X a compact
mapping. If the set

S:={u e X:u=1Hu for some A € [0, 1)}

is bounded, then H has at least one fixed-point.
2. Existence results for periodic conditions
To begin with, we consider the following periodic boundary value problem

¥ +m(t)x = g(t, x, (Kx)(t)), t € [0, 1];
x(0) = x(1);
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where g : [0, 1] x R” x R” - R” and m : [0, 1] — R are both continuous functions,
with m having no zeros in [0, 1].

Lemma 2.1. The BVP (2.1) is equivalent to the integral equation

x(t) = 1 |:f01 8(q,x(q), (Kx)(q))ele m)drdg

t
s o -f g(q,x(q),(Kx)(q))efo“'"““'dq}, tefo 1]
0 elo —

0

Proof. The result can be obtained by direct computation.
Theorem 2.1. Let ¢ and m be as in Lemma 2.1. Assume that there exist constants R
>0, o = 0 such that

1 1
max | 1+ M(R) <R (2.2)
te[01] | efo m(a)dq lefo m(@)da _ 1)

and

M1g(tx, (Kx) (1))l ™D < 20 [(x, 2g(t, x, (Kx)(1))) — m(0)lIx]12] + M(R),
Vi € [0,1];¥(t,x) €[0,1] x Bg,

(2.3)

where M(R) is a positive constant depending on R, B = {x € R”, ||x|| < R}. Then
PBVP (2.1) has at least one solution x € C with ||x||c < R.

Proof. Let C = C([0, 1], R”) and Q = {x(¢) € C, [|%(¢)||c <R}. Define an operator
T:Q— Cby

Tx(t) =

1| Jy 8(a.x(q), (Kx)(q))els "™ dgq
efoL m(q)dgq efn‘ m(s)ds 1

+ / (4, x(q), (Kx)(9))eld "’(’)d’dq} (2.4)

0

for all t e [0, 1].
Since g is continuous, see that 7T is also a continuous map. It is easy to verify the
operator 7T is compact by the Arzela-Ascoli theorem. Indeed, for the ball Q,

x #ATx, Vxe Cwith x€9Q, V A €]0,1], (2.5)
implies
0¢(I—AT)(x),Vx € 09, Viel0,1].
Define H; =1 - AT, A € [0, 1], where I is the identity. So if (2.5) is true, then from
the homotopy principle of Schauder degree [[25], Chap.4.], we have
deg; o(Hy, 2,0) = deg; (I — AT, 2, 0)

= deg;s(H1, 2, 0) = deg;(Ho, 2, 0)
=deg (I, 2,0)=10.

Therefore, it follows from the non-zero property of Leray-Schauder degree that H;(x)
=x - Tx = 0 has at least one x € Q.

Now our problem is reduced to prove that (2.5) is true. Observe that the family of
problems

x=ATx, 1 € [0, 1] (2.6)
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is equivalent to the family of PBVPs
& +m(t)x = ag(t x, (Kx)(1)), ¢t € [0, 1];
x(0) = x(1).

Consider the function r(£) = ||x(¢)||% t € [0, 1], where x(¢) is a solution of (2.7). Then
r(t) is differentiable and we have by the product rule

r(1) = 2{x(1), x'(£)) = 2{x(t), Ag(t, x(t), (Kx)(1)) — m(t)x(1)), ¢ € [0, 1].

(2.7)

Denote

1 1
H(t) = . 1+ , te|o,1].
eJo m(a)dg leJo m@)da _ 1

Let x be a solution of (2.6) with x ¢  We now show that x ¢ 0Q. From (2.5) and
(2.3) we have, for each t € [0, 1] and each A € [0, 1],
[l = [12Tx()1]

1| Jo 28(a.a(), (Ke)(@)el M) dg
ej;)l m(q)dq ‘e.fn‘ m(s)ds _ 1|

+ / 28(4. x(q), (Kx)(q))e-m’"(f)dqu:|

0

1| o Mg x(@), (Kn)(@))llefi M dg
= elomladq edo m)ds _ 1

+ / 1113(d x(a). (Kx)(q))lle/* m(r)dqu}

0

B 1 1 ! I m(z)de
< [ . (1 o 1|)] / 113 x(a), (K) (@))€ ™ dg
< H(1) /0 [20(x, 28(4, x(q), (Kx)(@)) — m(@)][x()[I2) + M(R)] dg

1100 [ [ g (@12 M0 ag
- OIS ~ (O)I) + M(R)
- H(t) M (R).

Then it follows from (2.2) that x ¢ dQ. Thus, (2.5) is true and the proof is
completed.

Corollary 2.1. Let g and m be as in Lemma 2.1 with m(¢) <0, £ € [0, 1]. If there exist
constants R >0, & > 0 such that

max[ . (1+ . )]M(R)<R
te[0,1] | o m(a)dq 1 — elo m(a)dq

and

118(t, x, (Kx)(1))[1e/o ™D < 20 (x, g(t, x, (Kx)(£))) + M(R),
V(t,x) € [0, 1] X BR,

(2.8)

where M(R) is a positive constant depending on R, B = {x € R”, ||x|| < R}, then
PBVP (2.1) has at least one solution x € C with ||x||c < R.
Proof. Multiply both sides of (2.8) by 2 € [0, 1] to obtain

Alg(t, x, (Kx)(6))]]eho ™D < 20/ (x, Ag(t, x, (Kx)(£))) + AM(R)
< 2a [(x, Ag(t, x, (Kx)(£)))] + M(R),
V(,x) € [0, 1] x Bg.
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It completes the proof.
Now consider the existence of solutions of PBVP (1.1). It is easy to see (1.1) is
equivalent to the PBVP

¥ —x=f(tx (Kx)(t)) —xt€[0,1];

x(0) = x(1). 29)
Theorem 2.2. If there exist constants R >0, & > 0 such that
e(2e~DM(R) _ (2.10)
e—1
and
AMIF (L x, (Kx)(£) — xlle™ < 2a [(x, Af(6,x, (Kx)(1))) + (1 = A)l[xl1] + M(R), (2.11)

VA €0, 1];VY(t, x) € [0, 1] x Bg,

where M(R) is a positive constant dependent on R, Br = {x € R”, ||x]| < R}, then
PBVP (1.1) has at least one solution x € C with ||x||c < R.

Proof. Consider the PVPB (2.9), which is of the form (2.1) with m(f) = - 1 and g(¢, «,
(Kx)(2)) = f (¢, x, (Kx)(¢)) - «. Clearly,

1 1 e(2e—1)
CED S

max [
te[o,1] et |1
So, (2.2) reduces to (2.10). Besides, (2.3) reduces to (2.11). Hence the result follows
from Theorem 2.1.
Corollary 2.2. Assume there are constants R >0, o = 0 such that

e(2e — 1)M(R) <R (2.12)
e—1
and
[If (¢, x, (Kx)(1)) — xlle™" < 2a(x, f(t, x, (Kx)(1))) + M(R), (2.13)

V(t,.X) € [0, 1] X BR,

where M (R) is a positive constant dependent on R, Br = {x € R”, ||x|| £ R}. Then
PBVP (1.1) has at least one solution x € C with ||x||c < R.
Proof. Multiply both sides of (2.13) by A € [0, 1] to obtain

MIf (e x, (Kx) (1)) = xl| < 2a[{x, Af (2, x, (Kx)(€))) — Allx]*] + AM(R)
< 2a[(x, Af(t,x, (Kx)(£))) + (1 — A)[1x[|*] + M(R).
Considering that
MIfF (L x, (Kx)(£)) — xlle™" < Allf (¢ x, (Kx)(£)) — ]|, VA € [0, 1]; ¥(t,x) € [0, 1] x Bg,

we have (2.11) is true if (2.13) is true. Then the proof is completed.
Now an example is provided to show how our theorems work.
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Figure 1 Figure of Example 2.1

Example 2.1 1. Consider the following PBVP with n = 2.

X o=x+xp?+
Y =7+ 100 Jo(t = $)x(s)ds; (2.14)
x(0) =x(1),y(0) = y(1).

Let us show (2.14) has at least one solution (x(2), y(£))" with \/x(£)? + y(t)* < ;, Vt e
[0, 1].

It is clear that (2.14) has no constant solution. Let u = (x, y)7, ||u|| = \/xz +y2 and
F(t,u, (Ku)(£)) = (x+ 272 + L, v+ o Jo(t —$)x(s)ds)™.  First note  that for
V(t,u) € [0,1] x Bg, | f5(t — s)x(s)ds| < R.

Then

||F(t' u, (Ku)(t)) - u” = ||(x)’2 + Q_t()' 1();() /:(t - s)x(s)ds)T)||

t 2
_ 24, Wt 2 Y _
—\/x Y+ +400+<100/0(t s)x(s)ds)
2
2,4 , lxy? 1 YR
5\/’”’ * 0 "'400"'(100

2
2.4, lxly? 1 YR
5\/xy+10+400+ 100

<+ L+ B, v(tu) €[0,1] x Br.
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On the other hand,

t
20(u, F(t, u, (Ku)(t))) = 20((362 + x2y2 + ;6 + y2 + 1’(')20 /0 (t — s)x(s)ds)

2
R
> 2a(x? +o2yr — M2 T00)

20
= 10x% + 10x%y% — ¥+ 10y? — "12(1;, for o =5.
Clearly,
1
min{10x? — |x|} == "
xeR 2 160
10622 + 9% > |xy?, V(x,y) " € R?;
2
R
9y? — V%S0, ifR<90.
10

So for some R < 90 and o = 5, we have

IE(t, u, (Ku)(6)) — ull < 20(u, F(t, u, (Ku)(t))) + M(R),

where M(R) = ?; + 120. Now it is sufficient to find a positive constant R satisfying

(2.15)

2e—1
CeDMR) -R <0
R < 90.

It is easy to see that any number in [;, 6] satisfies (2.15). Then our conclusion fol-
lows from Corollary 2.2.

In what follows we focus on the first-order integro-differential equations of mixed
type in the form of (1.2). The results presented in the following three statements are
similar to Theorem 2.1, Theorem 2.2 and Corollary 2.2, respectively. So we omit all
the proofs here.

Consider the following periodic boundary value problem

¥+ m(t)x = g(t, x, (Kx)(1), (Lx)(t)), t € [0, 1];

£(0) = x(1); (2.16)

where g : [0, 1] x R” x R” x R” — R” and m : [0, 1] — R are both continuous func-
tions, with m having no zeros in [0, 1].
Theorem 2.3. Assume there are constants R >0, o > 0 such that

1 1
max . 1+ . M(R) <R
te[0,1] | efo m(a)dq lefo m(@da _ 1)

and

Mgt x, (Kx)(¢), (Lx)(0))]1eo ™09 < 2 [(x 2g(t, %, (Kx)(2), (Lx)(1)))) — m()[x][*] + M(R),
Vi € [0, 1]; ¥(t, x) € [0, 1] x Bg,

where M(R) is a positive constant depending on R, B = {x € R”, ||x|| < R}. Then
PBVP (2.16) has at least one solution x € C with ||x||c < R.
Theorem 2.4. Suppose there are constants R >0, & > 0 such that
2e — 1)M(R
e2e—M(R) _
e—1
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and

MIf (e x, (Rx)(2), (Lx)(1) — xlle™ < 2o [(x, Af (8, x, (Kx)(2), (Lx)(2))) + (1 — A)Ix][*] + M(R),
vV € [0,1];V¥(t,x) € [0, 1] x Bg,

where M(R) is a positive constant depending on R, B = {x € R”, ||x|| < R}. Then
PBVP (1.2) has at least one solution x € C with ||x||c < R.
Corollary 2.3. If there exist constants R >0, & > 0 such that

e(2e — 1)M(R) -R

o (2.17)

and

If (&, x, (Kx)(2), (Lx)(2)) — xlle™" < 2ee(x, f (¢, x, (Kx)(2), (Lx) (1)) + M(R),

(2.18)
Y(t,x) € [0, 1] x Bg,

where M(R) is a positive constant dependent on R, Bz = {x € R”, ||x|]| < R}, then
PBVP (1.3) has at least one solution x € C with ||x||c < R.

Now we give an example to illustrate how to apply our theorems.

Example 2.2 2. Consider the following PBVP with n = 2.

X o= 2x+ oL (= s)x(s)ds]%
Y =3r+ 5 fol e Sy(s)ds + cog(ggt); (2.19)
x(0) = x(1),y(0) = y(1).

We prove that (2.19) has at least one solution (x(£), y(¢))" with x(0)? +y(t)* < 0.8
Vte [0, 1].

0.45

0.4

0.35

0.3

0.25
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Figure 2 Figure of Example 2.2
.
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First note that (2.19) has no constant solution. Let u = (x, )7, ||u|| = \/xz +y2 and

1
F(t, u, (Ku) (), (Lu)(2)) = (2x + 320[ / (= $)x(s)ds], 3y+240 f e~y(s)ds+ CO;(;(;”))T.

Since V(t,u) € [0, 1] x Bg, | 35, (fo(t $)x(s)ds)?| < 320 ° and [P fo e By(s)ds| < 240,
we obtain

1

(sl [ (=P 20 3 [ 6)ds )T
0

0

[IF(t, u, (Ku)(t)) —ull =

t 1
RN / (t — )x(s)ds]| + 12y + %, / e “y(s)ds + )
0
= |xl+ 320 + 20yl + 240 3é0' ¥(t,u) € [0,1] x Bg.

On the other hand,
20(u, F(t, u, (Ku)(t), (Lu)(t)))

1

t
= 20{{2x2 + SEYO[/(I — S)X(S)ds]2 + 3)’2 + 292/0 /e—sy(s)ds + ycos(27‘rt)}
0 0

R4 R3
320~ 240 360)

=162 +24y = B K R for o =4.

> 2a(2x% + 3y° —

30 ~ 457
Clearly,
. 5 1
min{l6x" — |x|} = —
xeR 64

1
min{24y*> — 2|y|} = — .
de{ 4 [y} 24

Thus,
[|1F(t, u, (Ku)(t)) —ull < 2a(u, F(t,u, (Ku)(t))) + M(R),

where

R* BB R R PR 1 1 1
M(R) = + + + + + + + .
40 30 45 320 240 64 360 24

Now it is sufficient to find a positive constant R satisfying

e(2e—1)

M(R) —R < 0.
e_

We compute directly e(‘z’:l)M(O.S) — 0.8 < 0. Then our conclusion follows from

Corollary 2.3.
Notice that the conclusion of Theorem 2.1 still holds if (2.3) is replaced by

M1g(t x, (Kx) (1)) |leho ™D < _ 20 [(x, Ag(t, x, (Kx)(£))) — m(1)[|x]1*] + M(R),
VA € [0, 1];Y(t,x) € [0, 1] x Bg.

Now we modify Theorem 2.1 and Corollary 2.2 to obtain some new results.
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Theorem 2.5. Let g and m be as in Lemma 2.1. Assume there exist constants R >0,
o > 0 such that

1 1
max . 1+ M(R) <R
te[0,1] | efo m(a)dq lefo m(@dq _ 1)

and

Mgt x, (Kx)(0))11efo™@D90 < 2 [(x, ag(t, x, (Kx)(1))) — m(0)]Ix|*] + M(R),
VA € [0,1];¥(t, x) € [0,1] x Bg,

2.20)

where M(R) is a positive constant dependent on R, Br = {x € R”, ||x|| < R}. Then
PBVP (2.1) has at least one solution x € C with ||x||c < R.

Proof. The proof is similar to that of Theorem 2.1 except choosing r(f) = - ||x(¢) ||*
instead.

See that (1.1) is equivalent to the PBVP

X +x=f(tx (Kx)(t)) +x,t €]0,1];

x(0) = x(1). (221)
Corollary 2.4. Suppose there exist constants R >0, o > 0 such that
°  M(R) <R
and
IIF (e x (Kx) (1)) + xlle’ < —2a [{x, f (L x, (Kx)()))] + M(R), (2.22)

VA €10, 1];V(t,x) € [0, 1] X Bg,

where M(R) is a positive constant depending on R, Br = {x € R”, ||x|| < R}. Then
PBVP (1.1) has at least one solution x € C with ||x||c < R.

Proof. Consider PVPB (2.21), which is in the form from (2.1) with m(t) = 1 and g(z,
x, (Kx)(2)) = fit, x, (Kx)(t)) + x. Clearly,
e

L o)

max .
tef0,1] et 1 —¢| e—1

Multiply both sides of (2.22) by A € [0, 1] to obtain
AIf (L x (Kx)(1)) + xlle" < —2a[{x, Af (t, x, (Kx)(1)))] + AM(R)

—2a[(x, Af (t, x, (Kx)(1))) + (> — 1)IIx11*] + M(R)

= —2a[(x, A(f(t, x, (Kx)(£)) +x)) — ||x]|*] + M(R),
v(t,x) € [0,1] x Bg.

IA

Then the conclusion follows from Theorem 2.5.

Remark 2.1. Corollary 2.4 and Corollary 2.2 differ in sense that Corollary 2.4 may
apply to certain problems, whereas Corollary 2.2 may not apply, and vice-versa.

Example 2.3 3. Let us prove that the PBVP

. 3
- 2_,3, 1 -
¥ = =2+ix? -3+ 600[—t+0fe Bx(s)ds] , (2.23)

x(0) = x(1).

Page 10 of 17



Xing and Fu Advances in Difference Equations 2011, 2011:14 Page 11 of 17
http://www.advancesindifferenceequations.com/content/2011/1/14

Figure 3 Figure of Example 2.3

has at least one solution x(£) with |x(f)| <1, Vt e [0, 1].
Denote f(t,x, (Kx)(t)) = —2x+ tx> — x> + ) [—t+ [ e 5x(s)ds]> It is clearly that for
all (¢, x) € [0, 1] x Bg,

¢ 3

(1+R)*

1 —ts
600[—t+/e x(s)ds] | < 600
0

Then for all (¢, x) € [0, 1] x Bg,

(1+R)?

600 )

e'lf(tx, (Kx)(6)) + x| < e(lxl + |xI” + x> +

On the other hand,
—2a(x, f(t, x, (Kx)(t)))

t
= 20(—2x+ 0 —x0+ o[+ / e x(s)ds]?)
0
t

=20x" + 10x* — 100> — X[t + / e x(s)ds]®, fora =5
0
> 20x% + 10x* — 10|x]> — L R[1 + R]’.

Taking into account that

m%ﬂﬂMZ+HM4—lmﬂs—eﬂﬂ44M2+MPNEi—01&
xXe
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we choose

R(1+R)® e(1+R)?
+ +

M(R) =
(R) 60 600

0.15.

It is not difficult to check that ”g"’ff) < Rif R e [0.5, 2]. So the conclusion follows

from Corollary 2.4.
Remark 2.2 Since the coefficient of x® is negative, it appears impossible to find two
constants R >0 and o > O satisfying (2.12) and (2.13) at the same time.

3. Existence results for “non-periodic” conditions
In this section we study the problem of existence of solutions for BVP (1.2).
Lemma 3.1. The BVP (1.2) is equivalent to the integral equation

¢ 1
x(t) = /f(s, x(s), (Kx)(s))ds — (A + B)_IB/f(s, x(s), (Kx)(s))ds, te|[0,1].
0 0

Proof. The result can be obtained by direct computation.
Theorem 3.1. Assume det B # 0 and ||B'A|| < 1. Suppose there exist constants R
>0, o = 0 such that

(1+|(A+B)"'B|)M(R) <R, (3.1)

and

F (% (KON = 20, £, x, (Kx)(2))) + M(R),

(3.2)
Vi € [0,1];¥(t, x) € [0, 1] x Bg,

where M(R) is a positive constant depending on R, BR = {x € R”, ||x|| < R}. Then
BVP (1.2) has at least one solution x € C with ||x||c < R.

Proof. Let C = C([0, 1], R") and Q = {x(¢) € C, ||x(¢)||c < Rg. Define an operator
T:Q— Cby

t 1
Tx(t) = ff(s,x(s), (Kx)(s))ds — (A + B)_IB/f(s,x(s), (Kx)(s))ds, te]0,1]3.3)
0 0

Since f'is continuous, we see that 7 is also a continuous map. It is easy to verify that
the operator T is compact by the Arzela-Ascoli theorem. It is sufficient to prove

x # ATx forall x € C with||x||c =R and forall A € [0, 1]. (3.4)
See that the family of problems

x=ATx, A € [0, 1] (3.5)
is equivalent to the family of BVPs

x = Af(t, x (Kx)(t), t € [0, 1]; 3.6)
Ax(0) + Bx(1) = 0. '
Consider function r(¢) = ||x(?)| |2, t € [0, 1], where x(¢) is a solution of (3.6). By the

product rule we have
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r'(1) = 2{x(1), x'(1)) = 24x(t), Af (¢, x(1), (Kx) (1)), ¢ € [0, 1].
Note that ||B'A||| < 1 implies
lIx(1)Il = B~ Ax(0)I| < B~ Al - [Ix(0)I| < [lx(0)Il.
Let x be a solution of (3.5) with y ¢ . We now show that x ¢ dQ. From (3.2) and
(3.3) we obtain, for each £ e [0, 1] and each 4 € [0, 1],

[lx(O)1] = 1[ATx(e)]

= ||/Af(s, x(s), (Kx)(s))ds — (A+B)_1B/Af(s, x(s), (Kx)(s))ds]|
0

0

IA

1
(1+11(A+B)"'Bl) / MG (5), (Kx)(s))lds
0

A

(1+11(A+B)"'Bl)) / 1 (s x(5), (Kx)(5)) 1 ds
0

IA

1
(1 +I|(A+B)’1BI|)/[20!<xff(5rx(5)f (Kx)(5))) + M(R)] ds
0

IA

(14 114+ BYBI) [l J (KO)IP) + M(D] dg
0

IA

(1+11(A +B)'BIN[e(llx(1)11> = |[x(0)[]*) + M(R)]
(1+11(A +B)'Bl[)M(R).

A

Then it follows from (3.1) that x ¢ dQ. Thus, (3.4) is true and the proof is
completed.

Corollary 3.1 Let f be a scalar-valued function in (1.1). and assume there exist con-
stants R >0, & > 0 such that

3
M(R R,
SM(R) <

and

£t x (Ke)(O)] = 20 £ (13 (Kx)(6))) + M(R),

(3.8)
Vi € [0,1];¥(t,x) € [0, 1] x Bg,

where M(R) is a positive constant depending on R, Br = {x € R”, |x| < R}. Then anti-
periodic boundary value problem
x = f(t, % (Kx)(t)), t €]0,1];
x(0) = —x(1),
has at least one solution x € C[0, 1] with |x(t)| < R, t € [0, 1].
Proof. Since A = B = 1, we have (A+B)™' =1, B' A =1, (1+||(A+B)"!B||) = 3.

Then the conclusion follows from Lemma 3.1.
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Example 3.1. Let us show that

1 t
= y3 3 1 —ts 1
X =x3 407+ 5 E{e x(s)ds + J, cos(27t), (3.9)
x(0) = —x(1).
has at least one solution x(f) with |x(¢)| <1, V£ e [0, 1].

. 1
Denoting f(r, x, (Kx)(t)) = x3 + 2% + .} [ e "x(s)ds + . cos(2r¢) we see that, for all

(t, x) € [0, 1] x Bg,

1 R 1
t,x, (Kx)(6))| < |x3 +|x .
% W] = [x13 +1a+
On the other hand,
2a(x, f(t, x, (Kx)(1)))
t
4
=2a(x3 +x* + 3 /e_“x(s)ds + 4 cos(2mt)
0
t
4
=2x3 + 2%t + Y /e_“x(s)ds + 50 cos(2mt), fora =1
0
4
R R
>2x3 + 2t - —
10 20

Since
o 4 ! 3
min{x3 + 2x* — |x|3 — |x|°} = —0.4,
xeR

we choose

R? R
M(R) = 10 10 +0.425.

Then
If (& %, (Ke) ()l < 2(x, f(t, x, (Kx)(¢))) + M(R).

It is not difficult to check that gM(l) < 1. So, the conclusion follows from Corollary

3.1.

Now we modify Theorem 3.1 to include another class of f.

Theorem 3.2. Assume det B = 0 and ||A'B|| < 1. Suppose there exist constants R
>0, o = 0 such that

(1+1I(A+B)"'BI)M(R) <R,

and

f (6%, (Kx)(0)I] < =2, f(t,x, (Kx)(1))) + M(R), (3.10)
Vi € [0,1]; ¥(t,x) € [0, 1] x Bg, '

where M(R) is a positive constant depending on R, B = {x € R”, ||x|| < R}. Then
BVP (1.2) has at least one solution x € C with ||x||c < R.

Page 14 of 17
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Proof. Note that ||A™B|| < 1 implies
IIx(0)Il = A~ Bx(1)I| < [JAT'BI| - |lx(1)I| < [lx(1)]].

Introducing the function r(t) = -||x(¢) || t € [0, 1], where x(f) is a solution of (3.6),
for the rest part of the proof we proceed as in the proof of Theorem 3.1.

Corollary 3.2 Let f be a scalar-valued function in (1.1). If there exist constants R >0,
o > 0 such that

iM(R) <R, (3.11)

and

If (. x, (Kx) (1))l < —2a(x, f(t, x, (Kx)(1))) + M(R),

(3.12)
VA € [0, 1];V(t,x) € [0,1] x Bg,

where M(R) is a positive constant dependent on R, Bz = {x € R”, |x| < R}. Then anti-
periodic boundary value problem
x = f(t, %, (Kx)(t)), t €[0,1];
x(0) = —x(1),
has at least one solution x € C[0, 1] with |x()| < R, £ € [0, 1].
Proof. Since A = B = 1, we have (A+B)™1 =1, A" B =1, (1+||(A+B)"!B||) = 3.
Then the conclusion follows from Lemma 3.2.

In what follows, we discuss the problem of existence of solutions for (1.2) with f
satisfying

(%) Nf (& w0l < pllull + g(@)1vll +7(¢), Vee[0,1], ¥Y(u,v)eR"xR",

where nonnegative functions p, g, r € L'[0, 1]. We denote ||x|| ; = fol | x(t)|dt for any

function x € L; [0, 1].
Theorem 3.3. Assume (*) is true and

(L+11(A+B)'BIN(lpll 1 + Kollglh) < 1, (3.13)
where Ko = Ogljt’il{ki(tf $),i=1,2,...,n} Then (1.2) has at least one solution.

Proof. Let C = C([0, 1], R"). Define an operator T : C — C by
t 1
Tx(t) = /f(s, x(s), (Kx)(s))ds — (A +B)’1B/f(s, x(s), (Kx)(s))ds, te]0,1].
0 0

As we discussed in the proof of Theorem 3.1, T is compact. Taking into account that
the family of BVP (1.2) is equivalent to the family of problem x = Tx, our problem is
reduced to show that 7 has a least one fixed point. For this purpose, we apply Schae-
fer's Theorem by showing that all potential solutions of

x=ATx, 1€[0,1], (3.14)
are bounded a priori, with the bound being independent of A. With this in mind, let

x be a solution of (3.14). Note that x is also a solution of (3.6). We have, for V¢ € [0,
1] and VA [0, 1],

Page 15 of 17
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x(O)I] = [IATx(O)]]

1

-l / A (s x(5), (Kx)(s))ds — (A + B) B / A (s x(5), (Kx)(s))ds]|
0

0

IA

(1+11(A+B)"'Bl) / AIFGs, x(5), (Kx)(s))lds
0

IA

1
(1+11(A+B)'B) / (s, 4(5), (Kx)(5))l1ds
0

IA

(1+11(A+B)"BIl / OIS + GONRKE)] + r(s)] ds
0

IA

(1+11(A+B)'BIN[(IIpll1 + Kollgll)llxllc + lIrl]1].

Thus,

llxllc < (1 +11(A +B)"'BIN[(IIpllh + Kollgll)lxllc + [Irl]1].

It then follows from (3.13) that

(1+11(A+B)"'BI)IIrlly

lxllc < i .
1—[(1+11(A+B)'BIN(Ipll +Kollqll)]

The proof is completed.
Remark 3.1. If A = B = I, then (2.13) reduces to

2
V2 gl + Kollgl) < 1.

We can also extend the discussion to the existence of at least one solution for inte-
gro-differential equations of mixed type with “anti-periodic” conditions.

{x/ = f(t,x, (Kx)(¢t), (Lx)(t)), t € [0, 1];
x(0) = —x(1).

We omit it here because it is trivial.
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