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The study of the stability properties of numerical methods leads to considering linear dif-
ference equations depending on a complex parameter q. Essentially, the associated char-
acteristic polynomial must have constant type for g € C~. Usually such request is proved
with the help of computers. In this paper, by using the fact that the associated polynomi-
als are solutions of a “Legendre-type” difference equation, a complete analysis is carried
out for the class of linear multistep methods having the highest possible order.
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1. Introduction

The problem to approximate the solutions of differential equations by substituting to
them “appropriate” difference equations is as old as the differential calculus. Of course
the main problem to be solved is the control of the errors between the continuous and
the discrete solutions. In the fifties, the fundamental importance of the stability prop-
erties of the difference equations on the error propagation was recognized. After that, a
lot of efforts has been done in this field, mainly when the methods are applied to dissi-
pative problems. In such a case, the first approximation theorem permits to transform
the nonlinear problem into a linear one. Regarding the class of linear multistep meth-
ods (LMMs), the propagation of the errors can be studied by means of a linear difference
equation which, in the scalar case, depends on a complex parameter g = hA, where / is the
stepsize and A is the derivative at the critical point of the function defining the differential
equation. Obviously, the characteristic polynomial of the derived difference equation also
depends on the same parameter q.

The order of the equation of the error is, usually, greater than the one of the differential
equation. Therefore, an higher number of conditions are needed to get the solution we are
interested in. When all the conditions are fixed at the beginning of the interval of integra-
tion, it is well-known that the asymptotic stability of the zero solution of the error equa-
tion is equivalent to require that the characteristic polynomial is a Schur polynomial, that
is all its roots lie in the unit circle, for all g € C~. On the contrary, when the conditions
are split between the beginning and the end of the interval of integration, the concept of
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2 Difference equations and the stability problem

stability needs to be generalized. In such a case the notion of well-conditioning is more
appropriate. Essentially, such notion requires that under the perturbation &7 of the im-
posed conditions, the perturbation of the solution dy should be bounded as follows:

Iyl < JLlénll, (1.1)

where ¥ is independent on the number of points in the discrete mesh.

It is worth to note that when the discrete equation is of higher order with respect to
the continuous initial value problem, it is not necessary to approximate the latter with
a discrete problem of the same type. In the case of first order differential equation, for
example, only the condition y, is provided by the continuous problem. The additional
conditions are at our disposal and we may fix them at our convenience. This is important
because the well-known Dahlquist barriers impose several limitations on the choice of the
methods in the class of LMMs used as initial value methods (IVMs). As matter of fact,
there are not methods with order greater than two having the critical point asymptoti-
cally stable for all ¢ € C~. When a discrete linear boundary value problem is considered,
the error equation is well-conditioned if the number of initial conditions is equal to the
number of roots of the characteristic polynomial inside the unit circle and the number of
conditions at the end of the interval of integration is equal to the number of roots outside
the unit circle [2]. Once again, we will have a well-conditioned problem when a fixed set
of roots remains constantly inside the unit circle for all ¢ € C~. This result generalizes the
stability condition for IVMs where the roots inside need to be all of them.

In order to control that the number of roots inside the unit circle is constant for g €
C~, special importance assume the unit circumference and its image in the complex g-
plane (said boundary locus) under an appropriate map defined by each method. Except
for very simple cases, the proof that the number of roots inside the unit circle remains
constant for all g € C™ is only made by using the boundary locus pictures, provided by
computers.

In this paper we will consider the family of highest order methods in the class of LMM:s
and we will give a complete proof that they are well-conditioned when used as boundary
value methods (BVMs), while, as proved in [3], they are unstable when used as I[VMs.
The analysis will be done by studying a special linear difference equation with variable
coefficients (essentially the one satisfied by Legendre polynomials).

The paper is structured as follows: in Section 2 we will generalize the classical stability
concept for IVMs and we will introduce the highest possible order methods in the class
of LMMs. In Section 3 some properties of the polynomials associated to these methods
will be analyzed and, in Section 4, the related stability problem will be discussed. Finally,
some conclusions will be stated in Section 5.

2. The problem of stability for boundary value methods

As mentioned in the Introduction, the study of the stability for dissipative nonlinear
problems is made by linearizing the nonlinearity around the asymptotically stable critical
point. This is equivalent to examine the behavior of the solutions of a numerical method
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when applied to the test equation
y' () =Ay(t), te [t T], Rel <0, (2.1)
subject to the initial condition y(ty) =

By using a consistent k-step linear multistep method (LMM) on the discrete set {t,}
defined by

=ty +lh, £=0,1, N, h= 11 (2.2)
N
we get the following difference equation of order k:
k
> (aj—qBj)ymsj =0, q=h k=1, (2.3)

i=0

.

where y,1j, n=0,1,...,N — k, approximates the value y(t,4;) of the continuous solution
at the grid point ¢, ;.

Denoting by e, = y(t,) — y, the error at t,, from the previous relation we obtain the
unperturbed error equation:

k
Z Qﬂj ensj =0, g= hA. (2.4)

In order to study the stability of the zero solution of this equation, we consider the char-
acteristic polynomial defined by

n(z,q) = p(z) — qo(2), (2.5)
where
k k
2)=> a7, oz)=D Bid. (2.6)
j=0 j=0

It is well-known that when (2.4) is coupled with k initial conditions, the asymptotic sta-
bility of its zero solution is equivalent to require that the characteristic polynomial 7z(z,q)
is a Schur polynomial for all g € C™. Such a choice of the additional conditions leads to
very severe restrictions on the order of methods (Dahlquist barriers). To overcome this
drawback, since only y, is provided by the continuous problem, we can choose to fix
some of the (k — 1) additional conditions at the beginning of the interval of integration
and the remaining at the end. Later on, we will refer to the discrete problem obtained
by associating to (2.3) k; initial conditions and k, = k — k; final ones as boundary value
method (BVM) with (ky,k,)-boundary conditions [2].

This allows to extend the classical stability concept. To this aim we consider the defi-
nition of type of a polynomial due to Miller [6].



4 Difference equations and the stability problem

Definition 2.1. A polynomial of degree k is said to be of type (r1,72,r3) if it has r; zeros
inside the unit circle, r, zeros with unit modulus and r; zeros outside the unit circle, with
11,132,735 and k non-negative integers such that k = r; + 7, +r3.

The following definition is the generalization to the case k; > 0 of the corresponding
well-known concepts valid only for the case k; =0

Definition 2.2. A BVM with (k, k,)-boundary conditions is said to be
- Akl,kz -stable lf CcC c @klkza where

Dok, = 1q € C: 7(z,q) is of type (k1,0,k2) } (2.7)

denotes the region of (ki,k,)-Absolute stability;
- Perfectly A, ,-stable if C~ = Dy i, .

Remark 2.3. The terminology used in Numerical Analysis is often different from the one
used in the Difference Equations setting. In order to avoid confusion, it is worth to note
that the terms such as “stable methods” refer to the well-conditioning of the error equa-
tion and not necessarily to the stability of the zero solution of the same equation. It is
known that the well-conditioning of a linear boundary value problem, either continuous
or discrete, is related to the so called dichotomy. In the discrete case it essentially states
that the number of initial conditions should be equal to the number of roots of the char-
acteristic polynomial inside the unit circle and, of course, the number of conditions at
the end of the interval of integration should be equal to the number of roots outside the
unit circle.

Since our equations depend on the parameter g, the dichotomy should remain con-
stant for all g of interest, that is, ¢ € C~. Considering that the type of the polynomial
varies only if a root crosses the unit circle, an efficient way to establish if a numerical
method verifies the stability concepts given in Definition 2.2 is the knowledge of the form
and the position in the complex plane of the set

r={qeC: ﬂ(eie,q) =0, 0 [0,2m)}, (2.8)

called boundary locus. The equation 7(z,q) = 0 defines a map between the complex z-
plane and the complex g-plane, that is,

pz)
q(z) = o)’ (2.9)
consequently,
I={geC:q=q(%), 0c[0,27)}. (2.10)

The request that the type of 7(z,q) should not change for g € C isequivalenttoI'n C~ =
&. Usually, unless for simple cases, I is obtained graphically. In the sequel, we will give an
analytic expression of the boundary locus associated to each k-step LMM having highest
possible order, that is 2k, and constituting the so called Top Order family. These methods
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are characterized by the following polynomials of degree k (see (2.6))
L LA
pr(z) = Zoc; )Z], or(z) = zﬁ§ )zi (2.11)
j=0 =0
having real coefficients given by

J k—j 2
K) 1 Ll 0 _ LK (K ,
=2|:Zr—zr:| i ﬁ] :@ ] , ]=0,1,...,k. (212)
r=1 r=1 :

Essentially, these coefficients were obtained by Dahlquist in [3] (in this more explicit
form they can be found in [1]). It is an easy matter to prove that they satisfy the following
relations of symmetry:

k (k (k .
o) =—ap?, Y=Y, =01,k (2.13)

Preliminary properties concerning px(z) and ox(z) can be now established.

LEmMA 2.4. The polynomials pi(z) and oy (z) with coefficients given by (2.12) satisfy the

following properties:
(1)
pr(z) = —Z"pk(Z’l), ok(z) = 2o (z71). (2.14)
(2) pe(1) =0 forall k = 1, px(—=1) = 0 for k even, or.(—1) = 0 for k odd.

(3) Ifz] is any other root, dlﬁ‘erentfrom lLand -1, ofeach of them, so is z; L
(4) The function

~ z
pir(z) = 242 (2.15)
is a symmetric polynomial, that is,
pr-1(2) =2 i (271, (2.16)

having positive coefficients.

Proof. Ttem (1) immediately follows by taking into account (2.11) and by using (2.13).
Moreover, (2) and (3) are easy consequence of (2.14). Concerning item (4), from (2.14)
we obtain

—zFpi(z7!) ZkilPk(Zfl) 151 (z7)).

pr-1(2) = -1 - 1.1 Pk-1 (2.17)

Since pk-1(z) is a symmetric polynomial, in order to prove that its coefficients are all
positive, it is sufficient to evaluate the sign of the first v of them, where

% for even k,
Y= i1 (2.18)
% for odd k.
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By posing
k-1 L
pr-1(2) = X af V7, (2.19)
j=0
from (2.15) we get
k
> Ve - Zak Vi = Zak’zf (2.20)
-1
This implies that
k-1 - k
aS ):ag,l )—oc;»), j=1L..,v-1
(2.21)
(k=1) (k)

Considering that (x(()k) and (x;k) are negative quantities (see (2.12)), the previous relations
give the thesis. U

From the above results we have that 0y (z) and px—; (z) have many basic common prop-

erties. Some of them can be summarized as follows:

symmetry: u,(z) = z°u,(z71),

positivity: the coefficients are positive,

negative root: u,(—1) = 0 for x odd,
where u,(z) denotes either ox(z) or px_1(2), and « is the degree of the involved polyno-
mial.

Considerations based on the numerical concept of consistency permit to exclude that
the roots +1 and —1 are multiple. In Section 3, however, such properties will be directly
proved as consequence of the fact that pi(z) and ox(z) satisfy a linear difference equation.
For the moment we assume that the real roots of such polynomials, on the unit circle, are
all simple. Concerning the map

pi(z) _ pri(2)(z—1)
ox(2) 0 (2)

qr(z) = (2.22)

by taking into account the statement (3) in Lemma 2.4 we obtain

(620~ 1) 1(<) H]_ [e20 — (Uj+v;1)ei0+1]

T /51<<k) [T [e2? - (wj+w]?1)eio+1]

o 2.23

gk (e”) ,9_1al(ck) L, ei20 (Uj+vj1)e"9+1 (2.23)
for odd k,

el +1 @ i=1e20 — (wj+w;")e® +1

for even k,
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where v; and w; are the roots of px(z) and oy (z), respectively, and v is defined according
to (2.18). Considering (2.12), the previous relation becomes

[T21 e = (vj+0;") +e7]

ko1 ; ; 1
2 — (e —e / - for even k,
< Z’:U’)( )]_[;' | [e? — (wj+w]71)+e“9] v

qr(e”) =

i0 -1 —if
k 1)61(0/2 e 02 1 ¥ —(vj+v;') +e
for odd k,

<227:1r i(0/2) 4 g=i(6/2) L Lj=15i6 _ (Wj‘f'W;l) +e 10
121 [2c0s0 — (vj +v71)]
zsn9<4 ) / ! for even k,
' z r=ly H};l [2cos0 — (w;j +wj_1)] v (2.24)

y-1 2c0s8 — (vj+v; ")

itan (22’ 1 r)nj:l 2cos0 — (w;j +w;1)
<lisinGFy(O) for even k,

for oddk,

itan gG,H (8) foroddk.

The following result holds true.

THEOREM 2.5. Assuming that the multiplicity of the roots 1 and —1 of both polynomials
pk(2) and oy (z) is at most one, the values F,(0) and G,-,(0) are real numbers (possibly
infinite) for all 6 € [0,27).

Proof. Itis trivial considering that if, for example, v; is complex, the product will contain
both term (v; + vj’l) and its conjugate. The same, of course, holds for w;. O

In order to have the type of 77(z,q) constant for all ¢ € C~, F,(0) and G,-,(8) have to
preserve their sign for all 8 € [0,27). From the expressions of F,(8) and G,_;(0), it turns
out that they are ratios of trigonometric polynomials. Although a large number of results
involving trigonometric polynomials are known (see [4, 5, 7], to quote only a few works
related to this subject), it seems that none of them can be here applied. For this reason in
the next section we will give a proof valid in our case.

3. Further properties of the associated polynomials

In order to state the main result, we need to establish further properties of the polynomi-
als px(z) and o (2).

In [3] Dahlquist already stressed the relation between o0y (z) defined in (2.11) (divided
by a constant of normalization) and the Legendre polynomials

nea =[S () (220 koo o)

o\

In fact we have the following.
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LEmMa 3.1. Let 0x(z) be the polynomial defined in (2.11). Then, for all k = 0

(k1) 241
ou(2) = (zk)|(z—1)kL< 1). (3.2)

Proof. By setting in (3.1) z = (x+ 1)/(x — 1), the thesis trivially follows by using (2.11)
and (2.12). O

It is known that the Legendre polynomials verify the recurrence relation of the form

2k+1 k
mek(X) k+1Lk 1(x), k=1, 53)

Lo(x) =1, Li(x) =x.

L (x) =

Then, we may prove the following result.

THEOREM 3.2. The polynomial ox(z), given in (2.11), satisfies the difference equation

)= S - 1 @, k=, (3.4
with initial conditions
wi) =1, ()= Z;—l (3.5)
Proof. From (3.2) one has
Ok (2) = %(z LR, (%) (3.6)

By using (3.3) in the previous relation we get

Ik el 2k+1z+1 (z+1 k z+1
ot (2) = "oy e 1[k+1 z—1Lk<z—1>_k+1L""<z—1)]' (37)

By direct calculation it is easy to check that

[(k+1)1° 2k+1  (kD? [(k+)!]° Kk  [(k-1) (3.58)
Qk+2) k+1  202k) (2k+2)! k+1  4(4—k=2)(2k—-2)! ‘
Thus, relation (3.7) becomes
z+1 (k)2 (z+l)  (z—1)°
o102 = 5 gy @ UL( 1) 4(4—k2) o)
k=111’ . z+1 '
(2k z) (= 1)f 1L"“(z—1>'

Consequently, from Lemma 3.1 the thesis follows. O
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In order to tackle the question concerning the values assumed by the polynomials
pk-1(z) and 0x(z) on the unit circle, we need to consider the following results.

LemMA 3.3. The coefficients defined in (2.12), characterizing the polynomial py(z), satisfy
the recurrence relation:

(k) (k) ( (k—1) k—l)
ke _ Ho1te &, 20, +a; -
: = - , =0,1,...,k+1, k=1, 3.10
% 2 44—k 2) / (3.10)
with (x(()o) =0, (xf)l) -1, oc(l) 1and o™ = 0 fors<0ors>m.
Proof. The proof follows by direct check. O

TueoreM 3.4. The polynomial py(z), given in (2.11), satisfies the difference equation (3.4)
with initial conditions

yo(z) =0, yi(z) =z—1. (3.11)

Proof. From the relation (3.10) we can write

(k) (k) (k 1) (k— 1 (k1)
lf(x(k“)zj ) k+1 o ey ’il i 2a50 +0£ o (3.12)
] - 4 k 2) . .
j=0 j=0

Considering our notational convention (ai™

relation becomes

1
Z (k+1 Z“] IZ]+ Z(x ZJ 4 p 2)

= 0 whenever s < 0 or s > m), the previous

k+1 _
(k=1) _j (k=1) _j
[Zoc] ) Vol — ZZocj_l z/+th]~ ZJ:|

(3.13)
k), j *)_j 1
z Z a2 + Z Ty}
: [zZZoc;k Dz ZZZ(X(k D + Z }
j=0 j=0 j=0
Then, from (2.11) we deduce that
1 1 1 ,
prri(2) = J2pr(2) + S pi(z) = pTrE—=) [2°pr-1(2) = 22pk-1(2) + pi—1(2)]
z+l p(z) - z2—2z+1 @) (3.14)
k (4 _ k72) Pkfl .
This completes the proof. O

LemMa 3.5. The solutions pi(z) and o (z) of (3.4) are linearly independent.
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Proof. Let us consider the Casorati matrix defined by

C(k) = ( p(z) - ok(2) ) (3.15)

pri1(2)  oxr1(2)

We have that

_ po(z)  0o(2) 1
detC(O)—det(p](z) al(z)> =1-z (3.16)

Since for z = 1 (3.4) becomes of first order, it follows that det C(0) # 0. This implies the
thesis. O

THEOREM 3.6. Any solution of the difference equation (3.4) can be expressed as linear com-
bination of pi(z) and oi(z).

Proof. The proofis an easy consequence of the fact that p(z) and ox(z) are a basis for the
space of solutions of (3.4). O

THEOREM 3.7. The polynomial pi_1(z), defined in (2.15), satisfies the difference equation

A = S () - o Aea(a kL (3.17)

with initial conditions
p-1(2) =0, po(z) = 1. (3.18)
Proof. From Theorem 3.4 and relation (2.15) the proof immediately follows. O

We are now ready to answer the question concerning the values assumed by the poly-
nomials px_;(z) and 0% (z) on the unit circle.

THEOREM 3.8. Let 0x(2) be the polynomial satisfying the difference equation (3.4).
Then, for m = 1

‘ emd . (9), ifk=2m
o(e?) =1 § . ! (3.19)
(e?+1)emg,(0), ifk=2m+1
With fiu,gm @ [0,2m) — (0,+00).
Moreover, let px_1(z), be the polynomial satisfying the difference equation (3.17).
Then, for m = 1
R A (e + l)ei(’”‘l)efm(H), ifk=2m
Pr-1(e) = { e ‘ (3.20)
emg.,(0), ifk=2m+1

with fm,‘g?m :[0,27) — (0,+00).
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Proof. We consider only the case related to the polynomial oy (z), being the other one very
similar.

The proof is by induction with respect to m. For m = 1, from Theorem 3.2 it follows
that

= 6“9—+101(ei9) _ (e - 1)2
2 12
e®+1\2 (e —1)°
- ( 2 ) D)
ei93(ei(6/2) + efi(e/z))Z — (i) — e—i(0/2))2
12
02(cos(6/2))> +1 5 (24 cosB)

=e 3 =e 3 = eigfl(e).

a:(e”) a9 ()

(3.21)

Obviously, for each fixed 6 € [0,27), f1(0) is a positive real number. Moreover,

ef+1 (e?—1)*
2 15
el + Lo (2+cosf) (e - 1)° e +1
2 3 15 22 (3.22)
_ (4 1)e 10+ 5cos 6 +4(sin(6/2))
N 30

03(€i9) = Uz(eie) - 01 (eie)

(44 cosh)

i6 i6
= (% +1
(e +1)e 71

= (¥ +1)e”g1(0),
with g1(0) a positive real number for all 8 € [0,27). We now show that if (3.19) holds for
m, it also holds for m + 1.

We only consider the case of k even, because the proof for k odd proceeds similarly. By
applying (3.4) we obtain

Gamea(?) = ei62+ 1 o () — i Ee("@zr—n i)i)_z] G (€0)
- (eiezH)zeimegm(e) T 44 Eeéez;n i)i)Z] e fu()
I CLIGEE DY nag, 9) - [ei(zz[;(e_i(i;z,:ff; )iw:?)]z e £(6)
" [2(cosg>2gm(9) v %M@)} = L (6),
(3.23)

where, for each fixed 8 € [0,27), fi+1(0) is a positive real number.
This completes the induction step. O
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CoROLLARY 3.9. Suppose that the polynomials py(z) and oy(z), defined in (2.11), admit
roots on the unit circle. Then, all of them are real and simple.

Proof. Since f,,(0), gm(0), fm(G) and g,,(6) are all positive in (3.19), (3.20) for all 6 €
[0,277), the only roots on |z| = 1 are those coming from the factors (e’ + 1) and (e —
1). a

4. The stability problem for the top order family

The results obtained in the previous section permit to attack the question concerning the
stability problem for the k-step methods in the Top Order family, which will be used as
BVMs with (v,k — v)-boundary conditions, where v is defined according to (2.18).

Remark 4.1. From the statement (3) in Lemma 2.4 we have that px(z) is of type (r,k —
2r,r), with r a nonnegative integer. Analogously, we can derive that oy (z) is of type (s,k —
2s,5), with s € N.

THEOREM 4.2. Let pr(z) and o (z) be the polynomials defined in (2.11) and v = 1 given by
(2.18). Then,

(1) pk(z) and oy (z) are both of type (v —1,1,v— 1), fork =2y — 1;

(2) pr(z) is of type (v — 1,2,v — 1) and ox(z) is of type (v,0,v), for k = 2v.

Proof. From Corollary 3.9 it follows that, for k = 2y — 1, the polynomials pi(z) and ox(z)
have only one root of unit modulus. Moreover, when k = 2, pi(z) has two roots of unit
modulus and o0x(z) has not roots of unit modulus. Then, the assertions of the theorem
follow from Remark 4.1. |

We are now in the position to give the main results related to the stability problem.

THEOREM 4.3. Let k = 2v — 1. The k-step methods in the Top Order family are perfectly
A, -1-stable.

Proof. By considering the map defined in (2.22) and using Theorem 3.8 we obtain that

(e = )€l %, 1 (6)
(e + 1)el-Dog, (6)’

qi(e”) = (4.1)
where g,-1(6)/g,-1(0) = G,_1(0) is a positive real number for all 6 € [0,27). Conse-
quently,

qk(e _ (ei(g/z) +eii(0/2)) Gyfl( )_ ZCOS(G/Z) Gv,l(e)—ltan 5 Gv—l(e)) Ve S [0;277))

(4.2)

which is 0 for 6 = 0 and o for 6 = 7. This implies that the boundary locus associated to
the method coincides with the imaginary axis. It is understood that the north pole of the
Riemann sphere in the g-plane is considered, because the boundary locus is unbounded.
Consequently, it is a regular Jordan curve. According to the usual convention in complex
analysis, we can conclude that the region of the g-plane internal to the boundary locus is
the negative half complex plane. This completes the proof. O
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It is worth to note that the k-step methods in the Top Order family having k odd are
known in literature as top order methods (TOMs) [2].

THEOREM 4.4. Let k = 2v. The k-step methods in the Top Order family are A, ,-stable.
Proof. From (2.22) and Theorem 3.8 we obtain

(ei20 _ l)ei(v—l)eﬁ/(e)
e £,(6) >

gk (e) = (4.3)

where Z(ﬁ(ﬁ)/fy(e)) = F,(0) is a positive real number for all 6 € [0,27). Consequently,

i (e?—1) ()
qi(e”) = T8 >

=isinfF,(0), V0e[0,2n). (4.4)

This implies that the boundary locus associated to the method coincides with the segment
of the imaginary axis

[-iF,iF], where F = max F,(0). (4.5)
0<[0,27)

Then, the region of (v,7)-Absolute stability is the whole complex plane excluding this
segment. From Definition 2.2 the thesis follows. O

5. Conclusions

In this paper it has been proved that the polynomials associated to the methods in the
Top Order family satisfy linear difference equations with variable coefficients. A complete
proof for the stability problem of such methods has been provided by using properties of
the polynomials derived from these equations.
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