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This work presents sufficient conditions for the existence and uniqueness of positive solutions for
a discrete fourth-order beam equation under Lidstone boundary conditions with a parameter; the
iterative sequences yielding approximate solutions are also given. The main tool used is monotone
iterative technique.

1. Introduction

In this paper, we are interested in the existence, uniqueness, and iteration of positive solutions
for the following nonlinear discrete fourth-order beam equation under Lidstone boundary
conditions with explicit parameter f given by

Ay(t-2) - A%y (t-1) = k() [fi(y(®) + fo(y(®)], tela+1,b-1],  (11)
y(@)=0=2A%(a-1), y(b)=0=A%b-1), (12)

where A is the usual forward difference operator given by Ay(t) = y(t + 1) — y(t), A"y(t) =
A" (Ay (), [e,d]y = {c,c+1,...,d-1,d},and B > 0 is a real parameter.

In recent years, the theory of nonlinear difference equations has been widely applied
to many fields such as economics, neural network, ecology, and cybernetics, for details, see
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[1-7] and references therein. Especially, there was much attention focused on the existence
and multiplicity of positive solutions of fourth-order problem, for example, [8-10], and in
particular the discrete problem with Lidstone boundary conditions [11-17]. However, very
little work has been done on the uniqueness and iteration of positive solutions of discrete
fourth-order equation under Lidstone boundary conditions. We would like to mention some
results of Anderson and Minh6s [11] and He and Su [12], which motivated us to consider the
BVP (1.1) and (1.2).

In [11], Anderson and Minh6s studied the following nonlinear discrete fourth-order
equation with explicit parameters ff and A given by

Aty(t-2) - pA%y(t-1) = Af(t,y(t)), te€la+1,b-1],, (1.3)

with Lidstone boundary conditions (1.2), where f > 0 and A > 0 are real parameters. The
authors obtained the following result.

Theorem 1.1 (see [11]). Assume that the following condition is satisfied

(A1) f(ty) = g)w(y), where g : [a+1,b-1], — [0,00) with X7} ¢(z) >0, w :
[0,00) — (0, 00) is continuous and nondecreasing, and there exists 0 € (0,1) such that
w(ky) > xw(y) fork € (0,1) and y € [0, o0),

then, for any A € (0, +c0), the BVP (1.3) and (1.2) has a unique positive solution y,. Furthermore,
such a solution y, satisfies the following properties:

(1) Limy o+ [[yall = 0 and limy o [yall = oo;
(ii) yy is nondecreasing in A;

(iii) yy is continuous in A, that is, if A — Ao, then ||yy =y, || — 0.

Very recently, in [12], He and Su investigated the existence, multiplicity, and
nonexistence of nontrivial solutions to the following discrete nonlinear fourth-order
boundary value problem

Atu(t—2) + nA%u(t - 1) - gu(t) = Af(t,u(t)), te€Zla+1,b+1],
(1.4)
u(a) =0=A*u(a-1), u(b+2)=0=A%ub+1),

where A denotes the forward difference operator defined by Au(t) = u(t + 1) —u(t), A"u(t) =
A(A"™'u(t)), Zla+1,b + 1] is the discrete interval given by {a+1,a+2,...,b+ 1} with a and
b (a < b) integers, 17, ¢, A are real parameters and satisfy

1 < 8sin’ 7P+4E >0, ¢+4n sinzzL <16sin*——", 1>0.

Jr
20b-a+2)’ (b-a+2) 20b-a+2)’
(1.5)

For the function f, the authors imposed the following assumption:

(B1) f(t,x) = g(t)h(x), where g : Z[a+1,b+1] — [0,00) with 371 ¢(t) > 0, h :
R — (0, 0) is continuous and nondecreasing, and there exists 6 € (0,1) such that
h(pux) > uOh(x) for pu € (0,1) and x € [0, o).
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Their main result is the following theorem.

Theorem 1.2 (see [12]). Assume that (By) holds. Then for any A € (0,+o0), the BVP (1.4) has a
unique positive solution u,. Furthermore, such a solution u, satisfies the properties (i)—(iii) stated in
Theorem 1.1.

The aim of this work is to relax the assumptions (A;) and (B;) on the nonlinear term,
without demanding the existence of upper and lower solutions, we present conditions for the
BVP (1.1) and (1.2) to have a unique solution and then study the convergence of the iterative
sequence. The ideas come from Zhai et al. [18, 19] and Liang [20].

Let B denote the Banach space of real-valued functions on [a — 1,b + 1], with the
supremum norm

lvll= sup |yt (1.6)

te[a-1,b+1],

Throughout this paper, we need the following hypotheses:

(Hj) fi:[0,+00) — [0, +00) are continuous and f;(y) > 0fory >0 (i =1,2);
(Hy) h:[a+1,b-1], — [0,+00) with 3°°! | h(z) > 0;

z=a+1

(Hs) f1:[0,+00) — [0, +c0) is nondecreasing, f> : [0,+00) — [0,+00) is nonincreasing,
and there exist ¢(7), ¢(7) oninterval [a+1,b-1], with¢ : [a+1,b-1], — (0,1), for
all eg € (0,1), there exists 7y € [a+1, b—1], such that ¢(79) = ey, and ¢ (7) > ¢(7), for
all 7 € [a +1,b - 1], which satisfy

1

fi(pmy) > ¢ fiy), fz(my>2w(f)fz(y), Vrela+1,b-1], y20.  (17)

2. Two Lemmas
To prove the main results in this paper, we will employ two lemmas. These lemmas are based
on the linear discrete fourth-order equation

Aty(t-2) - pA*y(t-1) =u(t), tela+1,b-1], (2.1)

with Lidstone boundary conditions (1.2).

Lemma 2.1 (see [11]). Let u : [a+1,b—1]; — R be a function. Then the nonhomogeneous discrete
fourth-order Lidstone boundary value problem (2.1), (1.2) has solution

b b-1

y(t) =D D Gat,)Gi(s, z)u(z), tela-1b+1]y (2.2)

s=a z=a+1
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where Gy(t, s) given by

GZ(tl S) =

2(t,a)¢(b,s): t<s,
1 { (t,a)é(b,s): t<s (t,s)ela-1,b+1], x[a,bly, (2.3)

¢,08b,a) | (s, ape(b, ) s <t,

with €(t,s) = pu'=5 — ps~" for p= (B+2++/P(B +4))/2, is the Green’s function for the second-order
discrete boundary value problem

(A% (-1~ py(H) =0, telabl,

y(a)=0=y(b),

(2.4)

and Gy (s, z) given by

Gl (Sr Z) =

_ b-2): ’
1 {(S DO elabl a1, @9

b-a|(z-a)(b-s): z<s,
is the Green'’s function for the second-order discrete boundary value problem

-A’x(s-1)=0, se€[a+1,b-1],

(2.6)
x(a) = 0 = x(b).
Lemma 2.2 (see [11]). Let
N - NN
Then, for (t,s,z) € [a+1,b- 1]}, one has
m < Gy(t,s)Gi(s,z) < M. (2.8)

3. Main Results

Theorem 3.1. Assume that (Hy)—(Hj3) hold. Then, the BVP (1.1) and (1.2) has a unique solution
y*(t) in D, where

D={yeB|ya)=0=yb),yt)>0,tc[a+1,b-1],). (3.1)
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Moreover, for any xo, yo € D, constructing successively the sequences

b b-1

w1 (t) = D) Y Galt,9)Gi(s, 2)h(2) [f1(xa(2)) + f2(yn(2))],

s=a z=a+1

tela-1,b+1], n=0,1,2,...,
(3.2)

b b-1
Y () = D) D) Galt, 5)Gi(s, 2)h(2) [fi(yn(2)) + fa(xa(2))],

s=a z=a+1

tela-1,b+1],, n=0,1,2,...,

One has x,(t), y.(t) converge uniformly to y*(t) in [a—-1,b +1],.

Proof. First, we show that the BVP (1.1) and (1.2) has a solution.
It is easy to see that the BVP (1.1) and (1.2) has a solution y = y(t) if and only if y is a
fixed point of the operator equation

b b-1

AlyLy) () =D, D Galt,s)Gi(s, 2)h(2) [fi(11(2) + f2(2(2))], tela-1,b+1],
s=a z=a+1
(3.3)

In view of (H3) and (3.3), A(y1, y2) is nondecreasing in y; and nonincreasing in y,. Moreover,
forany 7 € [a+1,b-1],, we have

1 b-1 b-1 1
A((P(T)ylfwyz>(t)= S S Galt, 9)Gi(s, 2)h(2) fl(tp(T)yl(Z))+fz<wyz(z)>]

s=a+1l z=a+1

b-1 b-1

>¢(1) D, D, Galt,5)Gi(s, 2)h(2) [fi(1(2)) + f2(v2(2))]
s=a+1 z=a+1
= (1) A(y1, ¥2) ()
(3.4)

fort € [a,bly and y1,y» € D.
Let

b-1

L=(b-a-1) Y h(z), (3.5)

z=a+1
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condition (H>) implies L > 0. Since f;(y) >0 for y > 0 (i = 1,2), by Lemma 2.2, we have

b-1  b-1
AL L) = >, D Gui(t,s)Gi(s, 2)h(z)[fi(L) + fo(L)]
s=a+1 z=a+1
b-1 b-1 (3.6)
>m[fi(L) + f2(L)] h(z)
s=a+1 z=a+1
=m[fi(L) + f2(L)]L
for min (2.1) and L in (3.5).
Moreover, we obtain
A(L,L) < M[fi(L) + fo(L)] L (37)
for M in (2.1).
Thus
m[fi(L) + f2(L)]L < A(L,L) < M[fi(L) + fo(L)] L. (3.8)

Therefore, we can choose a sufficiently small number e; € (0,1) such that

mLSA@JJsé, (39)
1

which together with (H3) implies that there exists 71 € [a + 1,b — 1], such that ¢(7;) = e1, so

L
L<A(LL)< . 3.10
P AL D S o (310)
Since ¢ (71)/¢(71) > 1, we can take a sufficiently large positive integer k such that
k

p(T1) p(T1)
It is clear that

(P(Tl)]k < (3 12)

o] v
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We define

—[(p(Tl)]kL: t=a-1,b+1,

up(t) = § O t=a,b,
[<P(T1)]kL: tela+1,b-1],
v (L)]k: t=a-1,b+1, (3.13)
LA
vo(t) =4 0 t=a,b,
L
o [a+1,b-1],.

Evidently, for t € [a, b],, up < vy. Take any A € (0, [(p(T1)]2k], then A € (0,1) and uy > Avy.
By the mixed monotonicity of A, we have A(ug, vy) < A(vo, up). In addition, combining

(H3) with (3.10) and (3.11), we get

A(up,vg) = A< [go(Tl)]kL, ;kL>
[p(r1)]

=A<¢wﬂmer*Ln———3——FqL>

@(71) [p(71)
) (3.14)
2 qf(Tl)A<[<p(T1)]k‘1L,—HL> >
[p(71)]
> [p(m)] AL L) > [¢(m)]*p(m)L
2 [‘P(Tl)]kL = uo.
From (Hj), we have
1
Ay, y2) = A(w(S)%, wq)(s)yz)
(3.15)

> qf(S)A(%,(p(s)m), Vsela+1,b-1];, yi,¥2 20,

and hence

1
A(%wp(s)w) : w(s)A(ylryz)r Vsela+1,b-1]; y1,y2 20. (3.16)
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Thus, we have

L k
A(v,u):A< , lp(T1) L>
0, Uo ]” [o(71)]
L k-1
= A<W/(P(Tl) [p(71)] L)
o(m)lp(m)] (3.17)
1 L k-1
= ‘If(Tl)A< [p(m)]" Lot L> :
L
< A(L L) S ————.
[gr(7)]* [p(z)]* 2(7)
In accordance with (3.12), we can see that
A(vo, up) < 8 = Y- (3.18)
()]
Construct successively the sequences
u, = A(up-1,95-1), Up=A0p1,Up1), n=12,.... (3.19)

By the mixed monotonicity of A, we have u; = A(up, vp) < A(vo, up) = v1. By induction, we
obtain u, < v,, n =1,2,.... It follows from (3.14), (3.18), and the mixed monotonicity of A
that

up<up <<y <o <oy <--- <oy <. (3.20)

Note that ug > Avg, so we can get u, () > uo(t) > Avo(t) > Av,(t), t € [a,b]l,, n=1,2,.... Let

Ap =sup{d >0 | u,(t) > A\v,(t), t € [a,b],}, n=12,.... (3.21)
Thus, we have
u,(t) > \yo,(t), telabl,, n=12,..., (3.22)
and then
Una1(£) 2 un(t) 2 Anvn(t) 2 Ayvna(t), tefably, n=12,.... (3.23)

Therefore, ,.1 > A, thatis, {1,} is increasing with {1, } c (0,1]. Set 1= lim,, _, o A,,. We can
show that \ = 1. In fact, if 0 < A < 1, by (H3), there exists 7, € [a+1,b-1]; such that p(7») = A
Consider the following two cases.
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(i) There exists an integer N such that Ay = 1. In this case, we have \,, = 1 for all
n > N holds. Hence, for n > N, it follows from (3.4) and the mixed monotonicity of A that

Upi1 = A(Un, 0n) 2 A<Xvn, %w) = A((,o(Tz)vn, @w) > ¢(12) A(Vn, Uy) = ¢(T2)Vpa1.
(3.24)

By the definition of A,,, we have
At = 1> ¢(12) > (1) = 1. (3.25)
This is a contradiction. B B
(ii) For all integer n, A,, < A. In this case, we have 0 < 1,/ < 1. In accordance with

(Hj3), there exists 0,, € [a +1,b - 1], such that ¢(6,) = A,/ . Hence, combining (3.4) with the
mixed monotonicity of A, we have

Uni1 = A(un/ vn) 2 A<)ann/ )Liun>

Ap~ u u
=A Tn/\ ns + =A Qn ns —_

R WG (penotmmn o) (326
> g0 A(9(re)on, ) 2¢O () Avn 1)
2 @0y (T2 n/(P(TZ) 2 @g(Un)P(T2 n, Un
= ¢(0n)¢(12)vn41.

By the definition of A,,, we have
A
Aus1 2 ¢(0n) g (12) > 0(0,) ¢ (12) = qu(Tz)- (3.27)

Letn — oo, wehavel > (X/X)qr(‘rz) > (X/X)(p(Tz) =p(n) = 1, and this is also a contradiction.
Hence, lim,, ., A, = 1.
Thus, combining (3.20) with (3.22), we have
0 < unsi(t) — un(t) < vut) —un(t) <ovn(t) — Lyon(t) = (1= Ap)on(t) < (1= Ay)vo(t) (3.28)

for t € [a,b],, where | is a nonnegative integer. Thus,

luns1 = unll < [[on = un|l < (1 = An)oo. (3.29)

Therefore, there exists a function y* € D such that

lim u, (t) = limov,(t) = y*(t) fortel[a-1,b+1],. (3.30)
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By the mixed monotonicity of A and (3.20), we have
Uni1 (t) = A(un(t), vn(t)) < A(Y"(1), y" (1)) < A(@n(t), tn(t)) = vnsa (£). (3.31)

Let n — oo and we get A(y*(t),y*(t)) = y*(t),t € [a—1,b+ 1],. That is, y* is a nontrivial
solution of the BVP (1.1) and (1.2).

Next, we show the uniqueness of solutions of the BVP (1.1) and (1.2). Assume, to the
contrary, that there exist two nontrivial solutions y; and v, of the BVP (1.1) and (1.2) such
that A(y1(t), y1(t)) = y1(t) and A(y2 (), y2(t)) = yo(t) for t € [a—1,b+1],. According to (3.9),
we can know that there exists 0 < 7 < 1 such that 5y, (t) < y1(t) < (1/n)ya(t) for t € [a, b],.
Let

1
110=sup{0<11§1|qy2§y1§ﬁy2}. (3.32)

Then 0 < 79 < 1 and oy (t) < yi(f) < (1/n0)ya(t) fort € [a, b],.
We now show that 79 = 1. In fact, if 0 < 79 < 1, then, in view of (Hj3), there exists
€ [a+1,b-1]; such that ¢(T) = 19. Furthermore, we have

1 _ 1 _ _
=A(yLy) 2 A(’loyzf %w) = A(‘P(T)yL ﬁW) > ¢(T)A(y2, 1v2) = ¢(T)y2, (3.33)
= 2 = £ - 1
vi=A(yLm) < A(ﬂo’"m) A((P(?),(P(T)W) o )A(yz, vo) = ol (3.34)

In (3.34), we used the relation formula (3.16). Since ¢(T) > ¢(T) = 1o, this contradicts the

definition of 79. Hence 79 = 1. Therefore, the BVP (1.1) and (1.2) has a unique solution.
Finally, we show that “moreover” part of the theorem. For any initial xg,1y9 € D, in

accordance with (3.9), we can choose a sufficiently small number e, € (0,1) such that

1 1
€2L <xg < —L, €2L < Yo < —L. (335)
e e

It follows from (H3) that there exists 73 € [a + 1,b — 1], such that ¢(73) = e;, and hence

¢o(13)L < xp < —— ( ny ¢(13)L < yo < ESE (3.36)
Thus, we can choose a sufficiently large positive integer k such that
pm))t, 1 (337)
o(T3) lP(Ts)
Define
iy = [p(73)]“L Do = L (3.38)
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Obviously, 7y < xp, Yo < 0. Let

iin = A(ﬁn—ll 67’!—1)/ 6}1 = A(ﬁn—ll izn—l)/ n= 1/ 2/ cecy

b b-1

Xa(t) = A(Xn-1, Y1) (1) = D) D) Gat,8)Gi(s, 2)h(2) [f1(xn-1(2)) + f2(yn-1(2))], (3.39)
s=a z=a+1 .

b

b-1
Yn(t) = A(Yn-1, Xn-1) (F) = Z Z Ga(t,5)Gi(s, 2)h(2) [f1(Yn-1(2)) + fo(xn-1(2))]

s=a z=a+1

forte[a-1,b+1],, n=1,2,....Byinduction, we get i1, < x, < Uy, Uy S Yn <Vp,n=1,2,....
Similarly to the above proof, it follows that there exists i € D such that

lim @, = lim 3, =, A(7,7) = 7. (3.40)

n—oo n—oo

By the uniqueness of fixed points A in D, we get i = y*. Therefore, we have

lim x, = lim vy, = y*. (3.41)
This completes the proof of the theorem. O

Remark 3.2. From the proof of Theorem 3.1, we easily know that assume iy = A(y,X), X =
A(x,y), thus, let yo = ¥, xo = X, we have

Yn=Y, Xp=x, n=12.... (3.42)

Therefore y = x = y*.
Theorem 3.3. Assume that (H,) holds, and the following conditions are satisfied:

(Cq1) f:[0,+00) — [0,+00) is continuous and f(y) > 0 for y > 0;

(C2) f:[0,+00) — [0, +o0) is nondecreasing;

b b-1 b b-1
D D Gt 9)Gi(s, D)h(2) f(p()y(2) 2 ¢(7,y) D, D) Galt,5)Ga(s, 2)h(2) f (y(2)),
s=a z=a+1 s=a z=a+1

(3.43)

forallT € [a+1,b-1],, y € [0,+00), where ¢ : [a+1,b-1], — (0,1), forall ey € (0,1),
there exists Ty € [a+1,b — 1], such that ¢(1y) = e, and ¢ : [a+1,b— 1], x [0, +o0) —
(0, +00), with ¢(T,y) > (7), forall T € [a+1,b-1],, y € [0, +0);



12 Advances in Difference Equations

(C3) for fixed T € [a+1,b—1],, one has

(i) ¢ (7, y) is nonincreasing with respect to y, and there exists T4 € [a +1,b — 1], such
that

¢ (Ta, L/ (1))

o) > MFf(L) (3.44)

mf(L) > ¢(1a),

or

(i) @ (7, y) is nondecreasing with respect to y, and there exists s € [a+ 1,b — 1], such
that

mfmy > 27 Lo v, (3.45)

T (s, L) p(Ts) T
where m, M are defined in (2.1), L is defined in (3.5). Then, the BVP

Aty(t-2) - pA*y(t-1) =h(t)f(y(t)), tela+1,b-1],

(3.46)
y(@)=0=2A%(a-1), y(b)=0=2A%(b-1)
has a unique solution y*.
Proof. For convenience, we still define the operator equation A by
b b1
Ay(t) = >, > Gi(t,5)Gi(s,2)h(2) f(y(2)), tela-1,b+1], (3.47)
s=a z=a+1

In the following, we consider the following two cases.

(i) For fixed 7 € [a + 1,b - 1], ¢(7,y) is nonincreasing with respect to y.

According to condition (C3) and Lemma 2.2, we can know that there exists 74 € [a +
1,b - 1], such that

¢ (7, L/ p(71)) L

L<A(L) < 3.48
Pl < AL < T (348)
Since ¢ (74, L) /¢(74) > 1, we can find a sufficiently large positive integer k such that
k
q;(T‘l/ L)] > 1 ) (349)
p(m) |~ o(ma)



Advances in Difference Equations 13

Fort e [a+1,b-1],, we still define

L
[‘P(T4)]k (3.50)

u(t) = [p(m)] 'L, wo() =
u,(t) = Auy1(t), o,(t) = Av,q(t), n=1,2,....
By the proof of Theorem 3.1, it is sufficient to show that

Ug < 751 < U1 < 0o. (351)

Obviously, 1y < vp and u; < v1.
In this case, it follows from conditions (C,), (C3), and (3.49) that

u = Auy = ( ¢ (74)] kL)
= A(p(r) [p(r9)] L)

> (s [ (T4) L>A<[(p(r4)]k71L>

(v
o (0 [p(m0)] L) A(p(x) [p(ra)] L)
(

> ¢, fp(e)] L) (7, [or0)] L) A ([p(r0)] L) (552

Z .
> g7, [p(m)] L) (a, [p(r)] L) - o (ra, LY A(L)
> [gr(za, )] “p(ma) L
> [<P(T4)]kL = ug.
In accordance with (3.16), we have
Yy 1
A(55) < savreen (359
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which together with condition (C;) and (3.48) implies that

“Amea <[</)(T4) >
)

_ A(
¢(74) [‘P(T4)

<

qr(u,L/[w(m)] )A<[«p<n>] ‘1>

sy )
o(n L/ o)) \om)lp@)]

(3.54)

1 1
<T4,L/ <P(T4)]k> <P<T4,L/ [(p(u)]k*l) ¢ (74, L/ @(14))
< 1 1
" o] g (7 L/ gp(T)
L
s k
[p(74)]

Py 1 1 A < L >
- <T4, /[‘P(T4)]k> 4’(T4,L/[(P(T4)]k_1> [p(z)]"
1[ A(L)

A(L)

=17p.

(ii) For fixed 7 € [a + 1,b - 1], ¢s(7, y) is nondecreasing with respect to y.
In this case, by condition (C3) and Lemma 2.2, we can know that there exists 75 €
[a+1,b-1], such that

(3.55)

Since 0 < ¢(75)/¢ (75, L/¢(715)) < 1, we can take a sufficiently large positive integer k such
that

k
o) 3.56
[tp(T5,L/<P(T5)):| < ¢(m) (356)
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Fort e [a+1,b-1],, we still define

L
[p(zs)]*”
un(t) = Aup (1), Un(t) = Avn—l(t)l n=12,....

uo(t) = [p(s)]“L,  wo(t) =

We continue to prove that
uy 2 ug, v <.
By (3.52), combining (3.55) with the monotonicity of ¢, we have
w = Aug = A([p(23)] L)
> ¢ (75, [p(r)] L) g (75, [p(r5)] L) - g (5, D A(L)

> [p(75)] < gs(z5, L) A(L)

> [(p(T5)]kL = up.
In accordance with (3.54), combining the monotonicity of ¢ and (3.55), we get

U1 = AUO = A< L k>
[(75)]

1 1 1
<
(p(’r5, L/ [(p(Ts)]k> (/f(T5, L/ [(p(TS)]’H) ¢ (75, L/@(15))

A(L)

< 1 L
" [y (s, L/ gp(s))] < 9(75)

An application of (3.56) yields

Therefore, we obtain

uy <uyp <1 < 0.
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(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

Fort = a—-1, b+ 1, the proof is similar and hence omitted. This completes the proof of the

theorem.

O
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Remark 3.4. In Theorem 3.1, the more general conditions are imposed on the nonlinear term

than Theorem 1.1. In particular, in Theorem 3.3, ¢s(7, ) contains the variable y; therefore, the
more comprehensive functions can be incorporated.

4. An Example

Example 4.1. Consider the following discrete fourth-order Lidstone problem:

Aty(t-2) - APy(t—1) = t[l +yA(E) + 2+ L] te2+1,7-1],

y'A () (4.1)
y(2)=0=2A%(1),  y(7)=0=A%(6).
We claim that the BVP (4.1) and (1.2) has a unique solution y*(t) in D, where
D={yeB|y2) =0=y(7), y(t) >0, te[3,6],}. (4.2)

Moreover, for any xo, 1o € D, constructing successively the sequences

7 6
Xni1(t) = D0 D Galt, $)Gils, z)z[l +xl/4(z) 42+ %()] te[1,8], n=0,1,2,...,
s=2 z=3 Yn (2

7 6
Yue1 () :ZZGQ(t,s)Gl(s,z)z[l+y}/4(z) +2 4 %()] te[2,8], n=0,1,2,...,
X, (z

5=2 z=3
(4.3)

we have x,(t), y,(t) converge uniformly to y*(t) in [2,8],.

In fact, we choose fi(y) = 1+ vy, fa(y) = 2+ 1/y"4, h(z) = z, thus fi(y) > 0 for
y>0(3i=12),3°,h(z) = 3° ;2 =18 > 0. It is easy to check that f; is nondecreasing on
[0, +00), f2 is nonincreasing on [0, +o0). In addition, we set

(3, o(1) € <0,31],

. (i3] (44)
5 ¢(r)€ GZ]
6, (1) € G,l),
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¢(T) = [(p(T)]l/Z. It is easy to see that
filpmy) =1+ (p()y)""* > <P(T)<1 + y1/4> =¢(t)fily), Vre[3,6], v>0,

1
f2<L =1 2 ¢(7) <2+ W> Vr € [3,6], y 0.

(4.5)
> =2+ -
¢(7) (y/p(1))

The conclusion then follows from Theorem 3.1.
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