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We study the solvability of the fractional integrodifferential equations of neutral type with infinite
delay in a Banach space X. An existence result of mild solutions to such problems is obtained
under the conditions in respect of Kuratowski’s measure of noncompactness. As an application of
the abstract result, we show the existence of solutions for an integrodifferential equation.

1. Introduction

The fractional differential equations are valuable tools in the modeling of many phenomena
in various fields of science and engineering; so, they attracted many researchers (cf., e.g.,
[1-6] and references therein). On the other hand, the integrodifferential equations arise
in various applications such as viscoelasticity, heat equations, and many other physical
phenomena (cf., e.g., [7-10] and references therein). Moreover, the Cauchy problem for
various delay equations in Banach spaces has been receiving more and more attention during
the past decades (cf., e.g., [7, 10-15] and references therein).

Neutral functional differential equations arise in many areas of applied mathematics
and for this reason, the study of this type of equations has received great attention in the last
few years (cf., e.g., [12, 14-16] and references therein). In [12, 16], Herndndez and Henriquez
studied neutral functional differential equations with infinite delay. In the following, we
will extend such results to fractional-order functional differential equations of neutral type
with infinite delay. To the authors” knowledge, few papers can be found in the literature for
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the solvability of the fractional-order functional integrodifferential equations of neutral type
with infinite delay.

In the present paper, we will consider the following fractional integrodifferential
equation of neutral type with infinite delay in Banach space X:

aq

(x(t) — h(t,x)) = A(x(t) = h(t, x)) + ftﬁ(t,s)f(s,x(s),xs)ds, te0, T],
At 0

(1.1)
x(t)= ¢ty e P, te (-oo,0],

where T > 0,0 < g <1, D is a phase space that will be defined later (see Definition 2.5). A is
a generator of an analytic semigroup {S(t)} of uniformly bounded linear operators on X.
Then, there exists M > 1 such that |[S#)| < M. h:[0, T]xp — X, f:[0, T]xXxp — X,
p:D — R (D ={(ts)e[0, T]x[0, T] : t>s}),and x; : (-0, 0] — X defined by
xt(0) = x(t +0), for 6 € (—oo, 0], ¢ belongs to P and ¢(0) = 0. The fractional derivative is
understood here in the Caputo sense.

The aim of our paper is to study the solvability of (1.1) and present the existence of
mild solution of (1.1) based on Kuratowski’s measures of noncompactness. Moreover, an
example is presented to show an application of the abstract results.

2. Preliminaries

Throughout this paper, we set J := [0, T] and denote by X a real Banach space, by L(X) the
Banach space of all linear and bounded operators on X, and by C(J, X) the Banach space of
all X-valued continuous functions on J with the uniform norm topology.

Let us recall the definition of Kuratowski’s measure of noncompactness.

Definition 2.1. Let B be a bounded subset of a seminormed linear space Y. Kuratowski’s
measure of noncompactness of B is defined as

a(B) =inf{d > 0: B has a finite cover by sets of diameter < d}. (2.1)

This measure of noncompactness satisfies some important properties.
Lemma 2.2 (see [17]). Let A and B be bounded subsets of X. Then,

(1) a(A) <a(B)if ACB,

(2) a(A) = a(A), where A denotes the closure of A,

(3) a(A) = 0 ifand only if A is precompact,

(4) a(rA) = [Ma(A), L €R,

(5) a(A U B) = max{a(A), a(B)},

(6) a(A+B) <a(A) +a(B), where A+ B={x+y:x€ A, y€Bj,
(7) a(A+a) =a(A) foranya € X,

(8) a(convA) = a(A), where conv A is the closed convex hull of A.
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For H c C(J, X), we define

0

ft H(s)ds = {ft u(s)ds:u e H} forte], (2.2)
0

where H(s) = {u(s) €e X:u € H}.
The following lemmas will be needed.

Lemma 2.3 (see [17]). If H C C(J, X) is a bounded, equicontinuous set, then

a(H) =supa(H(t)). (2.3)
te]

Lemma 2.4 (see [18]). If {u, )52, C L1(J, X) and there exists an m € L' (], RY) such that |lu,(t)|| <
m(t), a.e. t € J, then a({u,(t)},—,) is integrable and

a<{f un(s)ds} > §2J.ta({un(s)},;“;l)ds. (2.4)
0 1 0

The following definition about the phase space is due to Hale and Kato [11].

Definition 2.5. A linear space [ consisting of functions from R~ into X with semi-norm || - ||p
is called an admissible phase space if ) has the following properties.

(1) If x : (=00, T] — X is continuous on | and x € P, then x; € ) and x; is continuous
inte€ Jand

()1 < Clixellp, (2.5)

where C > 0 is a constant.

(2) There exist a continuous function C; (t) > 0 and a locally bounded function C,(t) > 0
in t > 0 such that

llxellp < Ci(8) sup [lx(s)[| + Ca(8) l|xoll o, (2.6)
s€[0,t]

fort € [0, T] and x asin (1).
(3) The space [ is complete.
Remark 2.6. (2.5) in (1) is equivalent to ||¢(0)|| < C||@||p, for all ¢ € D.

The following result will be used later.

Lemma 2.7 (see [19, 20]). Let U be a bounded, closed, and convex subset of a Banach space X such
that 0 € U, and let N be a continuous mapping of U into itself. If the implication

V =convN(V)or V=N({\V)u{0} = a(V)=0 (2.7)

holds for every subset V of U, then N has a fixed point.
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Let Q be a set defined by

Q= {x : (-0, T] — X such that x|,_o,, o € P, x|, € C(J, X)}.

(2.8)

Motivated by [4, 5, 21], we give the following definition of mild solution of (1.1).

Definition 2.8. A function x € Q satisfying the equation

o),

x(t) =

is called a mild solution of (1.1), where
Q) = [ &@5(t0)do
R(t)=gq f :0 ot17'¢,(0)S(t10)do
and ¢, is a probability density function defined on (0, o) such that

1
¢&y(0) = qofl*(l/q)wq<a’1/’7> >0,

where

& T 1
wy(0) = L3 (-1)" o —<"Z +1)

n=1

sin(nrq), o€ (0,0).

Remark 2.9. According to [22], direct calculation gives that
IR(t)I| < Cqmt?™", t>0,

where Cyp = gM/T(1 +¢q).

We list the following basic assumptions of this paper.

-Q(t)h(0, ) + h(t, xi) + f;f;R(t -5)p(s, 7)f(T,x(T),x;)dTds, te]

t e (—oo, 0],

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(H1) f: ] xX x P — X satisfies f(-,v,w) : ] — X is measurable, for all (v,w) € X x D
and f(t,-,-) : X x P — X is continuous for a.e. t € J, and there exist two positive

functions y;(-) € L'(J,R*) (i = 1,2) such that

||f(t,v,w)|| < (t)”v” +/42(t)||ZU||p, (f,’(],’(,l)) €JxXxp.

(2.14)
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(H2) For any bounded sets D; € X, D> ¢ ), and 0 < s <t < T, there exists an integrable
positive function 7 such that

a(R(t - s)f(r,D1,D2)) < (s, T) <“(D1) + sup a(Dz(9))>, (2.15)

—00<0<0

where 7;(s, 7) := 71(t, s, T) and sup,., jé fg ni(s, T)drds := * < o0.
(H3) There exists a constant L > 0 such that

Ih(t1, ) — h(t2, )|l < L(It1 — b + [l - (’pfll,g), tte], ,Gep. (2.16)

(H4) For each t € J, p(t,s) is measurable on [0, t] and B(f) = esssup{|p(t,s)|,0 < s < t}
is bounded on J. The map t — B; is continuous from J to L*(J,R), here, B;(s) =

Bt s).
(H5) There exists M* € (0, 1) such that

T96Cy (

LC: + il g, wey + Cillizllag, R+)) < M, (2.17)

where C] = sup,.;Ci(t), p = sup;;f(t).

3. Main Result

In this section, we will apply Lemma 2.7 to show the existence of mild solution of (1.1). To
this end, we consider the operator @ : Q — € defined by

¢(t), te(-oo, 0],

(Dx)(t) = tops

-Q(t)h(0, ) + h(t, x1) + J. J. R(t-s)B(s,7)f(r, x(1),x;)drds, te].
0Jo

(3.1)

It follows from (H1), (H3), and (H4) that @ is well defined.

It will be shown that @ has a fixed point, and this fixed point is then a mild solution of
(1.1).

Let y(-) : (—o0,T] — X be the function defined by

(t), te(-,0],
y(t) = {¢ (3.2)
0, te].

Set x(t) = y(t) + z(t), t € (oo, T].
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It is clear to see that x satisfies (2.9) if and only if z satisfies zo = 0 and for t € J,

t ps
z(t) = -Q(H)h(0, ) + h(t,y, +z) + fo fo R(t-s)p(s,7)f (T, y(T) + 2(7),y, + z)dT ds.

(3.3)
Let Zg = {z € Q: zp =0}. For any z € Z,,
Izl 2, = supllz(®)l + lzollp = supllz()]|. (3.4)
te] te]
Thus, (Zo, |- |lz) is a Banach space. Set

B, ={z€Z:|zl, <r}, forsomer>D0. (3.5)

Then, for z € B,, from(2.6), we have

ly,+ zillp < llyllp + 1zl

< Cl(t)sggtlly(ﬂll +Ca(D)llyoll, + Cl(t)OS;I;”Z(T)” + Ca(t)l|zoll p

(3.6)

=C®l¢ll, + Cl(f)OSUPIIZ(T)II

<r<t

<G-liglp +Cir =17,

where C; = sup_, .+ Ca (7).
In order to apply Lemma 2.7 to show that @ has a fixed point, we let @ : Zy — Z, be
an operator defined by (®z)(t) =0, t € (—o0,0] and for t € ],

(D2) (1) = -QOR(0,) + h(t,y, + 1)

£ s (3.7)

+ f f R(t=s)B(s,7)f(1,y(7) + z(7),y, + z,)dT ds.
0Jo

Clearly, the operator @ has a fixed point is equivalent to @ has one. So, it turns out to
prove that @ has a fixed point.
Now, we present and prove our main result.

Theorem 3.1. Assume that (H1)—(H5) are satisfied, then there exists a mild solution of (1.1) on
(—oo, T provided that L + 16p1* < 1.

Proof. For z € B,, t € ], from (3.6), we have

£y () +2(8), y, +z) | < @y ) + 2@ + p2(B)lly, + 2l 68

S (O + pa ()1
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In view of (H3),

Ih(t y, +z) | < ||kt y, + z:) = h(t,0)| + [|h(t, 0)||
< Llly, +zll, + M (3.9)

< Lr*+ My,

where M = supt€]||h(t,0)||.

Next, we show that there exists some r > 0 such that &)(Br) C B,. If this is not true,
then for each positive number r, there exist a function z'(-) € B, and some t € | such that
[[(Dz")(t)|| > r. However, on the other hand, we have from (3.8), (3.9), and (H4)

r<[|(®z") )]
<= QRO @)l + Ik (ty, + =)

t ps
+f f IR(t = s)B(s, 7)f (T, y(T) + 2/ (7),y. + z})||dT ds
0Jo

t ps
< LM||¢ll, + MM + Lr* + My + ﬂCq,MI f (t =) [ ()7 + pa(7)r*]d7 ds
0Jo

(3.10)
t ps
<LM||¢p|l, + MM + Lr* + My + prCqm f f (t =) i (1)dr ds
070
t s
+pr*Com f f (t—s)T up(1)dr ds
070
* Tqﬂc ’M *
<L(MIgllp+7") + My(M+1) + . [Pl ey + 7 M2l s |-
Dividing both sides of (3.10) by r, and taking r — oo, we have
* Tqﬂc /M *
LC: + qq <||#1IIL1<J,R+> + c1||#2||L1(]/R+)) > 1. (3.11)

This contradicts (2.17). Hence, for some positive number 7, &)(Br) C B,.
Let {zF};cn C B, with zF — zin B, as k — oo. Since f satisfies (H1), for almost every
te ], we get

f<t,y(t) +28(),y, + zf) — f(ty(t)+z(t),y, +z), as k — oo. (3.12)
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In view of (3.6), we have
”yt + zi‘”p < (3.13)
Noting that
||f<t,y(t) + zk(t),yt + zf) - fby®) +z(t),y, + z) ” <2 () + 2ua ()1, (3.14)

we have by the Lebesgue Dominated Convergence Theorem that
(=)0 - @)
< ”h(t, Y, + zf) —h(t,y, +z) ”
+ JZ f:||R(t - 5)p(s, 1) [f(zy(ﬂ +28(T), Y. + zﬁ) - f(r,y(7) + z(1),y, + ZT)] ”dT ds

o=,

e [ [ (a9 5 (my@) + 2@y 4 ) - FEy) + 20y, 42 s

— 0, k— oo.

(3.15)
Therefore, we obtain
lim ”(i)zk ~dz|| =o. (3.16)
k— oo Zy
This shows that @ is continuous.
Set
G(-,y(-) +2(), Y+ z(.)> = fo B, T)f(T,y(T) + 2(T),y, + 2z )dT. (3.17)

Let0 <t <t; < T and z € B,, then we can see

|| <&>z> (t) - (&az) (tr) || <h+h++14 (3.18)
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where

I = |Q(t) - Qk)]| - ||1(0, §)

7

7

I, = ”h(fl,yt1 + zt1> - h(tz, Yy, zt2>

[

(3.19)
[R(t1 — s) = R(t2 — )]G (s, y(s) + z(s), y, + z)ds
0

I =

7

t
Ii=| [[R(t1 = 9)|||G(s, y(s) + z(s), y, + z5)||ds.
ty

It follows the continuity of S(t) in the uniform operator topology for t > 0 that I; tends
to 0, as t, — t;. The continuity of h ensures that I, tends to 0, as t, — t;.

For Iz, we have

ty poo
I < qfo L 0'” [(t1 — )T (fy - s)q—l].‘gq(o)s((t1 —5)10)G(s,y(s) + z(s), y, + z)||dods

tz (oo
+ qf f o(tr—8)7"'¢,(0)||S((t - 5)70) = S((t2 — 5)0) ||
0 Jo

< |G(s,y(s) + z(s), y, + z5) || do ds

t
< Cq,Mf (h - )71 = (t, - S)q71|||(;(5,y(s) +2(s),y, +zs) ||ds
0

ty poo
" "f f ot~ )& (0)[|S((t - 5)70) — S((t2 ~ 5)70)|
0 /0
x |G (s, y(s) + z(s),y, + z5) ||do ds,

S ﬂ[r”.“l”u(],m) + 77|zl (],R+)]

t
x [cq,Mf (t=9)"" = (t = 5)" | ds
0

t, poo
+qf f o(tr —8)1"¢,(0)||S((t1 - 5)70) = S((t2 - 5)70) ||do ds] )
0Jo
(3.20)
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Clearly, the first term on the right-hand side of (3.20) tends to 0 as t, — t;. The second term
on the right-hand side of (3.20) tends to 0 as t, — t; as a consequence of the continuity of

5(t) in the uniform operator topology for t > 0.
In view of the assumption of p;(s) (i = 1,2) and (3.8), we see that

t
L<Com | (=97 IG(s,y(s) + 2(5), y, + zo) |l ds
tr
ty 1
S ﬂCq,M [THﬂlHLl(LR*) + T*||#2||L1(],R+):| J‘ (tl - S)q7 dS
ty
— 0, as tz — tl.
Thus, CB(B,) is equicontinuous.

Now, let V be an arbitrary subset of B, such that V' C conv(®(V) U {0}).
Set (élz)(t) =h(t,y, +z),

- t as
(CI)zZ> () =-Q)h(0,¢) + fo fo R(t-5s)p(s, 7)f (T, y(T) + z(T),y, + zr)dT ds.

Noting that for z,z € V, we have

Ikt y, + Ze) = h(t,y, + z) | < LIZ -z p.

Thus,

a(h(t,y,+Vi)) <La(V;) <L sup a(V(t+6))=Lsupa(V(r)) < La(V),

—00<0<0 0<r<t

where V; = |z, : z € V}. Therefore, a(®,V) = supteja((&)1V)(t)) < La(V).

(3.21)

(3.22)

(3.23)

(3.24)

Moreover, for any € > 0 and bounded set D, we can take a sequence {v,},;-; C D such
that a(D) < 2a({v,}) + € (see [23], P125). Thus, for {v,};.; C V, noting that the choice of V,

and from Lemmas 2.2-2.4 and (H2), we have
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w(®2V) <2a({Br0,)) + € = 250pa( [Br0n())) ¢

te]

= Zsupa<{ft R(t-s) J.sﬂ(S,T)f(T,y(T) +0,(T), Yy, + Um-)deS}> +e
0 0

te]
t

<4sup 0a<{R(t -5) JZ B(s,7)f (T, y(T) + vu(7), y, + UnT)dT}>dS +e

te]

< 8sup JZ Jj a({R(t—s)B(s,7) f(T,y(T) + 0u(T), Yy, +Vnr)})dT ds + €

te]

(3.25)
< 8fsup JZ fo a({R(t = s)f(T,y(T) +0u(T), Y, + Unr) })dT ds + €

te]

§8ﬂsupf f (s, T)[a( vn(T)}) + sup a({vn(9+7')}):|d7'ds+5

te] —0<0<0

§8ﬁsupf f T]t(S,T)|:£X( Un}) + supa({vn(‘u)})]d’rds+£

te] 0<pu<r

<16pa({v,} )supf f ne(s, T)dr ds + € < 16p7"a(V) + €.

te]
It follows from Lemma 2.2 that
(V) <a(®V) < a<c”1’>1v) + a<c1’>zv) < (L+16p7")a(V) +¢, (3.26)
since ¢ is arbitrary, we can obtain
a(V) < (L +16p7")a(V). (3.27)

Hence, a(V) = 0. Applying now Lemma 2.7, we conclude that @ has a fixed point z* in B,.
Let x(t) = y(t) +z*(t), t € (oo, T], then x(t) is a fixed point of the operator ® which is a mild
solution of (1.1). I
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4. Application

In this section, we consider the following integrodifferential model:

o 0 |o(t+6,¢)]
= [v(t,é) —tfw I T

_ @ 0 ot +6,8)|
- 6_«52[”“"9 “tf o |v<t+9,§>|d9]

+ f;(t - s)skk sin|v(s, ¢)| - J: cosv(t,¢)drds

+ f ;(t —s) fom 12(0) sin(s%[0(s + 0,8)] ) dods, (D

0 o(t+6,0
U(t,O) - tf Yﬂ@)%d@ = O,

0
) ot+6,1)]
o(t,1) tf_w O e 1?0 =%

v(0,¢) =v(0,¢), —-00<0<0,

where0<t<1,¢€[0,1],keN,y1,12: (-o0,0] = R, vp: (-o0,0]x[0,1] — R are continuous
functions, and f?oo [Y:(0)|d0 < oo(i =1,2).
Set X = L?([0,1],R) and define A by

D(A) = H*(0,1) n Hy(0,1),
(4.2)
Au=u".

Then, A generates a compact, analytic semigroup S(-) of uniformly bounded, linear
operators, and [|S(¢)]| < 1.

Let the phase space [ be BUC(R™, X), the space of bounded uniformly continuous
functions endowed with the following norm:

lpll, = sup [p(0)

—00<0<0

, Vpep, (4.3)

then we can see that C;(f) = 1 in (2.6).
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Fort e [0,1],¢ € [0, 1] and ¢ € BUC(R™, X), we set

$(0)(4) = v0(6,¢),

0
h(t,p)(@) =t f 11(6)

k t 0
Flx(,9)@) = sinx()@)]- cosx(s)(@)ds + f y2(0) sin(#[(0) (2)]) 46

x(£)(8) = v(t,

—00

¢,

0 € (-o0,0],

lp(6)(2)]

L+ |p0)@)]

ﬂ(tls) :t_sl

Then (4.1) can be reformulated as the abstract (1.1).
Moreover, for t € [0, 1], we can see

k+1 0
1F (L x®,9) @l < ' o Ix®l+Elgll, f |2(6) |6

where py (t) = t**1/k, po(t) == £
For ti,t € [0,1], o, (]5 ep,

0
Ik (t1, @) = h(t2, §)|I < |1 = tzlf

Y1(9)<1

+

= (B[l x(t)

° Iya(0)1de.

we have

11 (6 )

I+ 2l

lp0) ()] H
+]p©) ()]

le@® @  |26)@)]

0
g
-

+|e@) @) 1+[6©O)()]

e

0 0
s|t1—tz|f |y1<9>|d9+f 11(©)|d8 - llp -

- L<|t1 — o]+l - <?||p)'

where L = [°__ [y1(6)|de.

Suppose further that there exists a constant M* € (0, 1) such that

Cym

Lo == (o + Hallsgon ) < M

then (4.1) has a mild solution by Theorem 3.1.

For example, if we put

11(6)

= Yz(e) = ek@/

g=05, k=2,

13

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)
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then L = 1/2, Ct],M = 1/F(05) = 1/'\/ﬂ', ||‘l/ll||L1([0/1]/R+) = 1/8, ”.uZ”Ll([O,l],R*) = 1/6 ThuS, we
see

L+ Conm

1 2/1 1
<||y1||L1([0,1],R+) + ||#2||L1<[o,1],R+>) 2% Um (8 + 6) <09<1. (4.9)
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