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1. Introduction

Differential and integral calculus on time scales allows to develop a theory of dynamic
equations in order to unify and extend the usual differential equations and difference
equations. For single variable differential and integral calculus on time scales, we refer
the reader to the textbooks [4, 5] and the references given therein. Multivariable calcu-
lus on time scales was developed by the authors [2, 3]. In [3], we presented the process
of Riemann multiple delta (nabla and mixed types) integration on time scales. In the
present paper, we introduce the definitions of Lebesgue multi-dimensional delta (nabla
and mixed types) measures and integrals on time scales. A comparison of the Lebesgue
multiple delta integral with the Riemann multiple delta integral is given.

Beside this introductory section, this paper consists of two sections. In Section 2, fol-
lowing [3], we give the Darboux definition of the Riemann multiple delta integral and
present some needed facts connected to it. The main part of this paper is Section 3. There,
a brief description of the Carathéodory construction of a Lebesgue measure in an ab-
stract setting is given. Then the Lebesgue multi-dimensional delta measure on time scales
is introduced and the Lebesgue delta measure of any single-point set is calculated. When
we have a measure, integration theory is available according to the well-known general
scheme of the Lebesgue integration process. Finally, we compare the Lebesgue multiple
delta integral with the Riemann multiple delta integral. We indicate also a way to define,
along with the Lebesgue multi-dimensional delta measure, the nabla and mixed types
Lebesgue multi-dimensional measures on time scales.
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2 Multiple Lebesgue integration on time scales

2. Multiple Riemann integration

In this section, following [3], we give the definition of the multiple Riemann integral
on time scales over arbitrary bounded regions as we will compare in the next section
the Riemann integral with the Lebesgue integral introduced therein. For convenience, we
present the exposition for functions of two independent variables.

Let T, and T, be two time scales. For i = 1,2, let d;, p;, and A; denote the forward
jump operator, the backward jump operator, and the delta differentiation operator, re-
spectively, on T;. Suppose a < b are points in T, ¢ < d are points in T, [a,b) is the half-
closed bounded interval in T, and [c,d) is the half-closed bounded interval in T,. Let us
introduce a “rectangle” (or “delta rectangle”) in T x T, by

R=[a,b) x [c,d) = {(t,5): t € [a,b), s € [c,d)}. (2.1)
First we define Riemann integrals over rectangles of the type given in (2.1). Let

{to,t15...,ta} C[a,b], wherea=ty<t;<---<t,=Db,
(2.2)
{s05515...,sk} C[c,d], wherec=sy<s3<---<s;=d.

The numbers n and k may be arbitrary positive integers. We call the collection of intervals
P, = {[tifl,ti)IISiSi’l} (2.3)

a A-partition (or delta partition) of [a,b) and denote the set of all A-partitions of [a,b) by
%([a,b)). Similarly, the collection of intervals

P2={[Sj71,5j)2lﬁjﬁk} (2.4)

is called a A-partition of [¢,d) and the set of all A-partitions of [¢,d) is denoted by
P([c,d)). Let us set

R,‘j = [t,’_l,ti) X [S]'_l,Sj), wherel <i<mn, 1 Sj <k (25)
We call the collection
P={Rj:1<i<nl<j<k} (2.6)

a A-partition of R, generated by the A-partitions P, and P; of [a,b) and [c,d), respectively,
and write P = Py X P,. The rectangles R;j, 1 <i <n, 1 < j <k, are called the subrectangles
of the partition P. The set of all A-partitions of R is denoted by ?(R).

Let f: R — R be a bounded function. We set

M =sup{f(ts):(ts) ER}, m =inf {f(t,5): (t,s) € R} (2.7)
andforl<i<n,1<j<k,

M;j = sup { f(t,s) : (t,5) € Rij}, mij = inf { f(t,5) : (t,5) € R;;}. (2.8)
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The upper Darboux A-sum U(f,P) and the lower Darboux A-sum L(f,P) of f with re-
spect to P are defined by

M:
PJ?»

U(f,P) = ' Mij(ti —tio1) (sj = sj-1)5
’:”:l (2.9)
L(f,P)=> > myj(ti—ti1)(sj—sj-1).
i=1 j=1
Note that
U(f,P) < ZZM i—ti1)(sj—sj-1) =M(b—a)(d—c) (2.10)
i=1j=1
and likewise L(f,P) > m(b — a)(d — ¢) so that
m(b—a)(d—c) <L(f,P) < U(f,P) < M(b—a)(d—c). (2.11)

The upper Darboux A-integral U(f) of f over R and the lower Darboux A-integral L(f)
of f over R are defined by

U(f) =inf {U(f,P):P€PR)},  L(f) =sup{L(f,P):P€P(R)}.  (2.12)

In view of (2.11), U(f) and L(f) are finite real numbers. It can be shown that L(f) <
u(f).

Definition 2.1. The function f is called A-integrable (or delta integrable) over R provided
L(f) = U(f). In this case, [[ f(t,s)A1tAzs is used to denote this common value. This
integral is called the Riemann A-integral.

We need the following auxiliary result. The proof can be found in [5, Lemma 5.7].

Lemma 2.2. Forevery § > 0 there exists at least one partition P; € P([a,b)) generated by a
set

{to,t1,...,tn} Cla,b], wherea=ty<t;<---<t,=Db, (2.13)
such that for each i € {1,2,...,n} either
ti—ti1 <0 (2.14)
or
ti—tig > 6, p1(t) =ti-1. (2.15)

Definition 2.3. The set of all P; € P([a,b)) that possess the property indicated in Lemma
2.2 is denoted by Ps([a,b)). Similarly, Ps([c,d)) is defined. Further, the set of all P € %(R)
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such that
P =P, xP,, whereP; €Ps([a,b)), P, € Ps([c,d)) (2.16)

is denoted by P5(R).

The following is a Cauchy criterion for Riemann delta integrability (see [3, Theorem
2.11]).

THEOREM 2.4. A bounded function f on R is A-integrable if and only if for each € > 0 there
exists § > 0 such that

P € ®5(R) implies U(f,P) — L(f,P) < e. (2.17)

Remark 2.5. In the two-variable time scales case, four types of integrals can be defined:
(i) AA-integral over [a,b) X [c¢,d), which is introduced by using partitions consisting
of subrectangles of the form [a, ) X [y,9);
(if) V V-integral over (a,b] X (c,d], which is defined by using partitions consisting of
subrectangles of the form (a, 8] X (y,0];
(iii) AV-integral over [a,b) X (¢,d], which is defined by using partitions consisting of
subrectangles of the form [a, ) X (y,0];
(iv) VA-integral over (a,b] X [c,d), which is defined by using partitions consisting of
subrectangles of the form (a, ] X [y,0).
For brevity the first integral we call simply a A-integral, and in this paper we are dealing
mainly with such A-integrals.

Fori = 1,2 let us introduce the set T? which is obtained from T; by removing a possible
finite maximal point of T;, that is, if T; has a finite maximum t*, then TY = T, \ {#*},
otherwise T = T,. Briefly we will write T? = T, \ {maxT,}. Evidently, for every point t €
T? there exists an interval of the form [a, ) C T; (with &, 8 € T; and « < ) that contains
the point .

Definition 2.6. Let E C T} X T3 be a bounded set and let f be a bounded function defined
on the set E. Let R = [a,b) X [¢,d) C T X T, be a rectangle containing E (obviously such
a rectangle R exists) and define F on R as follows:

F@g:{f“” if (t,5) € E, o18)

0 if (t,s) e R\ E.

Then f is said to be Riemann A-integrable over E if F is Riemann A-integrable over R in
the sense of Definition 2.1, and

JLf(t,s)AﬁAzs = JLF(t,s)AItAzs. (2.19)

If E is an arbitrary bounded subset of TY x T9, then even constant functions need
not be Riemann A-integrable over E. In connection with this we introduce the so-called
Jordan A-measurable subsets of T) x T9. The definition makes use of the A-boundary of
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aset E C Ty X T,. First, we recall the definition of the usual boundary of a set as given
in [3].

Definition 2.7. Let E C T; X T,. A pointx = (t,s) € T; X T, is called a boundary point of E
if every open (two-dimensional) ball B(x;7) = {y € T; X T, : d(x, y) < r} of radius r and
center x contains at least one point of E and at least one point of (T; X T,) \ E, where d
is the usual Euclidean distance. The set of all boundary points of E is called the boundary
of E and is denoted by oE.

Definition 2.8. Let E C Ty X T,. A point x = (t,5) € T; X T, is called a A-boundary point
of E if x € TY x TY and every rectangle of the form [t,¢') X [s,s') C T, X T, with ¢’ €
Ty, ' >t,and s’ € Ty, s’ > s, contains at least one point of E and at least one point of
(T1 X T2) \ E. The set of all A-boundary points of E is called the A-boundary of E, and it
is denoted by OAE.

Definition 2.9. A point (£°,s°) € T9 x TY is called A-dense if every rectangle of the form
V=[t%)x[s%s) cT; xT,witht €Ty, t>1t% and s € T», s > s°, contains at least one
point of T; x T, distinct from (¢%,s°). Otherwise the point (£°,s°) is called A-scattered.

Note that in the single variable case A-dense points are precisely the right-dense points,
and A-scattered points are precisely the right-scattered points. Also, a point (°,5°) € T x
TY is A-dense if and only if at least one of t° and s° is right dense in T, and T, respectively.

Obviously, each A-boundary point of E is a boundary point of E, but the converse is
not necessarily true. Also, each A-boundary point of E must belong to TY x T9 and must
be a A-dense point in T; X T».

Example 2.10. We consider the following examples.
(i) For arbitrary time scales T, and T, the rectangle of the form E = [a,b) X [¢,d) C
T, x Ty, where a,b € T}, a< b, and ¢,d € T,, ¢ < d, has no A-boundary point,
that is, dAE = Q.
(ii) If Ty = T, = Z, then any set E C Z X Z has no boundary as well as no A-boundary
points.
(iii) Let Ty = T, = Rand a,b,c,d € R with a < b and ¢ < d. Let us set

E, =[a,b) X [¢,d), E, = (a,b] x (¢,d], E; = [a,b] X [¢,d]. (2.20)

Then all three rectangles E;, E,, and E3 have the boundary consisting of the union
of all four sides of the rectangle. Moreover, dpE; is empty, dpE, consists of the
union of all four sides of the rectangle E;, and dpEs consists of the union of the
right and upper sides of Es.

(iv) Let Ty = T, = [0,1] U {2}, where [0,1] is the real number interval, and let E =
[0,1) X [0,1). Then the boundary JE of E consists of the union of the right and
upper sides of the rectangle E whereas 0,E = &.

(v) Let Ty =T, = [0,1] U {(n+1)/n:n € N}, where [0,1] is the real number inter-
val, and let E = [0,1] X [0,1]. Then the boundary oE as well as the A-boundary
OAE of E coincides with the union of the right and upper sides of E.
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Definition 2.11. Let E C T? X T be a bounded set and let 9 E be its A-boundary. Let R =
[a,b) X [¢,d) be a rectangle in Ty X T, such that E U dpE C R. Further, let ?(R) denote
the set of all A-partitions of R of type (2.5) and (2.6). For every P € P(R) define ], (E,P)
to be the sum of the areas (for a rectangle V = [«a,8) X [y,8) C Ty X Ty, its “area” is the
number m(V) = (f — a)(d — y)) of those subrectangles of P which are entirely contained
in E, and let J*(E, P) be the sum of the areas of those subrectangles of P each of which
contains at least one point of E U dpE. The numbers

J«(E) =sup {J«(E,P):P€P(R)},  J*(E)=inf{J*(E,P):P€PR)}  (2.21)

are called the (two-dimensional) inner and outer Jordan A-measure of E, respectively. The
set E is said to be Jordan A-measurable if ] (E) = J*(E), in which case this common value
is called the Jordan A-measure of E, denoted by J(E). The empty set is assumed to have
Jordan A-measure zero.

It is easy to verify that 0 < ], (E) < J*(E) always and that
J*(E) = J«(E) = J* (0aE). (2.22)

Hence E is Jordan A-measurable if and only if its A-boundary 0, E has Jordan A-measure
zero.

Note that every rectangle R = [a,b) X [¢,d) C T X T,, where a,b € Ty, a < b, and
¢, d € Ty, ¢ <d, is Jordan A-measurable with Jordan A-measure J(R) = (b — a)(d — ¢).
Indeed, it is easily seen that the A-boundary of R is empty, and therefore it has Jordan
A-measure zero.

For each point x = (t,s) € TT(I) X 1]'(2), the single point set {x} is Jordan A-measurable,
and its Jordan measure is given by

J({x}) = (o1(t) — t) (02(s) = s) = w1 (H)pa(s). (2.23)

Example 2.12. Let T; =T, =R (or Ty = Z and T, = R), let a < b be rational numbers in
T1, and let ¢ < d be rational numbers in T,. Further, let [a,b] be the interval in T, let
[c,d] be the interval in T, and let E be the set of all points of [a,b] X [c,d] with rational
coordinates. Then E is not Jordan A-measurable. The inner Jordan A-measure of E is 0
(there is no nonempty A-rectangle entirely contained in E), while the outer Jordan A-
measure of E is equal to (01(b) — a)(d — ¢). The A-boundary of E coincides with E itself.

If EC TY x TY is any bounded Jordan A-measurable set, then the integral [[ 1A;tA;s
exists, and we have

HE 1A1tAss = J(E). (2.24)
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In the case T, = T, = Z, for any bounded set E C Z X Z we have dpE = 0, and therefore
E is Jordan A-measurable. In this case, for any function f : E — R, we have

HEf(t,s)Almzs: S flbs), (2.25)
(

t,s)EE

and the Jordan A-measure of E coincides with the number of points of E.

Remark 2.13. Suppose that T, has a finite maximum T(()l). Since by definition o, (Tél))

Tél), it is reasonable in view of (2.23) to assume that J({x}) = 0 for any point x of the form

X = (T(()U,s), where s € T,. Also, if T, has a finite maximum T(()z), then we can assume that

J({y}) = 0 for any point y of the form y = (t, Téz)), where t € T;.

3. Multiple Lebesgue integration

First, for the convenience of the reader, we briefly describe the Carathéodory construction
of a Lebesgue measure in an abstract setting (see [1, 6-8]). Let X be an arbitrary set. A
collection (family) & of subsets of X is called a semiring if
(1) @ed;
(i) A, Be ¥, thenAnBeY;
(iii) A,B € ¥ and B C A, then A \ B can be represented as a finite union

A\B=]JCk (3.1)
k=1

of pairwise disjoint sets Cy € .
A (set) function m: ¥ — [0,c0] whose domain is ¥ and whose values belong to the ex-
tended real half-line [0, o] is said to be a measure on & if
(i) m(D) = 0;
(ii) m is (finitely) additive in the sense that if A € & such that A = UL, A;, where
Ay,...,A, € ¥ are pairwise disjoint, then

m(A) = > m(A;). (3.2)
i-1

A measure m with domain of definition & is said to be countably additive (or o-additive)
if, for every sequence {A;} of disjoint sets in ¥ whose union is also in ¥, we have

m<QA,-) =§1m(Ai). (3.3)

Let 2 (X) be the collection of all subsets of X, ¥ a semiring of subsets of X, and m : & —
[0, 0] a o-additive measure of . Define the set function

m*: P(X) — [0,00] (3.4)
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as follows. Let E be any subset of X. If there exists at least one finite or countable system
of sets V; € ¥, i=1,2,..., such that E C U;V;, then we put

m*(E) = ianm(Vi), (3.5)

where the infimum is taken over all coverings of E by a finite or countable system of sets
Vi € &. If there is no such covering of E, then we put m™*(E) = co. The set function m*
defined above is called an outer measure on P(X) (or on X) generated by the pair (¥, m).
The outer measure m™ is defined for each E C X, however, it cannot be taken as a measure
on X because it is not additive in general. In order to guarantee the additivity of m™ we
must restrict m* to the collection of the so-called measurable subsets of X. A subset A of
X is said to be m* -measurable (or measurable with respect to m™) if

m*(E) = m*(EnA)+m*(En A®), EcX, (3.6)

where A® = X \ A denotes the complement of the set A. A fundamental fact of measure
theory is that (see [6, Theorem 1.3.4]) the family M (m*) of all m*-measurable subsets of
X is a o-algebra (i.e., M(m™) contains X and is closed under the formation of countable
unions and of complements) and the restriction of m* to M(m*), which we denote by
s, is a o-additive measure on M(m*). We have ¥ € M(m™*) and u(V) = m(V) for each
V € ¥. The measure y is called the Carathéodory extension of the original measure m
defined on the semiring &. The measure u obtained in this way is also called the Lebesgue
measure on X generated by the pair (¥,m). Note that the main difference between the Jor-
dan and Lebesgue-Carathéodory constructions of measure of a set is that the Jordan con-
struction makes use only of finite coverings of the set by some “elementary” sets whereas
the Lebesgue-Carathéodory construction together with the finite coverings admits count-
able coverings as well. Due to this fact the notion of the Lebesgue measure generalizes the
notion of the Jordan measure.

Passing now on to time scales, let n € N be fixed. For each i € {1,...,n}, let T; denote
a time scale and let 0;, p;, and A; denote the forward jump operator, the backward jump
operator, and the delta differentiation operator on T;, respectively. Let us set

AN =T X xT,={t=(t1,...,tn) : €T}, 1 <i < n}. (3.7)

We call A" an n-dimensional time scale. The set A" is a complete metric space with the
metric d defined by

" 12
d(t,s) = (Z |t,-—s,-|2) for t,s € A™. (3.8)
i=1
Denote by & the collection of all rectangular parallelepipeds in A" of the form
V= [al,bl) X+ X [an,bn) = {t = (tl,...,tn) eANiai<ti<b,l1<i< }’l} (3.9)

with a = (ay,...,a,), b = (by,...,b,) € A", and a; < b; for all 1 <i <n. If a; = b; for
some values of i, then V is understood to be the empty set. We will call V also an
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(n-dimensional) left-closed and right-open inferval in A" and denote it by [a,b). Let
m:JF — [0,00) be the set function that assigns to each parallelepiped V = [a,b) its vol-
ume:

n

m(V)=[](bi—a). (3.10)

i=1

Then it is not difficult to verify that & is a semiring of subsets of A" and m is a o-additive
measure on F By pa we denote the Carathéodory extension of the measure m defined on
the semiring % and call ys the Lebesgue A-measure on A”. The m*-measurable subsets
of A" will be called A-measurable sets and m*-measurable functions will be called A-
measurable functions.

THEOREM 3.1. Let TY = T;\ {maxT;}. For each point
t=(t,...oty) ETIX-+-xTY (3.11)

the single-point set {t} is A-measurable, and its A-measure is given by

pn(1t}) = [ [ (o) — ;) = [ [ (8:). (3.12)
i=1 i=1
Proof. 1ft; < 0i(t;) for all 1 <i < n, then
{t} = [t,00(t1)) X - = X [tn,04(t,)) € F. (3.13)

Therefore {t} is A-measurable and

=

pa({t}) = m([t1,01 (1)) X - == X [tn, 00 (tn)) (0:(t;) — t;), (3.14)
i=1

which is the desired result. Further consider the case when t; = 0;(t;) for some values
of i€ {1,...,n} and t; < 0i(¢;) for the other values of i. To illustrate the proof, suppose
t;=0i(t;) for 1 <i<n-—1and t, < 0,(t,). In this case for each i € {1,...,n — 1} there

exists a decreasing sequence {t;k)} ken of points of T; such that tfk) > t; and t;k) — t; as
k — co. Consider the parallelepipeds in A",
VO = [10,60) 5+ X [y 8080)) X [ty 00 (8)) fork € N, (3.15)
Then
v S5yv@ 5., {t} = ﬁ vk, (3.16)

k=1

Hence {t} is A-measurable as a countable intersection of A-measurable sets, and by the
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continuity property of the o-additive measure s, we have

ua(ith) = limpa (V) = lim (8 = 11) -+ (52 = £a0) (00 (ta) = 1) =0, (3.17)

and so (3.12) holds in this case as well. O
Example 3.2. Inthe case T; = --- =T, = R, the measure y, coincides with the ordinary
Lebesgue measure on R". In the case Ty = - - - = T,, = Z, for any E C Z", ua(E) coincides

with the number of points of the set E.

Example 3.3. The set E given above in Example 2.12 is Lebesgue A-measurable and its
(two-dimensional) Lebesgue A-measure is equal to zero.

Having the o-additive measure s on A”, we possess the corresponding integration
theory for functions f : E C A" — R, according to the general Lebesgue integration theory
(see, e.g., [6]). The Lebesgue integral associated with the measure ya on A" is called the
Lebesgue A-integral. For a A-measurable set E C A" and a A-measurable function f : E —
R, the corresponding A-integral of f over E will be denoted by

Jf(tl,...,tn)Altl---A,,t,,, Jf(t)At, or dem- (3.18)
E E E

So all theorems of the general Lebesgue integration theory, including the Lebesgue dom-
inated convergence theorem, hold also for Lebesgue A-integrals on A”. Finally, we com-
pare the Lebesgue A-integral with the Riemann A-integral.

THEOREM 3.4. Let V = [a,b) be a rectangular parallelepiped in A" of the form (3.9) and let
f be a bounded real-valued function on V. If f is Riemann A-integrable over V, then f is
Lebesgue A-integrable over V, and

RJ F(B)AL = LJ F(OAL (3.19)
14 \%4

where R and L indicate the Riemann and Lebesgue A-integrals, respectively.

Proof. Suppose that f is Riemann A-integrable over V = [a,b). Then, by Theorem 2.4,
for each k € N we can choose & >0 (with 8 — 0 as k — o) and a A-partition P =
{(RFNE £ v such that PX € P (V) and U(f,P®) - L(f,PW) < 1/k. Hence

lim L(f,P®) = En U(f,p®) = RJVf(t)At. (3.20)

k—oo0

By replacing the partitions P*) with finer partitions if necessary, we can assume that for
each k € N the partition P**1 is a refinement of the partition P¥), Let us set

m =inf{f():teRP},  M® =sup{f(t):t RV} (3.21)

for i =1,2,...,N(k), and define sequences {¢k}ken and {@x}ken of functions on V by
letting

o) =mP, ()= MP forteRP, 1 <i<N(k). (3.22)
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Then {¢x} is a nondecreasing and {¢} is a nonincreasing sequence of simple A-measur-
able functions. For each k € N, we have

Pk < Prls Pk = i+, (3.23)

ok = f < ¢ (3.24)

LJ pr(t)At = L(f,PW), LJ or(t)At = U(f,PW). (3.25)
14 14

Since f is bounded, the sequences {¢i} and {¢x} are bounded by (3.21) and (3.22). Addi-
tionally taking the monotonicity (3.23) into account, we conclude that the limit functions

o(t) = }Eim or(t), o) = ]lim ¢r(t) forteV (3.26)
exist and that

o(t) < f() < (1), teV. (3.27)

The functions ¢ and ¢ are A-measurable as limits (3.26) of the A-measurable functions
ok and ¢, respectively. Lebesgue’s dominated convergence theorem implies that ¢ and ¢
are Lebesgue A-integrable over V and

lim LIV ou(DAL =L I Cgan, lim LIV e (DAL = LJV¢(t)At. (3.28)

Therefore passing on to the limit in (3.25) as k — oo and taking (3.20) into account, we
obtain

L I RGNS LJV¢(t)At - RJV FO)AL (3.29)

From (3.29) we find

LJV [6() — ()] AL = 0. (3.30)
Since in addition ¢(t) — ¢(t) = 0 for all t € V, (3.30) implies
o(t) = ¢(t) A-almost everywhere onV. (3.31)

S0 (3.27) and (3.31) show that f(t) = ¢(t) A-almost everywhere on V. It follows that f is
Lebesgue A-integrable together with ¢ and that the Lebesgue A-integrals of f and ¢ over
V coincide. Now from (3.29) we get that the Lebesgue A-integral of f over V coincides
with the Riemann A-integral of f over V. O

Remark 3.5. Let E be a bounded Jordan A-measurable set in T x - - - X T and f:E-R
a bounded function. Using Definition 2.6 and Theorem 3.4 we get that if f is Riemann A-
integrable over E, then f is Lebesgue A-integrable over E, and the values of the integrals
coincide.
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Remark 3.6. We can define Lebesgue nabla measure (and hence Lebesgue nabla integral)
on A" by replacing the family & of parallelepipeds of the form (3.9) by the family &’ of
parallelepipeds of the form

V' = (a1,bi] X -+ - X (an, bul, (3.32)

with the same volume formula

n

m(V') =[] (bi — a). (3.33)

i=1

Similarly we can define mixed types of Lebesgue measures on A" by taking the families
of parallelepipeds in which one part of the constituent intervals of the parallelepipeds
is left closed and right open and the other part is left open and right closed (see also
Remark 2.5).
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