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We firstly show the permanence of hybrid prey-predator system. Then, when both white and color
noises are taken into account, we examine the asymptotic properties of stochastic prey-predator
model with Markovian switching. Finally, the optimal harvest policy of stochastic prey-predator
model perturbed by white noise is considered.

1. Introduction

Population systems have long been an important theme in mathematical biology due to
their universal existence and importance. As a result, interest in mathematical models for
populations with interaction between species has been on the increase. Generally, many
models in theoretical ecology take the classical Lotka-Volterra model of interacting species
as a starting point as follows:

dx(t)
dt

where x(t) = (x1(8),...,x,(t), b = (b)), and A = (@ij) 1w The Lotka-Volterra
model (1.1) has been studied extensively by many authors. Specifically, the dynamics
relationship between predators and their preys also is an important topic in both ecology
and mathematical ecology. For two-species predator-prey model, the population model has
the form

= diag(xi(f),...,x,(t))[b+ Ax(t)], (1.1)

P ety far bt - ey o),

WO 6 [ar - bay(t) + exx ()],

(1.2)
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where x(t), y(t) represent the prey and the predator populations at time ¢, respectively, and
ai, b, ci, i=1,2 are all positive constants.
Up to now, few work has been done with the following hybrid predator-prey model:

dJ;(tt) = x[ai(a(t)) — bi(a(t))x - c1(a(t))y],

(1.3)
d
—Zzit) = y[a(a() - ba(a(t))y + ca(a()x].

when a population model is discussed, one of most important and interesting themes is its
permanence, which means that the population system will survive forever. In this paper, we
show that the hybrid model (1.3) is permanent.

As a matter of fact, due to environmental fluctuations, parameters involved in
population models are not absolute constants. Thus, it is important to reveal how
environmental noises affect the population systems. There are various types of environmental
noises (e.g., white noise and color noise) affect population system significantly. Recently,
many authors have considered population systems perturbed by white noise (see e.g., [1-
7]). The color noise can be illustrated as a switching between two or more regimes of
environmental, which differ by factors such as nutrition or as rain falls [8, 9]. When both
white noise and color noise are taken into account, there are many results on corresponding
population systems [10-14]. Especially, [10] investigated a Lotka-Volterra system under
regime switching, the existence of global positive solutions, stochastic permanence, and
extinction were discussed, and the limit of the average in time of the sample path
was estimated. Reference [12] considered competitive Lotka-Volterra model in random
environments and obtained nice results. Here, we consider the stochastic predator-prey
system under regime switching which reads

dx(t) = x(t) (ar(a(t)) = bi(a(t))x(t) — cr(a(t))y(£))dt + x(t)o1 (a(t))dBi(t),

dy(t) = y(t) (az2(a(t)) - ba(a(®)y(f) + ca(a(t))x(t))dt + y(t)oa(a(t))dBa(t).

(1.4)

where a(t) is a Markov chain. Therefore, we aim to obtain its dynamical properties in more
detail.

As we know, the optimal management of renewable resources, which has a direct
relationship to sustainable development, is always a significant problem and focus. Many
authors have studied the optimal harvest of its corresponding population model [15-20]. To
the best of our knowledge, there is a very little amount of work has been done on the optimal
harvest of stochastic predator-prey system. When the predator-prey model (1.2) is perturbed
by white noise, we have the stochastic system as follows:

dx(t) = x(t)[a1 = bix(t) — c1y(t)] dt + o1x(£)dBi (1),
(1.5)
dy(t) = y(t) [az - bay(t) + cox(t)] dt + ooy (t)dBa ().

Suppose that the resource population described by the stochastic system (1.5) is subject to
exploitation, under the harvesting effort E;, E, of x(t), y(t), respectively, the model of the
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harvested population has the form

dx(t) = x(t) [a1 — E1 — bix(t) — ciy(t)] dt + o1x(t)dBi (1),
(1.6)
dy(t) = y(t) [a2 — E» — by (t) + cox(t)]dt + ooy (£)dBa ().

In this paper, based on the arguments on model (1.4), we will obtain the the optimal harvest
policy of stochastic predator-prey system (1.6).

The organization of the paper is as follows: we recall the fundamental theory about
stochastic differential equation with Markovian switching in Section 2. We show that the
hybrid system (1.3) is permanent in Section 3. Since stochastic predator-prey system (1.4)
describes population dynamics, it is necessary for the solution of the system to be positive
and not to explode to infinity in a finite time. Section 4 is devoted to the existence, uniqueness
of global solution by comparison theorem, and its asymptotic properties. Based on the
arguments of Section 4, in Section 5 predator-prey model perturbed by white noise (1.5) is
considered, and the limit of the average in time of the sample path of the solution is obtain,
moreover, optimal harvest policy of population model is derived. Finally, we close the paper
with conclusions in Section 6. The important contributions of this paper are therefore clear.

2. Stochastic Differential Equation with Markovian Switching

Throughout this paper, unless otherwise specified, we let (Q,F, {¥:};50, P) be a complete
probability space with a filtration {¥;},,, satisfying the usual conditions (i.e., it is right
continuous and ¥, contains all P-null sets.) Let a(t), t > 0, be a right-continuous Markov
chain in the probability space tasking values in a finite state space S = {1,2,...,m} with
generator I' = (y;;), . given by

Pla(t+At) =j|a(t) =i} =yjA+0(A) i#],
@2.1)
P{a(t+At)=j|a(t)=i}=1+Y1'1'A+O(A) i=j,

where A > 0. Here, y;; > 0 is the transition rate from i to j if i#j, while y;; = = 3, yij. We
assume that the Markov chain a(t) is independent of the Brownian motion. And almost every
sample path of a(t) is a right-continuous step function with a finite number of simple jumps
in any finite subinterval of R,.

We assume, as a standing hypothesis in following of the paper, that the Markov chain
is irreducible. The algebraic interpretation of irreducibility is rank(I') = m — 1. Under this
condition, the Markov chain has a unique stationary distribution or = (o1, 711, ..., 71) € Rxm
which can be determined by solving the following linear equation:

al =0, (2.2)

subject to

m

Sa=1, m;>0,Vj€S. (2.3)
j=1
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Consider a stochastic differential equation with Markovian switching
dx(t) = f(x(t), t,a(t))dt + g(x(t),t,a(t))dB(t), (2.4)
on t > 0 with initial value x(0) = xo € R", where

f:R"xR, xS — R", g:R"x R, x5 — R™™. (2.5)

For the existence and uniqueness of the solution, we should suppose that the coefficients of
the above equation satisfy the local Lipschitz condition and the linear growth condition. That
is, foreach k =1,2,..., there is an hy > 0 such that

Fata) - f(y,ta)|\|gta) - g(y,ta)] < helx -y, (26)

forallt >0, a € S and those x, y € R" with |x| \/ |y| < k, and there is an h > 0 such that
[f G, t,a)| \/]|g(x t, )| < h(1+ |x]), (2.7)
for all (x,t,a) € R" x R, x S.
Let C**(R" x R, x S, R;) denote the family of all nonnegative functions V(x,t,a) on

R" x R, x S which are continuously twice differentiable in x and once differentiable in ¢. If
V € C*Y(R" x R, x S, R,), define an operator LV from R" x R, x S to Rby

LV(.X', t, tX) = ‘/t(x/ t, a) + Vx(x/ t, (X)f(x, t, ll) + ZYiiV(xr t/])
j=1
(2.8)

+ %trace [gT(x, t,a) Vix (x,t, ) g(x, t, a)].
In particular, if V' is independent of a, that is, V(x,t,a) = V(x, ), then
LV (x, t, @) = Vi(x,t) + Vi(x, D) f (x,£) + %trace |87 (e, 1) Vi, D8 (x, )] (2.9)

For convenience and simplicity in the following discussion, for any sequence c(i), i €
S, we define

¢=minc(i), &= maxc(). (2.10)
For any sequence ¢;, i=1,2, we define

¢ = ming; ¢ = maxc;.
=12 =12 (2.11)

And throughout the paper, we use K to denote a positive constant whose exact value may be
different in different appearances.
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3. Hybrid Predator-Prey Model
In this section, we mainly consider the permanence of the hybrid prey-predator system (1.3).

Lemma 3.1. The solution X(t) = (x(t), y(t)) of (1.3) obeys

. a(b+¢
limsup x(t) < g =p, limsup y(t) < u =y. (3.1)
t— oo b t—+oo b2
Proof. It follows from the first equation that
X (t) < x(t) (a - Ex(t)>. (3.2)

Using the comparison theorem, we can derive the first inequality. Then, for any e > 0
arbitrarily, there exists T > 0, such that forany t > T

x(t) <p+e. (3.3)
So, for any t > T, we obtain
y'(t) <y(t) [ﬁ—A+é(ﬁ+e)]. (3.4)
By comparison theorem, then

a+cé(B+e)

limsup y(t) < = (3.5)
t—+oo b
For e > 0 is arbitrary, we therefore conclude
a(b+¢
limsup y(t) < u =Y. (3.6)
t—+oo b2
O

Lemma 3.2. Assume that a — ¢y > 0 holds. Then, the solution X (t) = (x(t), y(t)) to (1.3) satisfies

a-¢

BS 7

. (3.7)

x| Q)

1i¥n inf x(t) > litm infy(t) >

— +00
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Proof. By virtue of the first equation of (1.3), we can get

o) - ! y(t)
(%) = —a1(a(t))m +by(a(t) + Cl(a(t))m
(3.8)
=by(a(t)) - [ar(a(t)) — c1(a(t)y(t)] ﬁ

Then, it follows from the assumption that there exists sufficiently small € > 0, such that a —
¢(y+e€) > 0. From Lemma 3.1, for above € > 0, there exists T > 0, such that y(t) < y + € for any
t > T. Thus,

1\ 1
—— NV <hb_Ja-¢ . 3.9
(i) <8-la-etreal o
By the comparison theorem, we have
1 b
limsup — < ————. 3.10
o x(D) a-¢(y+e) (310

Then,
o a-¢é(y+e)
h{n infx(t) > — (3.11)
Consequently,
lim infx(t) > ) (3.12)
On the other hand, the second equation of (1.3) implies that
y' (1) > ax(a(t)y(t) — by(a(t))y*(t) > ay(t) — by?(t). (3.13)

Using the comparison theorem, similar to the proof of the first assertion, we directly obtain

litm infy(t) > (3.14)

S« Q)

O

Theorem 3.3. Suppose that a;(a) >0, bj(a) >0, ¢ci(a) >0,i=1,2, a=1,2,...,mand a -y >0
hold. Then, the solution X (t) = (x(t), y(t)) to (1.3) is permanent.
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Proof. From Lemma 3.1 and Lemma 3.2, we immediately get

a _VCY <lim infx(t) < limsup x(f) < g,
b t— o0 t— oo b
~ (3.15)
5 Ez(b+ c>
< <lim infy(t) <limsup y(t) < ———.
b t—+oo t—+oo b2 0

4. Stochastic Predator-Prey Model With Markovian Switching

In this section, we consider the stochastic differential equation with regime switching (1.4). If
stochastic differential equation has a unique global (i.e., no explosion in a finite time) solution
for any initial value, the coefficients of the equation are required to obey the linear growth
condition and local Lipschitz condition. It is easy to see that the coefficients of (1.4) satisfy
the local Lipschitz condition; therefore, there is a unique local solution X (t) = (x(t), y(t)) on
t € [0, 7,) with initial value (xo, yo) > 0, « € S, where 7, is the explosion time.

And since our purpose is to reveal the effect of environmental noises, we impose the
following hypothesis on intensities of environmental noises.

Assumption 4.1 (a—- (1/2)5? > 0). By virtue of comparison theorem, we will demonstrate that
the local solution to (1.4) is global, which is motivated by [12]

exp fo(ar(a(s)) = (1/2)02(a(s)))ds + o1 (a(s))dBi (s)

D(t) = ; . .40
(1/x0) + fo bi(a(s)) exp .[0 (a1(a(T)) - (1/2)0'12(01(7)))017 +01(a(7))dBy (T)ds
Thus, ©(t) is the unique solution of
A®(t) = D(t) [ar(a(t)) — bi(a(t))D(t)]dt + O(t)or (a(t))dBi (1), (4.2)

with @(0) = xp. By the comparison theorem, we get x(t) < @(t) for t € [0, 7,) a.s. It is easy to
see that

dy(t) = ¢ () (az(a(t)) - bag(1))dt + ¢ (t)o2(a(t))dBa(t), (4.3)
with ¢(0) = yo, has a unique solution

_ exp jé(az (a(s)) - (1 /2)0% (a(s)))ds + o»(a(s))dBa(s)
(1/y0) + fé ba(a(s)) exp fg(az(a(’r)) - (1/2)02(a(7)))dr + O'z([X(T))de(T)dS'

() (4.4)

Obviously, ¢(t) < y(t),t € [0, 7.) as.
Moreover,

dy(t) < y(t) (az(a(t)) - ba(a(t))y + c2®(t))dt + y () o (a(t))dBa(t). (4.5)



8 Advances in Difference Equations

So, we get y(t) < ¥(t),t € [0,7.) a.s., where

exp [y (az(a(s)) + c2®(s) — (1/2)02(a(s)))ds + 02 (a(s))dBa(s)

W(t) = :
(1/y0) + [y ba(a(s))Fi(s)ds

(4.6)

Fi(s) =exp Jj <a2(a(7')) + (1) - (1/2)0‘22(a(7))>d7' + 02 (a(T))dBy(T). (4.7)

Besides,
dx(t) > x(t) (a1 (a(t)) — by (a(s))x(t) — c1 W (t))dt + x(t)or (a(t))dBi (¢). (4.8)
Then,
x(t) > ¢(t), (4.9)
where
o) = 2P Jo (a1 (a(s)) - cl(a(S))‘P(s)t— (1/2)07 (a(s)))ds + Gl(a(S))dBl(S),
(1/x0) + [y b1 (a(s))Fa(s)ds w10)
Fa(s) = exp fo (al(a(r)) - c1(a(7)¥(7) - (1/2)012(a(r)))dr +01(a(7))dBy (7).
To sum up, we obtain
G(t) <x(t) SD(H), ¢t) <yt) <P(), te[0,)as. (4.11)

It can be easily verified that ¢(t), D(t), ¢ (t), ¥(t) all exist on t > 0, hence

Theorem 4.2. There is a unique positive solution X(t) = (x(t), y(t)) of (1.4) for any initial value
(x0,y0) € R2, a € S, and the solution has the properties

P(t) <x(t) D), ¢(t) <y(t) <¥(E), t>0as. (4.12)

where ¢(t), D(t), ¢ (t), W(t) are defined as (4.1),(4.4),(4.6), and (4.9).

Theorem 4.2 tells us that (1.4) has a unique global solution, which makes us to further
discuss its properties.
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Now, we will investigate certain asymptotic limits of the population model (1.4).

Referred to [12], it is not difficult to imply that

lim 2P _ o him

t— o0 t— o0

ng® _,
t

Then, we give the following essential theorems which will be used.

Theorem 4.3. Let Assumption 4.1 hold. Then, the solution y(t) has the property

Iny(t
lim ny(®)

t— oo

=0

Proof. The proof is motivated by [12]. By (4.12) and (4.13), then

1 t Iny(t
0= li{n inf nq:( ) < li¥n inf ny () a.s.
Thus, it remains to show that
Iny(t
lim sup nz( ) <0
t— oo

(4.13)

(4.14)

(4.15)

(4.16)

Note the quadratic variation of J‘é o;(a(s))dB;(s) is fé O'l.z(a(s))ds < Kt, thus the strong law of

large numbers for local martingales yields that

[y oi(a(s))dBi(s)
t

— 0 a.s.ast— oo.

(4.17)

Therefore, for any € > 0, there exists some positive constant T < oo such that for any t > T

<et a.s.

t
fo o1(a(s))dBi(s)

Then, for any t > s > T, we have

f ' oy(a(r))dBi(r)| < foxam)dsi(r) +
0

S

Moreover, it follows from (4.13) that for the above € and T, we get

[Ind(t)| <et a.s.

JS o;(a(t))dB;(t)| <e(t+s) a.s.
0

(4.18)

(4.19)

(4.20)
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By virtue of (4.6), we can derive fort >s>T

1 t t
5 2 fsz(a(S))eXp[f ~(aa(a(n) - ex(a(s)@(r) + 303 a(r)) ) dr - ozm(r))de(T)]ds
(4.21)

Using the generalized 1t6 Lemma, we can conclude that
t
In®(t) —Ind(s) = j [al(a(r)) — by (a(7))D(T) - %0'12(11(7'))] dr + o1(a(7))dBy (7). (4.22)
s
Consequently,

dr + 01(a(t))dB1 (1) — InD(t) + InD(s).
(4.23)

t t 1
[ nanemar = [ |aan) - joam)

Then, fort>s>T

1

t t
IP(t) sz(a(s))exp[f (az(a(r))—cz(a(s))(D(T)+ Yo (a(‘r)))d‘r O'z((X(T))de(T)]

> BJZ exp [_ J: <a2(oc(T)) - 50 (a(T))) T - gf:(al(a(ﬂ) - %012(“(7))>d’1'

Zce

—e(t+ s)]

—e(t+ s)] ds.
(4.24)

Denote F = (1+(¢/b))(d—(1/2)5%) +(2¢e/b)+e and f = (1+(¢/b))(i—(1/2)52) - (2¢e/b) —e.
It is obvious that F > f. Hence,

1 7 ~Ft Jt f b _p ft_ T
— > Sds = — - . 4.25
B > be ) elsds fe (e e ) (4.25)

So, we obtain

Ft-In¥(t) > In % + ln(eﬂ - efT). (4.26)



Advances in Difference Equations 11

That is,

b
—1n = — ft _ ofT
In¥(t) < Ft-In 7 ln<e e ) (4.27)

Therefore,

InW() _ 4e

lim sup 7 +2¢ as. (4.28)

t—oo
Note the fact that € > 0 is arbitrary, we obtain that

InP(t
lim sup HT() <0 as. (4.29)

t— oo

By (4.12), we have limsup, _, _ (Iny(t)/t) <0 a.s. Consequently,

Ing(t Iny(t Iny(t k4
0= li¥n inf nqtr( ) < 11?1 inf nz( ) <limsu ny(®) < 1imsupln ® <0 as. (4.30)
—® —® t— oo t— oo
So, we complete the proof. O

Theorem 4.4. Let Assumption 4.1 and (a — (1/2)5?) - (6/5)(1 + (é/E))(lz - (1/2)6?) > 0 hold.
Then, x(t) has the property

lim ln’tc(t) =0 as. (4.31)
Proof. From (4.12) and (4.13), we have
lim sup na;(t) < limsupln?(t) =0 as., (4.32)
t— oo t— oo

Now, we only show that lim inf;_, ,(Inx(t)/t) > 0. By virtue of (4.12), it remains to

demonstrate that lim inf;_, ,(In¢(t)/t) > 0. From the proof of Theorem 4.3, we know that
for any € > 0, there exists some positive constant T < oo such that for any t > s > T

t
’[ oi(a(1))dBi(t)| <e(t+s), |[InD(t)|<et as. (4.33)
S
Ings(t
0= lim n"t’() <lim inflnlf(t) glimsupw <0 as. (4.34)

t— o0
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It follows from (4.34) that

lim

t— oo

ln‘f(t) =0 as. (4.35)

For above € and T, we get for t > T|In ¥ (t)| < €t a.s. By the generalized [t6 Lemma, then

t t
f by (a(7))®(7)d7 = f [al(a(T)) - 501 <a<r>>] dr + 01 (a(r))dBy (7)

—In®(t) + InD(s),

(4.36)
f by(a(t))¥(r)dT = f [az(cx(T)) + o d(T) - —02 (zx(T))] dr + ox(a(t))dBy (1)
—InW¥(t) + In¥(s).
Therefore,
t e 1 ¢
L Y(r)dr < 3 [L (az(a(‘r)) 20'2 (zx(‘r)))d‘r + 2e<1 + I;> (t+s)
+§ f; (al(a(T)) - %of(a(r))>df] (4.37)

<1 + %) [2€(t +s)+ <51 - %6‘2> (t- s)].

Thus, it is easy to imply that
- Jt <a1(a(T)) -a¥(r) - 0'1 (a(r)))dr +o01(a(r))dBi(t) <-H@t-T) + he(t+T), (4.38)
T

where H = (@ - (1/2)52) - (¢/b)(1 + (¢/b))(a - (1/2)5%) and h = (2&/b)(1 + (¢/b)) + 1. By
(4.9), we imply fort > T

L _ - Jhta @) e @(0) ¥ (r)~(1/2)0 (a(x)) dr+01 (a(r))dBy 7)

o)

1
[ (T) f bl(lx(T))efT(al a(t))—c1(a(r))¥(r)-(1/2) 01 (a(7)))dr+07 (a(T))dB1 (1) d ]
(4.39)

< 1 e H(t-T)+he(t+T) + E H(t- s)+he(t‘+s)dS
~ x(T)

1 he(t+T) E 2het
xD° THxhrS

IN
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Consequently,

<

L
¢(t) ~ x(T)

b
7he(t+T) + 672heT < K as.

[ ethe(tJrT)] T
+ he

It follows from (4.40) that

lim sup

t— oo

In(1/9(t) _ hmsup(an , 2he(t+T)
t R t t

Then,

1 t
li¥n inf n(f( ) > —2he as.
For e > 0 is arbitrary, we imply
1 t
lim inf n‘f( )50 as.

Finally, we obtain

|
0 <lim infm <lim inf

t— oo t— o0

pln(It)(t) _0

w < lim supw <limsu

t— oo t— oo

) =2he as.

a.s.

13

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

O

Theorem 4.5. Let Assumption 4.1 and (a — (1/2)5?) - ((:/E)(l + (é/I;))(Ez - (1/2)6?) > 0 hold.

Then, the solution X (t) = (x(t),y(t)) to (1.4) obeys

o7 (a)
hm ’[ bi(a(s))x(s) + ci(a(s))y(s)ds = Zyr,l ai(a) - > as.,

a=1

t m 2
tlin;% Jo c2(a(s))x(s) — by(a(s))y(s)ds = ;Jl'a <a2(t1) - o2£a)> a.s.

(4.45)



14 Advances in Difference Equations

Proof. Using the generalized It6 Lemma, we have

2
Inx(t) =Inxy + JZ <a1(a(s)) O (‘;(S))>d5

t t
_ Uo by(a(s))x(s) + cl(zx(s))y(s)ds] + fo o1(a(s))dBi(s),

(4.46)
t 2
Iny(f) = Inyo + f <a2(zx(s)) AGIO) >ds
. 2
t t
+ U ca(a(s))x(s) - bz(fx(S))}/(S)dS] +f 02(a(s))dBa(s)-
0 0
Therefore,
t 2 t
% In x(f) = % In xp + % L <a1(a(s)) _a (‘;(S)) >ds + % fo o1(a(s))dBi (s)
1t
~7 fo bi(a(s))x(s) + ci(a(s))y(s)ds,
(4.47)
t 2 t
Uy = T inyy + %Jo<az(“(5)) % (‘;(S))>ds o1 [ oxateapae
1 ¢t
+1 | extatsxts) - baae)y(s)ds
0
Thus, lett — oo, by the ergodic properties of Markov chains, we have
i Jo(@1@(s)) = (F (@) /2))ds _ & < o%<a>>
im 7o\ ai(a) - a.s.,
t—co t e 2
(4.48)
' — (0%(a)/2))ds =
tim Jo(a(a(s)) t(oz (2)/2))ds S <a2 w- §a>> .
Hence, by virtue of the strong law of large numbers of local martingales, we get
hm I bi(a(s))x(s) + ci(a(s))y(s)ds = Zyz'a <a1(a) ;cx)> a.s.,
(4.49)
(a)
hm f c2(a(s))x(s) = by(a(s))y(s)ds = Zm‘a ax(a) — a.s.
O

The proof is complete.
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5. Optimal Harvest Policy

When the harvesting problems of population resources is discussed, we aim to obtain the
optimal harvesting effort and the corresponding maximum sustainable yield.

In the same way of Theorems 4.2—4.5, we can conclude the following results. Here, we
do not list the corresponding proofs in detail, only show the main results.

Theorem 5.1. Assume a—E—(1/2)52 > 0and (a—E—(1/2)52)—(&/b)(1+(¢/b)) (a-E—(1/2)5?) >
0 hold. Then, (1.6) has a unique global solution X (t) = (x(t), y(t)) for any initial value (xo, yo) € R>.
In addition, the solution has the properties

lim Inx(t) _0, lim Iny(t) _

t—ow f t—oo t

0 as. (5.1)

When the harvesting problems are considered, the corresponding average population
level is derived below.

Theorem 5.2. Suppose that the conditions of Theorem 5.1 hold. If

lim fé x(s)ds lim fé y(s)ds

t— oo t ! t— o0

exist a.s., (5.2)

then the solution X (t) = (x(t), y(t)) to (1.6) obeys

lim féx(s)ds _ b2(a1 - E1 - (0'12/2)) —cl(a2 —E2 - (0'22/2))

t—oo t biby + c1co v

(5.3)
lim féy(s)ds _ c2(a1 — E1 = (02/2)) + bi(ax - Ex - (03/2))
f—oo t biby + cic2

When the two species are both subjected to exploitation, it is important and necessary
to discuss the corresponding maximum sustainable revenue.

Theorem 5.3. Let the conditions of Theorem 5.1 hold. Then, if 4pgb1b, — (pc1 — qcz)2 #0, the optimal
harvesting efforts of x(t) and y(t), respectively, are

_ qbi(a2 = (93/2)) (per + 4e2) + (a1 = (97/2)) [2pgbrba + g2 (per — g2)]

E: ) 5.4
' (pc1 - qca)” — 4pgbibs o4

g (- (03/2)) [pei(per = ge2) = 2pgbibs] — pba(ai — (07/2)) (pei + qc») 55)
2= . .

(pe1 —ge2)” - 4pgbib
The optimal sustainable harvesting yield is

(PboE} + 92 E5) (ar — Ej = (07/2)) + (g1 E; - per E7) (a2 - E5 - (03/2))

F(E ,EZ) - blbz + C1Cp

, (56)

where p, q are the price of x(t) and y(t).
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Proof. Assume that p, g are the price of resources of x(t) and y(t). Then, the maximum
sustainable yield reads

fé x(s)ds + gEalim fot y(s)ds
t

F(El,Ez) = pEltlim ; ¢
t t
E d E d
= phm —fo 1x(S) ° + qhm —fo 2y(5) °

t— oo t— oo t
(5.7)
_ (pb2E1 + 6]C2E2) (a1 — (0'12/2) — E1)
b1b2 + C1Cp
, (giEz —pciEr) (a2 - (03/2) - Ez)
b] b2 + C1Cp ’
Let
aF(Elr EZ) aF(ElrEZ)
Al me) s . 5.8
OE; 0, oE, 0 (58)
Then, we can have
(pc1 — ge2) Ex — 2pbyEq + pby <a1 - (0'12/2>> -pa (az - (()'22/2)) =0,
(5.9)
(pCl - qu)El - qulEz + qcz<a1 - <O‘12/2>> + qb1 <a2 - (0'22/2>> =0.
Therefore, there exists a unique extreme value point (E7, E5), where
g Ao (a2 - (03/2)) (pe1 +gc2) + (a1 = (67/2)) [2pgbibz + gea (per - ge2)]
1= p
(per - 4e2)” — 4pgbibs
(5.10)

B (a2 = (03/2)) [per(per — gea) = 2pgbiba] — pba(ar - (07 /2)) (per + gc2)
’ (per - 4e2)” - 4pgbibs

That is, under the condition 4pgb: b — (pc1 — qcz)2 #0, we obtain (5.4) and (5.5). So, we obtain
the optimal harvesting efforts of x(t) and y(t).

Substituting (5.4) and (5.5) into the representation of F(E;, E;) (5.7), we have the
optimal sustainable yield

(Pb2E; + qerE3) (a1 — Ef = (07/2)) + (qbiE3 - paiEY) (a2 = E3 = (03/2))

F(E ’E2> - blbz + C1C2

(5.11)

as desired. Therefore, we complete the proof. O
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6. Conclusions

The optimal management of renewable resources has a direct relationship to sustainable
development. When population system is subject to exploitation, it is important and
necessary to discuss the optimal harvesting effort and the corresponding maximum
sustainable yield. Meanwhile, population systems are often subject to environmental noise.
It is also necessary to reveal how the noise affects the population systems. Our work is an
attempt to carry out the study of optimal harvest policy of population system in a stochastic
setting. When both white noise and color noise are taken into account, we consider the limit of
the average in time of the sample path of the stochastic model (1.4). Based on the arguments
of (1.4), we discuss the corresponding stochastic system perturbed by white noise (1.5). We
obtain the the optimal harvesting effort and the corresponding maximum sustainable yield.
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