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We revive the study of the symmetric three-term recurrence equations. Our main result shows that
these equations have a natural symplectic structure, that is, every symmetric three-term recurrence
equation is a special discrete symplectic system. The assumptions on the coefficients in this paper
are weaker and more natural than those in the current literature. In addition, our result implies
that symmetric three-term recurrence equations are completely equivalent with Jacobi difference
equations arising in the discrete calculus of variations. Presented applications of this study include
the Riccati equation and inequality, detailed Sturmian separation and comparison theorems, and
the eigenvalue theory for these three-term recurrence and Jacobi equations.

1. Introduction

In this paper, we consider the symmetric three-term recurrence equation
Sks1Xks2 — Tis1 Xk + Spx =0, k€ [0,N - 1], (T)

where xx € R" for k € [0,N + 1],, the real n x n matrices Sx and Ty are defined on
[0, N, with Ty being symmetric and Sy being invertible. The discrete intervals are defined
by [a,b]; = [a,b] N Z. Traditionally, the recurrence equation (T) is studied in the literature;
see, for example, [1, Chapter 5] or [2-4], as a generalization of the Jacobi difference equation

A(ReAxi + Qi ) = P + Qedx, k€ [0,N =15, ()
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where Axy := xi11 — Xk is the forward difference and where the matrices Py, Qk, Rx € R™" for
k € [0, N], with P, and Ry being symmetric. Jacobi equation (J) arises in the discrete calculus
of variations as the Euler equation for the second variation; see, for example, [1, Section 4.2]
or [5]. When the forward differences in (J) are expanded, then (J) becomes the three-term
recurrence equation (T) in which the matrices Sk := Ry + Q£ are invertible for all k € [0, N],
and Ty := R+ Rx1+Qk_1+ Q£—1 + P_1 are symmetric; see [1, Section 3.6] or Proposition 2.4. In
the same reference, it is shown that Jacobi difference equations (J) and recurrence equations
(T) can be embedded into discrete symplectic systems (see Section 2 for the details)

Xir1 = Axpe + Brug, g = Crexe + Dk, k€ [0, Ny, (S)

where for k € [0, N],

T B  [(Ax Bg (0 I
s0sc-2. s=(g ) 2=(5% ) (1)

that is, the 2n x 2n matrices Sy are symplectic. However, the transition from (J) and (T) into
(S) in reference [1] requires that both Sy and Ry be invertible. This invertibility assumption
essentially means that these equations are first transformed into a linear Hamiltonian system

Axy = AxXgsa1 + Bk, Aug = Cexgar — Aju, k€ [0,N]y, (H)

for which it is required that I — Ay = R?S x be invertible so that the solutions of (H) exist in
the backward time. And then the linear Hamiltonian system (H) is written as the symplectic
system (S).

Recently in [6], the authors proposed to study the Jacobi equations (J) as discrete
symplectic systems (S) in a direct way which bypasses the Hamiltonian system (H). This new
approach requires that only the matrices Sk be invertible while the matrices Ry are allowed
to be singular, which yields more general results for (J) obtained, for example, through
the theory of symplectic systems (S). In the present paper, we continue in this direction
and we show that the three-term recurrence equations (T) naturally possess a symplectic
structure (Theorem 3.1 and Corollary 3.2). More precisely, we show that symmetric three-
term recurrences (T) and Jacobi equations (J) and symplectic systems (S) (with By invertible)
are completely equivalent. Therefore, the general theory of discrete symplectic systems
recently developed, for example, in [7-18] can be applied to obtain, in particular, the
Riccati equations and inequalities, and the oscillation and Sturmian theorems (including
multiplicities of focal points) for the symmetric three-term recurrence equations (T).

The paper is divided as follows. In the next section, we present an overview of the
known transformations between the equations (T), (J), and system (S). In Section 3 we prove
the main results about the symplectic structure of the recurrence equation (T). In Sections
4-6, we present recent results from the theory of discrete symplectic systems (S) adopted
for the setting of recurrence equations (T). These results include the Riccati equations and
inequalities as being a part of the Reid roundabout theorems in Section 4, the Sturmian
separation and comparison theorems in Section 5, and the oscillation theorems and Rayleigh
principle in Section 6. In Section 7, we make some final comments about the results of this

paper.
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2. Known Results

We first present known transformations between the three-term recurrence equation (T),
Jacobi equation (J), and the symplectic system (S). We adopt the following notation.

Notation 2.1 (Three-term recurrence (T)). The matrices Sk, Tk, and the vectors xi in (T) have
the following properties: Sk, Tx € R™" are defined on [0, N + 1], with Sy invertible and T
symmetric; x; € R" are defined on [0, N +1],.

Notation 2.2 (Jacobi equation (J)). The matrices Pk, Qk, Rk, and the vectors xi in (J) have the
following properties: Py, Qk, R € R™" are defined on [0, N],, Px and Ry are symmetric, and
the matrix S := Ry + Qz is invertible; xx € R” for k in [0, N + 1],.

Note that the coefficients Tp, Sn+1, and Tn4i are not explicitly needed in (T) and
the coefficient Py is not needed in (J). However, it will be convenient to use them
when we transform (T) into (J) or system (S) and vice versa. For example, we can now
define xpn4o = S;\}H (TNi1xN+1 — S?\[xN), so that the recurrence in (T) is satisfied also at
t=N.

Notation 2.3 (Symplectic system (S)). The matrices Ag, Bi, Ck, Di, and the vectors xi, uy in
(S) have the following properties: Ay, Bx, Cx, D € R™" are defined on [0, N], and satisfy
(1.1); xx, ux € R" are defined for k in [0, N + 1].

The following two known results are verified by straightforward calculations. They
can be found in [1, Section 3.6].

Proposition 2.4 (Jacobi (J) to three-term recurrence (T)). Assume that Pr, Qk, Rk, Sk := Ri +Q£
satisfy the conditions in Notation 2.2 and set Rn.1 := 1. Then the Jacobi equation (]) is the symmetric
three-term recurrence equation (T), whose coefficients

Sk =Rc+Qf, Ti1:=Ren+Re+Q+Qp+P, kel[0N], (2.1)

satisfy the conditions in Notation 2.1.

Note that the choice of Ry.1 := I in Proposition 2.4 is arbitrary, that is, any matrix
Ry € R will do the job.

Proposition 2.5 (Three-term recurrence (T) to Jacobi (J), Ry invertible). Assume that Sy,
Ty satisfy the conditions in Notation 2.1. Let Ry be any symmetric and invertible matrices for

k € [0, N + 1],. Then the symmetric three-term recurrence equation (T) is the Jacobi equation (J),
whose coefficients

R, Qc=S{ ~ Rk, Pc:=Tix1-S; —Sk+Rc—Res1, ke[0,N], (2.2)

satisfy the conditions in Notation 2.2.
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Remark 2.6. When the matrix Sk is also symmetric, we may take Ry := Sk in Proposition 2.5.
It follows that the recurrence equation (T) is then transformed into the Jacobi equation (J),
whose coefficients

Ry := Sk, Qk =0, Pc:=Tis1—Sks1-Sk, ke [0, N]Z (2.3)

satisfy the conditions in Notation 2.2. Note that in this case the matrix Ry = Si is invertible.

The invertibility condition on Ry in Proposition 2.5 or Remark 2.6 means that the
resulting Jacobi equation can be written as a linear Hamiltonian system (H), which in turn
can be written as a symplectic system (S). This is shown in [1, Example 3.17].

Proposition 2.7 (Jacobi (J) to symplectic (S), Rk invertible). Assume that Pr, Qk, R, Sk =
Ry + Qz satisfy the conditions in Notation 2.2 with Ry being invertible. Then the Jacobi equation (J)
is the symplectic system (S), whose coefficients

A= SRy, Cri= (Po- QeR'QE) SR, k€ [0,N1y,
(2.4)
Bei=S;, Dii= (Po- QuRYQ) S + 1+ QuRy!, ke [0,N],

with uy = Sxg1—Riexk on [0, N1, and uni1 == (Pn+ON +SN)xN+1—STNxN satisfy the conditions
in Notation 2.3.

It is interesting to observe that by using the identity Q] = Sk — R one can eliminate the
inverse of Ry in the coefficients (2.4) to obtain the coefficients in Proposition 2.8 below. This
was actually the motivation for the investigation of Jacobi systems as discrete symplectic
systems in [6]. In this latter reference, the authors showed that it is possible to treat Jacobi
equation (J) directly as a symplectic system (S) by bypassing the Hamiltonian system (H);
see [6, Corollary 5.2].

Proposition 2.8 (Jacobi (J) to symplectic (S)). Assume that Py, Qk, Rk, Sk := Rk + Qz satisfy the
conditions in Notation 2.2. Then the Jacobi equation (J) is the symplectic system (S), whose coefficients

Ak = S;le, (Ck = PkaRk - QkS;‘lQ};l k € [01 N]Zl
(2.5)
Bii=S;, D= (Po+Qu+Qf +Re)Sy', kel0NIy,

with ux = Skxks1 — Rixg on [0, N], and uns1 == (Pn + QN + SN)XN+1 — STNXN satisfy the
conditions in Notation 2.3. Moreover, the resulting symplectic system (S) is Hamiltonian if and only
if the matrix Ry is invertible.

The resulting symplectic system in Proposition 2.8 has By = S;l invertible. This
turns out to be a characterizing property of symplectic systems (S) corresponding to Jacobi
equations (J); see [6, Corollary 5.3].
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Proposition 2.9 (Symplectic (S) to Jacobi (J)). Assume that Ay, By, Ck, Dy satisfy the conditions
in Notation 2.3 with By being invertible. Then the symplectic system (S) is the Jacobi equation (J),
whose coefficients

Ri:=B'Ar, Qii= <I—A£>B{’1, Py = (Dx-I)B;! + <A£—I>B£’1, ke[0,N], (2.6)

with S = Ri + Qf = B, satisfy the conditions in Notation 2.2.

Next we turn our attention back to the symmetric three-term recurrence equations (T).
By combining the transformations in Propositions 2.5 and 2.8 we get the following.

Proposition 2.10 (Three-term recurrence (T) to symplectic (S), Rx invertible). Assume that
Sk, Tk satisfy the conditions in Notation 2.1. Let Ry be any symmetric and invertible matrices for
k € [0, N +1]. Then the symmetric three-term recurrence equation (T) is the symplectic system (S),
whose coefficients

Ag:=S'Re, Ci:=(Tes1 - Ris1)S;'Re —S;, k€[0,N]y, 2.7)
2.7
By :=S;', Dy :=(Tkr1 — Ren)S;', k€ [0,N]y,

with uy := SkXke1 — Rexx on [0, N1, and un := (Tne1 — RN+1)XN+1 — STNxN satisfy the conditions
in Notation 2.3.

3. Main Results

The need to have Ry invertible in Proposition 2.10 is artificial, because Ry is not furnished by
the three-term recurrence equation (T) and furthermore, R, is not even present in equations
(2.7) which define the coefficients of the corresponding symplectic system (S). However, the
invertibility of Rk is a requirement inherited from Proposition 2.5 that was derived in [1,
Section 3.6]. Therefore, an important question naturally surfaces: is it possible to obtain the
result of Propositions 2.5 and 2.10 without any assumption on Rj?

The following new result provides an answer to the above question, that is, it shows
that the recurrence equations (T) are naturally special cases of symplectic systems (S) for any
choice of matrices Rx and without any assumption on the invertibility of Tj.

Theorem 3.1 (Three-term recurrence (T) to symplectic (S), Ry arbitrary). Assume that Sy, Tj
satisfy the conditions in Notation 2.1. Let Ry be any symmetric matrices for k € [0, N + 1],. Then
the symmetric three-term recurrence equation (T) is the symplectic system (S), whose coefficients are
given by (2.7) with uy = SkXk+1 — Rixi on [0, N]; and uny1 = (Tne1 — Ry+1) XN+ — STNxN and
they satisfy the conditions in Notation 2.3.

Proof. Given (T) with the data as in Notation 2.1, we set uy := SkXg+1 — Rexx for k € [0, N,
and un.1 = (Tn+1 — Rna1)Xn+1 — Syxn. Then

Xk+1 = S;lexk + S;luk = Apx + Brug, ke [0,N],,

(1)
Ui = Sk Xks2 = Rt Xiert = (Tksr — Riet) X1 — Spxx (3.1)

= Crxx + Dy, ke [O,N - 1]Z’
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Therefore, with the coefficients Ay, B, Ck, and Dy defined by (2.7), we have that the pair
(x, u) satisfies the first equation in system (S) for all k € [0, N], and the second equation in
(S) for all k € [0, N —1],. However, the definition of ux.1 yields that the second equation in
(S) holds also at k = N. It remains to show that the matrix S, defined in (1.1) through Ay, By,
Ck, and Dy in (2.7), is symplectic. We have after easy calculations that for every k € [0, N],,

e (B B /0 T\ [Ar B\ 30
Skggk‘<ckmk> 1o\ m)? 42

where we used the symmetry of R. The proof is complete. O

Note that the matrices Ry in the above theorem are arbitrary, and hence, one can choose
them to simplify the formulas of the coefficients in (2.7). One choice standing out is when
Ry = Tk. In this case, the result of Theorem 3.1 reduces to the following.

Corollary 3.2 (Three-term recurrence (T) to symplectic (S)). Assume that Sy, Ty satisfy the
conditions in Notation 2.1. Then the symmetric three-term recurrence equation (T) is the symplectic
system (S), whose coefficients

Ar:=S'T, Br:=S;', Ci:=-S;, Dx:=0, kel[0,N], (3.3)

with ug := Skxks1 — Texk on [0, N, and un := —STNxN satisfy the conditions in Notation 2.3.

The above result has an important consequence. By using Proposition 2.9, we can now
transform any symmetric three-term recurrence equation (T) into a Jacobi equation (J) by the
procedure described in Corollary 3.2 and Proposition 2.9. However, compared with the result
in Proposition 2.5, we do not need the matrices Ry to be invertible, but they can be arbitrary.

Corollary 3.3 (Three-term recurrence (T) to Jacobi (J)). Assume that Sy, Ty satisfy the conditions
in Notation 2.1. Let Ry be any symmetric matrices for k € [0, N +1],. Then the symmetric three-term
recurrence equation (T) is the Jacobi equation (]), whose coefficients are given by equations (2.2) and
they satisfy the conditions in Notation 2.2. When Ry := Ty, the coefficients of (J) reduce to

Ri:=Ti, Qx:=S;-Tx, Pc:=Ti-Sk-S;, kel[0,N],. (3.4)

Note that if the matrices Ry are invertible, then Corollary 3.3 is a consequence of
Proposition 2.5. This is also the case for the second part of the Corollary 3.3 if T are invertible.

When combining the transformations in Propositions 2.9 and 2.4, we get the following
result.

Corollary 3.4 (Symplectic (S) to three-term recurrence (T)). Assume that Ay, By, Ck, Dy satisfy

the conditions in Notation 2.3 with By being invertible and set An.1 = Bn.1 = 1. Then the symplectic
system (S) is the the symmetric three-term recurrence equation (T), whose coefficients

Sk =B, T1:=B LA +DB, ke[0,N], (3.5)

with Ty = Bale satisfy the conditions in Notation 2.1.
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In the last part of this section, we pay attention to the quadratic functionals associated
with the equations (T), (J), and system (S). In particular, we show that these functionals
transform exactly in the same way as their corresponding systems. Consider the quadratic
functionals

N
Fr(x) := Z {x£+1Tk+1xk+1 — X} SkXiks1 — X, Sfxk }, (3.6)
k=0
N
Fi(x) = Z{x£+1pkxk+1 + 2x,f+1Qkxk + szRkAxk}, (3.7)
k=0
N
F(x,u) = Z{xi@{Akxk + 2x£(C£IB%kuk + ulDiEkuk }, (3.8)
k=0

where x = {xk}]k\fg)l satisfies xg = 0 = xn1. In addition, in functional IF the pair (x, ) solves
the first equation in system (S), that is, xx.1 = Axxi + Bruy for k € [0, N],. The following
result is from [6, Proposition 3.7].

Proposition 3.5 (Quadratic functionals for (J) and (S)). Assume that
(i) either P, Qk, and Ry satisfy the conditions in Notation 2.2 with Ay, Bi, Ck, Dk, and uy
being given by (2.5) of Proposition 2.8
(ii) or Ak, By, Ck, and Dy satisfy the conditions in Notation 2.3 with By being invertible and
Py, Qk, Ry are given by (2.6).

Then F1(x) = F(x,u) for every x = {xy )1y with xo = 0 = Xn1.

As a consequence of the results in Theorem 3.1 and Corollary 3.4, and in
Proposition 2.4 and Corollary 3.3, we get the transformations between the functionals ¥ and
F, and %7 and ¥;.

Proposition 3.6 (Quadratic functionals for (T) and (S)). Assume that

(i) either Sk, T satisfy the conditions in Notation 2.1 with Ay, By, Ck, Dy, and uy being given
by (2.7) of Theorem 3.1
(ii) or Ak, By, Ck, and Dy satisfy the conditions in Notation 2.3 with By being invertible and
Tk, S are given by (3.5).
Then Fr(x) = F(x,u) for every x = {xk}kN;[)l with xo =0 = xn41-

Proposition 3.7 (Quadratic functionals for (J) and (T)). Assume that

(i) either Py, Qk, and Ry satisfy the conditions in Notation 2.2 with Ty, Sk being given by
(2.1)

(ii) or Ty, Sk satisfy the conditions in Notation 2.1 with Sy being invertible and Py, Qk, Ry are
given by (3.4).

Then Fr(x) = F7(x) for every x = {xi ) o' with xg = 0 = xn41.
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4. Applications in Reid Roundabout Theorems

In the previous section, we proved that symmetric three-term recurrence equations (T) and
Jacobi difference equations (J) are completely equivalent, that is, any result for one equation
(T) or (J) can be translated via the transformations in Proposition 2.4 and Corollary 3.3 to a
result for the other equation. This equivalence is carried over via discrete symplectic systems
(S) with B being invertible, utilizing the transformations in Propositions 2.8 and 2.9 (for
the passage between equation (J) and system (S)) and the transformations in Theorem 3.1
and Corollary 3.4 (for the passage between equation (T) and system (S)). In this section, we
give some applications of this equivalence. For example, we derive the Riccati equation and
Riccati inequality which are naturally associated with the symmetric three-term recurrence
equations (T)—the results which have not been known in the literature for (T).

Consider the quadratic functional #7(x) defined in (3.6) subject to sequences x =
{xk}kN:f)l satisfying xg = 0 = xn1. Note that due to xn41 = 0, the functional ¥r does not
depend on the matrix Tn+1, as we mentioned at the beginning of Section 2. We say that the
functional %7 is positive definite if Fr(x) > 0 for every x = {xj }kN: J{Jl with xg = 0 = xn41 and
x #0. We say that ¥ is nonnegative if Fr(x) > 0 for every x = {xx }kN:f)l with xg = 0 = xn41.

The positivity of the functional ¥r was first characterized in [2, Theorem 4]; see also
[1, Theorem 5.13] and [4, Corollary 2], in terms of the properties of the so-called conjoined
bases of (T). These are the n x n matrix solutions X = {Xk}],;fal of (T) such that X,fSkaJ,l is

symmetric and rank(X] X{,,) = n for some (and hence for any) index k € [0, N];. A special

conjoined basis X of (T), determined by the initial conditions )A(o =0 and }A(l =5, 1 is called
the principal solution of (T).

Proposition 4.1 (Reid roundabout theorem—positivity). Assume that Sy, Ty satisfy the
conditions in Notation 2.1. Then the following statements are equivalent.

(i) The functional Fr is positive definite.

(ii) The principal solution X of (T) has Xy invertible for all k € [1,N + 1], and satisfies
X{SkXks > 0 forall k € [1,N]y.

(iii) There exists a conjoined basis X of (T) such that Xy is invertible for all k € [0, N + 1],
and satisfying X SxXy.1 > 0 for all k € [0, N].

Proof. See [1, Theorem 5.13] or [4, Corollary 2]. O
A similar result holds for the nonnegativity of 7.

Proposition 4.2 (Reid roundabout theorem—nonnegativity). Assume that Sy, Ty satisfy the
conditions in Notation 2.1. Then the following statements are equivalent.

(i) The functional Fr is nonnegative.

(i) The principal solution X of (T) has Xk invertible for all k € [1,N], and satisfies
X{ Sk Xy > 0 forall k € [1,N = 1], and X[, SnXn+1 > 0.

Proof. See [4, Theorem 2]. O
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In the following result, we add three more equivalent conditions to Proposition 4.1 and
one more equivalent condition to Proposition 4.2 in terms of solutions of the discrete Riccati
matrix equation and inequality corresponding to (T), thus completing the above results to

their full standard forms. For symmetric matrices W = {Wj }kN;[)l, define the Riccati operator

R[W]i = Wi SH (T + Wi) + Sf, k€ [0,N],. (4.1)

This Riccati operator is obtained from the Riccati operator R{W ], := Wiy (Ax +BeWi) — (C +
D Wy) for symplectic system (S); see, for example, [7, 14-16, 19]. That is, if the coefficients
of (S) are given by formulas (3.3), then R[W], = R[W],. The equation R[W], = 0 for k €
[0, N1 is called the discrete Riccati matrix equation. If T + Wi is invertible, then we may solve
the equation R[W], = 0 for Wi, and obtain the (symmetric) Riccati equation corresponding
to the recurrence equation (T), that is,

Wit + SE(Te + W) 'Sk =0, k€ [0,N],. (RE)

The Riccati equation (RE) has been studied in the literature by many authors; see, for
example, the references discussed in [20, page 12]. However, its natural connection to the
recurrence equation (T) is established for the first time in this paper. In addition, the discrete
Riccati inequality R[W ], (Ak +BxWi) ™! < 0derived in [14, Theorem 1] for symplectic systems
(S) yields through Corollary 3.2 a new Riccati inequality

Wit + SE(Te + W) 'Sk <0, ke [0,N]y, (RI)

for the recurrence equation (T). Equivalently, the Riccati equation (RE) and inequality (RI)
can be obtained from the Riccati equation and inequality for the Jacobi equation

AWi =P+ (Wi = QO (Re+ W) (Wi = Q) =0, (<0) ke[0,N];,  (42)

in which the coefficients are given by the formulas in (3.4). Note that discrete Riccati
equations obtained from symplectic system (S) corresponding to three-term recurrence
equations (T) with Ry being invertible (as in Propositions 2.5 and 2.10) are considered in [20],
[1, Section 6.1], and [16, Section 4]. In Theorem 4.3 below, we do not require any condition
on Ry. The following result is a complement of Proposition 4.1.

Theorem 4.3 (Reid roundabout theorem—positivity (continued)). Assume that Sy, Ty satisfy
the conditions in Notation 2.1. Then each of the conditions (i)—(iii) of Proposition 4.1 is equivalent to
any of the following statements.

(iv) There exists a symmetric solution Wi on [0, N + 1], of the Riccati equation (RE) for
k € [1,N]y such that Wy = 0 and Ty + Wi > 0 for all k € [1, N];.

(v) There exists a symmetric solution Wy on [0, N + 1], of the Riccati equation (RE) such that
T + Wi > 0 forall k € [0, N]y.

(vi) There exists a symmetric solution Wy on [0, N+1], of the Riccati inequality (RI) satisfying
Tk + Wi >0 forall k € [0, N]y.
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Proof. With the coefficients of system (S) given by (3.3), the equivalence of conditions (i) and
(v) is established in [16, Theorem 7] and the equivalence of (i) and (vi) in [14, Theorem 1].
Condition (ii) of Proposition 4.1 implies condition (iv) by setting Wy := 0, Wi := Sk)A(kH)A(;l -
Ty for k € [1,N],, and Wy := —STN)A(N)A(;\}H (i.e., we set Wy := lfIk)A(,Z1 on [1,N +1],, where
Uk = S Xes1 —Ti Xx for k € [0, N], and Uni = —STN)A(N accordingly to the definition of u; in
Theorem 3.1). Then Ty + Wi = XI 1 (X! S Xk.1) X;' > 0 for all k € [1, N],. Hence, condition
(iv) is satisfied. Finally, if we assume that condition (iv) holds, then the proof of the positivity
of ¥r is similar to the proof of [4, Corollary 3]. O

Note that condition (vi) of Theorem 4.3 yields that ~-Wj.1 > ST (T+Wi) ™' Sk > 0, which
implies that the matrices W in Theorem 4.3(vi) are negative definite for k € [1, N +1],.
The second result of this section is concerned with the nonnegativity of the functional

Fr.

Theorem 4.4 (Reid roundabout theorem—nonnegativity (continued)). Assume that Sy, Ty

satisfy the conditions in Notation 2.1. Then each of the conditions (i)—(ii) of Proposition 4.2 is
equivalent to the following statement.

(iii) There exists a symmetric solution Wi on [0, N + 1], of the Riccati equation (RE) for

k € [1, N -1], such that Wy =0, Tx + Wi > 0 forall k € [1, N =1],, and Ty + Wn > 0.

Proof. The proof is similar to implications (ii) = (iv) = (i) from the proof of Theorem 4.3. The
details are here therefore omitted. Alternatively, see the proof of [4, Theorem 3]. O

By comparing the Riccati equation conditions for the positivity and nonnegativity
of ¥r in Theorem 4.3(iv) and Theorem 4.4(iii), we can see that the Riccati equation for the
positivity of ¥r is satisfied on the closed interval (including k = N), while the Riccati
equation for the nonnegativity of ¥r is satisfied on the open interval (excluding k = N). This
phenomenon resembles the situation in the continuous time setting in [21] or [22, Section
6.2], that is, for Jacobi differential equations or Hamiltonian systems and their corresponding
Riccati differential equations.

5. Applications in Sturmian Theory

In [1, Sections 5.3 and 5.6], several Sturmian comparison and separation theorems are
presented for the symmetric three-term recurrence equations (T). However, these results do
not involve the multiplicities of focal points for conjoined bases of (T). Therefore, our next
aim is to extend the Sturmian separation and comparison theorems for symmetric three-term
recurrence equations (T) in this direction.

Following [18], we say that a conjoined basis X of (T) has a focal point in the point k+1
if X4 is singular and then def Xj,q := dim Ker Xy is its multiplicity, while the conjoined
basis X has a focal point in the interval (k, k + 1) if the matrix X SiXk.1 is not nonnegative
definite and then ind XIZSkaH is its multiplicity. Here ind A is defined as the number of
negative eigenvalues of the (symmetric) matrix A. The number of focal points in the interval
(k, k + 1], (including multiplicities) is then my := def X1 +ind XIZSkaH. We will always
count the focal points of conjoined bases of (T) including their multiplicities. This definition
of multiplicities is motivated by the appearance of the symmetric matrix X{ Sx Xy.1 in the Reid
roundabout theorem (Propositions 4.1 and 4.2). Therefore, the conditions (ii) in Propositions
4.1 and 4.2 can be reformulated as follows.
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Corollary 5.1 (Reid roundabout theorem—positivity (continued)). Assume that Sy, Ty satisfy
the conditions in Notation 2.1. Condition (ii) of Proposition 4.1 has the following equivalent form.

(i) The principal solution of (T) has no focal points in the interval (0, N +1],.

Corollary 5.2 (Reid roundabout theorem—nonnegativity (continued)). Assume that Sk, Tk
satisfy the conditions in Notation 2.1. Condition (ii) of Proposition 4.2 has the following equivalent
form.

(i)’ The principal solution of (T) has no focal points in the interval (0, N +1),.
From Corollary 5.1 and Proposition 4.1(iii), we easily get the following.

Corollary 5.3 (Sturmian separation theorem). Assume that Sy, Ty satisfy the conditions in
Notation 2.1. If the principal solution of (T) has a focal point in the interval (0, N + 1],, then any
other conjoined basis of (T) has a focal point in (0, N + 1], as well.

The above result can be found as a special case of [23, Theorem 3] or [24, Corollary
3.1]. A refinement of the previous result can be deduced from [9, Theorem 1].

Corollary 5.4 (Sturmian separation theorem). Assume that Sy, Ty satisfy the conditions in
Notation 2.1. If there exists a conjoined basis of (T) with no focal points in (0, N + 1], then any
other conjoined basis of (T) has at most n focal points in (0, N +1],.

The corresponding proof of Corollary 5.4 in [9] is based on the construction of a
suitable sequence x = { xk}k]\f[)1 with xg = 0 = xn41 and x#0, for which the value of the
functional ¥r(x) = 0, thus contradicting Proposition 4.1. Finally, the most general result in
this direction is the following.

Theorem 5.5 (Sturmian separation theorem). Assume that Sy, Ty satisfy the conditions in
Notation 2.1. If the principal solution of (T) has m focal points in (0, N +1],, then any other conjoined
basis of (T) has at least m and at most m + n focal points in (0, N +1],.

Proof. This is a special case of [8, Theorem 3.1] for symplectic systems (S), in which we use
the coefficients from Corollary 3.2. O

One can see that Corollary 5.4 is a special case of Theorem 5.5 for m = 0.

By comparing the numbers of focal points in (0, N + 1], of two conjoined bases of (T)
with the number of focal points in (0, N + 1], of the principal solution of (T), we obtain from
Theorem 5.5 the classical Sturmian separation theorem; see [8, Theorem 1.1] and [25, page
366].

Corollary 5.6 (Sturmian separation theorem). Assume that Sy, Ty satisfy the conditions in
Notation 2.1. The difference between the numbers of focal points in (0, N + 1], of any two conjoined
bases of (T) is at most n.

The above Sturmian separation theorems are obtained from the comparison of the
numbers of focal points in (0, N +1], of conjoined bases of two (possibly) different recurrence
equations (T) or symplectic systems (S). More precisely, in addition to (T) consider the
symmetric three-term recurrence equation

Ske1Xks2 = Thr1Xks1 + STaxg =0, ke [0,N -1],, (T)
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in which, as in Notation 2.1, the matrices §k are invertible and Tk are symmetric. Following
[23, Section 3.2] and [8, Theorem 1.2] we define the symmetric 2n x 2n matrices

G Ty -Sk G Ty -Sk 51)
k -— —S£ 0 7 k -— —§£ 0 . .

The following result from [1, Theorem 5.20] and [23, Theorem 4] is a comparison complement
of the separation theorem in Corollary 5.3. It is a direct consequence of Proposition 4.1.

Corollary 5.7 (Sturmian comparison theorem). Assume that Sy, Tk, Sk, and Ty satisfy the
conditions in Notation 2.1. In addition, let

Gk > G Yk €[0,N]j. (5.2)

If the principal solution of (T) has a focal point in (0, N + 1], then any conjoined basis of (T) has a
focal point in (0, N + 1], as well.

More precise statements about the numbers of focal points of the principal solution of
(T), respectively, of (T), and the number of focal points of conjoined bases of (T), respectively,
of (:f), are contained in the next two results. In particular, Corollary 5.7 is a special case of
Theorem 5.8 for m = 0.

Theorem 5.8 (Sturmian comparison theorem). Assume that Sy, T, Sk, and Ty satisfy the
conditions in Notation 2.1 and let condition (5.2) hold. If the principal solution of (T) has m focal
points in (0, N + 1], then any conjoined basis of (T) has at least m focal points in (0, N +1],.

Proof. This result follows from [8, Theorem 1.3] for symplectic systems (S) with the
coefficients from Corollary 3.2. O

Theorem 5.9 (Sturmian comparison theorem). Assume that Sy, Ty, §k, and Tk satisfy the
conditions in Notation 2.1 and let condition (5.2) hold. If the principal solution of (T) has m focal
points in (0, N + 1], then any conjoined basis of (T) has at most m + n focal points in (0, N +1],.

Proof. This result is a special case of [8, Theorem 1.2] for symplectic systems (S) with the
coefficients from Corollary 3.2. O

Remark 5.10. For the Jacobi difference equations, that is, for (J) and another equation of the
same type

A<ﬁkAxk + szkﬂ) = Pexin + QeAx, ke [0,N-1],, 1)

where 1~3k, Qk, ﬁk satisfy the conditions in Notation 2.2, the matrices Gy and CN}k have the form

Ry -5k > = ﬁk —gk
_ Y A 5.3
G <—S£ Ri+Qr+Qf + D)’ G <—S£ Ri+Qr+Qf + Pk> 63



Advances in Difference Equations 13

(i) If Qx = Qk = 0 (so that Sy = Rx and Sk = Ry are symmetric), then the classical
conditions Ry > Rk and P, > Pk for all k € [0, N], are equivalent with condition (5.2). This
can be seen from the calculation

<2>T<Gk - 6") <(Cj> =(c- d)T<Rk - ﬁk) (c—d)+d" <Pk - ﬁk>d for any ¢,d € R". (5.4)

(i) If Ry = K’k and Q¢ = (:)k, then the condition P > I3k forall k € [0, N], is equivalent
with condition (5.2).

6. Applications in Eigenvalue Theory

The Sturmian separation and comparison theorems, in particular Theorems 5.5, 5.8, and
5.9, are proven in [8] by using the Rayleigh principle and the oscillation theorem for
symplectic systems, that is, a result connecting the number of focal points in (0, N + 1], of the
principal solution of (S) with the number of eigenvalues of an associated discrete symplectic
eigenvalue problem. The applications of the theory of Section 3 to these results for the three-
term recurrence equations (T) will be presented in this section.

Consider the eigenvalue problem for the symmetric three-term recurrence equation
(T) of the form

Skr1Xks2 — Tia1 Xkt + Spxk = =AWixip1, k€ [0,N —1],, x9 =0 = xn41, (E)
where the n x n matrices

Wi are symmetric and positive definite for all k € [0, N],. (6.1)

We will denote the recurrence equation in (E) by (T,), so that (Ty) = (T). By Corollary 3.2,
equation (T)) can be written as a discrete symplectic system

X1 = A + Brug,  ur = Croe + Druge = AWiexgyr, k€ [0,N]y, x0=0=2xn4, (6.2)

with symmetric matrices Wy, := Wj. Systems of the form (6.2) are known to be the right ones
to study the “symplectic” eigenvalue problems; see [26, Remark 3(iii)]. Note that although
the matrix Wy appears in the second equation of (6.2) for k = N, the value of Wy is irrelevant
because it is multiplied by xn+1 = 0.

Let X(\) = {X k(1) }N I be the principal solution of the recurrence equation (T)), that s,
Xo(A) =0and X; () = SO for all A € R. This means that the initial conditions of the principal
solution X (1) do not depend on A. The principal solution, as well as other (matrix or vector)
solutions of (T)), depends in general on A, so that we will emphasize this dependence in the
notation of the solutions. A number A € R is an eigenvalue of the eigenvalue problem (E)
if there exists a nontrivial solution {xj (1) }N 1 of (E), or equivalently, if det Xns1(4) = 0. In
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this case, the number def )A(IT\, (1) = dim Ker Xn,1(A) is the multiplicity of A as being an
eigenvalue of (E). Denote by, including the multiplicities,

n1(A) := the number of focal points of X(A) in (0, N +1],, (63)
6.3
n(1) := the number of eigenvalues of (E) which are less or equal to .

Then we have the following oscillation theorem for the three-term recurrence equations (T).

Theorem 6.1 (Oscillation theorem). Assume that Sy, Ty satisfy the conditions in Notation 2.1 and
W satisfies (6.1). Then for all A € R, we have

n1(4) = na(4), n1(A) = ny(A+), n2(A) = na(A+), (6.4)

where nj(A+) for j € {1,2} denotes the right-hand limit of the function n;(-) at \.

Proof. We refer to [10, Theorem 2] in which we use the coefficients from Corollary 3.2. Note
that the number m in [10, Theorem 2] is here zero, because of our assumption (6.1) and the
result of [8, Lemma 4.5]. O

Remark 6.2. Among other properties of the eigenvalue problem (E), we mention those which
are characteristic for the self-adjoint systems. These results, obtained from the symplectic
systems theory, can be found in [10, Proposition 2] and [8, Theorem 4.7]. For discrete Jacobi
equations (J) with Qi = 0, these properties are shown in [27, Theorem 4.1] or [28, Theorem
3.1].

(i) The eigenvalues of (E) are real and the eigenfunctions corresponding to different
eigenvalues are orthogonal with respect to the inner product

N
(X Y)w = DX Wiyker,  x = (i’ v = {vk) - (6.5)
k=0

If {(x, )y = 0, then we say that x and y are orthogonal and write x L y.
(ii) The total number of eigenvalues of (E) including their multiplicities is r < nIN.

(iii) Every x = {xx }kN:J{Jl with xg = 0 = xn41 can be expanded in terms of the (orthonormal
system of) eigenfunctions x[!,...,x"], thatis, x = 37 cixll, where ¢; = (x, xl1l),,,
fori=1,...,r.

Our final application is the Rayleigh principle describing the variational properties of
the eigenvalues of (E). Let A; < --- < A, be the eigenvalues of (E), where each eigenvalue

appears repeatedly according to its multiplicity, and let x[!,...,xI"l be the corresponding
orthonormal eigenfunctions, that is, (il xlil Yw = 0ij. We set Ao := —oco and 1,41 := +oo.



Advances in Difference Equations 15

Theorem 6.3 (Rayleigh principle). Assume that Sy, Ty satisfy the conditions in Notation 2.1 and
W satisfies (6.1). Then for every m € {0, ..., r} we have

Fr(x)

A1 = mm{ 1)

, where x = {xk}szglio, x0=0= xN+1,xJ_x[”,...,x[’”]}. (6.6)

(If m = 0, then the above orthogonality condition is empty.)

Proof. We refer to [8, Theorem 4.6] in which we use the coefficients from Corollary 3.2. O

7. Concluding Remarks
In this section we make some final comments related to the topics of this paper.

Remark 7.1. In [7, Theorem 1(ix)], the notion of “no backward focal points” in [k, k + 1),
was introduced for conjoined bases of discrete symplectic systems (S). This yields another
characterization of the positivity or nonnegativity of the functional ¥r in terms of the
nonexistence of these backward focal points in the interval [0, N + 1), or in the interval
(0, N + 1), for the principal solution X of (T) at N + 1. This principal solution is given by the
initial conditions X N1 = 0 and Xy = STNfl. In this respect, the results presented in Sections 5
and 6 can be transformed into this theory of backward focal points. However, this direction
will not be pursued further on in this paper. Some recent results for symplectic systems (S)
related to this notion of backward focal points can be found in [11-13, 29].

Remark 7.2. Based on the equivalence of the symmetric three-term recurrence equation (T)
and Jacobi equation (J) in Proposition 2.4 and Corollary 3.3, all the results presented in Sections
4-6 for equations (T) remain valid also for Jacobi equations (J), for which the invertibility of
Sk = R + Q£ is assumed (as in Notation 2.2), while the invertibility of Ry is not imposed.

Remark 7.3. In [6, Corollaries 5.11 and 5.12], we showed the equivalence of the Jacobi equation
(J) and the Jacobi equation

A [(Bk - gk) Axy + (gz - Bk>xk] = P +Q, Axy, k€ [0,N —1],. ()

Both Jacobi equations (J) and (J) arise in the discrete calculus of variations problems—(J) in
problems with shift xy,; in the state variable, while (J) in problems with no shift xx in the
state variable; see [30]. Therefore, all the results in this paper are valid also for the Jacobi
equations of the type (). In this setting, it is assumed that the matrices S, := R, - Q are
invertible.

For completeness, the transformations between the Jacobi equations (J) and (J) are
displayed in Corollaries 7.5 and 7.6 below. For details see [6, Corollaries 5.11 and 5.12].

Notation 7.4 (Jacobi equation (1)). The matrices P, Qk, R,, and the vectors xj in (l) have the

following properties: Py, Q , R, € R™" are defined on [0, N]z, Py and R, are symmetric, and
the matrix S, := R, — Q. is invertible; xx € R" are defined on [0, N + 1].
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Notation 7.4. Then the Jacobi equation () is the Jacobi equation (J), whose coefficients

Corollary 7.5 (Jacobi (J) to Jacobi (J)). Assume that P, Qk, Ry, and S, satisfy the conditions in

Pei=P,  Qi=Q Py  Re=R-Q -Q +P, 1)

with Sk = S, satisfy the conditions in Notation 2.2.

Corollary 7.6 (Jacobi (J) to Jacobi (])). Assume that Px, Qk, Rk, and Sk satisfy the conditions in
Notation 2.2. Then the Jacobi equation (J) is the Jacobi equation (J), whose coefficients

Po=P, Q =P+Q Ry=Re+Qx+ Qf + P (7.2)

with S, = Sk satisfy the conditions in Notation 7.4.
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